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I ÁÜËÞÌ 

ÒÅÊÈÇËÈÊÄÅ ÀÍÀËÈÒÈÊ ÃÅÎÌÅÒÐÈÉÀ 

¸ 1. Òåêèçëèêäå ãüíþáóð÷ëû äåêàðò êîîðäèíàòàëàð sistemasy 

Òåêèçëèêäå àëíàí åðêèí íîêàäûÿ îðíónû êåñãèòëåìúãå ìþìêèí÷èëèê 
áåðéúí sistema êîîðäèíàòàëàð sistemasy äèéèëéúð. Øîë sisteìaëàðûÿ èÿ 
éüíåêåéè ãüíþáóð÷ëû äåêàðò êîîðäèíàòàëàð sistemasydyr.  

Ãîé, òåêèçëèêäå èêè ñàíû üçàðà ïåðïåíäèêóëéàð óãðóêäûðûëàí ãüíè 
÷ûçûêëàð áåðëåí áîëñóí. Áó ãüíè ÷ûçûêëàðûÿ áèðèíè êåñå (ãîðèçîíòàë), 
áåéëåêèñèíè äèê (âåðòèêàë) éåðëåøäèðåëèÿ. Îëàðûÿ êåñèøìå O íîêàäûíà 
êîîðäèíàòàëàð áàøëàíãûùû äèéèëéúð. Êåñå ãüíè ÷ûçûãà àáñèññàëàð îêû (Ox  
îêy), äèê ãüíè ÷ûçûãà áîëñà îðäèíàòàëàð îêû (Oy îêy) äèéèëéúð. Àáñèññàëàð 
îêóíûÿ položitel ugry àäàò÷à êîîðäèíàòàëàðûÿ áàøëàíãûùûíäàí ñàã òàðàïà, 
otrisatel óãðû áîëñà ÷åï òàðàïà óãðóêäûðûëàíäûð. Îðäèíàòàëàð îêóíûÿ 
položitel óãðû êîîðäèíàòàëàðûÿ áàøëàíãûùûíäàí éîêàðûê, otrisatel óãðû 
áîëñà àøàê óãðóêäûðûëàíäûð.  

Ýðêèí M íîêàäûÿ òåêèçëèêäúêè îðíóíû îíóÿ àáñèññàëàð âå îðäèíàòàëàð 
îêëàðûíà áîëàí ïðîéýêñèéàëàðû àðêàëû êåñãèòëåìåê áîëàð. A  íîêàäûÿ 
àáñèññàñû ,2  îðäèíàòàñû 3  äèéèï éàçìàãûÿ äåðåãèíå )3,2(A  ãüðíþøäå 

áåëãèëåíéúð, îêàëàíäà áîëñà A  íîêàäûÿ êîîðäèíàòàëàðû 2 âå 3 äèéèï 
îêàëéàð. Óìóìàí åðêèí M  íîêàäûÿ àáñèññàñû ,x  îðäèíàòàñû y  áîëñà, îë 

øåéëå éàçûëéàð: ( , ).M x y  

Åãåð ( ) ( )1 1 2 2, we ,A x y B x y
 
òåêèçëèãèÿ åðêèí íîêàòëàðû áîëñà, îíäà 

îëàðûÿ àðàñûíäàêû d  óçàêëûê àøàêäàêû ôîðìóëà áèëåí êåñãèòëåíéúð: 

       
2

12
2

12 )()( ууxxd −+−= .                      (1) 

Åãåð ( ) ( ) ( )332211 ,we,,, yxCyxByxA  íîêàòëàð þ÷áóð÷ëóãûÿ äåïåëåðè 
áîëñà, îíäà îíóÿ ìåéäàíû àøàêäàêû ôîðìóëà áèëåí õàñàïëàíûëéàð: 

=−+−+−= )()()(
2
1

213132321 yyxyyxyyxS  

1313

1212
12131312 2

1))(())((
2
1

yyxx
yyxx

yyxxyyxx
−−
−−

+=−−−−−=
  

(2) 

 
1. Åãåð )6,4(we)1,7(),3,0(),2,5(,)0,6( −−− EDCBA  íîêàòëàð áúø-

áóð÷ëóãûÿ äåïåëåðè áîëñà, îë áúøáóð÷ëóãû ãóðìàëû. 



8 
 

2. Ýãåð )4,1(),1,2(,)3,5( −− CBA  íîêàòëàð þ÷áóð÷ëóãûÿ äåïåëåðè 
áîëñà,  îíóÿ òàðàïëàðûíûÿ óçûíëûêëàðûíû òàïìàëû. 

×üçþëèøè. Èêè íîêàäûÿ àðàsûíäàêû óçàêëûãû tàïìàãûÿ (1) ôîðìóëàñûíû 
óëàíûï àëàðûñ: 

           2 2(5 2) (3 1) 9 16 5;АВ = − + + = + =  

           2 2(2 1) ( 1 4) 9 25 34;BC = + + − − = + =  

           2 2(5 1) (3 4) 36 1 37.АC = + + − = + =  

 
3. Äåïåëåðè )2,10(we)8,2(,)4,2( CBA −−  íîêàòëàð áîëàí 

þ÷áóð÷ëóãûÿ ìåéäàíûíû hàñàïëàìàëû. 
×üçþëèøè. (2) ôîðìóëàíû óëàíûï àëàðûñ: 

1 1(2 2)(2 4) (10 2)(8 4) 24 144 60 kw.bir.
2 2

S = + + − + + = − =  

4. we)4,7(1Μ  )5,3(2 −M  íîêàòëàðûÿ àðàsûíäàêû óçàêëûãû òàïìàëû. 
5. Àøàêäàêû íîêàòëàðûÿ àðàsûíäàêû óçàêëûãû òàïìàëy:  
1) )2,10(we)3,2( −BA ; 

2) ( ) ( )0,22we7,2 DC − ;  

3) )8,6(we)4,3( 11 −− BA ; 

4) )6,2(we)0,10( 22 −BA ; 

5) )9,1(we)4,11( 33 −−− BA ; 

6) )1,2(we)4,8( 44 −− BA . 
6. Äåïåëåðè Î (0, 0), À (1, 1), Á (2, –2) íîêàòëàð áîëàí þ÷áóð÷ëóãûÿ 

ãüíüáóð÷ëû þ÷áóð÷ëóêäûãûíû ñóáóò ýòìåëè. 
7. Äåïåëåðè À (1, 5), Á (2, 7) âý C (4, 11) íîêàòëàð áîëàí þ÷áóð÷ëóãûÿ  

ìåéäàíûíû õàñàïëàìàëû. 
8. À (–1, 2), Á (5, 6), C (1, 3) íîêàòëàð þ÷áóð÷ëóãûÿ äåïåëåðè áîëñà, C 

äåïåäåí èíäåðèëåí áåéèêëèãèÿ óçûíëûãûíû õàñàïëàìàëû. 
9. Äåïåëåðè À (–3, 3), Á (1, 3), C (1, –1) íîêàòëàð áîëàí þ÷áóð÷ëóãûÿ 

ãüíþáóð÷ëû þ÷áóð÷ëóêäûãûíû ãüðêåçìåëè. 
×üçþëèøè. ÀÁ, ÀC âå ÁC êåñèìëåðèÿ óçûíëûêëàðûíû òàïàëûÿ: 

    
2 2 2 2

2 2

(1 3) (3 3) 4; (1 3) ( 1 3) 4 2 ;

(1 1) ( 1 3) 4.

АВ АС

ВС

= + + − = = + + − − =

= − + − − =
  

Îíäà 222 АСВСАВ =+  äåÿëèãèÿ éåðèíå éåòéúíëèãè þ÷èí Ïèôàãîðûÿ 
òåîðåìàñûíûÿ ýñàñûíäà þ÷áóð÷ëóê ãüíþáóð÷ëûäûð. 
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¸ 2. Êåñèìè áåðëåí ãàòíàøûêäà áüëìåê 

),(we),( 222111 yxMyxM  íîêàòëàðû áèðëåøäèðéúí êåñèìèÿ þñòþíäå 

éàòéàí âå λ=
2

1

ММ
ММ

 äåÿëèãè êàíàãàòëàíäûðéàí M íîêàäûÿ 

êîîðäèíàòàëàðû àøàêäàêû ôîðìóëàëàð áèëåí êåñãèòëåíéúð:  

         
λ
λ

+
+

=
1

21 xxx ,   
λ
λ

+
+

=
1

21 yyy .                   (1) 

Ýãåð ),( yxM  íîêàò 21MM  êåñèìè äåÿ èêè áüëåãå áüëéúí áîëñà, 
îíäà 1=λ  we (1) formula 

        2
,

2
2121 yyyxxx +

=
+

=                         (2)             

gürnþøi alar. 
10a.  Äåïåëåðè )3,5(A  âå )1,2( −B  íîêàòëàðäà áîëàí ABC  

þ÷áóð÷ëóãûÿ ìåäèàíàëàðû )2,2(M  íîêàòäà êåñèøéúí áîëñàlar îíóÿ 

),( yxC  þ÷þíùè äåïåñèíèÿ êîîðäèíàòàëàðûíû òàïìàëû (1-nji a ÷yzgy). 

×üçþëþøè. (2) ôîðìóëàíû óëàíûï, AB êåñèìè äåÿ èêè áüëåãå áüëéúí 
N  íîêàäûÿ 0,0 yx  êîîðäèíàòàëàðûíû òàïàëûÿ: 

               1
2

13,
2
7

2
25

00 =
−

==
+

= yx . 

Þ÷áóð÷ëóãûÿ þ÷þíùè C  äåïåñè AB êåñèìè äåÿ èêè áüëåãå áüëéúí N  
íîêàò áèëåí, ìåäèàíàëàðûÿ êåñèøìå M  íîêàäûíäàí ãå÷éúí MN  ãüíþäå 
éàòéàíäûð. Ìåäèàíànûÿ õúñèéåòèíå ãüðú MN  êåñèìèÿ óçûíëûãû NC  

ìåäèàíàíûÿ 
3
1
 óçûíëûãûía äåÿäèð. Øîíóÿ þ÷èí MN  êåñèìèÿ äàøûíäà 

éàòéàí C  íîêàò, êåñèìè 
2
3

−==
CM
NCλ  ãàòíàøûêäà áüëéúð. Îíäà (1) âå 

(2) ôîðìóëàëàðäà 2,2,1,
2
7

2211 ==== yxyx , 
2
3

−=λ   ãîéóï, C  

íîêàäûÿ yx ,  êîîðäèíàòàëàðûíû òàïàðûñ.: 

     1

2
31

2
2
3

2
7

−=
⎟
⎠
⎞

⎜
⎝
⎛−+

⋅⎟
⎠
⎞

⎜
⎝
⎛−+

=x ,    4

2
31

2
2
31

=
⎟
⎠
⎞

⎜
⎝
⎛−+

⋅⎟
⎠
⎞

⎜
⎝
⎛−+

=y . 

Øóíëóêäà, )4,1(−C . 
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1-nji a ÷yzgy 

10 b. )5,7(1M  âå )3,2(2 −M  íîêàòëàðû áèðëåøäèðéúí êåñèìäå 1M  

íîêàäà, 2M  íîêàòäàí 3 ýññå ãîëàé éåðëåøåí ),( yxM  íîêàäû òàïìàëû. 

×üçþëèøè. Ìåñåëúíèÿ øåðòèíå ãüðú ,
3
1

2

1 =
ММ
ММ

 îíäà 
3
1

=λ .  (1) 

ôîðìóëàëàðû óëàíûï àëéàðûñ: 

=
+
+

=
λ
λ

1
21 xxx

( )
75,4

3
11

2
3
17

=
+

−+
; 

5,4

3
11

3
3
15

1
21 =

+

⋅+
=

+
+

=
λ
λyyy . 

Äèéìåê, )5,4,75,4(M  bolar. 
11. Äåïåëåðè ( 5 ,3), ( 2 , 1), (5 ,3)A B C− − −  íîêàòëàðäà áîëàí þ÷áóð÷ëóãûÿ 

A  äåïåñèíèÿ è÷êè áóð÷óíûÿ áèññåêòðèñàñûíûÿ óçûíëûãûíû òàïìàëû (1-nji  
á çyzgy).  

×üçþëèøè. Ãîé, A áóð÷óÿ áèññåêòðèñàñû AK  áîëñóí. Áåëëè áîëøû éàëû 

K  íîêàò BC  êåñèìè λ==
AC
AB

KC
BK

 áîëàí ãàòíàøûêäà áüëéúð. 
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1-nji b ÷yzgy 

ACAB we  êåñèìëåðèÿ óçûíëûêëàðûíû òàïàëûÿ: 

              5)31()52( 22 =−−++−=AB ; 

              10)33()55( 22 =−++=AC . 

 (1)  ôîðìóëàäàí ïåéäàëàíûï, K  íîêàäûÿ êîîðäèíàòàëàðûíû òàïàëûÿ: 

,
3
1

2
11

5.
2
12

=
+

+−
=x

3
1

2
11

3
2
11

=
+

+−
=y . 

Èíäè AK  êåñèìèÿ óçûíëûãûíû òàïàëûÿ: 

5
3
8816

3
1

3
13

3
15 22

22

=+=⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −−=AK

. 

12. )5,2(−A  âå )11,4(B  íîêàòëàðû áèðëåøäèðéúí êåñèìäå A íîêàäà 

B  íîêàòäàí 2 ýññý ãîëàé áîëàí C  íîêàäûÿ êîîðäèíàòàëàðûíû òàïìàëû. 
13. )3,2(C  íîêàò AB êåñèìè äåÿ èêè áüëåãå áüëéúð. Eger, )5,7(B  

áîëñà, A  íîêàäûÿ êîîðäèíàòàëàðûíû òàïìàëû. 
14. Ýãåð )2,3( −A , )11,4(B , )4,1(−C  íîêàòëàð þ÷áóð÷ëóãûÿ äåïåëåðè 

áîëñà, îíäà îíóÿ ìåäèàíàëàðûíûÿ óçûíëûêëàðûíû òàïìàëû. 
15. )3,5(A  âå )4,1( −B  íîêàòëàðû áèðëåøäèðéúí êåñèìäå éàòéàí âå 

λ=
CВ
АC

 1) 3=λ , 2) 1=λ  3) 
4
1

=λ  4) 
3
2

=λ   äåÿëèãè êàíàãàòëàíäûðéàí 

),( yxC  íîêàäûÿ êîîðäèíàòàëàðûíû òàïìàëû. 

16. Äåïåëåðè )4,2(),5,0(),1,3( −−− CBA  íîêàòëàð áîëàí ABC  
þ÷áóð÷ëóãûÿ àãûðëûê ìåðêåçèíèÿ êîîðäèíàòàëàðûíû êåñãèòëåìåëè. 



12 
 

¸ 3. Òåêèçëèêäå ãüíè ÷ûçûê. Ãüíè ÷ûçûãûÿ áóð÷ êîåôôèñèåíòè 

Ãüíè ÷ûçûãûÿ óìóìû äåÿëåìåñè àøàêäàêû ãüðíþøäåäèð:               

     0=++ CByAx .   ( 0≠A  éa-da 0≠B )                (1) 

Bó éåðäå CBA ,,  ýðêèí ñàíëàð yx,  áîëñà þéòãåéúí óëuëûêëàðäûð. y 
óëóëûãà ãüðú ÷üçþëåí  

                 bkхy +=                      (2) 

äåÿëåìú, ãüíè ÷ûçûãûÿ áóð÷ êîåôôèñèýåíòëè äåÿëåìåñè äèéèëéúð. Áó éåðäå k  
güni çyzygyň áóð÷ kîåôôèñèýåíòèäèð. Ýãåð ϕ  bur¡ Ox  îêóÿ ïîëîæèòåë óãðû 
áèëåí ãüíè ÷yzygyň àðàëûãûíäàêû áóð÷ áîëñà,  tgk ϕ=  bolar (2-íùè ÷yzgy).  

                   
2-íùè ÷yzgy 

−b ïàðàìåòðå áàøëàíãû÷ îðäèíàòà äèéèëéúð. Îë OB  êåñèìèÿ 
óçûíëûãûíà äåÿäèð. OB  óçûíëûãûÿ B  íîêàäû Ox  îêäàí éîêàðäà éàòñà b 
ãîøìàê àëàìàòû áèëåí, àøàêäà éàòñà àéûðìàê àëàìàòû áèëåí àëûíéàð. Ýãåð 
ãüíè Ox  îêà ïàðàëëåë áîëñà îíóÿ äåÿëåìåñè Oyby ,=  îêà ïàðàëëåë áîëñà 
îíóÿ äåÿëåìåñè x a=  áîëàð. 

2211 we bxkybxky +=+=  ãüíþëåðèÿ àðàsûíäàêû θ  áóð÷óÿ óëóëûãû 
àøàêäàêû ôîðìóëà áèëåí êåñãèòëåíéúð (3-íùè ÷yzgy). 

                      

2 1

1 2

tg
1
k k

k k
θ −
=

+
                        (3) 

                     
3-íùè ÷yzgy 
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(3) ôîðìóëà ãåòèðëèï ÷ûêàðëàíäà 1k  we 2k  áóð÷ êîåôôèñèýåíòëè ãüíè 
÷ûçûêëàð üçàðà ãàáàò ãåëéúí÷ú M  íîêàäûÿ äàøûíäà àéëàíéàðëàð äèéèëéúí 
øåðò  àøàêäàêû éàëû éàçûëéàð: 

                     2 1

1 2

tg
1
k k

k k
θ −
= ±

+
          ( )3′  

Èêè ãüíè ÷ûçûãûÿ àðàëûãûíäàêû áóð÷à ãàðàëàíäà  âå îëàðûÿ (ãüíè 
÷ûçûêëàðûÿ) òåðòèáè ãüðêåçèëìåäèê áîëñà, îíäà îíû  ýðêèí ñàéëàï àëûï 
áîëàð. Ýëáåòäå, òåðòèáèÿ þéòãåäèëìåãè áóð÷óÿ òàíãåíñèíèÿ àëàìàòûíûÿ 
þéòãåìåãèíå ãåòèðåð. 

Ýãåð áåðëåí ãüíè ÷ûçûêëàðûÿ èÿ áîëìàíäà áèðè Oy îêà ïàðàëëåë 
áîëàéñà, îíäà (3) ôîðìóëàíûÿ ìàíûñû áîëìàéàð. Áó õàëäà èêè ãüíè 
÷ûçûãûÿ àðàñûíäàêû θ  áóð÷ øåéëå êåñãèòëåíåð 

12 ϕϕθ −= . 

                        21 kk = .               (4) 
äåÿëèê èêè ãüíèíèÿ ïàðàëëåëëèê øåðòè, 

            0121 =+kk  éà-äà 
1

2
1
k

k −=          (5) 

äåÿëèê áîëñà, ïåðïåíäèêóëéàðëûê øåðòèäèð. 
Ýãåð ãüíè ÷ûçûê ( )000 , yxM  íîêàò àðêàëû ãå÷éúí áîëñà âå áóð÷ 

êîåôôèñèéåíòè k  äåÿ áîëñà, îíäà îíóÿ äåÿëåìåñè àøàêäàêû ãüðíþøå åéå 
áîëàð: 

                   ( )00 xxkyy −=−             (6) 
17. Èêè ãüíè ÷ûçûãûÿ àðàsûíäàêû áóð÷û òàïìàëû: 

1) 
⎩
⎨
⎧

+−=
=

52
3

xy
xy

        2) 
⎪⎩

⎪
⎨
⎧

+−=

−=

2
4
1

74

xy

xy
       3)

⎩
⎨
⎧

+=
−=

85
35

xy
xy

 

4) 
⎪⎩

⎪
⎨
⎧

+−=

−=

13

33

xy

xy
       5) 

⎩
⎨
⎧

−=

−=

2

27

xy

xy
 

18. 0732 =+− yx  ãüíè ÷ûçûãû îíóÿ  áóð÷ êîýôôèñèéåíòè âå 
áàøëàíãû÷ îðäèíàòàñû áîéóí÷à ãóðìàëû. 

×üçþëèøè. Äåÿëåìúíè y  ãüðú ÷üçåëèÿ:  

2 7 .
3 3

y x= +  
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Øóíëóêäà, 
3
7,

3
2

== bk . Êîîðäèíàòàlar áàøëàíãûùûíäàí ãå÷éúí âå 

àáñèññàëàð îêû áèëåí òàíãåíñè 
3
2
 áîëàí ϕ  áóð÷û åìåëå ãåòèðéúí ãüíè 

÷ûçûãû ãóðìàëû (4-íùi ÷yzgy).  

 
4-nji ÷yzgy 

⎟
⎠
⎞

⎜
⎝
⎛

3
7,0B  íîêàò àðêàëû áåðëåí ãüíú ïàðàëëåë áîëàí ãüíè ÷ûçûãû 

ãå÷èðåëèÿ. Áó õåì ãüçëåíéúí ãüíè ÷ûçûêäûð. 
19. Ýãåð ãüíè ÷ûçûê )1,0( −B  íîêàòäàí ãå÷èï Ox  îê áèëåí 60ϕ = °  

áóð÷û  ýìåëå ãåòèðéúí áîëñà, îíóÿ äåÿëåìåñèíè éàçìàëû. 
×üçþëèøè. Øåðòå ãüðú ãüíè ÷ûçûê )1,0( −B  íîêàòäàí ãå÷éúð âå  

tg60 3° =  áóð÷ êîýôôèñèéåíòå ýéåäèð. (2) äåÿëåìåäå 3=k  âå 

1=b  ãîéóï òàïàðûñ:  013 =+− xy  éà-äà 13 −= xy . 

20. 033 =+− yx  we  0236 =+− yx  ãüíþëåðèÿ àðàsûíäàêû áóð÷û 
òàïìàëû. 

×üçþëèøè. Áèðèíùè äåÿëåìåäå 1, 3A B= = − .  

Îíäà 
3
1

3
1

1 =
−

−=−=
В
Аk   bolar. 

Øåéëå õåì èêèíùè güniniÿ 2k  áóð÷ êîýôôèñèéåíòèíè òàïàðûñ:  

2
3

6
2 =

−
−=k . ( )3′  ôîðìóëàíû óëàíûp alarys: 

             1

3
21
3
21

3
121
3
12

1 21

21 ±=±=
+

−
±=

+
−

+=
kk
kktgϕ . 

Øóíëóêäà, ,450=α  0 0135 , ( 180 )β α β= + = . 
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21. Äåïåëåðè (2,1), (3,1), (1,2)A B C  íîêàòëàðäà áîëàí ABC  
þ÷áóð÷ëóãûÿ è÷êè áóð÷ëàðûíû òàïìàëû. 

×üçþëèøè. , ,AB AC BC  ãüíiëåðèÿ áóð÷ êîåôôèñèéåíòëåðèíè 1 2 3, ,k k k  áèëåí 

áåëãèëúï, îëàðû (3) ôîðìóëà áèëåí õàñàïëàëûÿ: 2 1

2 1

y yk
x x

⎛ ⎞−
=⎜ ⎟−⎝ ⎠

,  1
1 1 0
3 2

k −
= =

−
,   

2
2 1 1
1 2

k −
= = −

−
,  3

2 1 1
1 3 2

k −
= = −

−
. 

Îíäà 

1 0k = , 2 1k = −  bolanda  

1 2

1 2

tg
1

k kA
k k

= +
+

0 1 1
1 0( 1)

+
= ± = ±

+ −
, 

45 ,A∠ = °         135A∠ = ° . 

 ,01 =k  
2
1

3 −=k  bolanda 

1 3

1 3

10 12tg
11 21 0
2

k kB
k k

+−
= ± = ± = ±

+ ⎛ ⎞+ −⎜ ⎟
⎝ ⎠

, 

              
1arсtg
2

B∠ = ,  
1arсtg
2

B ⎛ ⎞∠ = −⎜ ⎟
⎝ ⎠

. 

,12 −=k  
2
1

3 −=k  bolanda  

            
( ) 3

1

3
2
2
1

2
111

2
11

1
tg

32

32 ±=
−

±=
⎟
⎠
⎞

⎜
⎝
⎛−−+

+−
±=

+
−

±=
kk
kkC , 

            
1arсtg
3

C∠ = , 
1arсtg
3

C ⎛ ⎞∠ = −⎜ ⎟
⎝ ⎠

. 

Òàïûëàí áóð÷ëàðûÿ õàéñûëàðûíûÿ þ÷áóð÷ëóãûÿ è÷êè áóð÷ëàðûäûãûíû 
àíûêëàìàê þ÷èí îíóÿ òàðàïëàðûíûÿ óçûíëûêëàðûíû õàñàïëàëûÿ: 

1,AB =    2,AC =   5BC = . 
2 2 2 (5 1 2)BC AB AC> + > +  äèéìåê ABC  þ÷áóð÷ëóê êþòåêáóð÷ëûäûð; 

×þíêè,  BC  òàðàïûÿ ãàðøûñûíäàêû A áóð÷ êþòåê áóð÷äûð. Äèéìåê, 

CBA ∠∠=∠ we,1350  éèòè áóð÷ëàðäûð.  
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1 1arсtg , arсt
2 3

B C g= = . 

22. )4,3(A  íîêàò àðêàëû ãå÷éúí õåì-äå 0323 =−− yx  ãüíè ÷ûçûãà 
ïåðïåíäèêóëéàð áîëàí ãüíè ÷ûçûãûÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. 0323 =−− yx  äåÿëåìúíè y  ãüðú ÷üçåëèÿ: ,
2
3

2
3

−= xy  

1
3 .
2

k =  

(6) ôîðìóëàíû óëàíûï )4,3(A  íîêàò àðêàëû ãå÷éúí, 2k  áóð÷ 
êîåôôèñèéåíòëè ãüíè ÷ûçûãûÿ äåÿëåìåñèíè éàçàëûÿ:    

                        24 ( 3).y k x− = −  

Øåðòå ãüðú  1
2
3,1 221 −=−= kkk , 

3
2

2 −=k . 

        )3(
3
24 −−=− xy   éà-äà    3 2 18 0y x+ − = . 

23. 73 += xy  ãüíè ÷ûçûãà ïàðàëëåë âå )1,3( −A  íîêàò àðêàëû ãå÷éúí 
ãüíè ÷ûçûãûÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. 73 += xy  äåÿëåìåäå )1,3(.7,31 −== Abk  íîêàò àðêàëû 

ãå÷éúí âå 2k  áóð÷ êîýôôèñèéåíòè áîëàí ãüíè ÷ûçûãûÿ äåÿëåìåñèíè éàçàëûÿ:  

21 ( 3).y k x+ = −   

Øåðòå ãüðú .321 == kk  Øóíëóêäà, 

              )3(31 −=+ xy   éà-äà  3 10 0.y x− + =  
24. Êîîðäèíàòàëàð áàøëàíãûùûíäàí ãå÷éúí âå Ox  îêóÿ îÿûí óãðû 

áèëåí àøàêäàêû áóð÷ëàðû ýìýëå ãåòèðéúí ãüíè ÷ûçûêëàðûÿ äåÿëåìåñèíè 
éàçìàëû: 

o o o o1) 45 , 2)135 , 3) 30 , 4)180 .  

25. )2,10(we)6,0(,)1,1( −−−−− CBA  íîêàòëàð þ÷áóð÷ëóãûÿ 

äåïåëåðè áîëñà, A  äåïåäåí ãå÷èðëåí ìåäèàíàíûÿ óçûíëûãûíû òàïìàëû. 
26. )11,5(we)7,3( BA −  íîêàòëàð AB êåñèìèÿ ÷åòêè íîêàòëàðû âå îë 

êåñèì þ÷ íîêàäûÿ êüìåãè áèëåí äåÿ äüðò áüëåãå áüëíåí áîëñóí. Êåñèìè 
áüëåêëåðå áüëéúí íîêàòëàðûÿ êîîðäèíàòàëàðûíû êåñãèòëåìåëè. 

27. Ãüíi çyzyklaryň àðàsûíäàêû áóð÷ëàðûÿ óëóëûãûíû òàïìàëû: 

   à)
⎩
⎨
⎧

=+−
=−+

0432
035

yx
yx

   b) 
⎩
⎨
⎧

=++
=−+

0542
032

yx
yx

      ÷) 
⎩
⎨
⎧

=−−
=++

0235
0153

yx
yx
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28. )7,5(M  íîêàò àðêàëû ãå÷éúí âå êîîðäèíàòàlar îêëàðûíà ïàðàëëåë 
áîëàí ãüíèëåðèÿ äåÿëåìåñèíè éàçìàëû. 

29. Ãüíüáóð÷ëû dürtbur÷lygyÿ èêè òàðàïûíûÿ äåÿëåìåñè 0543 =+− yx , 

0734 =−+ yx  âå )1,2(−A  äåïåñè áåðëåí áîëñà, áåéëåêè èêè òàðàïûíûÿ 
äåÿëåìåñèíè éàçìàëû. 

30. )2,3( −A  íîêàòäàí ãå÷éúí âå 143 =+ yx  ãüíè ÷ûçûãà ïàðàëëåë 
áîëàí ãüíè ÷ûçûãûÿ äåÿëåìåñèíè éàçìàëû. 

31. Ãüíè ÷ûçûêëàðûÿ üçàðà éåðëåøèøèíè êåñãèòëåìåëè: 
          à) 0543 =+− yx            á) 0243 =++ yx  

            775,0 =− yx               0834 =+− yx  

¸ 4. Berlen iêè íîêàt arkaly ge÷éún ãüíè çyzygyň deÿlemesi 

Áåðëåí èêè ),(we),( 2211 yxByxA  íîêàòëàð àðêàëû ãå÷éúí ãüíè 
÷ûçûãûÿ äåÿëåìåñè àøàêäàêû ãüðíþøäåäèð: 

                
12

1

12

1

yy
yy

xx
xx

−
−

=
−
−

.                    (1) 

Ýãåð A we B  íîêàòëàð Ox  okuna ïàðàëëåë  ãüíè ÷ûçûêäà éàòéàí 
áîëñà, onda îíóÿ äåÿëåìåñè 

                          1yy =            (2) 

ãüðíþøäå, øåéëå õåì A  we B  íîêàòëàð Oy okuna ïàðàëëåë  ãüíè 
÷ûçûêäà éàòéàí áîëñà, onda îíóÿ äåÿëåìåñè 

                          1xx =                   (3)   
güðíþøäåäèð.     

Åãåð AB ãüíè ÷ûçûê (1) äåÿëåìå áèëåí éàçûëéan áîëñà âå ( )3 3,C x y  

íîêàò øîë ãüíþäå éàòéàí áîëñà, îíóÿ êîîðäèíàòàëàðû õåì øó äåÿëåìúíè 
êàíàãàòëàíäûðéàíäûð: 

                
12

13

12

13

уу
уу

хх
хх

−
−

=
−
−

.                     (4) 

Áó øåðò ( ) ( ) ( )332211 ,,,,, yxCyxByxA  íîêàòëàðûÿ áèð ãüíiäå éàòìàêëûê 
øåðòèäèð. 

Ãîé, ãüíè ÷ûçûê )0,(aA âå ),0( bB  íîêàòëàð àðêàëû ãå÷éúí áîëñóí. 
Îíäà 

                         1=+
b
y

a
x

                       (5) 

äåÿëåìú ãüíè ÷ûçûãûÿ êåñèìëåðäúêè äåÿëåìåñè äèéèëéúð. 
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32. Eger ( 9,0), ( 3,6), (3,4) we (6, 3)A B C D− − −  íîêàòëàð 

äüðòáóð÷ëóãûÿ äåïåëåðè áîëñà, onda îíóÿ BDAC we  äèàãîíàëëàðûíûÿ 
êåñèøìå íîêàäûíû òàïìàëû. 

×üçþëèøè. (1) ôîðìóëàíû óëàíûï, BDAC we  äèàãîíàëëàðûÿ 
äåÿëåìåñèíè   éàçàëûÿ: 

             093,
93
9

04
0

=+−
+
+

=
−
− yxxy

, 

             =
−−
−

63
6y

 
36
3

+
+x

, 03=−+ yx . 

Îíäà   

               
⎩
⎨
⎧

=−+
=+−
03
093

yx
yx

    

sistemany ÷üçþï äèàãîíàëëàðûÿ Å êåñèøìå íîêàäûíû òàïàðûñ: 
)3,0(,3,0 Eyx == . 

33. Äåïåëåðè )2,0(),0,5(),2,0(),0,5( −− QRNM  íîêàòëàð áîëàí 
ðîìáuÿ òàðàïëàðûíûÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. Ãüíè ÷ûçûãûÿ êåñèìëåðäúêè äåÿëåìåñèíè ((5) ôîðìóëà) óëàíûï 
ðîìáuÿ òàðàïëàðûíûÿ äåÿëåìåñèíè éàçàëûÿ: 

1
25

: =+
−

yxMN ,   2 5 10 0;x y− + =  

1
25

: =+
yxNR ,   01052 =−+ yx ; 

1
25

: =+
−

yxQM ,   01052 =++ yx ; 

1
25

: =
−

+
yxQR ,   01052 =++− yx .  

34. Ýãåð )3,1(we)3,4(),2,1( CBA  íîêàòëàð þ÷áóð÷ëóãûÿ äåïåëåðè 
áîëñà, îíäà îíóÿ òàðàïëàðûíûÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. (1) ôîðìóëàíû óëàíàëûÿ: 

                 
23
2

14
1

−
−

=
−
− yx

     

éà-äà  
                 3 5 0.x y− + =  
A we C  íîêàòëàð øîë áèð àáñèññà åéå áîëéàíäûêëàðû þ÷èí îíóÿ 

äåÿëåìåñè 1=x  áîëàð. Øåéëå õåì B  we C  íîêàòëàðûÿ îðäèíàòàëàðû 
ìåÿçåø. Îíäà BC  òàðàïûÿ äåÿëåìåñè 3=у  ãüðíþøäå áîëàð.  
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35. Ãüíè ÷ûçûãûÿ 0632 =−− yx  óìóìû äåÿëåìåñèíè îíóÿ 
êåñèìëåðäúêè äåÿëåìåñè ãüðíþøèíå ãåòèðìåëè. 

×üçþëèøè. Óìóìû äåÿëåìúíè 632 =− yx  ãüðíþøäå éàçàëûÿ âå îíóÿ 
èêè òàðàïûíû õåì àçàò àãçà áüëåëèÿ: 

                           1
23
=

−
+

yx
. 

Áó áîëñà ãüíiíèÿ ãüçëåíéúí äåÿëåìåñèäèð.  
36.  Berlen nîêàòëàð àðêàëû ãå÷éúí ãüíè ÷ûçûãûÿ äåÿëåìåñèíè 

éàçìàëû: 
1. (2,3) we (0,1);A B  

    2. (0 5) we ( 2, 5);C D − −  

    3. ( 3,4) we (0,0).E F−   

37. Þ÷áóð÷ëóãûÿ äåïåëåðè )4,1(we)0,4(),6,4( −−− CBA  áåðëåí bolsa, 
oíäà: 

1. Þ÷áóð÷ëóãûÿ þ÷ òàðàïûíûÿ äåÿëåìåñèíè; 
2. C depeäåí ãå÷èðëåí ìåäèàíàíûÿ äåÿëåìåñèíè; 
3. B  áóð÷óÿ áèññåêòðèñàñûíûÿ äåÿëåìåñèíè;  
4. A äåïåäåí BC  òàðàïà èíäåðèëåí áåéèêëèãèÿ äåÿëåìåñèíè 

éàçìàëû. 
38. )4,0(we)1,3(),2,1( CBA −−  íîêàòëàð þ÷áóð÷ëóãûÿ äåïåëåðè áîëñà, 

îíäà õåð äåïåäåí ãàðøûëûêëû òàðàïà ïàðàëëåë áîëàí ãüíè ÷ûçûãûÿ 
äåÿëåìåñèíè éàçìàëû. 

39. )1,3(we)7,7(),1,3(),2,2( DCBA −−−  íîêàòëàðûÿ òðàïåñèéàíûÿ 
depeleridiãèíè áàðëàìàëû âå îíóÿ: 

        à) îðòà ÷ûçûãûíûÿ äåÿëåìåñèíè éazmaly; 
        á) äèàãîíàëëàðûíûÿ äåÿëåìåñèíè éàçìàëû. 
40. Àøàêäàêû íîêàòëàðûÿ áèð gönide éàòéàíäûãûíû áàðëàìàëû: 
        à) (2,0), (6,4), (11,9);    b) (1, 3), (2,4), (3, 1).− −  

41. (1,2), (5, 1) we ( 4,3)P Q R− −  íîêàòëàð þ÷áóð÷ëóãûÿ òàðàïëàðûíû äåÿ 
èêè áüëåãå áüëéúí áîëñà îíóÿ òàðàïëàðûíûÿ äåÿëåìåñèíè éàçìàëû. 

42. Þ÷áóð÷ëóãûÿ òàðàïëàðûíûÿ äåÿëåìåñè áåðëåí: ,06 =−+ yx  

01453 =+− yx , 01435 =−− yx . Îíóÿ áåéèêëèêëåðèíèÿ äåÿëåìåñèíè 
éàçìàëû.  

43. Àøàêäàêû ãüíè ÷ûçûêëàðûÿ óìóìû ãüðíþøäúêè äåÿëåìåëåðèíè 
îëàðûÿ êåñèìëåðäúêè äåÿëåìåëåðè ãüðíþøèíäå éàçìàëû: 

     1) 01243 =+− yx ;         2) 03065 =−− yx ; 

     3) 02054 =−+ yx ;         4) 01223 =−− yx .  
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¸ 5. Ãüíè ÷ûçûãûÿ íîðìàë äåÿëåìåñè.  

Íîêàòäàí ãüíè ¡yzyga ¡enli uzaklyk 

Áåðëåí ãüíè ÷ûçûãûÿ êîîðäèíàòàlar îêëàðûíà ãüðú éàãäàéû îë ãüíè 
÷ûçûãà êîîðäèíàòàëàð áàølàíãûùûíäàí èíäåðèëåí ïåðïåíäèêóëéàð âå øîë 
ïåðïåíäèêóëéàð áèëåí Ox  îêónyÿ óãðóíûÿ àðàsûíäàêû α  áóð÷ áèëåí 
êåñãèòëåíéúí äåÿëåìå àøàêäàêû ãüðíþøäåäèð (5-íùè ÷yzgy):   

                 cos sin 0.x y pα α+ − =                    (1) 

 

5-íùè ÷yzgy 

Áó äåÿëåìú güni ÷yzygyÿ  íîðìàë äåÿëåìåñè äèéèëéúð. Íîðìàë 
äåÿëåìåäå wex y  êîýôôèñèéåíòëåðèÿ êâàäðàòëàðûíûÿ ùåìè 1-e äåÿ. 

Ãüíè ÷ûçûãûÿ 0=++ CByAx  óìóìû äåÿëåìåñèíè íîðìàë gürnþøe 
ãåòèðìåê þ÷èí îíóÿ úõëè àãçàëàðûíû àøàêäàêû ôîðìóëà áèëåí êåñãèòëåíéúí 
íîðìèðëåéùè M küpåëäèùú êüïåëäèëìåëèäèð: 

22

1
BA

M
+

±= .                   (2) 

Íîðìèðëåéùè êüïåëäèùèíèÿ àëàìàòû óìóìû C  àãçàíûÿ àëàìàòûíà 
ãàðøûëûêëû alamat bilen àëûíéàð. Ýãåð äåÿëåìå 0=+ByAx  ãüðíþøäå 
berlen áîëñà, îíäà îíóÿ àëàìàòûíû ýðêèí àëûï áîëéàð. 

Íîêàäûÿ ãüíè ÷ûçûêäàí óçàêëûãûíû êåñãèòëåìåê þ÷èí ãüíè ÷ûçûãûÿ 
äåÿëåìåñèíèÿ ÷åï áüëåãèíäúêè x-i we y-i  áåðëåí íîêàäûÿ êîîðäèíàòàëàðû 
áèëåí ÷àëøûðûï, àëíàí íåòèùúíè óìóìû äåÿëåìåäúêè x-iÿ âå y-iÿ 
êîýôôèñèéåíòëåðèíèÿ êâàäðàòëàðûíûÿ ùåìèíäåí àëíàí êâàäðàò êüêå áüëìåëè 
âå åìåëå ãåëåí ñàíû àáñîëéóò óëóëûãû áîéóí÷à àëìàëû: 
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22

11

BA

CByAxd
+

++
= .                 (3) 

44. )1,2(−A  íîêàò áèëåí 0123 =+− yx  ãüíè ÷ûçûãûÿ àðàëûãûíäàêû 

óçàêëûãû òàïìàëû. 

×üçþëèøè. (3) ôîðìóëàíû óëàíûï òàïàðûñ: 

            
13
7

13
7

49
112)2(3

=
−

=
+

+⋅−−
=d .          (3) 

45. 01043 =+− yx  ãüíè ÷ûçûê âå )3,4(M  íîêàò áåðëåí. Ãüíè 

÷ûçûãûÿ íîðìàë äåÿëåìåñèíè âå M  íîêàäûÿ ãüíè ÷ûçûêäàí óçàêëûãûíû 
òàïìàëû.  

×üçþëèøè.  Íîðìèðëåéùè êüïåëäèùèíè òàïàëûÿ: 

                 
2 2

1 1 1 .
59 16

M
A B

= = =
++

 

Àçàò àãçà 10=C  poloæitel ñàí áîëàíû þ÷èí íîðìèðëåéùè êüïåëäèùi 

5
1

−=M . Îíäà, ãüíè ÷ûçûãûÿ íîðìàë äåÿëåìåñè  

                     02
5
4

5
3

=−+− yx  

áîëàð, áó éåðäå −=−= ααα ,
5
4sin,

5
3cos êþòåê áóð÷äuð. Onda 

                 2
5

10
169

103443
==

+
+⋅−⋅

=d .  

46. Êîîðäèíàòàëàð áàøëàíãûùû áèëåí 01034 =−+ yx  ãüíi çyzygyň 
àðàëûãûíäàêû óçàêëûãû òàïìàëû. 

×üçþëèøè  

                     4,1
5
7

34
7

22
==

+−
=P . 

47. )7,2(M  íîêàò áèëåí 01043 =−+ yx  ãüíi  çyzygyň àðàsûíäàêû 
óçàêëûãû êåñãèòëåìåëè. 

48. Àøàêäàêû ïàðàëëåë ãüíè çyzyklaryň àðàsûíäàêû óçàêëûãû òàïìàëû. 
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3 4 15 0,x y+ − =  

3 4 20 0.x y+ + =  

043 =−− yx  we 0362 =++ yx  ãüíè ÷ûçûêëàðûÿ êåñèøìåñènäåí 
ýìåëå ãåëåí áóð÷ëàðûÿ áèññåêòðèñàlarûíûÿ äåÿëåìålerèíè éàçìàëû. 

×üçþëèøè. Áåðëåí ãüíè ÷ûçûêëàðûÿ êåñèøìåñèíäåí ýìåëå ãåëåí áóð÷ëàðûÿ 
áèññåêòðèñàëàðûíûÿ èñëåíäèê íîêàäûíûÿ øîë ãüíè ÷ûçûêëàðäàí äåÿ óçàêëûêäà 
éàòéàíäûãûíû íàçàðà àëñàê, îíäà îë áóð÷ëàðûÿ áèññåêòðèñàëàðûíûÿ èñëåíäèê 

),( yxM  nokady þ÷in  

                    
364

362
19

43
+

++
=

+

−− yxyx
 

äåÿëåìúíè éàçûï áèëåðèñ. 

     Éîêàðäàêû äåÿëèê àøàêäàêû èêè äåÿëèê áèëåí äåÿãþé÷ëþäèð: 

                 
102

362
10

43 ++
=

−− yxyx
 

we 

                 
3 4 2 6 3 .

10 2 10
x y x y− − + +

= −  

Áó éåðäåí, ol áóð÷laryÿ áèññåêòðèñàëàðûíûÿ äåÿëåìåëåðèíè àëéàðûñ: 
      01184 =−− yx   we   8 4 5 0.x y+ − =  

50. Äåÿëåìåëåðè íîðìàë ãüðíþøå ãåòèðìåëè: 
à) 0452 =++ yx ,  b) 01=−+ yx ,  ÷) 2 3 0.x y− + =  

51. )2,1(A  íîêàò áèëåí àøàêäàêû ãüíè ÷ûçûêëàðûÿ àðàëûãûíäàêû 
óçàêëûãû òàïìàëû: 

      a) 2 4 5 0,x y+ − =   b)  2 8 1 0,x y+ + =   ÷) 0.x y+ =  

52. Äåïåëåðè )1,2(we)5,4(),3,1( CBA −−  íîêàòëàð áîëàí þ÷áóð÷ëóãûÿ 
B  äåïåñèíäåí èíäåðèëåí ïåðïåíäèêóëéàðûÿ óçûíëûãûíû êåñãèòëåìåëè. 

53. Ãüíè ÷ûçûêëàðûÿ õàéñûñû íîðìàë gürnþøde éàçûëàí?  

          a) 7 5 3 0;x y+ − =      b) 
3 4 1 0;
5 5

x y− + =  

           ÷) 
1 1 5 0;
2 3

x y+ − =     d) 
5 12 2 0;

13 13
x y− − =    

           e) x – 5 = 0;         f) 4 0.y− =  
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54. Þ÷áóð÷ëóãûÿ þ÷ òàðàïûíûÿ äåÿëåìålerè áåðëåí: 033 =−+ yx , 

03we0113 =−−=++ yxyx . Àáñèññàëàð îêóíäà éàòàí äåïåäåí 
èíäåðèëåí áåéèêëèãèÿ óçûíëûãûíû êåñãèòëåìåëè. 

55. )3,11(we)7,5(,)9,8( −−−− CBA  íîêàòëàðûÿ õàéñûñû 

01586 =−+ yx  güni ÷yzyga éakyn éerleøen? 

¸ 6. Èêè ãüíè ÷ûçûãûÿ üçàðà éåðëåøèøè 

Ãîé, èêè ãüíè ÷ûçûê àøàêäàêû óìóìû äåÿëåìåëåðè áèëåí áåðëåí 
áîëñóí: 

1 1 1 2 2 20, 0.A x B y C A x B y C+ + = + + =  

Áó günileriÿ êåñèøìå íîêàäûíû òàïìàê þ÷èí îëàðûň deªlemelerini 
áèëåëèêäå ÷üzþp sistemanyÿ ÷üçþâèíè òàïìàëû. Ýãåð x-iÿ âå y-iÿ 

êîýôôèñèéåíòëåðè ïðîïîðñèîíàë äúë áîëñà, éàãíû 
2

1

2

1

В
В

А
А

≠ , îíäà ãüíèëåðèÿ 

êåñèøìå íîêàäû áàðäûð. Ýãåð 
2

1

2

1

В
В

А
А

=  áîëñà, onda ãüíè  çyzyklar 

ïàðàëëåëäèðëåð. Ýãåð 
2

1

2

1

2

1

C
C

В
В

А
А

==  áîëñà, îíäà ãüíè çyzyklar áèðè-áèðè áèëåí 

ãàáàò ãåëéúðëåð. 
56. Güni ÷ûçûêëàðûÿ êåñèøìå íîêàäûíû òàïìàëû. 
        à)  3 4 1 0; 2 3 1 0;x y x y+ − = + − =  

         á)  2 3 1 0; 4 6 1 0;x y x y+ + = + + =  

         ÷)  1 0; 2 2 2 0.x y x y+ + = + + =  

×üçþëèøè.  à) Áó äåÿëåìåëåð þ÷èí 
3
4

2
3
≠  âå ãüíþëåð êåñèøéúðëåð.  

Êåñèøìå íîêàäûíû òàïìàê þ÷èí äåÿëåìåëåðè áèëåëèêäå ÷üzeliÿ: 

       

1 4 3 1
3 4 1 0 1 3 2 1

, 1, 1.
3 4 3 42 3 1 0
2 3 2 3

x
x y

x y
+ − =⎧

= = − = =⎨ + − =⎩
 

Îíäà ãüíþëåð )1,1(−N  íîêàòäà êåñèøéúíäèðëåð.  
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á) Áó äåÿëåìåëåð þ÷èí .
6
3

4
2
=  Äèéìåê, ãüíiëåð áèðè-áèðèíå 

ïàðàëëåëäèðëåð. 
÷) Áó äåÿëåìåëåð øîë áèð ãüíè ÷ûçûãû øåêèëëåíäèðéúðëåð, ÷þíêè îëàðûÿ 

ïðîïîðöèîíàëëûê êîåôfèñèéåíòëåðè üçàðà äåÿäèðëåð, éàãíû 
2
1

2
1

2
1

== . 

57. 0452 =+− yx  ãüíè ÷ûçûãà ãüðú, )7,1(A  íîêàäà ñèììåòðèê 
éåðëåøåí   íîêàäû êåñãèòëåìåëè. 

×üçþëèøè. A íîêàò âå ãüçëåíéúí 1A  íîêàò áèð ãüíiäå éàòìàëûäûðëàð 

âå îë ãüíè  áåðëåí ãüíú ïåðïåíäèêóëéàð áîëìàëûäûð. A âå 1A  íîêàòëàð 
áîëñà øîë ãüíè  ÷ûçûêëàðûÿ êåñèøìå íîêàäûíäàí  äåÿ óçàêëûêäà 
éàòéàíäûðëàð. 

)7,1(A  íîêàòäàí ãå÷éúí âå áåðëåí ãüíú ïåðïåíäèêóëéàð áîëàí ãüíè 

÷ûçûgûÿ äåÿëåìåñèíè éàçàëûÿ. 
5
2

=k  áåðëåí ãüíè ÷ûçûgûÿ áóð÷ êîýôôèñèéåíòè 

áîëñà, îÿà ïåðïåíäèêóëéàð áîëàí ãüíè ÷yzygyň áóð÷ êîýôôèñèéåíòè 
2
5

1 −=k  

äåÿäèð. Îíäà: 

              
57 ( 1)
2

y x− = − −   éà-äà  5 2 19 0.x y+ − =  

Áåðëåí ãüíè ÷ûçûê áèëåí áó ãüíiíèÿ êåñèøìå N  íîêàäûíû  
êåñãèòëúëèÿ. Îíóÿ þ÷èí sistemany ÷üçåëèÿ: 

 
2  – 5   4  0
5   2  – 19  0

x y
x y

+ =⎧
⎨ + =⎩

 

)2,3(,2,3 Nyx == . Áó íîêàò 1AA  êåñèìèÿ îðòàñûäûð. Îíäà A  

íîêàäûÿ êîîðäèíàòàëàðûíû 11 , yx  áèëåí áåëãèëúï àëéàðûñ: 

               
2

13 1x+
= ,   

2
72 1y+

= .   

Øóíëóêäà, 1 15, 3, (5, 3)x y A= = − − . 

58. Ãüíi çyzyklaryň êåñèøìå íîêàäûíû òàïìàëû. 

       

1)8 3 1 0; 4 13 0;
2)3 7 15 0; 9 21 32 0;
3)5 2 13 0; 3 11 0.

x y x y
x y x y
x y x y

− − = + − =
+ − = + − =
− + = + − =
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59. Þ÷áóð÷ëóãûÿ òàðàïëàðû  üz äåÿëåìåëåðè bilen áåðëåí: 5 3 15 0,x y− − =   

035 =−+ yx ,  053 =++ yx . Onuÿ depeleriniÿ koordinatalaryny tapmaly.        

60. )5,8(),5,8(,)3,8( −− CBA  íîêàòëàð þ÷áóð÷ëóãûÿ äåïåëåðè áîëñà, 
îíóÿ áåéèêëèêëåðèíèÿ äåÿëåìålerèíè éàçìàëû âå îëàðûÿ áèð íîêàòäà 
êåñèøéúíäèãèíè ãüðêåçìåëè. 

61. ABC  þ÷áóð÷ëóãûÿ AB òàðàïûíûÿ äåÿëåìåñè, 067 =−+ yx , AL  

âå ,BM  áèññåkòðèñàëàðûíûÿ äåÿëåìåëåðè 05 =−+ yx , 063 =−− yx  áîëñà, 
îíóÿ äåïåëåðèíèÿ êîîðäèíàòàëàðûíû òàïìàëû. 

62. 05=−+ yx  âå 0197 =−− yx  ãüíi çyzyklaryň àðàsûíäàêû 
áóð÷uÿ áèññåêòðèñàñûíûÿ äåÿëåìåñèíè éàçìàëû. 

63. 02043 =−+ yx  âå 0568 =−+ yx  ãüíè çyzyklaryň àðàsûíäàêû 
áóð÷óÿ áèññåêòðèñàñûíûÿ äåÿëåìåñèíè éàçìàëû. 

64. Îðäèíàòàlar îêû âå òàðàïëàðûíûÿ äåÿëåìåëåðè 
0363,0634 =−+=+− уxyx  ãüíi  ÷ûçûêëàð áîëàí þ÷áóð÷ëûãûÿ 

ïåðèìåòðèíè òàïìàëû.  
65. )5,2(),3,4( −− QP  íîêàòäàí ãå÷éúí, PQ ãüíú ïàðàëëåë áîëàí âå 

)7,4( −A  íîêàò àðêàëû ãå÷éúí ãüíi ÷ûçûgûÿ äåÿëåìåñèíè äþçìåëè. 

 ¸ 7. Òåêèçëèêäå ïîëéàð êîîðäèíàòàëàð sistemasy 

Òåêèçëèêäå õàéñû áîëñàäà áèð O  íîêàò âå øîë íîêàòäàí ÷ûêéàí OP  
øüõëå áåðëåí áîëñóí. Åðêèí M  íîêàäû àëàëûÿ âå OM  óçàêëûãû ρ  

áèëåí, OPOM we  êåñèìëåðèÿ àðàñûíäàêû áóð÷û ϕ  áèëåí áåëãèëúëèÿ.  

(6-íùû ÷ûçgy). ,ρ ϕ  óëóëûêëàð M  íîêàäûÿ òåêèçëèêäúêè îðíóíû 
êåñãèòëåéúð.        

                      
6-njy ÷ûçgy  

Áó ãüðíþøäúêè êîîðäèíàòàëàð sistemasyna ïîëéàð êîîðäèíàòàëàð sistema-
sy äèéèëéúð. O  íîêàäà ïîëéóñ, OP  øüõëú ïîëéàð îêû, ρ=OM  óçàêëûãà 
ïîëéàð ðàäèóñû, ïîëéàð ðàäèóñûÿ ïîëéàð îêû áèëåí åìåëå ãåòèðéúí ϕ  
áóð÷uíà ïîëéàð áóð÷û äèéèëéúð   (6-íùû ÷ûçgy). 
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Áåðëåí äåêàðò êîîðäèíàòàëàð sistemasynyÿ Ox  îêóíû ïîëéàð 
êîîðäèíàòàëàð sistemasynyÿ ïîëéàð îêuíäà, áàøëàíãûùûíû áîëñà ïîëéóñäà 
éåðëåøäèðñåê, M  íîêàäûÿ äåêàðò âå ïîëéàð êîîðäèíàòàëàðûíûÿ àðàñûíäàêû 
áàãëàíûøûãû òàïûï áèëåðèñ: 

                     
cos ,
sin .

x
y

ρ ϕ
ρ ϕ

=⎧
⎨ =⎩

                         (1) 

Áó sistemadan ϕρ we  àÿñàòëûê áèëåí òàïûëéàð: 

                  2 2 2 , tg .yx y
x

ρ ϕ= + =                    (2) 

66. Ïîëéàð êîîðäèíàòàëàðû áèëåí áåðëåí íîêàòëàðû ãóðìàëû: ,
6

,4 ⎟
⎠
⎞

⎜
⎝
⎛ πA    

        
3 33, , 2, , (1, ), 1, , 2, .

3 4 3 2
C D E F Gπ π π ππ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞− −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

67. Íîêàäûÿ äåêàðò êîîðäèíàòàëàðû )1,1( −  áîëñà, îíûÿ ïîëéàð 
êîîðäèíàòàëàðûíû òàïìàëû. 

×üçþëèøè. (2) ôîðìóëàíû óëàíéàðûñ: 

      1 1 2,ρ = + =    tg 1,ϕ =−       
3 ,
4
πϕ =       

7 .
4
πϕ =  

Bó éåðäå, y  áàõàñû otrisatel, øîíóÿ þ÷èí ϕsin  õåì  otrisatel áîëìàëû, 

éàãíû 
7
4
πϕ =  

Øóíëóêäà, áåðëåí íîêàäûÿ ïîëéàð êîîðäèíàòàëàðû àøàêäàêû ãüðíþøäåäèð: 

72,
4
πρ ϕ= =  éà-äà 

72, .
4
π⎛ ⎞

⎜ ⎟
⎝ ⎠

 

68. Ïîëéàð êîîðäèíàòàëàðû ⎟
⎠
⎞

⎜
⎝
⎛ π

4
3,2  áîëàí íîêàäû ãóðìàëû. 

×üçþëèøè. Ìåðêåçè O  ïîëéóñäà, ðàäèóñû 2ρ =  áîëàí òüâåðåãè ãóðàëûÿ. 

Ñîÿðà ïîëéàð îêû áèëåí π
4
3

 áóð÷û åìåëå ãåòèðéúí 0À ãüíi  ÷ûçûgû 

ãå÷èðåëèÿ. Øó ãüíi  ÷ûçûgûÿ òüâåðåê áèëåí êåñèøéúí ⎟
⎠
⎞

⎜
⎝
⎛

4
3,2 πA  íîêàäû 

ãüçëåíéúí íîêàòäûð.  
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69. Pîëéàð êîîðäèíàòàëàðû kρ ϕ=  äåÿëåìúíè êàíàãàòëàíäûðéan åãðèíè 
ãóðìàëû (Àðõèìåäèÿ ñïèðàëû). 

×üçþëèøè. Åãðèíè ÷ûçìàê þ÷èí ϕ  åðêèí áàõàëàðû áåðèï ρ -iň äåãèøëè 

áàõàëàðûíû àëàðûñ. Áèç 
2
1

=k  üçin äåãèøëè tablisany ãóðàëûÿ. 

ϕ
 

0 6
π

 
4
π

 
3
π

 
2
π

 
2
3
π
 

ρ
 

0 0,26 0,36 0,52 0,79 1,05 

  
ϕ  4

3π
 π  

2
3π

 π2  π3  

  
ρ  18,1

8
3

≈
π

 57,1
2
≈

π
 36,2

4
3

≈
π

 14,3≈π  71,4
2

3
≈

π
 

Àëíàí íîêàòëàðû áèðèêäèðèï Àðõèìåäèÿ ñïèðàëû àäû áèëåí áåëëè áîëàí 

åãðèíè àëéàðûñ (7-íùè ÷ûçgy).          

 

7-íùè ÷ûçgy  

70. Ýãåð ïîëéóñ êîîðäèíàòàëàð áàøëàíãûùû áèëåí, Ox  îê áîëñà ïîëéàð 

îêû áèëåí ãàáàò ãåëéúí áîëñà, ⎟
⎠
⎞

⎜
⎝
⎛

4
3,22 πA  íîêàäûÿ ãüíüáóð÷ëû 

êîîðäèíàòàëàðûíû òàïìàëû. 

71. Íîêàäûÿ ãüíüáóð÷ëû êîîðäèíàòàëàðûíû òàïìàëû: ⎟
⎠
⎞

⎜
⎝
⎛

2
,10 πA , 

⎟
⎠
⎞

⎜
⎝
⎛

4
5,2 πB , ⎟

⎠
⎞

⎜
⎝
⎛ −−⎟

⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛

4
,1,

4
,1,

4
,1,

10
,0 ππππ FEDC . 
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72. Íîêàäûÿ ïîëéàð êîîðäèíàòàëàðûíû òàïìàëû: ( ) ( )3,0,2,22 −BA , 

( ) ( ) ( ) ( )4, 4 , 2, 2 , 2 , 6 , 7, 0 .C D E F− − − − −  

73. Ïîëéàð êîîðäèíàòàëàðäà áåðëåí åãðèëåðè ãóðìàëû:  

à) 2 (1 cos );аρ ϕ= +            á) sin 3 .aρ ϕ=  

 

 à) êàðäèîèäà (8-íùè ÷ûçgy)      á) Þ÷ éàïðàêëû áúãþë (9-íùû ÷ûçgy) 

 

8-íùè ÷ûçgy     9-íùû ÷ûçgy  

74. Äåÿëåìåëåðè ïîëéàð êîîðäèíàòàëàðäà áåðëåí ýãðèëåðè ãóðìàëû. 

         1) ;аρ
ϕ

=        2) ;еϕρ =          3) cos 2 .аρ ϕ=  

75. 1=x  âå êîîðäèíàòàëàð áàøëàíãûùûíäàí ãå÷ìåéúí ãüíè ÷ûçûãûÿ 
ïîëéàð äåÿëåìåñèíè òàïìàëû. 

¸ 8. Äþðëè ìåñåëåëåð 

76. )1,2( −A  íîêàòäàí âå 0453,037 =−+=+− yxyx  ãüíè 
÷ûçûêëàðûÿ êåñèøìå íîêàäûíäàí ãå÷éúí ãüíè ÷ûçûãûÿ äåÿëåìåñèíè 
éàçìàëû. 

77. Þ÷áóð÷ëóãûÿ òàðàïëàðûíûÿ äåÿëåìåëåðè áåðëåí: ,032 =+− yx  

0623,075 =+−=−+ yxyx  Îíóÿ áåéèêëèêëåðèíèÿ äåÿëåìåëåðèíè éàçìàëû. 

78. Dåïåëåðè ( ) )1,3(,31,2),1,1( CBA +  íîêàòëàð áîëàí þ÷áóð÷ëóãûÿ 
äåÿòàðàïëû þ÷áóð÷ëóêäûãûíû ãüðêåçìåëè âå îíóÿ ìåéäàíûíû òàïìàëû.  

79. )2,8(we)7,1( −− BA  íîêàòëàðû áèðëåøäèðéúí AB ãüíè áèëåí 45o 

áíð÷ ýìåëå ãåòèðéúí âå )7,2(M  íîêàò àðêàëû ãå÷éúí ãüíè ÷ûçûãûÿ 
äåÿëåìåñèíè éàçìàëû. 

80. )3,2(we)2,1( −BA  íîêàòëàðûÿ äåÿëåìåñè 2 4 0x y− + =  áîëàí 
ãüíè ÷ûçûêäàí äþðëè òàðàïäà éàòéàíäûãûíû ãüðêåçìåëè. 
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81. 0743 =−− yx  ãüíè ÷ûçûãà ãüðú )2,5(−A  íîêàäà ñèììåòðèê 
áîëàí íîêàäû òàïìàëû. 

82. Ýãåð êåñèìèÿ 22=d  óçûíëûãû âå o135ϕ =  ïîëéàð áóð÷û áåëëè 
áîëñà, îíäà êåñèìèÿ координатаlar îêëàðûíà áîëàí ïðîéåêñèéàëàðûíû òàïìàëû. 

83. ( )3,51M  íîêàòäàí ( )32,62M  íîêàäà óãðóêäûðûëàí êåñèìèÿ 
ïîëéàð áóð÷óíû tapmaëû.                                                        

84. ( )1,11M  õåì ( )4,72M  íîêàòëàð áåðëåí. Øó èêè íîêàòëàðû 

áèðëåøäèðéúí ãüíè ÷ûçûêäà éàòìàéàí we 2M  íîêàäà ãàðàíäà 1M  íîêàäà 

èêè ýññå éàêûí áîëàí êåñèìèÿ äàøûíäàêû M  íîêàäû òàïìàëû. 
85. Þ÷áóð÷ëóãûÿ äåïåëåðè áåðëåí: )2,1(,)7,1(,)1,5( CBA −− . A  

äåïåäåí ãå÷èðëåí áèññåêòðèñàíûÿ óçûíëûãûíû òàïìàëû. 

86. ( 2, 2) we (0, 3)B D− −  íîêàòëàð kwadratyÿ ãàðøûëûêëû äåïåëåðè 
áîëñà, îíóÿ òàðàïëàðûíûÿ äåÿëåìåëåðèíè éàçìàëû. 

87. )5,7(we)1,3( −−−  íîêàòëàð kwadratyÿ ãàðøûëûêëû äåïåëåðè áîëñà, 
îíóÿ áåéëåêè èêè äåïåñèíè òàïìàëû. 

88. Þ÷áóð÷ëóãûÿ äåïåëåðè áåðëåí: )1,5(,)3,1(,)0,0( −−−− CBA . Îíuÿ 
äåïåëåðèíäåí ãå÷éúí âå òàðàïëàðûíà ïàðàëëåë áîëàí ãüíè ÷ûçûêëàðûÿ 
äåÿëåìåëåðèíè éàçìàëû. 

89. 0568we02043 =−+=−+ yxyx  ãüíè  ÷ûçûêëàðûÿ àðàñûíäàêû 
áóð÷óÿ áèññåêòðèñàñûíûÿ äåÿëåìåñèíè éàçìàëû. 

90. )3,4(,)5,1( BA −  íîêàòëàðû áèðëåøäèðéúí AB êåñèì äåÿ þ÷ 
áüëåãå áüëíåí áîëñà, áüëþíìå  íîêàòëàðûÿ êîîðäèíàòàëàðûíû òàïìàëû. 

91. Ãüíüáóð÷ëóãûÿ áèð äåïåñè )0,0(O  âå èêè òàðàïûíûÿ äåÿëåìålerè 

áåðëåí: 0723,0532 =−+=+− yxyx . Îíóÿ áåéëåêè èêè òàðàïûíûÿ 
äåÿëåìålerèíè éàçìàëû. 

92. )4,2(−M  íîêàò àðêàëû ãå÷éúí âå 0632 =+− yx ãüíú ïàðàëëåë 
áîëàí ãüíè ÷ûçûgûÿ äåÿëåìåñèíè éàçìàëû. 

93. )3,2(M  íîêàò àðêàëû ãå÷éúí âå 02045 =−− yx  ãüíú 
ïåðïåíäèêóëéàð áîëàí ãüíè ÷ûçûgûÿ äåÿëåìåñèíè éàçìàëû. 

94. Þ÷áóð÷ëóãûÿ äåïåëåðè áåðëåí: (4, 1), (7, 5), ( 4, 7)A B C − . A  
äåïåäåí ãå÷èðëåí ìåäèàíàíûÿ óçûíëûãûíû âå àãûðëûê ìåðêåçèíèÿ 
êîîðäèíàòàëàðûíû òàïìàëû 

95. )2,5(−A  íîêàòäàí âå Ox  îêäàí 10 áèðëèê óçàêëûêäà áîëàí 
íîêàäû òàïìàëû. 

96. Ýãåð )6,3(we)3,1(),2,4( −− CBA  íîêàòëàð þ÷áóð÷ëóãûÿ 

äåïåëåðè áîëñà, A  äåïåäåí èíäåðèëåí h  áåéèêëèãèÿ óçûíëûãûíû òàïìàëû. 
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ÈÈ ÁÜËÞÌ 

IKINJI TERTIPLI EGRILER 

¸1. Òüâåðåê 

Tekizlikde måðêåç äèélèï àòëàíäûðûëéàí íîêàòäàí äåÿäàøëûêäà 
éåðëåøåí íîêàòëàð êüïëþãèíå òüâåðåê äèéèëéúð. Òüâåðåãèÿ èñëåíäèê 
íîêàäûíû îíóÿ ìåðêåçè áèëåí áèðëåøäèðéúí êåñèìå, òüâåðåãèÿ ðàäèóñû 
äèéèëéúð. Ìåðêåçè ),( baC  íîêàòäà áîëàí, R  ðàäèóñëû òüâåðåãèÿ 
äåÿëåìåñè àøàêäàêû ãüðíþøäåäèð: 

222 )()( Rbyax =−+− .                 (1) 
Åãåð êîîðäèíàòàëàð áàøëàíãûùû òüâåðåãèÿ ìåðêåçèíäå éåðëåøñå, îíäà  

0== ba  áîëàð âå (1) äåÿëåìå õàñ éüíåêåé ãüðíþøè àëàð: 
                     222 Ryx =+ .                    (2) 
Èêèíùè òåðòèïëè  äåÿëåìåëåð óìóìû ãüðíþøäå àøàêäàêû éàëû éàçûëéàð: 
          2 22 2 2 0Ax Bxy Cy Dx Ey F+ + + + + = .  
Åãåð 0,0,0 ≠=≠ CBA  áîëñà, onda òüâåðåãèÿ óìóìû 

äåÿëåìåñèíè àëàðûñ: 
             02222 =++++ FEyDxCyAx . 

97. 2522 =+ yx  òüâåðåê áèëåí àøàêäàêû ãüíi çyzyklaryň êåñèøìå 
íîêàtlarûíû òàïìàëû:  

à)  2 10 0;x y+ − =     á)   3 4 25 0;x y− + =       ÷)  010 =+− yx . 
×üçþëèøè. à) Òüâåðåê áèëåí ãüíè çyzygyň êåñèøìå íîêàäû áèð âàãòäà 

òüâåðåãèÿ õåì-äå ãüíè ÷ûçûãûÿ äåÿëåìåëåðèíè êàíàãàòëàíäûðéàíäûðëàð. 
Øîíóÿ þ÷èí áó èêè äåÿëåìåäåí sistema äþçåëèÿ: 

                 2 2

2 10 0,
25.

x y
x y
+ − =⎧

⎨
+ =⎩

 

Îíuÿ ÷üçþâëåðè x1=0, y1=5, we x2=4, y2=3 bolað. Øóíëóêäà, òüâåðåê 
áèëåí ãüíiíèÿ êåñèøìå íîêàòëàðû )3,4(),5,0( NM  íîêàòëàðäûð (10-íùû çyzgy). 

á) Øåéëå õåì  

                
2 2 25,

3 4 25 0
x y
x y

⎧ + =
⎨

− + =⎩
 

sistemany ÷üçþï 4,3 2121 ==−== yyxx  àëàðûñ. Äèéìåê, ãüíè ÷ûçûê 
áèëåí òüâåðåê )4,3(−P  íîêàòäà êåñèøéúðëåð. Áó ãàëòàøìà íîêàäûäûð.  
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÷)  

                
⎩
⎨
⎧

=+−
=+

010
2522

yx
yx

 

sistemany ÷üçþï, àëàðûñ: 

             
10 5 2 ,

2
ix ±

=           
10 5 2

2
iy − ±

= . 

Sistemanyÿ hakyky sanlarda ÷üçþâèíèÿ éîêäuãûíà ãüðú ãüíè ÷ûçûê 
áèëåí òüâåðåê êåñèøìåéúðëåð.                           

 

           
10-íùû çyzgy 

      
98. Òüâåðåãèÿ ìåðêåçèíèÿ êîîðäèíàòàëàðûíû âå ðàäèóñûíû òàïìàëû. 
                      2 2 6 7 0.x y y+ + − =  
×üçþëèøè. Áåðëåí äåÿëåìúíè üçãåðäèï éàçàëûÿ: 

       16)96( 22 =+++ yyx      éà-äà         2 2 2( 3) 4 .x y+ + =  
Áó äåÿëåìúíè (1) ôîðìóëà áèëåí äåÿåøäèðèï òüâåðåãèÿ ìåðêåçèíèÿ 

(0, 3)M −  íîêàòäà áîëóï, ðàäèóñûíûÿ áîëñà 4=R  áîëéàíäûãûíû ãüðéúðèñ.. 
99. )4,4(),0,4(),5,1( −− CBA  íîêàòëàð àðêàëû ãå÷éúí òüâåðåãèÿ 

ìåðêåçèíè âå ðàäèóñûíû òàïìàëû. 
×üçþëþøè. Òüâåðåãèÿ ðàäèóñûíû Ð áèëåí, ìåðêåçèíè áîëñà ),( ba  áèëåí 

áåëãèëúëèÿ. Õúçèðëèê÷å áó ïàðàìåòðëåð íúáåëëèäèðëåð. Øåðòå ãüðú , ,A B C  
íîêàòëàð òüâåðåãå äåãèøëèäèðëåð. Øîíóÿ þ÷èí îëàðûÿ êîîðäèíàòàëàðû (1) 
äåÿëåìúíè êàíàãàòëàíäûðéàíäûðëàð: 

           
⎪
⎩

⎪
⎨

⎧

=−−+−

=−+−−

=−+−

222

222

222

)4()4(
)0()4(

)5()1(

Rba
Rba

Rba
        

  éà-äà 
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2 2 2

2 2 2

2 2 2

2 10 26
8 16
8 8 32 .

a b a b R
a b a R
a b a b R

⎧ + − − + =
⎪

+ + + =⎨
⎪ + − + + =⎩

 

2-íùè äåÿëèêäåí èëêè 1-íùè äåÿëèãè, ñîÿðà áîëñà 2-nji deňlikden 3-íùè 
äåÿëèãè àãçàìà-àãçà àéðûï àëéàðûñ: 

       
⎩
⎨
⎧

=−−
=−+

,016816
0101010

ba
ba

              
1

2 2.
a b

a b
+ =⎧

⎨ − =⎩
 

Áó éåðäåí, 0,1 == ba . Áó áàõàëàðû óëãàìûÿ õàéñû õåì áîëñà áèð 
äåÿëåìåñèíå ãîéóï Ð òàïàðûñ: 5=R . 

Îíäà,  òüâåðåãèÿ äåÿëåìåñè àøàêäàêû ãüðíþøäåäèð:   
2 2( 1) 25.x y− + =  

Îíóÿ ìåðêåçè )0,1(C , íîêàòäà áîëóï, ðàäèóñû õåì 5=R  áîëàð. 
100. Ìåðêåçè )7,5( −A  íîêàòäà áîëàí âå )3,2( −M  íîêàò àðêàëû 

ãå÷éúí òüâåðåãèÿ äåÿëåìåñèíè éàçìàëû. 
101. )6,2(),1,3( −BA we )3,5( −−C  íîêàòëàð àðêàëû ãå÷éúí òüâåðåãèÿ 

äåÿëåìåñèíè éàçìàëû. 
102. Òüâåðåãèÿ ìåðêåçèíèÿ êîîðäèíàòàëàðûíû âå ðàäèóñûíû òàïìàëû: 
1. 0810822 =−−−+ yxxy ; 

2. 01310622 =+−++ yxyx ; 

3. 0131222 =−++ yyx ; 

4. 02320444 22 =−+−+ yxyx ; 

5. 02910422 =+−−+ yxyx ; 

6. 010114622 =−+++ yxyx . 
103. Ìåðêåçè âå ðàäèóñû áîéóí÷à òüâåðåãè ãóðìàëû: 

  1)  4),5,2( =− RA ; 
  2)  )4,3(−A  âå êîîðäèíàòàëàð áàøëàíãûùûíäàí ãå÷éúð;  
  3)  )4,0(A  âå )8,5( −B  íîêàòäàí ãå÷éúð. 

104. Åãåð )4,1(A  âå )2,3(−B  íîêàòëàðû áèðëåøäèðéúí êåñèì 
òüâåðåãèÿ äèàìåòðè áîëñà, òüâåðåãèÿ äåÿëåìåñèíè éàçìàëû. 

105. Òüâåðåãèÿ êîîðäèíàòàlar îêëàðû áèëåí êåñèøìå íîêàòëàðûíû 
òàïìàëû:  

1) 25)3()4( 22 =++− yx ,  2) 044422 =++−+ yxyx , 

3) 2 2 6 10 9 0x y x y+ − − + = ,      4) 2 2( 5) ( 3) 1x y− + − = . 

106. 0204222 =−−++ yxyx  òüâåðåãèÿ àøàêäàêû ãüíþëåð áèëåí 
êåñèøìå íîêàòëàðûíû òàïìàëû: 
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     1) 04 =−− yx ,   2) 03643 =+− yx ,   3) 05 =−− yx .  
107. Ìåðêåçè )7,5(−O  íîêàòäà, ðàäèóñû 10-à äåÿ áîëàí òüâåðåê         

Ì (-11, 15)  íîêàò àðêàëû ãå÷éúðìè? 
108. Ìåðêåçè )5,12( −O  íîêàòäà áîëàí òüâåðåê êîîðäèíàòàëàð 

áàøëàíãûùûíäàí ãå÷éúí áîëñà, îíuÿ äåÿëåìåñèíè éàçìàëû. 
109. Êîîðäèíàòàlar îêëàðûíà ãàëòàøéàí âå Ì (2, 1) nokatdan ãå÷éúí 

òüâåðåãèÿ äåÿëåìåñèíè éàçìàëû. 
×üçþëèøè. Òüâåðåãèÿ Ì (2, 1) íîêàäûíûÿ áèðèíùè ¡­réekde 

éàòéàíäûãûíà   ãüðú âå òüâåðåãèÿ êîîðäèíàòàlar îêëàðûíà 
ãàëòàøéàídûãûíûÿ åñàñûíäà îë I ¡­réekde éàòéàð we oíóÿ ìåðêåçè 
( )baS ,  êîîðäèíàòàlar îêëàðûíäàí äåÿ óçàêëûêäà éåðëåøéúð. 

arba =>= ,0 . Øîíóÿ þ÷èí òüâåðåãèÿ éüíåêåé äåÿëåìåñè àøàêäàêû 
ãüðíþøäåäèð: 

                222 )()( aayax =−+− . 

( )1,2M  íîêàäûÿ òüâåðåêäå éàòéàíëûãûíû óëàíàëûÿ: 

      ,)1()2( 222 aaa =−+−      5,1 21 == aa . 
Äèéìåê, ìåñåëúíèÿ øåðòèíè èêè òüâåðåê êàíàãàòëàíäûðéàíäûð: 

          1)1()1( 22 =−+− yx , 2 2( 5) ( 5) 25x y− + − = . 

110. Åãåð òüâåðåê êîîðäèíàòàlar îêëàðûíà ãàëòàøûï, ( )4,2 −−M  íîêàò 
àðêàëû ãå÷éúí áîëñà, îíóÿ äåÿëåìåñèíè éàçìàëû. 

111. Åãåð )1,3(−O  íîêàò òüâåðåãèÿ ìåðêåçè áîëñà, 01634 =−+ yx  
ãüíè ÷ûçûãà ãàëòàøéàí òüâåðåãèÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. Áó ãüíè ÷ûçûãûÿ áóð÷ êîåôôèñèéåíòè 
3
4

1 −=k . Îíäà îÿà 

ïåðïåíäèêóëéàð áîëàí ãüíè ÷ûçûãûÿ áóð÷ êîåôôèñèéåíòè 
4
3

2 =k . Øóíëóêäà, 

       ),3(
4
31 +=− xy            01343 =+− yx  

sistemany ÷üçþï, 

                   
⎩
⎨
⎧

=−+
=+−

01634
01343

yx
yx

 

àëàðûñ: 1, 4; (1, 4)x y A= = . Èíäè òüâåðåãèÿ ðàäèóñûíû òàïàëûÿ:  

5)41()13( 22 =−+−−=r . Îíäà òüâåðåãèÿ äåÿëåìåñè ¦u ãüðíþøäåäèð: 

               25)1()3( 22 =−++ yx . 
112. 037 =−+ yx , 037 =−+ yx  ãüíi  ÷ûçûklara ãàëòàøéàí âå (1, 1) 

íîêàò àðêàëû ãå÷éúí òüâåðåãèÿ äåÿëåìåñèíè éàçìàëû. 
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¸ 2. Åëëèïñ 

Ôîêóñëàð äèéëèï àòëàíäûðûëéàí èêè )0,(1 cF − we )0,(2 cF  íîêàtlara 
÷åíëè óçàêëûêëàðûíûÿ ùåìè õåìèøåëèê a2  sana deň áîëàí òåêèçëèãèÿ íîêàòëàð 
êüïëþãèíå åëëèïñ äèéèëéúð (áó õåìèøåëèê ñàí ôîêóñëàðûÿ àðàñûíäàêû 
óçàêëûêäàí óëû áîëìàëû). Øîë õåìèøåëèê ñàíû a2  áèëåí, ôîêóñëàðûÿ 
àðàëûãûíäàêû óçàêëûãû áîëñà )(2 cac >  áèëåí áåëãèëåéúðëåð. 

)0,(,)0,( 21 cFcF −  íîêàòëàð åëëèïñèÿ ôîêóñëàðûäûð. Àáñèsñà îêû 21FF  

êåñèìèÿ þñòþíå äþøåð éàëû âå êîîðäèíàòàëàðûÿ áàøëàíãûùû 21FF  êåñèìè 
äåÿ éàðïà áüëåð éàëû åäèï êîîðäèíàòàëàð sistemasy ñàéëàíûï àëíàí áîëñà, 
åëëèïñèÿ éüíåêåé äåÿëåìåñè àøàêäàêû ãüðíþøäåäèð: 

            12

2

2

2

=+
b
y

a
x

,   222 cab −= ,      ba >  

 
11-nji ÷ûçgû                

Åëëèïñ Ox  oky áèëåí )0,(we)0,( 21 aAaA −  íîêàòëàðäà, Oy  îêy 

áèëåí ),0(we),0( 21 bBbB −  íîêàòëàðäà êåñèøéúðëåð. (11-íùè çyzgy). Áó 
íîêàòëàðà åëëèïñèÿ äåïåëåðè äèéèëéúð.  

Ox  we Oy  îêëàðà åëëèïñèÿ ñèììåòðèéà îêëàðû äèéèëéúð. Ñèììåòðèéà 
îêëàðûíûÿ êåñèøìå íîêàäûíà åëëèïñèÿ ìåðêåçè äèéèëéúð.  

Åëëèïñèÿ Ox  îêäàí óçûíëûãû a2  áîëàí áüëþï àëéàí êåñèìèíå  
åëëèïñèÿ óëû îêû äèéèëéúð (Óìóìàí åëëèïñèÿ ôîêóñëàðûíûÿ éàòéàí îêóíà 
åëëèïñèÿ óëû îêû äèéèëéúð). Åëëèïñèÿ Oy  îêäàí óçûíëûãû b2  áîëàí áüëþï 
àëéàí êåñèìèíå    åëëèïñèÿ êè÷è îêû äèéèëéúð. 

Åëëèïñèÿ ôîêóñëàðûíûÿ àðàñûíäàêû óçàêëûãûÿ åëëèïñèÿ óëû îêóíà áîëàí 

a
c
 ãàòíàøûãûíà åëëèïñèÿ åêñsåíòðèñèòåòè äèéèëéúð:  

                     1<=
a
cε  
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éà-äà 

             2
22

)(1
a
b

a
ba

a
c

−=
−

==ε . 

Äåÿëåìåëåðè  

                  
εε
axax =−= ,  

áîëàí ãüíè ÷ûçûêëàðà åëëèïñèÿ äèðåêòðèñàëàðû äèéèëéúð. 
Åãåð åëëèïñèÿ ôîêóñëàðû Oy  îêäà éàòéàí áîëñà, îíäà îíóÿ äåÿëåìåñè 

àøàêäàêû ãüðíþøäåäèð: 

               12

2

2

2

=+
a
y

b
x

, )( ab > . 

Áó õàëäà åëëèïñèÿ äåïåëåðè )0,(,)0,(,),0(,),0( 2121 bBbBaAaA −−  

íîêàòlaräà, ôîêóñëàðû áîëñà ),0(),,0( 21 cFcF −  íîêàòlaräà áîëéàð. 
a b=  áîëàíäà åëëèïñ òüâåðåãå üâðþëéúð. Øîíóÿ þ÷èí òüâåðåãå 

åëëèïñèÿ õóñóñû õàëû õüêìþíäå ãàðàìàê ìþìêèíäèð. 

113. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

4
7,31M  âå ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

4
12,22M  íîêàòëàðû áåëëè áîëàí ýëëèïñèÿ 

äåÿëåìåñèíè éàçìàëû. 
×üçþëèøè. Ýëëèïñèÿ ìåðêåçèíèň êîîðäèíàòàëàð áàøëàíãûùûíäà, 

ôîêóñëàðûnyň áîëñà àáññèñàlar îêóíäà éàòéàíäûãû þ÷èí ýëëèïñèÿ ãüçëåíèëéúí 
äåÿëåìåñè àøàêäàêû ãüðíþøäå áîëìàëûäûð: 

                      12

2

2

2

=+
b
y

a
x . 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

4
7,31M  âå ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

4
12,22M  íîêàòëàðûÿ êîîðäèíàòàëàðûíû ýëëèïñèÿ 

äåÿëåìåñèídå ãîéóï,  a  âå b  ñàíëàðû òàïìàê þ÷èí sistemany ÷üçéúðèñ: 

                   
2 2

2 2

9 7 1
16

4 12 1.
16

a b

a b

⎧ + =⎪⎪
⎨
⎪ + =
⎪⎩

 

Áó éåðäåí, .1,16 22 == ba  2a  âå 2b  òàïûëàí áàõàëàðûíû ýëëèïñèÿ 
äåÿëåìåñèíå ãîéóï àëàðûñ: 

                        1
116

22

=+
yx . 
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114. 1
36100

22

=+
yx

 ýëëèïñèÿ M  íîêàäûíäàí ÷åï ôîêóñûíà ÷åíëè óçàêëûê 

ñàã ôîêóñûíà ÷åíëè óçàêëûêäàí 2  ýññå óëû áîëñà, M  íîêàäûÿ 
êîîðäèíàòàëàðûíû òàïìàëû. 

×üçþëèøè. Ìåñåëúíèÿ øåðòèíå ãüðú (11-íùè ÷yzgy) 

1 22 .F M F M=                      (1) 
Åëëèïñèÿ )0,(we)0,( 21 cFcF −  ôîêóñëàðûíûÿ àáñèñàñûíû òàïàëûÿ: 

2 2 100 36 8.c a b= − = − =  
(1) äåÿëèãè èêè íîêàäûÿ àðàsûíäàêû óçàêëûãû êåñãèòëåéúí ôîðìóëàíûÿ 

ýñàñûíäà àøàêäàêû ãüðíþøäå éàçûï áèëåðèñ:  

                 22)8( yx ++  = 2 22)8( yx +−  
éà-äà 

2 23 80 3 192 0.x x y− + + =  
),( yxM  íîêàò ýëëèïñå äåãèøëè áîëàíû þ÷èí áåðëåí ýëëèïñèÿ 

äåÿëåìåñèíäåí 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

100
136

2
2 xy  áàõàñûíû, ñîÿêû äåÿëèãå ãîéóï àëàðûñ:  

                 212 500 1875 0,x x− + =  
 

                   1 2
75 25, .
2 6

x x= =   

1xx =  áîëàíäà y − èÿ áàõàëàðû õûéàëû áîëéàíëûãû þ÷èí  2xx =  êüêè 
àëìàëû áîëéàðûñ. Îíóÿ áàõàñûíû ýëëèïñèÿ äåÿëåìåñèíå ãîéóï àëàðûñ: 

119
2
1

+=y . 

Øóíëóêäà, áåðëåí ìåñåëúíèÿ øåðòèíè êàíàãàòëàíäûðéàí 

⎟
⎠
⎞

⎜
⎝
⎛ 119

2
1,

6
25

1M  âå ⎟
⎠
⎞

⎜
⎝
⎛ − 119

2
1,

6
25

2M  èêè íîêàò áàðäûð. 

115. Ýêññåíòðèñèòåòè 
17
3

, äèðåêòðèñàñûíûÿ äåÿëåìåñè 
3

17
=x  áîëàí 

ýëëèïñèÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. Ìåñåëúíèÿ øåðòèíå ãüðú 
17
3

==
a
cε , 

2 17 .
3

a ax
cε

= = =  

Éàãíû,            
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                ,
17
3

=
a
c   

2 17 .
3

a
c
=  

Áó èêè äåÿëèãè áèðè-áèðèíå àãçàìà-àãçà êüïåëäèï àëéàðûñ: 17=a . 
−a nûÿ òàïûëàí áàõàñûíû éîêàðäàêû äåÿëèãå ãîéóï 3=c  àëéàðûñ. 

Ýëëèïñèÿ êè÷è éarym îêû 

               2291722 =−=−= cаb    
bolar. Äèéìåê, ýëëèïñèÿ äåÿëåìåñè 

                       1
817

22

=+
yx              

ãüðíþøäåäèð. 
116. Äzåÿëåìåñè 4002516 22 =+ yx  áîëàí ýëëèïñèÿ îêëàðûíûÿ 

óçûíëûêëàðûíû, ôîêóñëàðûíûÿ êîîðäèíàòàëàðûíû âå ýêññåíòðèñèòåòèíè òàïìàëû. 
×üçþëèøè. Ýëëèïñèÿ äåÿëåìåñèíè éüíåêåé ãüðíþøå ãåòèðìåê þ÷èí 

äåÿëåìúíèÿ úõëè àãçàëàðûíû 400 áüëåëèÿ: 

                        1
1625

22

=+
yx . 

Áó éåðäåí 525 ==a , 416 ==b , 82,102 == ba , 

3162522 =−=−= bac .  

Øóíëóêäà, 
5
3,)0,3(),0,3( 21 =− eFF .     

117. Ýãåð ýëëèïñèÿ óëû  éàðûì îêû 10 , åêsñåíòðèñèòåòè 8,0  áîëñà, îíóÿ 
éüíåêåé äåÿëåìåñèíè éàçìàëû. 

118. Ýëëèïñ áèëåí ãüíè ÷ûçûãûÿ êåñèøìå íîêàäûíû òàïìàëû: 

              à) 1
25225

22

=+
yx ,  0213 =−+ yx ; 

            b) 1
925

22

=+
yx ,  02153 =−+ yx . 

119. Ýëëèïñèÿ äåïåëåðèíèÿ êîîðäèíàòàëàðûíû âå îêëàðûíûÿ óçûíëûêëàðûíû 
òàïìàëû  

         à) 1
925

22

=+
yx

,     b) 1
8116

22

=+
yx

. 

120.  02143 22 =−+ yx  ýëëèïñèÿ éàðûì îêëàðûíû, ôîêóñëàðûíûÿ 
êîîðäèíàòàëàðûíû, ýêññåíòðèñèòåòèíè òàïìàëû. 

121. 1
3648

22

=+
yx

 ýëëèïñå ãüðú íîêàòëàðûÿ éàãäàéûíû àíûêëàìàëû: 

 ( ) ( ) ( )26,1,62,4,0,50),6,3(),5,2(,)3,6( GEDCBA −−−−− . 
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122. 1
2036

22

=+
yx

 ýëëèïñèÿ äèðåêòðèñàñûíûÿ äåÿëåìåñèíè éàçìàëû. 

123. 1
2430

22

=+
yx

 ýëëèïñäå îíóÿ êè÷è îêóíäàí áúø áèðëèê óçàêäà 

ýerleşen íîêàäû òàïìàëû.  

124. 1
1625

22

=+
yx

 ýëëèïñèÿ àøàêû äåïåñèíäåí âå ÷åï òàðàïêû 

ôîêóñûíäàí ãå÷éúí ãüíè çyzygyň äåÿëåìåñèíè éàçìàëû. 
125. Ýëëèïñèÿ äåÿëåìåñè áåðëåí: 422516925 22 =+ yx . Îíóÿ îêëàðûíûÿ 

óçûíëûêëàðûíû, ôîêóñëàðûíûÿ êîîðäèíàòàëàðûíû âå ýêññåíòðèñèòåòèíè òàïìàëû. 

¸ 3. Ãèïåðáîëà  

Ôîêóñëàð äèéëèï àòëàíäûðûëéàí èêè )0,(we)0,( 21 cFcF −  íîêàòëàðà 
÷åíëè óçàêëûêëàðûíûÿ òàïàâóäûíûÿ, àáñîëéóò óëóëûãû íoëäàí òàïàâóòëàíéàí 
õåìèøåëèê a2  ñàíà äåÿ áîëàí íîêàòëàð êüïëþãèíå ãèïåðáîëà äèéèëéúð (bó 
õåìèøåëèê ñàí položitel õåì-äå ôîêóñëàðûÿ àðàëûãûíäàêû óçàêëûêäàí êè÷è 
áîëìàëû):  

                 12

2

2

2

=−
b
y

a
x

                      (1) 

äåÿëåìå ãèïåðáîëàíûÿ éüíåêåé äåÿëåìåñèäèð. 222 acb −= . 
Àáññèñà îêû 21FF  êåñèìèÿ þñòþíå äþøåð éàëû îðäèíàòà îêû 21FF  

êåñèìèÿ îðòàñûíäàí ãå÷åð éàëû ýäèï êîîðäèíàòà sistemasyny àëàëûÿ (12-íùè 
÷yzgy) âå ôîêóñëàðûÿ àðàñûíäàêû óçàêëûãû c2  áèëåí áåëãèëúëèÿ. Îíäà 
ôîêóñëàðûÿ êîîðäèíàòàëàðû )0,(,)0,( 21 cFcF −  áîëàð. 

Ãèïåðáîëàíûÿ êîîðäèíàòà îêëàðû áèëåí êåñèøìå íîêàäûíà îíóÿ 
äåïåëåðè äèéèëéúð. Ãèïåðáîëàíûÿ )0,(we)0,( 21 aAaA −  èêè äåïåñè áàðäûð. 
Ãèïåðáîëàíûÿ äåÿëåìåñèíèÿ x  we y  ãüðú äèÿå ùþáþò äåðåùåëè äåÿëåìå 
áîëàíû þ÷èí, ãèïåðáîëà êîîðäèíàòàëàð áàøëàíãûùûíà âå êîîðäèíàòà îêëàðûíà 
ãüðú ñèììåòðèê øåêèëäèð. 

Øîíóÿ þ÷èí êîîðäèíàòà îêëàðûíà 12

2

2

2

=−
b
y

a
x

 ãèïåðáîëàíûÿ ñèììåòðèéà 

îêëàðû äèéèëéúð. Ãèïåðáîëàíûÿ ñèììåòðèéà îêëàðûíûÿ êåñèøìå íîêàäûíà 
îíóÿ ñèììåòðèéà ìåðêåçè äèéèëéúð. Ìåðêåçè êîîðäèíàòàëàð áàøëàíãûùûíäà, 
òàðàïëàðû êîîðäèíàòà îêëàðûíà ïàðàëëåë âå ãèïåðáîëàíûÿ äåïåñèíäåí ãå÷éúí 
ãüíþáóð÷ëûãà ãèïåðáîëàíûÿ ýñàñû ãüíþáóð÷ëóãû äèéèëéúð. Îíóÿ 
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x
а
by +=                          (2) 

äèàãîíàëëàðûíà ãèïåðáîëàíûÿ àñèìïòîòëàðû äèéèëéúð. 
Ãèïåðáîëàíûÿ ýêññåíòðèñèòåòè 

                       1>=
a
cε   

éà-äà 

                 
222

1 ⎟
⎠
⎞

⎜
⎝
⎛+=

+
==

a
b

a
ba

a
сε . 

deňdir 

             
12-nji ÷yzgy 

Ýãåð ba =  áîëñà ãèïåðáîëà äåÿòàðàïëûäûð. Áó õàëäà ãüíþáóð÷ëóê 

kwadrata üâðþëéúð, ýêññåíòðèñèòåò áîëñà 2 -ú äåÿäèð. 
Ýãåð ãèïåðáîëàíûÿ ôîêóñëàðû Oy îêäà éåðëåøåí áîëñà, îíäà îíóÿ 

äåÿëåìåñè àøàêäàêû ãüðíþøäåäèð:  

                 12

2

2

2

−=−
a
y

b
x

.                     (3) 

Bu éerde,   

y
a
bx +=  

ãèïåðáîëàíûÿ àñèìïòîòûäûð. Îíóÿ äåïåëåðè ,)0,(),,0(),,0( 121 bBaAaA −−  

)0,(2 bB  íîêàòëàð, ôîêóñëàðû áîëñà )(),0(),,0( 222
21 baccFcF +=−

íîêàòëàðäûð. 
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126. 4002516 22 =− yx  ãèïåðáîëàíûÿ ôîêóñëàðûíûÿ êîîðäèíàòàëàðûíû, 
àñèìïòîòûíûÿ äåÿëåìåñèíè, ýêññåíòðèñèòåòèíè âå îêëàðûíûÿ óçûíëûêëàðûíû 
êåñãèòëåìåëè. 

×üç.þëèøè. Áåðëåí äåÿëåìúíè éüíåêåé ãüðíþøå ãåòèðåëèÿ. Îíóÿ þ÷èí 
îíóÿ úõëè àãçàëàðûíû 400 áüëåëèÿ: 

1
1625

22

=−
yx . 

Áó éåðäå 22222 .4,5,16,25 bacbaba +=====  ôîðìóëàíû óëàíûï, 

−c ni òàïéàðûñ: 41,4116252 ==+= cc . Øóíëóêäà, ãèïåðáîëàíûÿ 

ôîêóñëàðû ( ) ( )1 241,0 , 41, 0F F− , îêëàðû áîëñà 82,102 == ba  äåÿ. 

Îíäà îíóÿ åêññåíòðèñèòåòèíèÿ âå àñèìïòîòûíûÿ äåÿëåìåñèíè øåéëå éàçûï áîëàð: 

              2 41 41
10 5

ε = = ,    xy
5
4

±= .      

127. Áèð àñèìïòîòû xy
2
3

=  ñàã òàðàïêû äèðåêòðèñàñû 

 
13

12
=x , áîëàí ãèïåðáîëàíûÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. Ãèïåðáîëàíûÿ àñèìïòîòûíûÿ äåÿëåìåñèíè óìóìû ãüðíþøäå 

éàçàëûÿ: x
a
by = . Ìåñåëúíèÿ øåðòèíå ãüðú 

                    
2
3

=
a
b ab

2
3, = . 

Ãèïåðáîëàíûÿ ñàã òàðàïêû äèðåêòðèñàñûíûÿ äåÿëåìåñè 
c
асx

2

==
ε

.  

Ìåñåëúíèÿ øåðòèíå ãüðú 

                  
13

122

=
c
а

,  2

12
13 ac = . 

 222 аcb −=
 
dåÿëèãå b-íèÿ âå c-íèÿ  áàõàëàðûíû ãîéàëûÿ: 

                    242

144
13

4
9 ааа −= . 

Áó äåÿëåìúíè ÷üçþï òàïéàðûñ: 9we6 == ba . Äèéìåê, ãüçëåíèëéúí 
ãèïåðáîëàíûÿ äåÿëåìåñè 

                       1
8136

22

=−
yx   

áîëàð. 
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128. Ãèïåðáîëàíûÿ ôîêóñëàðûíûÿ àðàsûíäàêû óçàêëûê 16-a, 

åêññåíòðèñèòåòè 
4
3
-e äåÿ áîëñà, îíóÿ éüíåêåé äåÿëåìåñèíè âå àñèìïòîòûíûÿ 

äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. Øåðòå ãüðú ,
3
4,162 == ec  îíäà 

3
4,8 ==

a
cc . Áó éåðäåí, 

6
4
83

4
3

=
⋅

==
ca .  222 acb −=  ôîðìóëàäàí àëàðûñ: 

                   2,283664 22 ==−= bb .  
Ãèïåðáîëàíûÿ âå îíóÿ àñèìïòîòëàðûíûÿ äåÿëåìåëåðèíè éàçàëûÿ: 

                   1
2836

22

=−
yx , 

          xy
6

72
±=   éà-äà  xy

3
7

±= .   

129. Añèìïòîòûíûÿ äåÿëåìåñè xy
3
6

+=  áîëàí ãèïåðáîëà ( )4,6  

íîêàò àðêàëû ãå÷éúí áîëñà, îíóÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. Øåðòå ãüðú 
3
6

±=
а
b

. (1) äåÿëåìú áåðëåí íîêàäûÿ 

êîîðäèíàòàëàðûíû ãîéóï àøàêäàêû sistemany ÷üçåëèÿ: 
2 2

2 2

6 ( 4) 1

6 .
3

а b
b
а

⎧ −
− =⎪⎪

⎨
⎪ = ±⎪⎩

 

  22222 we.8,8,12 babba ===  áàõàëàðûíû ãèïåðáîëàíûÿ äåÿëåìåñèíå 
ãîéàëûÿ:  

1
812

22

=−
yx . 

130. Ox  îêäà ãèïåðáîëàíûÿ ôîêóñëàðûíûÿ êîîðäèíàòàëàðû âå àñèìïòîò- 
ëàðûíûÿ äåÿëåìåñè áåðëåí áîëñà ãèïåðáîëàíûÿ äåÿëåìåñèíè éàçìàëû: 

            

.3),0,8()3

;2),0,3()2

;
3
4),0,5()1

xy

xy

xy

+=+

+=+

+=+
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131. Äåÿëåìåñè 1
6436

22

=−
yx

 áîëàí ãèïåðáîëàíûÿ äåïåëåðèíè, ôîêóñëàðûíû, 

ýêññåíòðèñèòåòèíè âå àñèìïòîòëàðûíû òàïìàëû 
132. Ãèïåðáîëàíûÿ àñèìïòîòëàðûíûÿ äåÿëåìåñèíè éàçìàëû: 

2 2

1) 1
64 36
x y

− = ,      

2 2

2) 1
9 8
x y

− = . 

133. Ýãåð ãèïåðáîëàäà 102 =b , àñèìïòîòëàðûíûÿ äåÿëåìåñè хy
3
5

+=  

áîëñà, îíóÿ éüíåêåé äåÿëåìåñèíè éàçìàëû. 

134. Ýãåð ãèïåðáîëàíûÿ ôîêóñëàðûíûÿ àðàëûãûíäàêû óçàêëûê 210 , 

àñèìïòîòëàðû áîëñà хy
4
3

±=  ãüðíþøäå áåðëåí áîëñà, îíóÿ éüíåêåé 

äåÿëåìåñèíè éàçìàëû. 

135. Ãèïåðáîëàíûÿ éàðûì îêëàðûíûÿ ùåìè 17 , ýêññåíòðèñèòåòè 
12
13

=ε . 

Îíóÿ éüíåêåé äåÿëåìåñèíè éàçìàëû âå ôîêóñëàðûíûÿ êîîðäèíàòàëàðûíû 
òàïìàëû. 

136. )2,5(−M  íîêàò àðêàëû ãå÷éúí âå  3649 22 =− yx  ãèïåðáîëàíûÿ 
àñèìïòîòëàðûíà ïàðàëëåë áîëàí ãüíi ÷yzyklaryÿ äåÿëåìåñèíè éàçìàëû. 

137. Ýãåð xy
3
2

±=  àñèìïòîòûÿ äåÿëåìåñè, ( )22,6 −M  íîêàò áîëñà, 

ãèïåðáîëàäà éàòñà, îíäà îíóÿ äåÿëåìåñèíè éàçìàëû. 

138. 1
436

22

=−
yx

 ãèïåðáîëàíûÿ àøàêäàêû ãüíi  ÷yzyklar áèëåí êåñèøìå 

íîêàäûíû òàïìàëû. 
 

1) 6 0;
2) 3 0;
3) 5 21 6 0.

x y
x y
x y

+ =
− =
+ + =

  
139. 034 =+ xy  ãèïåðáîëàíûÿ àñèìïòîòëàðûíûÿ äåÿëåìåñè, ãèïåðáîëàíûÿ 

ôîêóñëàðûíûÿ àðàëûãûíäàêû óçàêëûê 20 . Îíóÿ éüíåêåé äåÿëåìåñèíè 
éàçìàly. 
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140. 144169 22 =− yx  ãèïåðáîëàíû éüíåêåé ãüðíþøå ãåòèðìåëè âå 
îíóÿ ôîêóñëàðûíûÿ êîîðäèíàòàëàðûíû, äåïåñèíè, ýêññåíòðèñèòåòèíè âå 
àñèìpòîòûíûÿ äåÿëåìåñèíè éàçìàëû.  

141. Ýãåð ( )53,12M  ãèïåðáîëàíûÿ áèð íîêàäû, 1 2(10, 0), ( 10, 0)F F −  
ôîêóñëàðû áîëñà, îíóÿ äåÿëåìåñèíè éàçìàëû. 

142. Ãèïåðáîëàíûÿ äåÿëåìåñè áåðëåí: 1
169

22

=−
yx

 

1) ôîêóñëàðûíûÿ êîîðäèíàòàëàðûíû òàïìàëû; 

2) ýêññåíòðèñèòåòèíè òàïìàëû; 

3) äèðåêòðèñàíûÿ âå àñèìïòîòûíûÿ äåÿëåìåñèíè éàçìàëû. 

143. Ãèïåðáîëàíûÿ äåÿëåìåñèíè éüíåêåé ãüðíþøå ãåòèðìåëè 
 

1) 9x2 – 25y2 – 18x – 100y – 316 = 0; 
2) 2 25 6 10 12 31 0;x y x y− + − − =  

3) 2 24 6 5 0;x y x− + + =  

4) 2 23x y−  + 12x – 4y – 4 = 0; 
5) 2 24 2 16 7 0;x y x y− + + − =  
6) 2 2 4 6 5 0.x y x y− − + − =  

¸ 4. Ïàðàáîëà 

Ôîêóñ äèélèï àòëàíäûðûëéàí  íîêàòäàí âå äèðåêòðèñà äèéëèï 
àòëàíäûðûëéàí  ãüíè ÷ûçûêäàí äåÿ äàøëûêäà éåðëåøéúí íîêàòëàð êüïëþãèíå 
ïàðàáîëà äèéèëéúð (ýëáåòäå, áåðëåí íîêàò áåðëåí ãüíè ÷ûçûãà äåãèøëè äúëäèr). 
Ïàðàáîëàíûÿ éüíåêåé äåÿëåìåñè àøàêäàêû ãüðíþøäåäèð: 

)0(22 >= ppxy , 
áó éåðäå p  ôîêóñ áèëåí äèðåêòðèñàíûÿ àðàsûíäàêû óçàêëûêäûð (13-íùè 
÷yzgy). 

 
13-nji ÷yzgy 
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Ïàðàáîëàíûÿ direktrisasynyÿ äåÿëåìåñèni tapmak þ÷èí àásñèññà îêóíû 

ôîêóñûÿ þñòè áèëåí äèðåêòðèñà ïåðïåíäèêóëéàð ýäèï ãå÷èðåëèÿ. Îðäèíàòà 

îêuíû áîëñà äèðåêòðèñà áèëåí ôîêóñûÿ îðòàñûíäàí ãå÷èðåëèÿ. Îíäà 
2
рx −=  

äèðåêòðèñàíûÿ äåÿëåìåñè áîëàð.   

Ôîêóñûÿ êîîðäèíàòàëàðû áîëñà ⎟
⎠
⎞

⎜
⎝
⎛ 0,

2
рF . Êîîðäèíàòàëàð áàøëàíãûùû 

ïàðàáîëàíûÿ äåïåñèäèð, àáñèññàëàð îêû ñèììåòðèéà îêû áîëàð. 1=ε  

ïàðàáîëàíûÿ ýêññåíòðèñèòåòèäèð. 

Êúõàëàòëàðäà ïàðàáîëàíûÿ àøàêäàêû ãüðíþøëåðèíå õåì ãàðàéàðëàð: 

2
,0,

2
,2a) 2 pxpFpxy =⎟

⎠
⎞

⎜
⎝
⎛−−= . 

Áó õàëäà ïàðàáîëà Ox  oêà ãüðú ñèììåòðèêäèð âå îíóÿ øàõàëàðû ÷åï 

òàðàïà óãðóêäûðûëàíäûð (14-íùè ÷yzgy) 

2
,

2
,0,2b) 2 pypFpyx −=⎟

⎠
⎞

⎜
⎝
⎛= . 

Ïàðàáîëàíûÿ ñèììåòðèéà îêû Oy  îêuäûð (15-íùè ÷yzgy)  

ç) 2 2 , 0, ,
2 2
p px py F y⎛ ⎞= − − =⎜ ⎟

⎝ ⎠
. 

Áó õàëäà Oy ïàðàáîëàíûÿ ñèììåòðèéà îêuäûð (16-íùû ÷yzgy). 
 

        
      14-nji ÷yzgy      15-nji ÷yzgy 
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16-njy ÷yzgy 

 
144. Àâòîìîáèëèÿ ÷ûðàñûíûÿ üÿ éþçüíäúêè òåãåëåê àéíàíûÿ îíóÿ ÷þð 

äåïåñèíäåí èíäåðèëåí äèàìåòðèÿ þñòþíäåí ãå÷éúí òåêèçëèê áèëåí êåñèøìåñè 
ïàðàáîëàíû åìåëå ãåòèðéúð. Àâòîìîáèëèÿ  ÷ûðàñûíûÿ äèàìåòðè 20 ñì, îíóÿ 
éåðëåøéúí îéuãûíûÿ  ÷óÿëóãû 10 ñì áîëñà, øîë ïàðàáîëàíûÿ ôîêóñûíû 
òàïìàëû (17-íùè ÷yzgy). 

×üçþëèøè. Êîîðäèíàòàëàð áàøëàíãûùûíû àâòîìîáèëèÿ ÷ûðàñûíûÿ äåïåñèíäå 
éåðëåøåð âå àáñsèññà îêû OD áèëåí ãàáàò ãåëåð éàëû ýäèï parabolany 
ãóðàëûÿ. 

 
 

17-nji ÷yzgy 

 
Øîíäà ïàðàáîëàíûÿ äåÿëåìåñè pxy 22 =  áîëàð. Å íîêàäûÿ 

êîîðäèíàòàëàðû )10,10(  áîëàð. Îíû ïàðàáîëàíûÿ äåÿëåìåñèíå ãîéóï àëàðûñ: 

smpsm 102100 2 ⋅= , .5,2
2

,5 smpsmp ==  Ïàðàáîëàíûÿ ôîêóñû )0,5,2(F  

íîêàò áîëàð. 
145. Ïàðàáîëàíûÿ äåïåñè êîîðäèíàòàëàð áàøëàíãûùûíäà éåðëåøèï, 

)3,0( −F  íîêàò îíóÿ ôîêóñû áîëñà, ïàðàáîëàíûÿ äèðåêòðèñàñûíûÿ 
äåÿëåìåñèíè éàçìàëû. 
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×üçþëèøè. Øåðòå ãüðú ôîêóñ êîîðäèíàòàëàð áàøëàíãûùûíäàí ÷åïäå éàòéàð. 
Äèéìåê, ïàðàáîëàíûÿ äåÿëåìåñè pyx 22 −=  ãüðíþøäåäèð. Øåéëå õåì, 

3
2

−=−
p

,  6=p , áó éåðäåí 122 =p . Äèéìåê, ïàðàáîëàíûÿ äåÿëåìåñè 

pyx 22 −=  ãüðíþøäåäèð. Äèðåêòðèñàíûÿ äåÿëåìåñèíè éàçàëûÿ: 3=y  éà-äà 

03=−y  bolar. 
146. Ýãåð ïàðàáîëàíûÿ äåïåñè êîîðäèíàòàëàð áàøëàíãûùûíäà éåðëåøèï, 

)2,1( −A  íîêàò àðêàëû ãå÷éúí âå Oy  îêà ãüðú ñèììåòðèê áîëñà, oíóÿ 

äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. Ïàðàáîëà Oy îêà ãüðú ñèììåòðèêäèð âå îðäèíàòàñû otrisatel 

áîëàí íîêàòäàí ãå÷éúíäèð. Øîíóÿ þ÷èí ,22 pyx −=  áó éåðäå 
4
1

=p . 

Øóíëóêäà, äåÿëåìúíè éàçûï áèëåðèñ: yx
2
12 −=  éà-äà ,2 2xy −=  

⎟
⎠
⎞

⎜
⎝
⎛ −

8
1,0F   ôîêóñû, 

8
1

=y  îíóÿ äèðåêòðèñàñûäûð. 

147. xy 182 =  ïàðàáîëà áèëåí ãüíè ÷ûçûêëàðûÿ êåñèøìå íîêàòëàðûíû 
òàïìàëû: 

1) 066 =−+ yx ,           2) 0229 =+− yx , 
3) 054 =+− yx ,   4) 03 =−y .              

148. xy 122 =  ãèïåðáîëàíûÿ 1
1625

22

=+
yx

 ýëëèïñ áèëåí êåñèøìå íîêàäûíû 

òàïìàëû. 
149.  xy 242 =  ïàðàáîëàíûÿ äèðåêòðèñàñûíûÿ äåÿëåìåñèíè éàçìàëû âå 

ôîêóñûíû òàïìàëû.  

150. 2 2wey x x y= =  ïàðàáîëàëàðûÿ êåñèøìå íîêàäûíû òàïìàëû. 

151. 072 =+y  äèðåêòðèñàñûíûÿ äåÿëåìåñè áîëñà, äåïåñè êîîðäèíàòàëàð 

áàøëàíãûùûíäà éåðëåøåí ïàðàáîëàíûÿ äåÿëåìåñèíè éàçìàëû. 

152. 042 =− yx  ïàðàáîëàíûÿ ôîêóñûíûÿ êîîðäèíàòàëàðûíû êåñãèòëåìåëè 

âå äèðåêòðèñàñûíûÿ äåÿëåìåñèíè éàçìàëû.  



47 
 

153. Ýãåð ïàðàáîëàíûÿ ôîêóñû Ox  îêy áèëåí 0434 =−− yx  ãüíè 

÷yzygyÿ  êåñèøìå íîêàäûíäà éåðëåøéúí áîëñà, ïàðàáîëàíûÿ éüíåêåé 

äåÿëåìåñèíè éàçìàëû. 

154. xy 322 =  ïàðàáîëà áèëåí 01034 =++ yx  ãüíè  çyzygyň 
àðàëûãûíäàêû óçàêëûê 2-ä äåÿ áîëàí ïàðàáîëàíûÿ íîêàäûíû êåñãèòëåìåëè. 

155. xy 242 =  ïàðàáîëà áèëåí  1
64100

22

=+
yx

 ýëëèïñèÿ êåñèøìå 

íîêàäûíû òàïìàëû. 
156. 013122 2 =++− yxx  äåÿëåìúíèÿ ïàðàáîëàíûÿ äåÿëåìåñèäèãèíè 

ãüðêåçìåëè âå îíóÿ ÷ûçãûñûíû ÷ûçìàëû. 

157. xy 362 =  ïàðàáîëàíûÿ, ôîêóñ áèëåí àðàëûãûíäàêû óçàêëûãûÿ  

34-e äåÿ íîêàäûíû òàïìàëû. 

158. Äåïåñè )2,7(  íîêàòäà, ôîêóñû áîëñà )5,7(  íîêàòäà éåðëåøåí 

ïàðàáîëàíûÿ äåÿëåìåñèíè éàçìàëû. 

¸ 5. Èêèíùè òåðòèïëè ýãðèëåðå ãàëòàøéàí ÷ûçûê 

Êåñèùè 10MM  ãüíè ÷ûçûãûÿ 1M  íîêàäû ýãðè ÷ûçûêäà áîëìàãûíû 

äîâàì ýòìåê áèëåí 0M  íîêàäà ÷úêñèç éàêûíëàøàíäàêû àÿðû ÷úê 

éàãäàéûíà ýãðè ÷ûçûãûÿ 0M  íîêàäûíäàêû ãàëòàøéàí ÷ûçûãû äèéèëéúð.  

1. Ýëëèïñèÿ ( )000 , yxM  íîêàäûíäà ãàëòàøéàí ãüíè ÷ûçûãûÿ äåÿëåìåñè 
àøàêäàêû ãüðíþøäåäèð: 

                  12
0

2
0 =+

b
yy

a
xx

;                (1)  

2.             12
0

2
0 =−

b
yy

a
xx

,                         (2) 

áó äåÿëåìå bolsa ãèïåðáîëà ( )000 , yxM  íîêàòäà ãå÷èðëåí ãàëòàøéàí ãüíè 
÷ûçûãûÿ äåÿëåìåñèäèð. 

3. pxy 22 =  ïàðàáîëà ( )000 , yxM  íîêàòäà ãàëòàøéàí ãüíè ÷ûçûãûÿ 
äåÿëåìåñè àøàêäàêû ãüðíþøäåäèð: 

                     ( )00 xxpyy += .                (3) 
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Øåéëå õåì 0=++ CByAx  ãüíè ÷ûçûãûÿ 12

2

2

2

=+
b
y

a
x

 ýëëèïñå 

ãàëòàøéàí ÷ûçûê áîëìàãûíûÿ øåðòè       

                   022222 =−+ CbBaA ,             (4) 

0=++ CByAx  ãüíè ÷ûçûãûÿ 12

2

2

2

=−
b
y

a
x

 ãèïåðáîëà ãàëòàøéàí ÷ûçûê 

áîëìàãûíûÿ øåðòè:                

022222 =−− CbBaA ,           (5) 
0=++ CByAx  ãüíè ÷ûçûãûÿ pxy 22 =  ïàðàáîëà ãàëòàøéàí ãüíè 

÷ûçûê áîëìàãûíûÿ øåðòèíè éàçàëûÿ:          
022 =− ACpB .        (6) 

159. Åãåð 0104we05 =−−=++ yxyx  ãüíè ÷ûçûêëàð ýëëèïñå 
ãàëòàøéàí áîëñàëàð âå ýëëèïñèÿ îêëàðû êîîðäèíàòà îêëàðûíäà éàòéàí áîëñàlar, 
ýëëèïñèÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. Øåðòå ëàéûêëûêäà ýëëèïñè 12

2

2

2

=+
b
y

a
x

 ãüðíþøäå ãüçëåéúðèñ. a  

âå b  ñàíëàðû êåñãèòëåìåê þ÷èí ãüíè ÷ûçûãûÿ ýëëèïñå ãàëòàøìà øåðòèíè, 
éàãíû (4) äåÿëèãè óëàíéàðûñ: 

.010041
;02511

2222

2222

=−+

=−+

ba
ba

 

Áu èêè äåÿëèêäåí sistema äþçþï, îíû ÷üçþï òàïàðûñ: .20,5 22 == ab  
Øóíëóêäà,   ýëëèïñèÿ äåÿëåìåñè 

                        1
520

22

=+
yx

 

ãüðíþøäå áîëàð. 
160. 02 =−− yx  ãüíè ÷ûçûê, îêëàðû êîîðäèíàòà îêëàðûíäà éàòéàí 

ãèïåðáîëà )2,4(M  íîêàòäà ãàëòàøéàí áîëñà, îíûÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. Ãîé, ãüçëåíèëéúí ãèáåðáîëàíûÿ äåÿëåìåñè 12

2

2

2

=−
b
y

a
x

 áîëñóí. 

2a  âå 2b  ñàíëàðû êåñãèòëúëèÿ. Ãèïåðáîëà þ÷èí ãàëòàøìà íîêàäûÿ 
êîîðäèíàòàëàðû 

                   ,
2

0 C
Ааx −=   

C
Bby

2

0 =  

áîëéàð (üçáàøäàê ãåòèðèï ÷ûêàðûÿ). Ìåñåëúíèÿ øåðòèíå ãüðú 

              0 04, 2, 1, 1, 2.x y A B C= = = = − = −  
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Áó ñàíëàðû éîêàðêû äåÿëèãå ãîéóï àëéàðûñ: 4we8 22 == ba . 
Øåéëåëèêäå, ãèïåðáîëàíûÿ äåÿëåìåñè   

                         1
48

22

=−
yx

     

ãüðíþøäå áîëàð. 
161. xy 42 =  ïàðàáîëà âå îÿà ãàëòàøéàí 093 =++ yx  ãüíè ÷ûçûê 

áåðëåí áîëñà, ãàëòàøìà íîêàäûíû òàïìàëû. 

×üçþëèøè. Ïàðàáîëà þ÷èí ãàëòàøìà íîêàäûÿ êîîðäèíàòàëàðû ,0 A
Cx =  

A
Bpy =0  áîëéàð (üçáàøäàê ãåòèðèï ÷ûêàðûÿ). 

Ìåñåëåäå 2we9,3,1 ==== pCBA  áåðëåí. Éîêàðêû äåÿëèêäåí 

6,9 00 == yx  òàïéàðûñ. 

162. 522 =+ yx  òüâåðåãå )2,1( −  íîêàòäà ãå÷èðèëåí ãàëòàøéàí ãüíè 
÷ûçûãûÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. 222 Ryx =+  òüâåðåãå ( )11 , yxM  íîêàòäà ãå÷èðèëåí ãàëòàøéàí 

ãüíè ÷ûçûãûÿ äåÿëåìåñè 2
11 Ryyxx =+  áîëéàð (üçáàøäàê ãåòèðèï ÷ûêàðûÿ). 

Ìåñåëúíèÿ øåðòèíå ãüðú .5,2,1 2
11 =−== Ryx  Øîíóÿ þ÷èí òüâåðåãå 

ãàëòàøéàí ãüíè ÷ûçûãûÿ äåÿëåìåñè 52 =− yx  éà-äà 052 =−− yx  áîëéàð. 

163. 25)2()1( 22 =−+− yx  òüâåðåãå )5,5(  íîêàòäà ãå÷èðëåí ãàëòàøéàí 
ãüíè ÷ûçûãûÿ äåÿëåìåñèíè éàçìàëû. 

164. 03222 =−−+ yxyx  òüâåðåãå )3,0(  íîêàòäà ãàëòàøéàí ãüíè 
÷ûçûãûÿ äåÿëåìåñèíè éàçìàëû. 

165. 02541022 =+−−+ yxyx  òüâåðåãå, êîîðäèíàòàëàð áàøëàíãûùûíäàí 
ãå÷éúí õåì-äå îÿà ãàëòàøéàí ãüíè ÷ûçûãûÿ äåÿëåìåñèíè éàçìàëû. 

166. Ãàëòàøéàí ãüíè ÷ûçûãûÿ äåÿëåìåñèíè éàçìàëû 
 1) êîîðäèíàòàëàð áàøëàíãûùûíäàí  geçýän we 2)4()2( 22 =−+− yx  

òüâåðåãå  ãàëòàøéàíûÿ,  2) )1,7( −  íîêàòäàí geçýän we  2522 =+ yx  
òüâåðåãå galtaşýanyň.  

167. 1
1216

22

=+
yx

 ýëëèïñå )3,2( −  íîêàòäà  ãàëòàøéàí ãüíè ÷ûçûãûÿ 

dåÿëåìåñèíè éàçìàëû. 

168. )3,6(−A  íîêàòäàn geçýän we 1
915

22

=+
yx

 ýëëèïñå ãàëòàøéàí ãüíè 

÷ûçûãûÿ äåÿëåìåñèíè éàçìàëû.  
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169. 1
2430

22

=+
yx

 ýëëèïñå ãàëòàøéàí âå  0172 =+− yx  ãüíú ïàðàëëåë 

áîëàí ãüíiíè òàïìàëû. 

170. 1
25169

22

=+
yx

 ýëëèïñå ãàëòàøéàí, 01151213 =−+ yx  ãüíú 

ïåðïåíäèêóëéàð áîëàí ãüíèíè òàïìàëû. 

171. 1
45

22

=−
yx

 ãèïåðáîëà )4,5(  íîêàòäàn geçirlen ãàëòàøéàí ãüíèíèÿ 

äåÿëåìåñèíè éàçìàëû. 
172. )1,5(),3,4(),0,2( −−  íîêàòëàðûÿ õåð áèðèíèÿ þñòþíäåí  geçýän 

we  1
98

22

=−
yx

 ãèïåðáîëà ãàëòàøéàí ãüíè ÷ûçûê ãå÷èðìåëè. 

173. Áåðëåí 1
615

22

=−
yx

 ãèïåðáîëà ãàëòàøéàí ãüíè ÷ûçûê ãå÷èðìåëè: 

1) 07 =−+ yx  ãüíú ïàðàëëåë áîëàí; 

2) 02 =− yx  ãüíú ïàðàëëåë áîëàí; 

3) 02 =− yx  ãüíú ïåðïåíäèêóëéàð áîëàí. 

174. 02 =−x  ãüíè ÷ûçûê, ãèïåðáîëà )2,4(M  íîêàòäà ãàëòàøéàí 
áîëñà, onda îíuÿ äåÿëåìåñèíè éàçìàëû. 

175. Ãèïåðáîëàíûÿ àñèìïòîòëàðûíûÿ äåÿëåìåñè xy
2
1

±=  âå îÿà 

ãàëòàøéàí  ãüíè ÷ûçûãûÿ äåÿëåìåñè 0865 =−− yx  áåðëåí. Ãèïåðáîëàíûÿ 
äåÿëåìåñèíè éàçìàëû. 

176. xy 122 =  ïàðàáîëà áåðëåí. Îÿà ãàëòàøéàí ãüíè ÷ûçûãû ãå÷èðìåëè. 
1) Àáññèñàñû 3=x  áîëàí íîêàòäàí, 
2) 053 =+− yx  ãüíú ïàðàëëåë áîëàí, 

3) 072 =−+ yx  ãüíú ïåðïåíäèêóëéàð áîëàí, 

177. xy 82 =  ïàðàáîëà )7,5( −P  íîêàòäàí ãàëòàøéàí ãå÷èðìåëè. 

178. xy 42 =  ïàðàáîëà âå îÿà ãàëòàøéàí ãüíè ÷ûçûãûÿ äåÿëåìåñè 

áåðëåí  093 =++ yx . Ãàëòàøìà íîêàäûíû òàïìàëû. 

179. 1
2045

22

=+
yx

 ýëëèïñ áèëåí xy
3
202 =  ïàðàáîëà óìóìû ãàëòàøéàí 

ãüíè ÷ûçûãûÿ äåÿëåìåñèíè éàçìàëû. 
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¸ 6. Èêèíùè òåðòèïëè ýãðèëåðèÿ äåÿëåìåëåðèíèÿ éüíåêåé ãüðíþøå üçãåðäèëèøè 

Èêèíùè òåðòèïëè ýãðè ÷ûçûãûÿ óìóìû äåÿëåìåñè 

0222 22 =+++++ FEyDxCyBxyAx                   (1) 

ãüðíþøäåäèð. CBA ,,  õåìèøåëèê ñàíëàð äåÿëåìúíèÿ áàø êîýôôèöèåíòëåðèäèð 

âå îëàðûÿ áîëìàíäà áèðèñè íoëäàí òàïàâóòëûäûð, F  ñàí àçàò  àãçàäûð. (1) 
äåÿëåìå áèëåí êåñãèòëåíéúí ýãðèëåðå èêèíùè òåðòèïëè ýãðèëåð äèéèëéúð. 
Êîîðäèíàòàëàð sistemasyny üçãåðòìåê áèëåí èêèíùè òåðòèïëè ýãðèëåðè éüíåêåé 
ãüðíþøå ãåòèðéúðëåð. 

1) .0=B  Áó õàëäà (1) äåÿëåìå àøàêäàêû ãüðíþøè àëàð: 
  2 2 2 2 0.Ax Cy Dx Ey F+ + + + =    (2)  

Îë êîîðäèíàòà îêëàðûíû ïàðàëëåë ãü÷þðìåãèÿ 

⎩
⎨
⎧

+=
+=

0

0

'
'

yyy
xxx

            (3) 

ôîðìóëàñû áèëåí üçãåðäèëèï éüíåêåé ãüðíþøå ãåòèðèëéúð. Áó éåðäå ( )00 , yx  

òúçå 'О  áàøëàíãû÷ íîêàäûÿ êîîðäèíàòàëàðûäûð âå îë íîêàò ýëëèïñèÿ, 

ãèïåáîëàíûÿ ìåðêåçè, ïàðàáîëàíûÿ áîëñà äåïåñèäèð. Òúçå ''xO  we '' yO  

îêëàð êüíå Ox we Oy îêëàðà ïàðàëëåëäèðëåð. 
(2) äåÿëåìúíè éüíåêåé ãüðíþøå ãåòèðìåêëèãè îíäàí äîëû êâàäðàòû 

áüëþï àëìàê áèëåí àìàëà àøûðìàê àìàòëûäûð. 
180. 0426894 22 =+−−+ yxyx  äåÿëåìå õàéñû ýãðè ÷ûçûãû àÿëàäéàð? 
×üçþëèøè. Áåðëåí äåÿëåìúíè üçãåðäåëèÿ: 
 

              

( ) ( )
( ) ( )
( ) ( ) ;36442914

;444491124
;44924

22

22

22

++−=−+−

−=−+−+−+−

−=−+−

yx

yyxx
yyxx

 

              ( ) ( ) 362914 22 =−+− yx . 
 
Òúçå êîîðäèíàòàëàð sistemasynyÿ áàøëàíãûùûíû )2,1('О  íîêàòäà àëûï, 

(3) ïàðàëëåë ãü÷þðìúíèÿ ôîðìóëàñûíû óëàíàëûÿ: 
 

                         
'

'

1
2.

x x
y y

⎧ = +⎪
⎨

= +⎪⎩
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Òúçå êîîðäèíàòàëàð sistemasyna ãüðú äåÿëåìå àøàêäàêû ãüðíþøè àëéàð: 

3694 2'2' =+ yx ,  1
49

2'2'

=+
yx

.  

Áó áîëñà ýëëèïñäèð. 
181.  0443629 22 =−++− yxyx  äåÿëåìå õàéñû ýãðè ÷ûçûãû 

àÿëàäéàð? 
×üçþëèøè. Äåÿëåìúíè üçãåðäåëèÿ: 

      

( ) ( )
( ) ( )
( ) ( ) .9291

;36144291

;444449112

2

22

22

=−−+

−+=−−+

=−+−−−++

yx

yx

yyxx

 

Òúçå êîîðäèíàòàëàð sistemasynyÿ bàøëàíãûùûíû )2,1(' −O  íîêàòäà 
àëûï, ïàðàëëåë ãü÷þðìúíèÿ ôîðìóëàñûíû óëàíàëûÿ: 

                
⎪⎩

⎪
⎨
⎧

+=

−=

2
1

'

'

yy
xx

 

Òúçå êîîðäèíàòàëàð sistemasyna ãüðú áåðëåí sistema àøàêäàêû ãüðíþøè 
àëéàð: 

               9'9' 22 =− yx ,  1'
9
' 2
2

=− yx
. 

Áó ýãðè ãèïåðáîëàäûð. Òúçå êîîðäèíàòàëàð sistemasyna ãüðú '
3
1' xy ±=  

ãèïåðáîëàíûÿ àñèìïòîòëàðûäûð. 
182. Èêèíùè òåðòèïëè ýãðèíèÿ  
               0973290169 22 =++−+ yxyx  

äåÿëåìåñèíè éüíåêåé ãüðíþøå ãåòèðìåëè âå îíóÿ õàéñû ýãðèäèãèíè 
àíûêëàìàëû. 

×üçþëèøè. Áåðëåí äåÿëåìúíè üçãåðäåëèÿ: 

( ) ( )
( ) ( )
( ) ( )
( ) ( ) .14411659

;0971622511659

;097112162525109
;097216109

22

22

22

22

=++−

=+−−++−

=+−+++−+−

=+++−

yx

yx

yyxx
yyxx

 

Ïàðàëëåë ãü÷þðìúíè óëàíàëûÿ: 

                 
⎩
⎨
⎧

−=
+=

1'
5'

yy
xx

,     
' 5
' 1.

x x
y y
= −⎧

⎨ = +⎩
 

Ãüðíþøè éàëû êîîðäèíàòàëàð áàøëàíãûùû )1,5(' −O  íîêàäà ãå÷éúð. 
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                   144'16'9 22 =+ yx  
éà-äà 

                     1
9
'

16
' 22

=+
yx

. 

Îíäà, áåðëåí èêèíùè òåðòèïëè ýãðè ýëëèïñäèð. .3,4 == ba  Îíóÿ ìåðêåçè 

)1,5(' −O  íîêàòäàäûð. 16 9 7,C = − =  ( )7, 0 .F  Êüíå êîîðäèíàòàëàð 

ïàðàëëåë ãü÷þðìúíèÿ ôîðìóëàñûíäàí òàïûëéàð:  

                575' +=+= xx ;  

                1101' −=−=−= yy .  
183. Äåÿëåìúíèÿ õàéñû ýãðèniňkiäèãèíè àíûêëàìàëû 
          01836363636 22 =−−−+ yxyx . 

184. 035950322516 22 =−+−+ yxyx  äåÿëåìúíè éüíåêåé ãüðíþøå 
ãåòèðìåëè. 

185. Äåÿëåìúíè éüíåêåé ãüðíþøå ãåòèðìåëè. Ýãðèíèÿ ãüðíþøèíè 
àíûêëàìàëû âå ôîêóñûíûÿ êîîðäèíàòàëàðûíû òàïìàëû. 

      
.2)2

;0242)1
2

2

xxy
yxy

+−=

=++−
 

1) 0≠B . (1) ãüðíþøëè èêèíùè òåðòèïëè ýãðèíèÿ óìóìû äåÿëåìåñèíè (2) 
ãüðíþøå ãåòèðìåê þ÷èí êîîðäèíàòà îêëàðûíû 

                  
⎩
⎨
⎧

+=
−=

αα
αα

cossin
sincos

YXy
YXx

                   (4)      

ôîðìóëàíûÿ êüìåãè áèëåí α  áèð÷à üâþðéúðëåð. Áó éåðäå YX ,  òúçå 
êîîðäèíàòàëàð. α  áóð÷ 

                  2tg ( ) 0B A C tg Bα α+ − − =                 (5) 
äåÿëèêäåí òàïûëéàð. 

Êîîðäèíàòà îêëàðûíû α  áóð÷à üâþðìåê òúçå OYOX we  îêëàðû 
èêèíùè òåðòèïëè ýãðèëåðèÿ ñèììåòðèéà îêëàðûíà ïàðàëëåë áîëàð éàëû ýäèï 
àëûíéàð. 

tgα  áåëëè áîëñà, αsin  we αcos  àøàêäàêû ôîðìóëàëàð áèëåí òàïûëéàð: 

2

tgsin
1 tg

αα
α

= ±
+ ,    2

1cos .
1 tg

α
α

= ±
+  

Ýãåð üâðþëìå áóð÷û éèòè áîëñà, îíäà áó ôîðìóëàëàðûÿ oÿyn 
áàõàëàðûíû âå (5) äåÿëåìúíèÿ áîëñà oÿyn ÷üçþâèíè àëéàðûñ. 
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Ýãåð CA =  bîëñà, 
4
πα = . Äèéìåê, 

4
π
 áóð÷à üâðþëìå ôîðìóëàñû 

àøàêäàêû ãüðíþøäåäèð: 

1 ( )
2
1 ( ).
2

x X Y

y X Y

⎧ = −⎪⎪
⎨
⎪ = +
⎪⎩

                   (6) 

186. Äåÿëåìúíè éüíåêåé ãüðíþøå ãåòèðìåëè: 

.0256102 22 =+−−+− yxyxyx  
×üçþëèøè. Êîîðäèíàòà îêëàðûíû üâþðìåê ôîìóëàñûíû ((4) ôîðìóëà) 

óëàíûï äåÿëåìúíè üçãåðäåëèÿ: 

025)cossin(6)cossin(10
)cossin()cossin)(sincos(2)sincos( 22

=++−+−
−+++−−−

αααα
αααααααα

YXYX
YXYXYXYX

 éà-äà 

+++++− 222222 )coscossin2(sin)sincossin2(cos YX αααααααα  

.025)cos6sin10()sin6cos10()cos(sin2 22 =+−++−−+ YXXY αααααα  
YX ⋅  êüïåëòìåê õàñûëûíûÿ êîýôôèñèéåíòëåðèíè íóëà äåÿëúëèÿ: 

0cossin 22 =− αα , 12 =αtg , éàãíû 11 =αtg , 12 −=αtg . Ýãåð 1=αtg  

áîëñà 
4
πα =  âå 

2
1sin =α , 

2
1cos =α  bolar.  Îíäà äåÿëåìå 

àøàêäàêû ãüðíþøè àëàð: 

                 02522282 2 =++− YXY  
éà-äà 

                 ( )22 2 8 2 25 0,Y Y X+ − + =  

              

2

2 22 2 8 2 25 1,
2

Y Y
⎛ ⎞⎛ ⎞
⎜ ⎟+ + = − +⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

 

                   

2
22 8 2 24,

2
Y X
⎛ ⎞

+ = −⎜ ⎟⎜ ⎟
⎝ ⎠
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2
2 34 2 .

2 2
Y X
⎛ ⎞ ⎛ ⎞+ = −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

2
2,

2
3'O

 

nokat òúçå sistemanyÿ êîîðäèíàòàëàð áàøëàíãûùûäûð. 

Îíäà 

2
3' += XX , 

2
2' −= YY  üçãåðòìúíè óëàíûï àëàðûñ: 

2' 4 2 '.Y X=  
Áó áîëñà ïàðàáîëàíûÿ äåÿëåìåñèäèð. 

187. 22 axy =  äåÿëåìýíè éüíåêåé ãüðíþøå ãåòèðìåëè âå åãðèíèÿ 
ãüðíþøèíè àíûêëàìàëû. 

×üçþëèøè. Áó äåÿëåìåäå .0== CA  Øîíóÿ þ÷èí êîîðäèíàòàëàð 

óëãàìûíû 
4
πα =  áóð÷à üâþðìåëè. 

4
π
 áóð÷à üâþðìå ôîðìóëàñûíû 

éàçàëûÿ: 

                       )(
2

1 YXx −= ; 

                       )(
2

1 YXy += .  

Áóëàðû äåÿëåìú ãîéóï àëàðûñ: 

                       2

22
2 aYXYX

=
+−

 

éà-äà 

                222 aYX =− ,     12

2

2

2

=−
a
Y

a
X

. 

Áó áîëñà äåÿòàðàïëû ãèïåðáîëàíûÿ äåÿëåìåñèäèð.. 
188. 036845 22 =−++ yxyx  äåÿëåìúíè éüíåêåé ãüðíþøå ãåòèðìåëè âå 
ýãðèíèÿ ãüðíþøèíè àíûêëàìàëû. 
×üçþëèøè. Áó äåÿëåìåäå 8,2,5 === CBA . Şîíóÿ þ÷èí α  üâðþëìå 

áóð÷û 
                      22tg 3tg 2 0α α− − =  

äåÿëåìåäåí àëûíéàð. Äåÿëåìúíè ÷üçþï àëéàðûñ: tg 2α =  we 
1tg
2

α = − .        

α  bur÷ûÿ éèòè áóð÷äóãûíà ãüðú áèðèíùè ÷üçþâ áèëåí ÷úêëåíåðèñ. Îíäà  



56 
 

          
2

tg 2sin
51 tg

αα
α

= =
+

, 
2

1 1cos
51 tg

α
α

= =
+

 

we 

                 
5
2YXx −

= ,   
5

2 YXy +
=  

deňlemeleri alarys. 
Bu áàõàëàðû áåðëåí äåÿëåìú ãîéàëûÿ: 
 

         036
5

28
5

2
5
24

5
25

22

=−⎟
⎠

⎞
⎜
⎝

⎛ +
+

+−
+⎟

⎠

⎞
⎜
⎝

⎛ − YXYXYXYX
    

éà-äà   

          36)2(
5
8)2)(2(

5
4)2( 22 =+++−+− YXYXYXYX       

deÿligi éüíåêåéëåøäèðèï, 

3649 22 =+ YX           
éà-äà 

1
94

22

=+
YX

 

deňlemeleri alarys. 
Bu bolsa ýëëèïñèÿ äåÿëåìåñèäèð. ).2,3( == ba   
Èêèíùè òåðòèïëè ýãðèëåðè éüíåêåé ãüðíþøå ãåòèðìåëè âå ýãðèëåðèÿ 

ãüðíþølerèíè òàêûêëàìàëû: 
 
189. 23 4 4 0.x xy− + =                   190. 2 2 3.x xy y+ + =  

191. 24 3 16 12 36 0.xy y x y+ + + − =       192. 2 2 4 6 0.x y x y+ − − =  

193. 22 8 12 3 0.y x y+ + − =   
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III ÁÜËÞÌ 

ÊÅÑÃÈÒËÅÉÙÈËÅÐ ÂÅ ×ÛÇÛÊËÛ ÄÅßËÅÌÅËÅÐ SISTEMASY 

  ¸ 1. Èêèíùè âå þ÷þíùè òåðòèïëè êåñgèòëåéùèëåð 

Èêèíùè âå þ÷þíùè òåðòèïëè êåñãèòëåéùèëåð àøàêäàêû gürnþşde 
õàñàïëàíûëéàð:  

                 ,2121
22

11 abba
ba
ba

−=           (1) 

   
1 1 1

2 2 2 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3

3 3 3

.
a b c
a b c a b c b c a c a b c b a b a c a c b
a b c

= + + − − −    (2) 

kji cba ,, - ñàíëàðà êåñãèòëåéùènèÿ ýëåìåíòëåðè äèéèëéúð. (1) – êåñãèòëåéùèäå 

1' 2a b −  ýëåìåíòëåðèÿ åìåëå ãåòèðéúí äèàãîíàëûíà, (2) – êåñãèòëåéùèäå áîëñà, 

1' 2 ' 3a b c −  ýëåìåíòëåðèÿ åìåëå ãåòèðéúí äèàãîíàëûíà, îíóÿ ýñàñû (baş) 
äèàãîíàëû, 12 ,ba  – ýëåìåíòëåðèÿ åìåëå ãåòèðéúí âå 3 2 1, ,a b c − ýëåìåíòëåðèÿ 
åìåëå ãåòèðéúí äèàãîíàëûíà áîëñà, îíóÿ ýñàñû äúë (kümek÷i) äèàãîíàëû 
äèéèëéúð.  

Èêèíùè òåðòèïëè êåñãèòëåéùèëåðè õàñàïëàìàê þ÷èí, îíóÿ ýñàñû 
äèàãîíàëûíäàêû ýëåìåíòëåðèÿ êüïåëòìåê õàñûëûíäàí, ýñàñû äúë 
äèàãîíàëûíäàêû åëåìåíòëåðèÿ êüïåëòìåê õàñûëûíû àéûðìàëûäûð: 

 

       
È Dþçãþí                        ÈÈ Dþçãþí 

  
Þ÷þíùè òåðòèïëè êåñãèòëåéùèëåðè õàñàïëàìàê þ÷èí êüïëåí÷  þ÷áóð÷ëûê 

äþçãþíèíè óëàíéàðëàð. (2) – äåÿëåìúíèÿ ñàã áüëåãèíäúêè èëêèíùè þ÷ àãçà 1 
äþçãþí  áîéóí÷à õàñàïëàíûëéàð. Îëàð ýñàñû äèàãîíàëäàêû ýëåìåíòëåðèÿ 
êüïåëòìåê õàñûëûíûÿ âå her þ÷áóð÷ëóãûÿ äåïåëåðèíäúêè ýëåìåíòëåðèÿ 
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êüpåëòìåê õàñûëlarûíûÿ ùåìèäèð. Ñîÿêû þ÷ àãçà ÈÈ äþçãþí áîéóí÷à 
õàñàïëàíûï, îëàð àéûðìàê àëàìàòû áèëåí àëûíéàð. 

195. Êåñãèòëåéùèëåðè õàñàïëàìàëû: 
 

            ,
12
43

1 =Δ   ,
73
12

2

−
=Δ   

315
25

3

−
=Δ . 

×üçþëèøè:  (1) ôîðìóëàíû óëàíàëûÿ: 
 

583
12
43

1 −=−==Δ ,  17314
73
12

2 =+=
−

=Δ ,  Δ
315
25

3

−
= =15+30=45.  

196. Êåñãèòëåéùèíè õàñàïëàìàëû 
 

                      
131130
129128

=Δ . 

×üçþëèøè. Àëàðûñ: 
 

      ==Δ
131130
129128

128 131 130 129 16768 16770 2.⋅ − ⋅ = − = −  

 
197. a -íûÿ õàéñû áàõàëàðûíäà êåñãèòëåéùè íoëà äåÿ áîëéàð? 

                     
31
53

−−
+

=Δ
a

a
. 

 
×üçóëèøè. Áåðëåí êåñãèòëåéùèíè õàñàïëàëûÿ: 
 

.4)1(5)3)(3(
31

53 2 −=−−−+=
−−

+
=Δ aaa

a
a

 

 
Øóíëóêäà, ýãåð 042 =−a  áîëñà 0=Δ , éàãíû 2+=a  bolar. 
198. Þ÷þíùè òåðòèïëè êåñãèòëåéùèíè õàñàïëàìàëû: 
 

                   

253
712
641

−
−−=Δ . 
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×üçþëèøè. Þ÷áóð÷ëóê äþçãþíèíè óëàíàëûÿ: 
 
     È äþçãþí áîéóí÷à            ÈÈ äþçãþí áîéóí÷à       

     60652
843)7(4
2)2()1(1

=⋅⋅
−=⋅−⋅
=−⋅−⋅

              

6 ( 1) 3 18
4 2( 2) 16
( 7) 5 1 35

⋅ − ⋅ = −
⋅ − = −
− ⋅ ⋅ = −

 

 
ÈÈ äþçãþí áîéóí÷à àëíàí êüïåëäèùèëåð òåðñ àëàìàòû áèëåí àëûíéàð. 

Øóíëóêäà,       

               4735161860842
253

712
641

=++++−=
−

−−=Δ . 

 
199. Êåñãèòëåéùèíè õàñàïëàìàëû: 
 

                      

а
а

а

33
22
11

−
−

−
=Δ . 

 
×üçþëèøè. Þ÷áóð÷ëók äþçãþíèíè óëàíûï àëàðûñ: 
 

aaaaaa
а

а
а

1162366
33

22
11

33 +=+++−+=
−

−
−

=Δ . 

 
200. Êåñãèòëåéùèëåðè õàñàïëàìàëû: 
 

105
63

−
,    

26
31

, 

 
201. Êåñãèòëåéùèíèÿ −a íûÿ õàéñû áàõàëàðûíäà íoëà üâðþëéúíäèãèíè 

àíûêëàìàëû: 

а
а

а

11
11
11

=Δ . 
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Êåñãèòëåéùèëåðè õàñàïëàìàëû: 
202.  

   
bababa
bababа

+++

−+−
22

22

. 

 

203.  

        
αα
αα

cossin
sincos −

,   .
a b a
a c a b
−
+ +

 

 
204. Êåñãèòëåéùèëåðè õàñàïëàìàëû: 
 

à) 
ав
ва

ав
ва

2

2

)b, , 
sin cos cos sin

d) , e) ,
sin cos sin cos

α α α α
β β β β

 

        

3 2

1 lg1 1 2 2 3
f) , g) , h) , i) ,

1 lg 12 3 1 2

1 1
j) k) ,

1

b

a

аtg a b b d
tg a c c db

xa b a b
a b a b x x x

α
α

− + − + +
+ ++ −

−+ −
− + + +

 

205. Êåñãèòëåéùèëåðè õàñàïëàìàëû: 
 

832
480
251−
,     

150
301
012

−
,   

abb
aob
baa

,
378
582
752

.    

¸ 2. Êåñãèòëåéùíèÿ õúñèéåòëåðè. Êåñãèòëåéùèíè ñåòèðèÿ  
âå ñþòþíèÿ åëåìåíòëåðè áîéóí÷à äàãûòìàê 

10. Êåñãèòëåéùèniÿ  ñåòèðëåðè  áèëåí  ñþòþíëåðèíèÿ orunlaryny  
÷àëøûðàíûÿäà, îíóÿ  óëóëûãû  þéòãåìåéúð: 

 

321

321

321

333

222

111

ccc
bbb
aaa

cba
cba
cba

= . 
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20. Êåñãèòëåéùèëåðèÿ  èêè  ñþòþíèíèÿ (éà-äà  èêè  ñåòèðèíèÿ) orunlaryny 
÷àëøûðñàê  îë  àëàìàòûíû tersine þéòãåäéúð:  

 

333

222

111

333

222

111

cab
cab
cab

cba
cba
cba

−= . 

 
30. Êåñãèòëåéùèíèÿ õàéñû õåì áîëñà áèð ñþòþíèíè (éà-äà  ñåòèðèíè) øîë 

áèð ñàíà  êüïåëòìåê, êåñãèòëåéùèíè øîë  ñàíà  êüïåëòìåê  áèëåí 
äåÿãþé÷ëèäèð: 

 

333

222

111

333

222

111

cba
cba
cba

cba
cba
cba

⋅= λ
λ
λ
λ

. 

 
40. Ýãåð  êåñãèòëåéùèíèÿ  áèð  ñþòþíè  (éà-äà  ñåòèðè) íoëà äåÿ áîëñà, 

îíäà  îë  êåñgèòëåéùè íoëà äåÿäèð. 
50. Ýãåð  êåñãèòëåéùèíèÿ  õàéñû  õåì  áîëñà  áèð  ñþòþíè (ñåòèðè) 

áåéëåêè  ñþòþíèíå (ñåòèðèíå) ïðîïîðöèîíàë (éà-äà äåÿ) áîëñà, îíäà îë 
êåñãèòëåéùè íoëà äåÿäèð: 

0

333

111

111

=
cba

cba
cba

λλλ . 

     
60. 

″

″

″

+
′

′

′

=
″+′

″+′

″+′

333

222

111

333

222

111

3333

2222

1111

cba

cba

cba

cba

cba

cba

ccba

ccba

ccba

. 

   Ýãåð  êåñãèòëåéùèíèÿ áèð ñþòþíèíèÿ (ñåòèðèíèÿ) ýëåìåíòëåðè èêè 
ãîøóëûùûíûÿ  ùåìè ãüðíþøèíäå éàçûëàí áîëñà, îíäà îë èêè êåñãèòëåéùèíèÿ 
ùåìèíå äåÿäèð. Áèðèíùè êåñãèòëåéùèíèÿ äåãèøëè ñþòþíè (ñåòèðè) áèðèíùè 
ãîøóëûùûëàðäàí, èêèíùè êåñãèòëåéùèíèÿ  äåãèøëè ñþòþíè (ñåòèðè) èêèíùè 
ãîøóëûùûëàðäàí äþçþëåíäèð.  

70. Êåñãèòëåéùèíèÿ  õàéñû  õåì  áîëñà  áèð  ñþòþíèíèÿ (ñåòèðèíèÿ) 
äåãèøëè  ýëåìåíòëåðèíå, áåéëåêè ñþòþíèÿ (ñåòèðèíèÿ) øîë áèð ñàíà êüïåëäèëåí 
äåãèøëè ýëåìåíòlerini ãîøàíûìûçäà, êåñãèòëåéùè óëóëûãûíû þéòãåòìåéúð: 



62 
 

 

3333

2222

1111

333

222

111

cbba
cbba

cbba

cba
cba
cba

λ
λ
λ

+
+
+

= . 

   80. Ýãåð 1a  åëåìåíòèÿ àëãåáðàèê äîëäóðãûùû 
33

22
1 cb

cb
A = , 2a  

åëåìåíòèÿ àëãåáðàèê äîëäóðãûùû 
33

11
2 сb

сb
А −= , 3a  åëåìåíòèÿ àëãåáðàèê 

äîëäóðãûùû 
22

11
3 cb

cb
A =  áîëñà, îíäà þ÷þíùè òåðòèïëè êåñãèòëåéùèíè 

õàñàïëàìàê àøàêäàêû äåÿëèê áèëåí àìàëà àøûðûëéàð: 
 

1 1 1

2 2 2 1 1 2 2 3 3

3 3 3

a b c
a b c a A a A a A
a b c

= + + . 

 
Bu húsiéet kesgitleéjiniÿ setirleri þ÷in hem dogrudyr. 
Øåéëå õåì êåñãèòëåéùè áåéëåêè ñåòèðëåð (ñþòþíëåð) áîéóí÷à hem dagydy-

lyp õàñàïëàíûï áèëíåð. Ìûñàë þ÷èí èêèíùè ñþòþí áîéóí÷à dagytmaklygy 
éàçàëûÿ: 

 

1 1 1

2 2 2 1 1 2 2 3 3

3 3 3

a b c
a b c b B b B b B
a b c

= + + . 

 
206.  Êåñãèòëåéùèíè áèðèíùè sþtþn áîéóí÷à dagydyp õàñàïëàìàëû: 
 

413
112
221

−
−

=Δ . 

 
×üçþëèøè. Áèðèíùè s¥t¥niª ýëåìåíòëåðèíèÿ àëãåáðàèê äîëäóðãû¡ëàðûíû 

òàïàëûÿ: 
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1 2 3

1 1 2 2 2 2
4 1 5, 10, 2 2 0.

1 4 1 4 1 1
A A A

− − −
= = + = = − = − = = − + =

−
 

Îíäà,  

1 1 2 2 3 3 1 5 2 ( 10) 3 0 15a A a A a AΔ = + + = ⋅ + ⋅ − + ⋅ = − . 
 
207. Êåñãèòëåéùèíè  õàñàïëàìàëû. 
       

232
314
036

−−
−=Δ . 

     
×üçþëèøè. Áèðèíùè ñþòþíäåí 2-íè êåñãèòëåéùèíèÿ üÿþíå ÷ûêàðàëûÿ, ñîÿðà 

áèðèíùè ñåòèðäåí 3-è êåñãèòëåéùèíèÿ üÿþíå ÷ûêàðàëûÿ: 
 

231
312
011

6
231
312
033

2
232
314
036

−−
−⋅=

−−
−⋅=

−−
−=Δ . 

 
Áèðèíùè sþtþniÿ ýëåìåíòëåðèíäåí èêèíùè ñþòþíèÿ  degişli ýëåìåíòlerèíè 

àéðàíûìûçäà êåñãèòëåéùè óëóëûãûíû ñàêëàéàð: 

Δ = 
232

311
010

6
−

−⋅ . 

Áèðèíùè ñåòèðäå äèÿå áèð ýëåìåíò (b1=1) íoëà äåÿ äúë. Îíóÿ àëãåáðàèê 
äîëäóðgyjûíû òàïàëûÿ: 

                    8
22
31

1 −=
−

−=B .  

Îíäà,  àëàðûñ: 48)8(16 −=−⋅⋅=Δ . 
208. Êåñãèòëåéùèíè  õàñàïëàìàëû: 
 

                    
1123

146
323

−
−−

−
=Δ . 
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×üçþëèøè.  Áó êåñãèòëåéùèíèÿ  áèðèíùè ñþòþíèíèÿ ýëåìåíòëåðèíèÿ èêèíùè 

ñþòþíèÿ ýëåìåíòëåðèíå ïðîïîðñèîíàëäûãûíà ãüðú îë íoëà äåÿäèð: 0=Δ . 
209.  Êåñãèòëåéùèíè  õàñàïëàìàëû: 
 

                     
652
503
575

−
−

=Δ .     

×üçþëèøè. Êåñãèòëåéùèíè èêèíùè ñåòèðèÿ ýëåìåíòëåðè áîéóí÷à dagydyp 
õàñàïëàëûÿ: 

[ ] [ ]

.396195201395673)1425(5)2542(3

)7(2555556)7(3
52
75

5
65
57

3

=+=⋅+⋅=+⋅+−−⋅−=

=−−⋅⋅+⋅−⋅−⋅−=
−

⋅+
−
⋅−=Δ

 

 
210.  Êåñãèòëåéùèíè  õàñàïëàìàëû: 
 

16119
564935
321721

=Δ . 

×üçþëèøè. Èêèíùè ñåòèðäåí óìóìû êüïåëäèùè áîëàí 7-íè êåñãèòëåéùèíèÿ 
üÿþíå ÷ûêàðàëûÿ: 

                    
16119

875
321721

7 ⋅=Δ .   

 
Þ÷þíùè ñþòþíäåí óìóìû êüïåëäèùè áîëàí 8-è êåñãèòëåéùèíèÿ üÿþíå 

÷ûêàðàëûÿ                        

                  
2119
175
41721

87 ⋅⋅=Δ .  

 
Ñîÿðà èêèíùè ñåòèðèÿ ýëåìåíòëåðèíè 4-å êüïåëäèï áèðèíùè ñåòèðèÿ äåãèøëè 

ýëåìåíòëåðèíäåí àéûðàëûÿ. Îíäàí ñîÿ èêèíùè ñåòèðè 2-ú êüïåëäèï àëàí 
ñàíëàðûìûçû þ÷þíùè ñåòèðèÿ åëåìåíòëåðèíäåí àéðàëûÿ: 
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                 187
031
175
0111

87 Δ⋅⋅=
−−

−
⋅⋅=Δ . 

 
−Δ1 êåñãèòëåéùèíè  õàñàïëàìàê þ÷èí îíû þ÷þíùè ñþòþíèÿ ýëåìåíòëåðè 

áîéóí÷à dagydalyª. 

  14113
31

111
31

111
1 =+=

−
=

−−
−

−=Δ . 

Øóíëóêäà,                   
7841487 =⋅⋅=Δ  alarys. 
 

211. Âàíäåðìîíäyÿ êåñãèòëåéùèñèíè õàñàïëàìàëû: 
 

           
22222222

001111

xzxyx
xzxyx

zуx
zух

−−

−−==Δ . 

 
Àëàí êåñãèòëåéùèìèçè áèðèíùè ñåòèðèÿ ýëåìåíòëåðè áîéóí÷à dagydalyª: 
       

       
))(())((2222 xzxzxyxy

xzxy
xzxy
xzxy

+−+−
−−

=
−−

−−
=Δ . 

 
Áèðèíùè âå èêèíùè ñþòþíleräåí óìóìû êüïåëäèùèíè êåñãèòëåéùèíèÿ üÿþíå 

÷ûêàðûï àëàðûñ: 

          ).)()((
11

))(( yzxzxy
xzxy

xzxy −−−=
++

−−=Δ  

 
Âàíäåðìîíäûÿ êåñãèòëåéùèñè zyx ,,  óëóëûêëàðûÿ õàéñû õåì áîëñà 

èêèñèíèÿ áèðè-áèðèíå äåÿ áîëàí éagdaéynda íoëà äåÿäèð. Îë áîëñà 
êåñãèòëåéùèíèÿ èêè deª ñþòþíèíèÿ áîëéàíäûãûíû ãüðêåçéúð. 

212. Êåñãèòëåéùèíè õàñàïëàìàëû: 
 

             
00

1
00

b),
211
121
112

)a
x

xx
x

. 
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213. Êåñãèòëåéùèíè áèðèíùè ñåòèðèÿ ýëåìåíòëåðè áîéóí÷à dagydyp, 

õàñàïëàìàëû: 

           
3510
5174
100

−
−

=Δ . 

 
214. Êåñãèòëåéùèíè õàñàïëàìàëû: 
 

           
γγ
ββ
αα

22

22

22

cos1sin
cos1sin
cos1sin

=Δ . 

      
215. Êåñãèòëåéùèíè õàñàïëàìàëû: 
 

         
3 3 3

1 2 3 1 17 7 1 1 1
а) 3 2 1 , b) 1 13 1 , ç)

2 3 1 1 7 1
а в с
а в с

−
− . 

 
216. Êåñãèòëåéùèíè õàñàïëàìàëû: 
 

         
γγγ
βββ
ααα

22

22

22

sincos2cos
sincos2cos
sincos2cos

=Δ , 

 
217. Êåñãèòëåéùèíè õàñàïëàìàëû: 
 

       

1 1 1 0 1 1
а) 1 0 1 , b) 1 0 1 ,

1 1 0 1 1 0

1 1 1
ç) , d) 1 2 3 .

1 3 6

а а а
а а х
а а х

−
− −

−
− −
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218. Êåñãèòëåéùèëåðè õàñàïëàìàëû:                             
 

246 427 327
13547 136647

а) , b) 1014 543 443 , ç)
28423 28523

342 721 621

х у х у
у х у х

х у х у

+
+

− +
. 

¸ 3. ×ûçûêëû äåÿëåìåëåðèÿ sistemasy      
1. Èêè íúáåëëèëè ÷ûçûêëû èêè äåÿëåìåëi sistema  

    
Èêè íúáåëëèëè ÷ûçûêëû èêè äåÿëåìåëåðèÿ sistemasyna ãàðàëûÿ 

                        ⎩
⎨
⎧

=+
=+

222

111

сybxa
сybxa

.             (1) 

Íúáåëëèëåðèÿ êîýôôèñiéåíòëåðèíäåí äþçþëåí 

   
22

11

ba
ba

=Δ , 

êåñãèòëåéùú, sistemanyÿ ýñàñû êåñãèòëåéùèñè äèéèëéúð. Àøàêäàêû 
êåñãèòëåéùèëåðèÿ birinjiñèíäå −x iª êîýôôèñèéåíòëåðèíäåí äþçþëåí ñþòþí àçàò 
àãçàëàðäàí äþçþëåí ñþòþí áèëåí, èêèíùèñèíäå áîëñà −y iª 
êîýôôèöiéåíòëåðèíäåí äþçþëåí ñþòþí, àçàò àãçàëàðäàí äþçþëåí s¥òþí áèëåí 
÷àëøûðûëàíäûð: 

              
22

11

22

11 ,
сa
сa

bс
bс

yx =Δ=Δ . 

Garaléan sistema þ÷in aøakdakylary bellúp ge÷eliÿ: 
à) Ýãåð (1) sistemanyÿ ýñàñû êåñãèòëåéùèñè íoëäàí òàïàâóòëû áîëñà, 

îíäà sistemanyª éåêå-òúê ÷üçþâè áàðäûð. Îë Êðàìåðiÿ ôîðìóëàñû áèëåí 
òàïûëéàð: 

                     Δ

Δ
=

Δ
Δ

= yx yx , . 

á) Ýãåð 0=Δ ,  áîëóï 0,0 ≠Δ≠Δ yx  áîëñà sistema êüêäåø äúëäèð. 
÷) Ýãåð 0=Δ ,  âå 0=Δ=Δ yx  áîëñà îíäà äåÿëåìåëåð 

ïðîïîðöèîíàëäûð. Áó õàëäà sistemanyÿ òþêåíèêñèç êüï ÷üçþâè áàðäûð. 
219. Sistemany ÷üçìåëè: 
 

  
2 4

3 6.
x y
x y
− =⎧

⎨ + =⎩  
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×üçþëèøè. Àëàðûñ: 

                    .07
13
21

≠=
−

=Δ  

  Øóíëóêäà, sistema éåêå-túê ÷üçþâå ýéåäèð.  

              
7
6

7
63
41

,
7

16
7

16
24

−===

−

= yx . 

 
220. Sistemany ÷üçìåëè: 

4 3
3 12 7.
x y
x y
− =⎧

⎨ − =⎩  

×üçþëèøè. Àëàðûñ: 
 

.02
73
31

,08
37
13

4
127
43

,0
123
41

≠−==Δ≠−=⋅−=
−
−

=Δ=
−
−

=Δ yx

 
Áó áîëñà sistemanyÿ êüêäåø äúëäèãèíè ãüðêåçéúð. 
       
221. Sistemany ÷üçìåëè: 
 

                   
2 3 1
6 9 3.

x y
x y
+ =⎧

⎨ + =⎩
 

×üçþëèøè. Àëàðûñ: 
 

0
36
12

,0
93
31

,0
96
32

==Δ==Δ==Δ yx . 

 
Áó ñèñòåìàíûÿ òþêåíèêñèç êüp ÷üçþâè áàðäûð. 
 
     Sistemalary ÷üçìåëè: 
 

222.  
2 3 4
4 5 10.

x y
x y
− =⎧

⎨ − =⎩
   223.  

2 3 1
4 6 3.

x y
x y
+ =⎧

⎨ + =⎩
   224. 

2 5 11
6 3.

x y
x y

− =⎧
⎨ + = −⎩

 

 

225. 
3 5 1 0
7 3 17 0.

x y
x y
− + =⎧

⎨ + + =⎩
 226. 

3 2 2
9 6 6.

x y
x y
− =⎧

⎨ − =⎩
    227. 

2 3 4
4 6 7.

x y
x y
− =⎧

⎨ − =⎩
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 2. Þ÷ íúáåëëèëè ÷ûçûêëû þ÷ äåÿëåìåëi sistema  

Ãîé, þ÷ íúáåëëèëè ÷ûçûêëû þ÷ äåÿëåìåëåð sistemasy áåðëåí áîëñóí: 
 

                   
⎪
⎩

⎪
⎨

⎧

=++
=++
=++

3333

2222

1111

hzcybxa
hzcybxa

hzcybxa
. 

 
Íúáåëëèëåðèÿ êîýôôèöèéåíòëåðèíäåí äþçþëåí êåñãèòëåéùú 
 

                   

333

222

111

cba
cba
cba

=Δ , 

 
sistemanyÿ ýñàñû êåñãèòëåéùèñè äèéèëéúð. Àøàêäàêû êåñãèòëåéùèëåðè äþçåëèÿ: 
 

,

333

222

111

cbh
cbh
cbh

x =Δ     ,

333

222

111

cha
cha
cha

y =Δ       

333

222

111

hba
hba
hba

z =Δ . 

 
Òåîðåìà. Ýãåð sistemanyÿ ýñàñû êåñãèòëåéùèñè íoëäàí òàïàâóòëû áîëñà, 

îíäà sistema éåêå-òúê ÷üçþâå ýéåäèð âå îë ÷üçþâëåð Êðàìåðiÿ ôîðìóëàñû 
áèëåí òàïûëéàð: 

           .,,
Δ
Δ

=
Δ
Δ

=
Δ
Δ

= zyx zyx  

 
228. Sistemany ÷üçìåëè: 

                     
⎪
⎩

⎪
⎨

⎧

=+−+
=+−+
=−+−

0434
0545
0232

zyx
zyx
zyx

  . 

 
×üçþëèøè. Sistemanyÿ ýñàñû êåñãèòëåéùèñèíè õàñàïëàëûÿ: 
 

          02982048130
314
451

132
≠−=−+−++−=

−
−

−
=Δ . 
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Sistema éåêå-òúê ÷üçþâå ýéåäèð. zyx ΔΔΔ ,,  êåñãèòëåéùèëåðè õåì 

õàñàïëàëûÿ: 

.20
414
551

232
,12

344
451

122
,10

314
455

132
−=

−
−

−
=Δ−=

−−
−−=Δ−=

−−
−−

−
=Δ zyx

 
Êðàìåðiÿ ôîðìóëàñûíû óëàíûï àëàðûñ: 
 

       .10
2
20,6

2
12,5

2
10

=
−
−

==
−
−

==
−
−

= zyx  

 
229. Sistemany ÷üçìåëè: 
 

2 3 4
2 4 6 3
3 1.

x y z
x y z
x y z

+ + =⎧
⎪ + + =⎨
⎪ + − =⎩  

×üçþëèøè. Áó éåðäå 
 

           025
111

643
324

,0
113

642
321

≠−=
−

=Δ=
−

=Δ x . 

 
Øóíëóêäà, áó sistema êüêäåø äúëäèð. 
230. Sistemany ÷üçìåëè: 
 

3 2 3 1
6 4 2

3 2 11 3.

x y z
x y z

x y z

− + =⎧
⎪ − − =⎨
⎪− + + =⎩  

×üçþëèøè.  Áó éåðäå 

0
323
246
123

,0
1123

146
323

=
−

−
−

=Δ=
−

−−
−

=Δ z , 
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084
1133

126
313

,056
1123

142
321

≠=
−

−=Δ≠=−−
−

=Δ yx . 

 
Sistemanyÿ ÷üçþâè éîêäóð, éagny îë sistema êüêäåø äúëäèð. 
      
231. Sistemany ÷üçìåëè: 

                      

2
3 4

3 0.

x y z
x y z
x y z

+ + =⎧
⎪ + + =⎨
⎪ + + =⎩

 

×üçþëèøè.  Àëàðûñ: 

                 4
201
021
001

311
131
111

===Δ , 

                8
31
11

2
310
110

112

310
134
112

=
−

⋅=−==Δ x , 

                4
14
12

2
302
140
120

301
141
121

=⋅−=
−

==Δ y , 

                4
01
21

2
001
421
201

011
431
211

−=⋅===Δ z . 

Sistemanyÿ ÷üçþâèíè òàïàëûÿ: 

          .1
4
4,1

4
4,2

4
8

−=−===
Δ

Δ
===

Δ
Δ

= zyx yx  

       
Sistemalary ÷üçìåëè. 

232. 

2 3 0
2 4 5
3 2.

x y z
x y z
x y z

+ − =⎧
⎪ − + =⎨
⎪ + − =⎩

 233. 

3 3 2 2
5 6 4 3
3 2 4 8.

x y z
x y z
x y z

− + =⎧
⎪ − + =⎨
⎪ + − =⎩

 234. 

3 2 4 8
2 4 5 11
4 3 2 1.

x y z
x y z
x y z

+ − =⎧
⎪ + − =⎨
⎪ − + =⎩
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235. 
⎪
⎩

⎪
⎨

⎧

=+−
=+−
=+−

abcczbyax
abcczbyax

czbyax

3245
2563

032
  236. 

2 4
3 4 2 11
3 2 4 11.

x y z
x y z
x y z

− − =⎧
⎪ + − =⎨
⎪ − + =⎩

 

     

237. 
⎪
⎩

⎪
⎨

⎧

−=++
−=+−
−=++

244
422

12

zyx
zyx

zyx
   238. 

3 2 5
2 3 1
2 3 11.

x y z
x y z
x y z

+ + =⎧
⎪ + + =⎨
⎪ + + =⎩

  

239. 

2 4 31
5 2 29
3 10.

x y z
x y z
x y z

+ + =⎧
⎪ + + =⎨
⎪ − + =⎩

 

¸ 4. Áèðùûíñëû äåÿëåìåëåðèÿ sistemasy 

  Ýãåð ÷ûçûêëû äåÿëåìåëåð sistemasynyÿ äåÿëåìåëåðèíèÿ àçàò àãçàëàðû 
íoëà äåÿ áîëñà, îíäà îë äåÿëåìåëåð sistemasyna áèðùûíñëû äåÿëåìåëåð 
sistemasy äèéèëéúð âå àøàêäàêû ãüðíþøäå éàçûëéàð: 
 

             
1 1 1

2 2 2

3 3 3

0
0
0.

a x b y c z
a x b y c z
a x b y c z

+ + =⎧
⎪ + + =⎨
⎪ + + =⎩

    

 
Áó sistemanyÿ íoëà äåÿ áîëàí ÷üçþâëåðèíèÿ áàðëûãûíà ãüðú îë êüêäåø 

sistemadyr. Øó éåðäå sistemanyÿ íoëäàí òàïàâóòëû ÷üçþâèíè òàïìàê 
ìåñåëåñè ãåëèï ÷ûêéàð. 

Òåîðåìà. Áèðùûíñëû sistemanyª íoëäàí òàïàâóòëû ÷üçþâèíèÿ áîëìàãû 
þ÷èí ýñàñû êåñãèòëåéùèíèÿ íoëà äåÿ áîëìàãû çåðóð âå éåòåðëèêäèð.  

Øóíëóêäà, 0≠Δ  áîëñà 0,0,0 === zyx  ÷üçþâ éåêå-òúêäèð. Ýãåð 
0=Δ  áîëñà, îíäà sistemanyÿ òþêåíèêñèç êüï íoëäàí òàïàâóòëû ÷üçþâè 

áàðäûð. Îëàð àøàêäàêû éàëû òàïûëûï áèëíåð.  
à) 0=Δ , âå õàéñû õåì áîëñà áèð èêèíùè òåðòèïëè ìèíîð íoëäàí 

òàïàâóòëû  bolsun. Éüíåêåéëèê þ÷èí îë ìèíîð áèðèíùè âå èêèíùè ñåòèðëåðäå 
éåðëåøåí äèéåëèÿ. Þ÷þíùè ñåòèðèÿ àëãåáðàèê äîëäóðãû¡lary 333 ,, СВА  bolsun. 

Îíäà −t íèÿ ýðêèí áàõàëàðûíäà tCztBytAx 333 ,, === ñàíëàð 
sistemanyÿ ÷üçþâëåðèäèð.  
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á) 0=Δ  âå îíóÿ úõëè èêèíùè òåðòèïëè ìèíîðëàðû íoëà äåÿ. Áó õàëäà 
sistemanyÿ þ÷ äåÿëåìåñè õåì ïðîïîðöèîíàëäûð âå sistema àøàêäàêû áèð 
äåÿëåìú ãåòèðèëéúð:    0111 =++ zcybxa .  

Èêè íúáåëëú ýðêèí áàõàlar áåðèï þ÷þíùè íúáåëëèíè òàïàðûñ âå îëàðûÿ 
þ÷þñè áèëåëèêäå sistemany êàíàãàòëàíäûðéàr.  

240. Sistemany ÷üçìåëè: 
 

2 0
5 2 0

2 0.

x y z
x y z

x y z

+ − =⎧
⎪ − + =⎨
⎪ + + =⎩

 

 
×üçþëèøè. Sistemanyÿ êåñãèòëåéùèñèíè òàïàëyÿ: 
 

24
121
215
112

−=−
−

=Δ . 

 
Øóíëóêäà, 0≠Δ  áîëàíû þ÷èí sistema éåêå-òúê 0=== zyx  

÷üçþâå ýéåäèð. 
241. Sistemany ÷üçìåëè: 

3 4 2 0
4 0

5 2 10 0.

x y z
x y z
x y z

+ + =⎧
⎪ − + =⎨
⎪ + + =⎩

 

×üçþëèøè. Sistemanyÿ êåñãèòëåéùèñèíè õàñàïëàëûÿ: 
 

3 4 2
1 1 4 0.
5 2 10

Δ = − =  

  Øóíëóêäà, sistemanyÿ íoëäàí òàïàâóòëû ÷üçþâëåðè áàðäûð. Áèðèíùè 
èêè ñåòèðäúêè ìèíîðûÿ íoëà äåÿ äúëäèãèíè ãüðéúðèñ: 

3 4
3 4 7.

1 1
= − − = −

−  

Þ÷þíùè ñåòèðèÿ àëãåáðàèê äîëäóðgû¡laryny òàïàëûÿ: 
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3 3 3

4 2 3 2 3 4
18; 10; 7.

1 4 1 4 1 1
A B C= = = − = − = = −

− −
 

Øóíëóêäà, ýðêèí t  ñàí þ÷èí tztytx 7,10,18 −===  ñàíëàð siste-
manyÿ ÷üçþâèäèð. 

242. Sistemanyÿ ÷üçþâëåðèíè òàïìàëû. 
 

3 2 0
2 5 3 0
3 4 2 0.

x y z
x y z
x y z

+ + =⎧
⎪ + + =⎨
⎪ + + =⎩

 

Sistemany ÷üçìåëè. 
 

243. 

2 3 0
0

3 2 2 0.

x y z
x y z
x y z

− + =⎧
⎪ + + =⎨
⎪ − + =⎩

        244.  

2 0
2 2 4 0
5 5 10 0.

x y z
x y z
x y z

− + =⎧
⎪ − + =⎨
⎪ − + =⎩

  

       
245. −a íûÿ õàéñû áàõàëàðûíäà sistemanyÿ íoëà äåÿ áîëìàäûê 

÷üçþâëåðèíèÿ áàðëûãûíû àíûêëàìàëû âå îëàðû òàïìàëû 
               

2 3 2 0
0

4 0.

a x y z
ax y z
y z

⎧ + + =
⎪ − + =⎨
⎪ + =⎩

 

¸ 5. ×ûçûêëû äåÿëåìåëåð sistemasynyÿ Ãàóññ usuly áîéóí÷à ÷üçþëèøè 

×ûçûêëû äåÿëåìåëåð sistemasyny êåñãèòëåéùèëåðèÿ êüìåãè áèëåí ÷üçìåê 
èêè   éà-dà þ÷ sany ÷ûçûêëû äåÿëåìåëåðè áîëàí sistema þ÷èí àìàòëûäûð. 
Åãåð sistemada äåÿëåìåëåðèÿ ñanû þ÷äåí êüï áîëñà îíäà Ãàóññ äþçãþíèíè 
óëàíìàê àìàòëûäûð. Ãîé d¤rt íúáåëëèëè ÷ûçûêëû d¤rt äåÿëåìåñè áîëàí 
sistema  

              
)2(

)1(

2524232221

1514131211

auazayaxa
auazayaxa
=+++
=+++

 

            
)4(
)3(

4544434241

3534333231

auazayaxa
auazayaxa

=+++
=+++
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áåðëåí áîëñóí we 011 ≠a  áîëñóí (åãåð 011 =a  áîëñà, îíäà äåÿëåìåëåðèÿ 
òåðòèáèíè þéòãåäèp, éàãíû 1-nji äåÿëåìúíèÿ îðíóíà x -iÿ êîåôôèöéåíòèíèÿ 
íoëdan tapawutlysyny àëàðûñ). 

à) (1) äåÿëåìúíè 11a -e áüëåëèÿ. á) àëíàí äåÿëåìúíè 21a -e êüïåëäèï, (2) 

äåÿëåìåäåí àéðàëûÿ, ñîÿðà 31a -e êüïåëäèï (3) äåÿëåìåäåí àéðàëûÿ, øåéëå 

õåì 41a -e êüïåëäèï, (4) äåÿëåìåäåí àéðàëûÿ. Íåòèùåäå àøàêäàêû sistemany 
àëéàðûñ: 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=++
=++
=++
=+++

)8(
)7(

)6(
)5(

45444342

35343332

25242322

15141312

bubzbyb
bubzbyb
bubzbyb
bubzbybx

 

 
(6), (7), (8) äåÿëåìåëåðå õåì éîêàðäàêû äþçãþíè óëàíûï, àøàêäàêû 

"áàñãàí÷àêëû" ãüðíþøå ãåëéúðèñ:  
 

            

12 13 14 15

23 24 25

34 35

45

x b y b z b u b
y с z с u с

z d u d
u l

+ + + =⎧
⎪ + + =⎪
⎨ + =⎪
⎪ =⎩

 

 
Üçãåðäèëåí bu sistemadan íúáåëëèëåð êûí÷ûëûêñûç òàïûëéàð. 
246. Sistemany ÷üçìåëè. 
 

⎪
⎩

⎪
⎨

⎧

=+−
=−+
=++

354
0

523

zyx
zyx

zyx

 

 
×üçþëèøè: Sistemanyÿ áèðèíùè äåÿëåìåñèíè 3-å áüëåëèÿ âå èêèíùè 

äåÿëåìåäåí àéûðàëûÿ. Ñîÿðà àëíàí áèðèíùè äåÿëåìúíè 4-å êüïåëäèï þ÷þíùè 
äåÿëåìåäåí àéûðàëûÿ. Øóíëóêäà, àëàðûñ: 
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⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

−=+−

−=−

=++

3
11

3
11

3
11

3
5

3
4

3
1

3
5

3
1

3
2

zy

zy

zyx

   éà-äà     

2 1 5
3 3 3

4 5
3 3

1.

x y z

y z

y z

⎧ + + =⎪
⎪
⎪ − = −⎨
⎪

− + = −⎪
⎪⎩

  

 
Øåéëå õåì bu usuly éene bir gezek ulanyp, 
 

        

⎪
⎪

⎩

⎪
⎪

⎨

⎧

−=−
−=−

=++

63
54

3
5

3
1

3
2

z
zy

zyx

 

 
sistemany alarys. Bu éerden, bolsa 1,3,2 −=== xyz  taparys. 

 
247. Sistemany ÷üçìåëè. 
 

     

1 2 4 5

1 2 3 4 5

1 2 5

1 2 3 4 5

1 2 3 4 5

2 3 5
2 4 5 4 1

3 2 3
3 7 3 9 2 14
2 8 4 2 7 10.

x x x x
x x x x x

x x x
x x x x x
x x x x x

+ + + =⎧
⎪ + − + + = −⎪⎪ + + = −⎨
⎪ + − + + = −⎪
⎪ + − + + = −⎩

 

 

×üçþëèøè: Áèðèíùè äåÿëåìúíè ûçûãèäåðëè 2, 1, 3, 2-ú êüïåëäèï, degiølilikde 

áåéëåêè äåÿëåìåëåðäåí àéûðàëûÿ: 

     

1 2 4 5

2 3 4 5

2 4 5

2 3 4 5

2 3 4 5

2 3 5
2 2 11
2 2 8
4 3 3 7 29
6 4 2 20.

x x x x
x x x x
x x x
x x x x
x x x x

+ + + + =
− + − = −
− − = −
− + − = −
− − + = −
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Soÿra iêèíùè äåÿëåìúíè äåãèøëèëèêäå ûçûãèäåðëè 1, 2, 3 êüïåëäèï áåéëåêè 
äåÿëåìåëåðäåí àéûðàëûÿ: 

 

        

1 2 4 5

2 3 4 5

3 4 5

3 4 5

3 4 5

2 3 5
2 2 11

3 3
3 7

5 7 13.

x x x x
x x x x

x x x
x x x

x x x

+ + + =⎧
⎪ − + − = −⎪⎪ − + =⎨
⎪ − + − = −⎪
⎪ − − + =⎩

 

 

Þ÷þíùè äåÿëåìå áèëåí äüðäþíùè âå áúøèíùè äåÿëåìåëåðè ãîøàëûÿ: 

 

       

1 2 4 5

2 3 4 5

3 4 5

4 5

4 5

2 3 5
2 2 11

3 3
2 2 4

8 8 16.

x x x x
x x x x

x x x
x x

x x

+ + + =⎧
⎪ − + − = −⎪⎪ − + =⎨
⎪ − − = −⎪
⎪ − + =⎩

 

Äüðäþíùè äåÿëåìå áèëåí áúøèíùè äåÿëåìúíè ãîøàëûÿ: 

       

1 2 4 5

2 3 4 5

3 4 5

4 5

5

2 3 5
2 2 11

2 3
8 2 4

16 32.

x x x x
x x x x

x x x
x x

x

+ + + =⎧
⎪ − + − = −⎪⎪ + + =⎨
⎪ − − = −⎪
⎪ =⎩

 

 Ñîÿêû äåÿëåìåäåí 5 2x =  taparys, ony äüðäþíùè äåÿëåìú ãîéóï 

4 0,x =  beéleki deÿlemelerden õåì 3 2 11, 3, 2x x x= = − =  taparys. 
Sistemalary ÷üçìåëè. 
          

248. 
1 2 3

1 2 3

1 2 3

2 5
2 2 5

7 10.

x x x
x x x

x x x

+ − =⎧
⎪ − + = −⎨
⎪ + − =⎩

            249. 

1 2 3 4

1 2 3 4

1 3 4

1 2 3 4

4
2 3 2 1

2 6
3 0.

x x x x
x x x x

x x x
x x x x

+ − + =⎧
⎪ − + − =⎪
⎨ − + =⎪
⎪ − + − =⎩
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250. 

3 2 5
0

4 5 3.

x y z
x y z

x y z

+ + =⎧
⎪ + − =⎨
⎪ − + =⎩

           251.  

1 2 3 4

1 2 3 4

1 2 4

1 2 3 4

3 2 5 3
2 3 5 3

2 4 3
4 9 22.

x x x x
x x x x

x x x
x x x x

− − + =⎧
⎪ − + − = −⎪
⎨ + − = −⎪
⎪ − − + =⎩

 

252. 

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

6 4 6
3 6 4 2
2 3 9 2 6
3 2 3 8 7.

x x x x
x x x x
x x x x
x x x x

+ − − =⎧
⎪ − − − =⎪
⎨ + + + =⎪
⎪ + + + = −⎩

    253. 

1 2 3 5

1 2 4 5

1 4 5

2 3 4 5

1 2 3 4

3 2 18
2 5 7

2 8
2 10

3 1.

x x x x
x x x x

x x x
x x x x

x x x x

− + + =⎧
⎪ − + + = −⎪⎪ − + =⎨
⎪ + + − =⎪
⎪ + − + =⎩

 

        ¸ 6. ×ûçûêëû äåÿëåìåëåð sistemasynyÿ ìàòðèñàëàð  
óñóëû áèëåí ÷üçþëèøè 

Ãîé, sistema áåðëåí áîëñóí 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=+++
−−−−−−−−−−−−−−−−

=+++
=+++

nnnnnn

nn

nn

bxaxaxa

bxaxaxa
bxaxaxa

...

...
...

221

22222121

11212111

1

                 (1) 

(1) sistemanyÿ íúáåëëèëåðèíäåí, íúáåëëèëåðèíèÿ êîåôôèöiéeíòëåðèíäåí 
we àçàò àãçaëàðûíäàí ìàòðèöàëàð äþçåëèÿ: 

(2)  

          

11 12 1 1 1

21 22 2 2 2

1 2

...
...

, , .
... ...

...

n

n

n nn n nn

a a a x b
a a a x b

A X B

x ba a a

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟ ⎜ ⎟= = =
⎜ ⎟ ⎜ ⎟ ⎜ ⎟− − − − − − −
⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎝ ⎠

  

 
Îíäà (1) sistemany ìàòðèñà ãüðíþøèíäå éàçûï áèëåðèñ: 
 

.A X B⋅ =                (2) 

Åãåð 0)( ≠Δ A  áîëñà A ìàòðèñànyÿ òåðñ 1−A  ìàòðèñàsy áàðäûr. 

Øóíëóêäà, deÿligiÿ iki bülegini hem ÷epinden 1−A  küpeldip alarys: 
BAX ⋅= −1               (3)   

äåÿëèê (1) bolsa sistemanyÿ ÷üçþâèäèð. 
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254. Äåÿëåìåëåð sistemaíû ìàòðèöàlar óñóëû áèëåí ÷üçìåëè. 

     
1 2 3

1 2 3

1 2 3

6
2 3.

2 5

x x x
x x x

x x x

− + =⎧
⎪ + + =⎨
⎪ + + =⎩

  

×üçþëèøè: BXA ,,  ìàòðèñàëàðû äþçåëèÿ: 
 

   
1

2

3

1 1 1 6
2 1 1 , , 3 .
1 1 2 5

x
A X x B

x

− ⎛ ⎞⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟= = =⎜ ⎟⎜ ⎟ ⎜ ⎟

⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

 

Áåðëåí sistemanû ìàòðèñà ãüðíþøèíäå éàçàëûÿ: 
                   BXA =⋅  
A ìàòðèñàíûÿ êåñãèòëåéùèñèíè òàïàëûÿ: 
 

      .05
211
112
111

)( ≠=
−

=Δ A  

,1
11
12

,3
21
12

,1
21
11

131211 ==−=−=== AAA  

,2
11
11

,1
21
11

,3
21
11

232221 −=
−

−====
−

−= AAA  

.3
12
11

,1
21
11

,2
11
11

333231 =
−

===−=
−

= AAA  

           

          1

1 3 2
1 3 1 1 .
5

1 2 3
A−

−⎛ ⎞
⎜ ⎟= −⎜ ⎟
⎜ ⎟−⎝ ⎠

 

Éîêàðäà ãåòèðèëåí ôîðìóëà áîéóí÷à 

  
1

2

3

1 3 2 6 6 9 10 1
1 13 1 1 3 18 3 5 2 .
5 5

1 2 3 5 6 6 15 3

x
x
x

− + −⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟= − ⋅ = − + + = −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟− − +⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

Soňky ñþòþí ìàòðèöàäàí àëàðûñ: .3,2,1 321 =−== xxx  
Äåÿëåìåëåð sistemasyny ìàòðèñàlar óñóëû áèëåí ÷üçìåëè. 
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255. 
2 5 11

6 3.
x y

x y
− =⎧

⎨ + = −⎩
            256. 

3 5 1 0
7 3 17 0.

x y
x y
− + =⎧

⎨ + + =⎩
 

3 3 2 2
4 5 2 1
5 6 4 3.

x y z
x y z
x y z

− + =⎧
⎪ + + =⎨
⎪ − + =⎩

257.           258. 

3 2 4 8
2 4 5 11
4 3 2 1.

x y z
x y z
x y z

+ − =⎧
⎪ + − =⎨
⎪ − + =⎩

 

    

259.

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

6 4 6
3 6 4 2
2 3 9 2 6
3 2 3 8 7.

x x x x
x x x x
x x x x
x x x x

+ − − =⎧
⎪ − − − =⎪
⎨ + + + =⎪
⎪ + + + = −⎩

  

260.

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

2 3 3 2 3
6 9 2 4
10 3 3 2 3
8 6 3 7.

x x x x
x x x x
x x x x

x x x x

− + + =⎧
⎪ + − − = −⎪
⎨ + − − =⎪
⎪ + + + = −⎩
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IV ÁÜËÞÌ 

WEKTOR ALGEBRASY 

¸ 1. Ãèÿèøëèêäå ãüíþáóð÷ëû äåêàðò êîîðäèíàòàëàð sistemasû 

Ãîé, ãèÿèøëèêäå ãüíþáóð÷ëû äåêàðò êîîðäèíàòàëàð sistemasy )(Oxyz  
áåðëåí áîëñóí. Îíäà àásèññàñû ,x  îðäèíàòàñû y  âå àïïëèêàòàñû z  áîëàí 
M  íîêàò ),,( zyxM  áèëåí áåëãèëåíéúð. 

Ãèÿèøëèêäå ( ) ( )222111 ,,we,, zyxBzyxA  íîêàòëaðûÿ àðàsûíäàêû 
óçàêëûê aøàêäàêû ôîðìóëà áèëåí òàïûëéàð: 

2
12

2
12

2
12 )()()( zzyyxxd −+−+−=               (1) 

 ( ) ( )222111 ,,we,, zyxBzyxA  íîêàòëàðû áèðëåøäèðéúí AB  êåñèìè 

),,( zyxM  íîêàò λ  ãàòíàøûêäà áüëéúí áîëñà, áó íîêàäûÿ êîîðäèíàòàëàðû 
àøàêäàêû ôîðìóëàëàð boéun¡a òàïûëéàr: 

λ
λ

λ
λ

λ
λ

+
+

=
+
+

=
+
+

=
1

,
1

,
1

212121 zzzyyyxxx               (2)  

AB  êåñèìè äåÿ èêú áüëéúí íîêàäûÿ êîîðäèíàòàëàðû 

     
2

,
2

,
2

212121 zzzyyyxxx +
=

+
=

+
=               (3) 

ôîðìóëàëàð boéun¡a òàïûëéàð. 
261. Îðäèíàòàëàð îêóíäà )5,7,5(we)7,31( −− BA  íîêàòëàðäàí äåÿ 

óçàêëûêäà éàòéàí íîêàäû òàïìàëû. 
×üçþëèøè. Ãüçëåíéúí íîêàäû )0,,0( yM  áèëåí áåëãèëúëèÿ. Îíóÿ 

BA we  íîêàòëàð áèëåí àðàsûíäàêû óçàêëûãû òàïàëûÿ: 

        2 2 2 2(1 0) ( 3 ) (7 0) 50 (3 ) ;MA y y= − + − − + − = + +  

        2 2 2 2(5 0) (7 ) ( 5 0) 50 (7 ).MB y y= − + − + − − = + −   

Ìåñåëúíèÿ øåðòèíå ãüðú MBMA = , éàãíû 
2 2 2 250 (3 ) 50 (7 ) , (3 ) (7 ) , 3 (7 ).y y y y y y+ + = + − + = − + = + −  

Àéûðìàê àëàìàòû ìåñåëúíèÿ øåðòèíå ãàðøû ãåëéúð, øîíóÿ þ÷èí 

3 7 , 2.y y y+ = − =  
Øóíëóêäà, )0,2,0(M  ãüçëåíéúí íîêàòäûð. 

262. )2,4,2(1 −M  âý )2,4,2(2 −M  íîêàòëàðû áèðëåøäèðéúí 21MM  
êåñèìè 

3=λ  ãàòíàøûêäà áüëéúí M  íîêàäûÿ êîîðäèíàòàëàðûíû òàïìàëû. 
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×üçþëèøè. Êåñèìè áåðëåí ãàòíàøûêäà áüëìåêëèãèÿ (2) ôîðìóëàñûíû 
óëàíàëûÿ: 

1
31

)2(32
1

21 −=
+
−+

=
+
+

=
λ
λxxxM  

4
31

434
1

21 =
+
⋅+

=
+
+

=
λ
λyyyM  

1
31

232
1

21 =
+

⋅+−
=

+
+

=
λ
λzzzM . 

 
Äèéìåê, )1,4,1(−M  ãüçëåíèëéúí íîêàòäûð. 
263. )0,2,1(we)2,8,3( −− BA  íîêàòëàðû áèðëåøäèðéúí ÀÁ êåñèìäå 

aáñèñàñû 2−=cx  áîëàí íîêàäû òàïìàëû. 

×üçþëèøè.   Ãüðíþøè éàëû ,BCA xxx <<  âå C íîêàò ÀÁ êåñèìèÿ 

è÷èíäå  éàòéàð. C íîêàò áó êåñèìè 
CB
AC

=λ  ãàòíàøûêäà áüëéúð. λ  

òàïìàê þ÷èí (2) ôîðìóëàäàí ïåéäàëàíàëûÿ: 

           
λ
λ

+
+

=
1

BA
C

xxx , 
λ
λ

+
⋅+−

=−
1

132 . 

Áó éåðäåí 
3
1

=λ . (3) ôîðìóëàíûÿ èêèíji âå þ÷þíjè äåÿëèêëåðèíäåí 

ïåéäàëàíàëûÿ: 

           

3
11

)2(
3
18

1 +

−+
=

+
+

=
λ
λ BA

C
yyy , 

           
2
3

3
11

0
3
12

1
=

+

⋅+
=

+
+

=
λ
λ BA

C
zzz .     

Äèéìåê, ⎟
⎠
⎞

⎜
⎝
⎛−

2
3,

2
11,2C  ãüçëåíèëéúí íîêàòäûð. 

264. Ãèÿèøëèêäå ),2,6,0(),2,1,4(),2,3,1(),4,6,2( −−−− DCBA   
)8,0,3(),4,3,5( −−−− FE  íîêàòëàðû ãóðìàëû. 

265. Ì(4, -1, 2) âå N(1, 3, -10) íîêàòëàðûÿ àðàsûíäàêû óçàêëûãû 
òàïìàëû. 



83 
 

266. Àïïëèêàòà îêóíäà )7,1,4(−A  âå  )2,5,3( −B  íîêàòëàðäàí äåÿ 
äàøëûêäà éåðëåøåí íîêàäû òàïìàëû. 

267. Î (0,0,0) âå À (1,2,2) íîêàòëàðû áèðëåøäèðéúí êåñèìè 
3
2
 

ãàòíàøûêäà áüëéúí ),,( zyxM  íîêàäû òàïìàëû. 
268. Àïïëèêàòà îêóíäàky )5,4,3( −−A  íîêàò áèëåí àðàëûãûíäàêû 

óçàêëûê  13-e äåÿ áîëàí íîêàäû òàïìàëû. 
269. )2,5,1(we)3,3,3( −BA  íîêàòëàð áåðëåí. Îíäà AB  êåñèìè äåÿ 

þ÷ áüëåãå áüëéúí C  âå D  íîêàòëàðûÿ êîîðäèíàòàëàðûíû òàïìàëû.      
270. Äåïåëåðè )1,3,1(,)3,10,7(,)3,2,1( −CBA  íîêàòëàð áîëàí ABC  

þ÷áóð÷ëóãûÿ A áóð÷óíûÿ êþòåê áóð÷äóãûíû ãüðêåçìåëè. 
271. Äåïåëåðè )0,5,2(,)8,3,11(,)12,1,5( CBA  íîêàòëàð áîëàí ABC  

þ÷áóð÷ëóãûÿ àãûðëûê ìåðêåçèíè òàïìàëû. 
272. Àáñèñsàëàð îêóíäà )7,2,3(we)5,4,2( −− BA  íîêàòëàðäàí äåÿ 

äàøëûêäà éàòéàí íîêàäû òàïìàëû. 

      ¸ 2. Âåêòîðëàð âå îëàðûÿ þñòþíäå éüíåêåé àìàëëàð 

Ãèÿèøëèêäå èñëåíäèê åðêèí a  âåêòîðû , ,i j k  âåêòîðëàðûÿ êüìåãè 
áèëåí àøàêäàêû ãüðíþøäå ÷ûçûêëû àÿëàòìàê áîëéàð: 

           kajaiaa zyx ++=                   (1) 

áó éåðäå zyx aaa ,,  áåðëåí âåêòîðûÿ êîîðäèíàòà îêëàðà áîëàí 

ïðîéåêñèéàëàðûäûð. 

a  âåêòîðûÿ óçûíëûãû a  áèëåí áåëãèëåíèï, àøàêäàêû ôîðìóëà áèëåí 

òàïûëéàð:  

           222
zyx aaaa ++= .                 (2) 

Êîîðäèíàòà îêëàðûíûÿ óãuðëàðû áèëåí a  âåêòîðûÿ óãðuíûÿ 
àðàñûíäàêû áóð÷larû γβα ,,  áèëåí áåëãèëúï, îëàðû àøàêäàêû ôîðìóëàëàð 
áèëåí òàïéàðëàð:     

     
2 2 2

cos , cos , cos .yx x z

x y z

aa a a
a a aa a a

α β γ= = = =
+ +

     (3) 

Áó óãðóêäûðûùû êîñèíóñëàð áîëóï, 
           1coscoscos 222 =++ γβα                  (4) 

äåÿëèê áèëåí áàãëàíûøéàíäûðëàð. 
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Ýãåð ba we   âåêòîðëàð  (1) ãüðíþøäå àÿëàäûëàí áîëñàëàð, îíäà îëàðûÿ 
ùåìè, òàïàâóäû àøàêäàêû ôîðìóëàëàð áèëåí òàïûëéàð: 

          ( ) ( ) ( )x x y y z za b a b i a b j a b k+ = + + + + + ;         (5) 

          ( ) ( ) ( )x x y y z za b a b i a b j a b k− = − + − + − .         (6) 

   a  âåêòîðûÿ m  ñêàëéàðà êüïåëòìåê õàñûëû 

                 x y zma ma i ma j ma k= + +               (7) 

ôîðìóëà áèëåí òàïûëéàð. 

273. Þ÷ âåêòîð áåðëåí: { } { } { }2,1,5,1,3,0,0,4,2 −=−== cba .    

cba +−32  âåêòîðû òàïìàëû. 
×üçþëèøè. (1) , (5) , (6) âå (7) ôîðìóëàëàðäàí ïåéäàëàíàëûÿ: 

       2 4a i j= + , 3b j k= − + , 5 2c i j k= − + , 

  2 2 2 2 4 4 8a i j i j= ⋅ + ⋅ = + , 3 3 3 3 9 3b j k j k= − ⋅ + = − + . 
Onda 

    
2 3 4 8 9 3 5 2 (4 5) (8 9 1)

( 3 2) 9 16 .

a b c i j j k i j k i j

k i j k

− + = + + − + − + = + + + − +

+ − + = + −
 

Øóíëóêäà, { }1,16,932 −+− cba . 

274. baba −=+)1 , 2) ba + > ba − , 3) ba + < ba −  áîëìàãû 

þ÷èí a  âå b  âåêòîðëàð üçàðà íúõèëè éåðëåøìåëè. 

×üçþëèøè. a  âå b  âåêòîðëàðû óìóìû 0  áàøëàíãûùà ãåòèðåëèÿ. Øîíäà 

ba +  âå ba −  âåêòîðëàð òàðàïëàðû a  âå b  áîëàí ïàðàëëåëîãðàìûÿ 
äèàãîíàëëàðû áîëàðëàð (18-íùè ÷yzgy). 

OABΔ  âå OBCΔ  ãàðàëûÿ. OA BC
→ →

=  we OB
→

áó þ÷áóð÷ëóêëàð þ÷èí 

óìóìû òàðàïäûð. Øîÿà ãüðú  

1) OBCAOB ∠=∠  áîëñà baba −=+  áîëéàð. OBCAOB ∠+∠ =π  

áîëàíû þ÷èí ba we  âåêòîðëàð ïåðïåíäèêóëéàð áîëìàëûäûð. 

           
18-íùè ÷yzgy 
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 2) OBCAOB ∠<∠  áîëñà baba −>+  áîëéàð. ba we  

âåêòîðëàð éèòè áóð÷û ýìýëå ãåòèðìåëè. 

 3) OBCAOB ∠>∠  áîëñà baba −<+  áîëéàð. ba we  

âåêòîðëàð êþòåê áóð÷ ýìýëå ãåòèðìåëèäèð. 

 275. Óçûíëûãû 6-a äåÿ áîëàí a  âåêòîð b  âåêòîð áèëåí °45  áóð÷ 

ýìåëå ãåòèðéúð. a  âåêòîðûÿ b  âåêòîðà áîëàí ïðîýåêñèéàñûíû òàïìàëû. 
×üçþëèøè. 

        23
2
2645cos6),(cos =⋅=⋅=⋅=

∧

baaaпрb . 

276. { } { }2,1,4we1,3,2 −−− ba  âåêòîðëàðû ãîøìàëû. 

×üçþëèøè. ba +  âåêòîðûÿ êîîðäèíàòà îêëàðûíà áîëàí ïðîýåêñèéàëàðûíû 
òàïàëûÿ: 

          2)4(2)( −=−+=+baпрx ; 

          213)( −=+−=+ baпрy ; 

          1)2(1)( −=−+=+ baпрz . 

Îíäà 2 2a b i j k+ = − − −  éà-äà { }.1,2,2 −−−=+ ba  

277. { } { }5,0,15,3,2 −−− bwea  âåêòîðëàðûÿ àðàñûíäàêû áóð÷û 
òàïìàëû. 

×üçþëèøè. Àëéàðûñ:  

             38)5(3)2( 222 =−++−=a . 

      .
38
5cos,

38
3cos,

38
2cos 111

−
==

−
= γβα  

Øåéëå håì 

             26)5(01 222 =−++=b  

       .
26
5cos,0cos,

26
1cos 222

−
=== γβα  

Oíäà 
 =⋅+⋅+⋅= 212121 coscoscoscoscoscoscos γγββααϕ  

 πϕ k+==
−⋅−+⋅+⋅−

=
988
23

arccos,
988
23

2638
)5()5(031)2(

 bolar. 

      

278. kjia +−= 48  âåêòîðûÿ óãðóêäûðûùû êîñèíóñëàðûíû òàïìàëû. 
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×üçþëèøè. (3) ôîðìóëàíû óëàíàëûÿ.   

   .
9
1cos,

9
4cos,

9
8

1)4(8
8cos

222
=−==

+−+
= γβα  

279. )3,6,2( −−A  âå )7,1,4( −−B  íîêàòëàð áåðëåí áîëñà, 
→

AB  âåêòîðû 
òàïìàëû. 

280. { } { } { }1,2,4,3,2,1,14,3 −−−−− cba  âåêòîðëàð áåðëåí áîëñà, 

cbacba ++−−+ 45,234  âåêòîðëàðû òàïìàëû. 

280∗ . kjia 603020 −+=  âåêòîðûÿ óçûíëûãûíû âå óãðóêäûðûùû 
êîñèíóñëàðûíû òàpmàëû. 

281. kmmjmima )1()1( ++++=  âåêòîðûÿ óçûíëûãûíû òàïìàëû. 
282. Äåïåëåðè )1,4,1(we)2,2,3(),3,2,1( CBA  íîêàòëàðäà éatan 

þ÷áóð÷ëóãûÿ äåÿòàðàïëû þ÷áóð÷ëóêäûãûíû ãüðêåçìåëè. 

283. jibjia 5we32 +=+=  âåêòîðëàðûÿ àðàñûíäàêû áóð÷û 
òàïìàëû.  

( −ji , áèðëèê âåêòîðëàð). 

284. Ýãåð ji ,  üçàðà ïåðïåíäèêóëéàð áîëàí áèðëèê âåêòîðëàð áîëñà, 

jia 43 −=  âåêòîðûÿ óçûíëûãûíû òàïìàëû. 

285. 2 6 , 7 , 3AB i j BC i j CA i j
→ → →

= − = + = − −  âåêòîðëàð þ÷áóð÷ëóãû 

åìåëå ãåòèðéúðëåð. Ýãåð ji ,  âåêòîðëàð üçàðà ïåðïåíäèêóëéàð îðòëàð áîëñà, 
þ÷áóð÷ëóãûÿ áóð÷ëàðûíû êåñãèòëåìåëè. 

286. Áàøëàíãûùû ),,( 111 zyxA  àõûðû ),,( 222 zyxB  íîêàòëàð áîëàí 
→

AB  
âåêòîðûÿ êîîðäèíàòàëàðûíû òàïìàëû. 

287. { }1,2,3a  âåêòîðû { } { },2,5,4,1,2,6 −cb { }4,5,1 −d áàçèñäå 
äàãûäûï éàçìàëû. 

×üçþëèøè. 

                   1 2 3 ,a b c dα α α= + +  

−321 ,, ααα  ñàíëàðû êåñãèòëåìåê þ÷èí áó äåÿëèêäå áåðëåí dcba ,,,  

âåêòîðëàðûÿ kji ,,  äåêàðò áàçèñäå äàãûòìàëàðûíû ãîéàëûÿ; 
 

==−+−++++=++ )45()254()26(23 321 kjikjikjikji ααα  

.)422()55()46( 321321321 kji ααααααααα +−+−++++=   
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Áu éåðäåí 321 ,, ααα  íúáåëëèëåð þ÷èí ÷ûçûêëû þ÷ äåÿëåìå sistemasyny 
àëàðûñ: 

             
1 2 3

1 2 3

1 2 3

6 4 3
5 5 2 .

2 2 4 1

α α α
α α α
α α α

+ + =⎧
⎪ + − =⎨
⎪ − + =⎩

 

Áó sistemany ÷üçþï, 

           
8
30,

8
33,

8
31

321 −=−== ααα  

bahalary àëàðûñ. Øóíëóêäà, 

             
31 33 30 .
8 8 8

a b c d= − −  

¸ 3. Èêè âåêòîðûÿ ñêàëéàð êüïåëòìåê õàñûëû 

 Èêè ba we   âåêòîðëàðûÿ ñêàëéàð êüïåëòìåê õàñûëû äèéëèï, 

ba we  âåêòîðëàðûÿ óçûíëûêëàðûíûÿ, øîë âåêòîðëàðûÿ àðàñûíäàêû 
áóð÷óÿ êîñèíóñûíà êüïåëäèëìåãèíå äåÿ áîëàí ñêàëéàð óëóëûãà àéäûëéàð: 

cosa b a b ϕ⋅ = ⋅ .                         (1) 

1. Èêè âåêòîðûÿ ñêàëéàð êüïåëòìåê õàñûëû, áåðëåí âåêòîðëàðûÿ áèðè 
íoëà äåÿ áîëàíäà éà-äà áåðëåí âåêòîðëàð üçàðà ïåðïåíäèêóëéàð áîëàíäà 
íoëà äåÿäèð.      

2. abba ⋅=⋅ , éàãíû âåêòîðëàðûÿ ñêàëéàð êüïåëòìåê õàñûëû îðóí 
÷àëøûðìà êàíóíûíà boéun egé­r. 

3. Èêè âåêòîðûÿ ùåìèíèÿ þ÷þíùè âåêòîðà ñêàëéàð êüïåëòìåê õàñûëû 
øîë âåêòîðëàðûÿ  þ÷þíùè âåêòîðà ñêàëéàð êüïåëòìåê õàñûëëaðûíûÿ ùåìèíå 
äåÿäèð: 

                   cbcacba +=+ )( . 
4. Èñëåíäèê hemiøelik m  êüïåëäèùè þ÷èí, âåêòîðëàðûÿ ñêàëéàð 

êüïåëòìåê õàñûëû êüïåëòìåãèÿ óòãàøäûðìà êàíóíûíà áîéóí ýãéúð: 

                )()()( bmabambam =⋅=⋅ .    
5. Âåêòîðûÿ üç-üçþíå ñêàëéàð êüïåëòìåê õàñûëû øîë âåêòîðûÿ 

óçûíëûãûíûÿ êâàäðàòûíà äåÿäèð: 

                      
2aaa =⋅ . 

Ãîé, èêè ba we  âåêòîðëàð üçþíèÿ êîîðäèíàòàëàðû áèëåí áåðëåí 
áîëñóí: 
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 { } { }zyxzyx bbbbaaaa ,,,,, == . Îíäà îëàðûÿ ñêàëéàð êüïåëòìåê 

õàñûëû àøàêäàêû ôîðìóëà áèëåí òàïûëéàð: 

               zzyyxx babababa ++=⋅ .                   (2) 

Îëàðûÿ àðàsûíäàêû áóð÷ 

        
222222

cos
zyxzyx

zzyyxx

bbbaaa

bababa

++++

++
=ϕ                  (3) 

ôîðìóëà áoéun÷a òàïûëéàð. Áèð âåêòîðûÿ áåéëåêè âåêòîðà áîëàí 
ïðîéåêñèéàñû àøàêäàêû ãüðíþøäåäèð: 

               
2 2 2

.x x y y z z
b

x y z

a b a b a b
пр a

b b b

+ +
=

+ +
                  (4) 

Íoëà äåÿ áîëìàäûê { } { }zyxzyx bbbbaaaa ,,we,,  âåêòîðëàðûÿ 

êîëëåíèàðëûê øåðòè 

                    
z

z

y

y

x

x

b
a

b
a

b
a

== ,                       (5)           

îëàðûÿ ïåðïåíäèêóëéàðëûê øåðòè bolsa 
                 0=++ zzyyxx bababa                     (6) 

ãüðíþøäåäèð. 

288. Ñêàëéàð êüïåëòìåê õàñûëûíûÿ êåñãèòëåìåñèíè óëàíûï, kji ,,  
áèðëèê âåêòîðëàðûÿ àðàñûíäàêû áàãëàíûøûãû ãåòèðèï ÷ûêàðìàëû. 

×üçþëèøè. Ñêàëéàð êüïåëòìåê õàñûëûíûÿ êåñãèòëåìåñèíäåí àëéàðûñ: 
          ;1,11110cos 2 ==⋅⋅=⋅=⋅ iiiii    

         ;1,1,1,1 22 ==⋅==⋅ kkkjjj  

    .0,0,0011
2

cos =⋅=⋅=⋅⋅=⋅=⋅ kjkijiji π
 

Áåëëè áîëøû éàëû abba = , îíäà 0=⋅=⋅=⋅ jkikji . 

289. { } { }4,2,1,2,3,5 −ba  áîëñà a  âåêòîðûÿ b  âåêòîðà áîëàí 
ïðîéåêñèéàñûíû òàïìàëû. 

×üçþëèøè. Áåëëè áîëøû éàëû 

                    aпрbba b⋅=   

Áó éåðäåí 

       
3
21

21
7

4)2(1
422315
222

==
+−+

⋅+⋅−⋅
==

b
baaпрb . 
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 290. Íîêàäà f ãþé÷ òúñèð åäéúð. Îíóÿ êîîðäèíàòà îêëàðà áîëàí 

ïðîéåêñèéàëàðû )2,5,9( −  áîëñà, îíóÿ óëóëûãûíû âå óãðóíû êåñãèòëåìåëè. 

 ×üçþëèøè. { }2,5,9 −=f   ãþé÷ âåêòîðûÿ óãðóêäûðûùû êîñèíóñëàðûíû 
òàïàëûÿ: 

 

         
2 2 2

9 9cos ,
1109 5 ( 2)

α = =
+ + −

 

         
5 2cos , cos

110 110
β γ= = − . 

f  ãþéùþÿ óëóëûãûíû òàïàëûÿ: 

              110)2(59 222 =−++=f    

 291. Äåïåëåðè )1,2,1(we)1,1,5(),3,2,3( −−− CBA  íîêàòëàð áîëàí 
þ÷áóð÷ëóãûÿ i¡ki A bur¡uny tapmaly. 

 ×üçþëèøè. 
→

AB  âå 
→

AC  âåêòîðëàðûÿ àðàsûíäàêû  áóð÷û ϕ  áèëåí 

áåëãèëúëèÿ: 

       2 2 , 2 4 4 .i j k i j kACAB
→→

= − + = − − +  
Áó éåðäåí 

       
4 1 4 3, 4 16 16 6.AB AC= + + = = + + =

 
Ñêàëéàð êüïåëòìåê õàñûëûíû òàïàëûÿ: 

     2 ( 2) ( 1)( 4) 2 4 4 4 8 8.AB AC
→ →

⋅ = ⋅ − + − − + ⋅ = − + + =  
Îíäà 

      
8 4 4cos , arccos 63 36.

3 6 9 9
ϕ ϕ= = = ≈

⋅  

292. Ýãåð  baba ⊥== we3,2  áîëñà )2)(35( baba −+  

òàïìàëû. 
×üçþëèøè. Àëàðûñ: 

  )2)(35( baba −+  = −⋅=−⋅+⋅⋅−⋅ 222 21036510 babbaa  

     25 cos 6 3 3 40 27 13.
2 2

a b a b cosπ π
⋅ ⋅ + ⋅ ⋅ ⋅ − ⋅ = − =  
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293. Ýãåð ,i j  üçàðà áèðè-áèðèíå ïåðïåíäèêóëéàð áîëàí áèðëèê âåêòîðëàð 
áîëóï, 3 2 , 4a i j b i j= − =  áîëñà, ba ⋅  ñêàëéàð êüïåëòìåê õàñûëûíû 
õàñàïëàìàëû. 

294. 
6

we6,
3
1 πϕ === ba  áîëñà 23 2 4a ab b− +  àÿëàòìàíûÿ 

ñàí áàõàñûíû òàïìàëû. 

 295. Ýãåð 2 24 2 , 2 3 , 1, 1a i j b i j c i j i j= − = + = − = =  

2
we πϕ =  áîëñà 1232 +−+ cbbaa  àÿëàòìàíû éüíåêåéëåøäèðìåëè. 

296. 2 3 we 6 4 2a i j k b i j k= + + = + −  âåêòîðëàðûÿ àðàsûíäàêû 
áóð÷û òàïìàëû. 

×üçþëèøè. Áåëëè áîëøû éàëû , onda abab a b cos cos
a b

ϕ ϕ= = .  

Àëàðûñ: 

1 6 2 4 3 ( 2) 8, 1 4 9 14, 36 16 4 2 14.ab a b= ⋅ + ⋅ + ⋅ − = = + + = = + + =

 

Øóíëóêäà, 
8 2 2we arccos

7 72 14 14
cosϕ ϕ= = = . 

297. Ýãåð 4, 6, bolsa (3 2 )(5 6 )
3

a b a b a bπϕ= = = − −  

ñêàëéàð êüïåëòìåê õàñûëûíû òàïìàëû. 
298. Äüðòáóð÷ëóãûÿ äåïåëåðè áåðëåí: ,)3,2,2(,)2,3,4( −−−−− BA  

.)1,3,4(),1,5,8( −−−− DC  Oíóÿ äèàãîíàëëàðûíûÿ üçàðà 
ïåðïåíäèêóëéàðäûãûíû ñóáóò ýòìåëè. 

299. Äåïåëåðè )2,3,3(we)2,2,2(),0,4,1( −−−−−−− CBA  áîëàí 
¥¡bur¡luãûÿ i÷ki bur÷laryny tapmaly. 

300. Åãåð { }1,1,2,}6,4,5{ −−− ba  áîëñà a  âåêòîðûÿ b  âåêòîðà 
áîëàí ïðîéåêñèéàñûíû òàïìàëû. 

301. Âåêòîðëàðûÿ ïåðïåíäèêóëéàð éà-äà ïåðïåíäèêóëéàð äúëäèãèíè 
áàðëàìàëû: 

    1) { } { }3,4, 1 , 1, 2,11 ;a b−  

    2) { } { }1,3,4 , 2, 1,3 .a b −  

×üçþëèøè.  
    1) 3 1 4 2 1 11 3 8 11 11 11 0;⋅ + ⋅ − ⋅ = + − = − =  
    2) 1 2 3( 1) 4 3 2 3 12 11 0.⋅ + − + ⋅ = − + = ≠  
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Ãüðíþøè éàëû 1) ïåðïåíäèêóëéàð, 2) áîëñà ïåðïåíäèêóëéàð äúëäèð.  
302.Âåêòîðëàðûÿ ïåðïåíäèêóëéàð éàäà ïåðïåíäèêóëéàð äúëäèãèíè 

áàðëàìàëû 

 { } { } { } { }1) 3,0,6 , 4,7,2 , 2). 3,2,5 , 6, 3,1 .a b c d− −  

 303. Äåïåëåðè )3,4,3(we)1,5,2(,)5,3,2(,)3,4,1( DCBA  íîêàòëàð 
áîëàí äüðòáóð÷ëóãûÿ ïàðàëëåëîãðàìäûãûíû ãüðêåçìåëè. 

 304. Äåïåëåðè )3,5,3(we)3,1,1(),1,2,1(),2,1,3( −−−−− DCBA  
íîêàòëàð áîëàí äüðòáóð÷ëóãûÿ òðàïåñèéàäûãûíû ãüðêåçìåëè. 

¸ 4. Èêè âåêòîðûÿ âåêòîð êüïåëòìåê õàñûëû 

Ãîé, ba we  âåêòîðëàð áåðëåí áîëñóí. Øó âåêòîðëàðûÿ êüìåãè 

áèëåí àøàêäàêû øåðòëåðè êàíàãàòëàíäûðéàí g  âåêòîðû ãóðàëûÿ: 

1. ϕsin⋅⋅= bag , áó éåðäå ϕ  áóð÷ ba we  âåêòîðëàðûÿ 

àðàëûãûíäàêû áóð÷. 

2. g  âåêòîð ba we  âåêòîðëàðûÿ õåð áèðèíå îðòîãîíàë 
áîëìàëû. 

3. gba ,,  âåêòîðëàð ñàã þ÷ëþãè åìåëå ãåòèðìåëè. 

Øó óñóë áèëåí ãóðëàí g  âåêòîðà ba we  âåêòîðëàðûÿ âåêòîð 

êüïåëòìåê õàñûëû äèéèëéúð âå ba×  áèëåí áåëãèëåíéúð. 

 .1 ba×  = ( ).b a− ×           

 2. ( ) ( ) ( ).a b c a c b c+ × = × + ×                              

 3. ( ) ( )( ).ma nb mn a b× = ×                                 

4. Ýãåð ba we  âåêòîðëàðûÿ áèðè íoë âåêòîð áîëàí hàëäà éà-äà 

a  II b  áîëàí hàëäà âå äèÿå øó èêè õàëäà, èêè âåêòîðûÿ âåêòîð 
êüïåëòìåê hàñûëû íoëà äåÿäèð. 

Èêè êîëëåíèàð áîëìàäûê ba we   âåêòîðëàðûÿ âåêòîð êüïåëòìåê 
õàñûëûíûÿ ìîäóëû, øó âåêòîðëàð áèëåí ãóðëàí ïàðàëëåëîãðàìûÿ ìåéäàíûíà 
äåÿäèð.                                                                   

Ãîé, ba we   âåêòîðëàð üçþíèÿ êîîðäèíàòàëàðû áèëåí áåðëåí 
áîëñóí: 

{ } { }zyxzyx bbbbaaaa ,,,,, . Îíäà áó âåêòîðëàðûÿ âåêòîð êüïåëòìåê 

õàñûëû àøàêäàêû êåñãèòëåéùè áèëåí êåñãèòëåíèï áèëíåð: 
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.x y z

x y z

i j k
a b a a a

b b b
× =  

 
305. Äåïåëåðè ),,(we),,(),,,( 333222111 zyxCzyxBzyxA  íîêàòëàðäà 

áîëàí þ÷áóð÷ëóãûÿ ìåéäàíûíû òàïìàëû. 

×üçþëèøè.  we
→

AB
→

AC  âåêòîðëàðûÿ âåêòîð êüïåëòìåê õàñûëûíûÿ 

óçûíëûãû êåñãèòëåìú ãüðú we
→

AB
→

AC  âåêòîðëàð áèëåí ãóðëàí 
ïàðàëëåëîãðàìûÿ ìåéäàíûíà äåÿäèð. Áèçèÿ þ÷áóð÷ëóãûìûçûÿ S  ìåéäàíû 

ïàðàëëåëîãðàìûÿ ìåéäàíûíûÿ éàðûñûíà äåÿäèð, éàãíû 
→→

×= ACABS
2
1

  

áîëàð. 

we
→

AB
→

AC  âåêòîðëàðûÿ êîîðäèíàòàëàðûíû òàïàëûÿ: 

   { } { }2 1 2 1 2 1 3 1 3 1 3 1, , , , , .AB x x y y z z AC x x y y z z
→ →

= − − − = − − −  

Îíäà          

2 1 2 1 2 1

3 1 3 1 3 1

i j k
AB AC x x y y z z

x x y y z z

→

× = − − −
− − −

 = 

 = 2 1 2 1 2 1 2 1 2 1 2 1

3 1 3 1 3 1 3 1 3 1 3 1

.
y y z z z z x x x x y y

i j k
y y z z z z x x x x y y
− − − − − −

⋅ + ⋅ + ⋅
− − − − − −

 

bu éerden alarys:   

    =×
→

CAAB

2 2 2
2 1 2 1 2 1 2 1 2 1 2 1

3 1 3 1 3 1 3 1 3 1 3 1

.
y y z z z z x x x x y y
y y z z z z x x x x y y
− − − − − −

= + +
− − − − − −

 

Øóíëóêäà,    
1
2

S AB AC
→

= × = 
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2 2 2

2 1 2 1 2 1 2 1 2 1 2 1

3 1 3 1 3 1 3 1 3 1 3 1

.
y y z z z z x x x x y y
y y z z z z x x x x y y
− − − − − −

= + +
− − − − − −

 

 Ýãåð ABC  þ÷áóð÷ëóãûÿ äåïåëåðè xOy  òåêèçëèêäå éàòéàí áîëñà, 

éàãíû 0123 === zzz  áîëñà, îíäà àøàêäàêû ôîðìóëàny alarys: 

      
2

2 1 2 1 2 1 2 1

3 1 3 1 3 1 3 1

1 1 .
2 2

x x y y x x y y
S

x x y y x x y y
− − − −

= = ±
− − − −

 

 
306. Äåïåëåðè )2,4,3(),3,3,1(),2,2,2( CBA  íîêàòëàðda áîëàí 

þ÷áóð÷ëóãûÿ ìåéäàíûíû òàïìàëû. 
307. Äåïåëåðè )6,2,5(we)3,0,3(),0,2,1( CBA −  íîêàòëàðäà áîëàí 

ABC  þ÷áóð÷ëóãûÿ ìåéäàíûíû òàïìàëû. 

308. cba ,,  âåêòîðëàð 0=++ cba  øåðòè êàíàãàòëàíäûðéàí áîëñàëàð  

accbba ×=×=×  äåÿëèãè ñóáóò ýòìåëè. 

 ×üçþëèøè. Áåðëåí äåÿëèãè b  âåêòîðà âåêòîð êüïåëäåëèÿ: 

,00 =×=×+×+× bbcbbba  
áó éåðäåí 

0.a b c b× + × =  

Êåñãèòëåìú ãüðú 0, ( )b b c b b c× = × = − × . Îíäà 0=×−× cbba  

éàäà  .cbba ×=×  Øåéëå õåì acba ×=×  áîëéàíäûãû ñóáóò ýäèëéúð. 

Äèéìåê, áåðëåí øåðòëåðäå accbba ×=×=× . 

309. { },2,0,1 −a  { },,0,1,2b  { }1,1,1−c  âåêòîðëàð áåðëåí. Îíäà cba ×× )(  

)(we cba ××  òàïìàëû. 
 ×üçþëèøè. 
 

  
0 2 2 1 1 0

1 0 2 2 4 .
1 0 0 2 2 1

2 1 0

i j k
a b i j k i j k

− −
× = − = + + = − +  

 

  { }.1,4,2 −×ba  
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4 1 1 2 2 4
( ) 2 4 1 5 3 2 .

1 1 1 1 1 1
1 1 1

i j k
a b c i j k i j k

− −
× × = − = + + = − − −

− −
−

 

Øåéëå õåì, ( ) 4 5 2a b c i j k× × = − − −  (áàðëàìàëû). Äèéìåê,  

             ( )a b c× × ≠  )( cba ×× . 

 310. Deňligi ñóáóò ýòìåëè 2 2 2 2( ) ( ) .a b a b a b× + ⋅ = ⋅              

 311. 3 2 we 2a i j k b i j k= − − = + −  âåêòîðëàð áåðëåí. Îíäa  

)2()2( baba +×−  âåêòîð êüïåëòìåê õàñûëûíû òàïìàëû. 
 312. Äåïåëåðè )1,1,3(,)2,4,1(,)3,1,2( −− CBA  íîêàòëàðäà áîëàí 

ABC  þ÷áóð÷ëóãûÿ S  ìåéäàíûíû òàïìàëû. 
 313. Àÿëàòìàëàðû éüíåêåéëåøäèðìåëè 

     1) (2 3 ) ( 4 );a b a b− × +  
     2) (3 4 5 ) (2 6 ).i j k i j k− + × + −  
314. Ñêàëéàðû õàñàïëàìàëû 
       2 2( ) ( ) .A a b ab= × +  

315. Ýãåð CABA ⊥⊥ we  áîëñà 0)( =×× CBA  äåÿëèãè ñóáóò 
åòìåëè. 

316. 0,0 ≠≠ ba  øåðò áîéóí÷à xba ×=  áîëàð éàëû ýäèï x  âåêòîðû 
òàïìàê õåìèøå ìþìêèíìè? 

×üçþëèøè. a  âåêòîðûÿ xb we  âåêòîðëàðûÿ âåêòîð êüïåëòìåê 

hàñûëû áîëìàãû þ÷èí êåñãèòëåìú ãüðú, а  âåêòîðûÿ xb we  âåêòîðà 

ïåðïåíäèêóëéàð áîëìàãû çåðóð. b  âåêòîðûÿ þñòè áèëåí a  âåêòîðûÿ îêóíà 
ïåðïåíäèêóëéàð òåêèçëèê ãå÷èðåëèÿ âå øîë òåêèçëèãèÿ þñòþíäå èñëåíäèê áèð с  
âåêòîðû àëàëûÿ. dcb =×  áåëãèëúëèÿ. Âåêòîð a IId , øîÿà ãüðúäå ,a dλ=  
øåéëå õåì 

                ( ) .d b c b cλ λ λ= × = ×  

Ýãåð c xλ =  äèéèï àëñàê, îíäà xba ×=  ìåñåëúíèÿ ÷üçþâè áîëàð. 

 317. Ýãåð x  âåêòîðûÿ { } { }4,2,1we2,3,5 −ba  âåêòîðëàðà 

ïåðïåíäèêóéàðäûãû áåëëè õåì-äå ( 2 5 ) 85x i j k+ + =  áîëñà, x  âåêòîðû 
òàïìàëû. 



95 
 

×üçþëèøè. ba we  èêè âåêòîðà ïåðïåíäèêóëéàð áîëàí èñëåíäèê 

âåêòîð îëàðûÿ âåêòîð êüïåëòìåê õàñûëûíà, éàãíû ba×  âåêòîðà êîëëåíèàð 
áîëìàëû. 

Äèéìåê, 

       ( ) 5 3 2 (16 18 13 ).
1 2 4

i j k
x a b i j kλ λ λ= × = = − −

−
 

 x  áàõàñûíû ìåñåëúíèÿ èêèíùè øåðòèíäúêè äåÿëèãå ãîéóï àëàðûñ: 

       (16 18 13 )( 2 5 ) 85i j k i j kλ − − + + =       

éà-äà  

  1,8585 −==− λλ  . Äèéìåê, 16 18 13x i j k= − + + . 

318. Ýãåð 6we2,5 === baba  áîëñà ba×  òàïìàëû. 

319. )3,2,1(M  íîêàäà 2 4F i j k= − +  ãþé÷ ãîéëàí. Îíäà áó ãþéùþÿ 
)1,2,3( −M  íîêàäà ãüðú ìîìåíòèíè òàïìàëû. 

 ×üçþëèøè. Ýãåð F  ãþé÷ B íîêàäà ãîéëàí áîëñà, îíäà áó ãþéùþÿ A 

íîêàäà ãüðú ìîìåíòè A B
→

 âåêòîðûÿ F  âåêòîðà âåêòîð êüïåëòìåê 

õàñûëûíà äåÿäèð. AB
→

 âåêòîðû òàïàëûÿ:  

A B
→

(1 3) (2 2) (3 1) 2 4 .i j k i k= − + − + + = − +  
Îíäà 

 
2 4 4 1 1 2

1 2 4
0 4 4 2 2 0

2 0 4
A

i j k
m F AB F i j k

→ − −
= × = − = + + =

− −
−

 

 18 12 4 .i j k= − −  

320. )1,1,2( −M  íîêàäà 3 2 4F i j k= + −  ãþé÷ ãîéëàí áîëñà, áó 
ãþéùþÿ êîîðäèíàòàëàð áàøëàíãûùûíà ãüðú ìîìåíòèíè òàïìàëû. 

¸ 5. Äþðëè ìåñåëåëåð 

321. Ãüíþáóð÷ëû äåêàðò êîîðäèíàòàëàð sistemasynda )0,,(),,,0( yxBzyA  
âå )0,,( yxC  íîêàòëàðûÿ éåðëåøèøèíè àíûêëàìàëû. 
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 322. Ãüíþáóð÷ëû äåêàðò êîîðäèíàòàëàð sistemasynda 
(2,0,0), (0, 5,0),A B −  )0,5,5(),2,2,0(),1,0,0( −− EDC  íîêàòëàðûÿ éåðëåøèøèíè 

àíûêëàìàëû. 
 323. ),,( cbaA  íîêàäûÿ 1) xOy  òåêèçëèãå ãüðú, 2) yOz  òåêèçëèãå 

ãüðú,  3) Oy  îêà ãüðú, 4) Êîîðäèíàòàëàð áàøëàíãûùûíà ãüðú ñèììåòðèê 
áîëàí íîêàòëàðûíûÿ êîîðäèíàòàëàðûíû òàïìàëû. 

 324. Àïïëèêàòàëàð îêóíäà )1,2,0(we)2,1,4( −− BA  íîêàòëàðäàí äåÿ 
äàøëûêäà éàòéàí íîêàäûÿ êîîðäèíàòàëàðûíû òàïìàëû 

 325. Äåïåëåðè )1,1,5(we)3,1,2(),5,2,3( −−−− CBA  íîêàòëàðäà 
áîëàí  þ÷áóð÷ëóãûÿ éèòèáóð÷ëû þ÷áóð÷ëóêäûãûíû ñóáóò ýòìåëè. 

 326. )4,0,5(we)3,2,7( −− BA  íîêàòëàðû áèðëåøäèðéúí AB  êåñèì C  

íîêàò áèëåí 
5
1

==
CB
ACλ  ãàòíàøûêëà áüëþíåí áîëñà, C íîêàäûÿ 

êîîðäèíàòàëàðûíû òàïìàëû. 
 327. AB  êåñèì FEDC ,,,  íîêàòëàð áèëåí äåÿ áúø áüëåãå áüëèíåí. 

Èêè )8,4,2(we)7,5,3( −−− FC  íîêàòëàð áåëëè áîëñà, ãàëàí EDBA ,,,  
íîêàòëàðû òàïìàëû. 

328. Ãîé, cba we,  âåêòîðëàð áåðëåí  îê áèëåí äåãèøëèëèêäå 
3
π
, 

ππ ,
3

2
 áóð÷û ýìåëå ãåòèðéúí âåêòîðëàð áîëñóí. Îíäà cba ++ 23  

âåêòîðûÿ îêà áîëàí ïðîéåêñèéàñûíû òàïìàëû. 

 329. 
→→→

== nBDmAC we  ïàðàëëåëîãðàìûÿ äèàãîíàëëàðû áîëñà,      
→

AB , 
→→→

DACDBC we,   âåêòîðëàðû 
→→

nm ,  âåêòîðëàðûÿ þñòè áèëåí 
àÿëàòìàëû. 

 330. DCBAABCD ′′′′  ïàðàëëåëîãðàìûÿ ãàïûðãàëàðû áèëåí ãàáàò ãåëéúí 

 cAAbADaAB =′==
→→→

,,  âåêòîðëàð áåðëåí áîëñà, 
→→→→
′′′′ DBDBCACA ,,,  

äèàãoíàëëàðû cba we,  âåêòîðëàð áèëåí àÿëàòìàëû. 
 331. Ýãåð O íîêàò ABC  þ÷áóð÷ëóãûÿ ìåäèàíàëàðûíûÿ êåñèøìå 

íîêàäû áîëñà 0=++
→→→

OCOBAO  áîëéàíäûãûíû ñóáóò ýòìåëè. 
 332. Äåïåëåðè )6,0,8(we)3,2,7(,)5,3,1(),4,1,2( −− DCBA  

íîêàòëàðäà bolan äüðòáóð÷ëóãûÿ ïàðàëëåëîãðàìäûãûíû ñóáóò ýòìåëè. Îíóÿ 
òàðàïëàðûíûÿ óçûíëûêëàðûíû òàïìàëû. 

 333. )3,5,3(we)1,1,1(,)1,2,1(,)2,1,3( −−−−− DCBA  íîêàòëàðûÿ 
òðàïåñèéàíûÿ äåïåëåðèäèãèíè ãüðêåçìåëè âå ïàðàëëåë òàðàïëàðûíãûÿ 
óçûíëûêëàðûíû òàïìàëû. 
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 334. 3 4 7 we 2 5 2a i j k b i j k= + + = − +  âåêòîðëàðûÿ üçàðà 
ïåðïåíäèêóëéàðäûãûíû ãüðêåçìåëè. 

 335. Ýãåð ba wektor  âåêòîðà ïåðïåíäèêóëéàð áîëñà âå ,2=a   

3=b  áåëëè áîëñà  )2)(35( baba −+  òàïìàëû. 

 336. Ìàòåðèàë íîêàäà àøàêäàêû ãþé÷ëåð òúñèð ýäéúð äèéåëèÿ: 

       1 2 32 , 2 2 , 2f i j k f i j k f i j k= − + = − + + = + −  

Îë íîêàäû )0,1,0( −A  íîêàòäàí )1,1,4( −B  íîêàäà ÷åíëè þéòãåòìåê 

þ÷èí äåÿòúñèð åäéúí R  ãþéùþÿ éåðèíå éåòèðåí èøèíè òàïìàëû. 

 337. 3 6 , 4 5 , 3 4 2a i j k b i j k c i j k= + − = + − = + +  âåêòîðëàð 

áåðëåí áîëñà ca +  âåêòîðûÿ cb +  âåêòîðà áîëàí ïðîéåêñèéàñûíû 
òàïìàëû. 

 338. ccabcbap we)()( −=  âåêòîðëàðûÿ áèðè-áèðèíå ïåðïåíäèêóë- 
éàðäûãûíû ãüðêåçìåëè. 

 339. Ýãåð ,i j  üçàðà ïåðïåíäèêóëéàð áèðëèê âåêòîðëàð áîëñà 

3a i j= +  âå 5b i j= +  âåêòîðëàðûÿ àðàñûíäàêû áóð÷û õàñàïëàìàëû. 

 340. { } { }6,2,3we2,1,2
→→

− BCAB   âåêòîðëàð þ÷áóð÷ëóãûÿ òàðàïëàðû 
áèëåí ãàáàò ãåëéúí áîëñà, îë þ÷áóð÷ëóãûÿ ìåéäàíûíû òàïìàëû. 

 341. { } { }2,2,1we4,0,3 −− ba  âåêòîðëàð áåðëåí. Áó âåêòîðëàðûÿ 
âåêòîð êüïåëòìåê õàñûëûíû âå îëàð áèëåí ãóðëàí ïàðàëëåëîãðàìûÿ 
ìåéäàíûíû òàïìàëû. 

 342. Àÿëàòìàëàrû éüíåêåéëåøäèðìåëè 

       21) (2 ) ( 2 ) ( 3 ) ;i j j j k k i k− + − + −              

       2) (3 4 5 ) (2 6 );i j k i j k− − × + −  

       3) 3 ( ) 5 ( ) 6 ( );i i k j i k k i j× + × − ×  

       4) ( ) ( ) ( ).i j k j i k k i j k× × − × × + × + +   

 343. )()( cbacabx −=  âåêòîðûÿ c  âåêòîðà ïåðïåíäèêóëéàðäûãûíû 
ñóáóò ýòìåëè. 

344. Äåãèøëèëèêäå óëuëûêëàðû 19,13 == ba  áîëàí 24=+ba  øåðòè 

êàíàãàòëàíäûðéàí ba we  âåêòîðëàð áåðëåí áîëñà, ba −  òàïìàëû. 

345. Äåãèøëèëèêäå óëuëûêëàðû 23,11 == ba  áîëàí 30=−ba  øåðòè 

êàíàãàòëàíäûðéàí ba we  âåêòîðëàð áåðëåí áîëñà, ba +  òàïìàëû. 
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346. Ýãåð ,i j  âåêòîðëàð áèðè-áèðèíå ïåðïåíäèêóëéàð áîëàí áèðëèê 

âåêòîðëàð áîëñà, 3 2 we 4a i j b i j= − = +  âåêòîðëàðûÿ ñêàëéàð 
êüïåëòìåê hasylyny òàïìàëû. 

347. Ýãåð 432,2,4 2 =−=+=−= mwenmcnmbnma , 

2
)(,12 π
==

∧

mnn , áîëñà  1)(2)(32 +−+ bcaba   àÿëàòìàíû éüíåêåéëåøäèð-

ìåëè. 
348. Þ÷áóð÷ëóãûÿ äåïåëåðè áåðëåí: )1,2,1(,)1,1,5(,)3,2,3( −−− CBA . 

Þ÷áóð÷ë÷ãûÿ A äåïåñèíäúêè è÷êè áóð÷û òàïìàëû. 
349. Þ÷áóð÷ëóãûÿ )1,2,5(,)2,4,3(,)1,4,1( −−− CBA  äåïåëåðè áåðëåí 

áîëñà, îíóÿ B  äåïåñèíäúêè è÷êè áóð÷û òàïìàëû. 

350. 2 3 5 we 2a i j k b i j k= + + = + +  âåêòîðëàðûÿ âåêòîð 
êüïåëòìåê õàñûëûíû òàïìàëû. 

351. 6 3 2 we 3 2 6a i j k b i j k= + − = − +  âåêòîðëàð áèëåí ãóðëàí 
ïàðàëëåëîãðàìûÿ ìåéäàíûíû òàïìàëû. 

352. Äåïåëåðè )2,3,4(),4,3,2(,)1,1,1( CBA  íîêàòëàðäà áîëàí 
¥¡bur¡lugyª ìåéäàíûíû õàñàïëàìàëû. 

353. Ýãåð )(we1 baba
∧

==
2
π

=  áîëñà, baba ++ 3we3  

âåêòîðëàð áèëåí ãóðëàí ïàðàëëåëîãðàìûÿ ìåéäàíûíû õàñàïëàìàëû. 
354. Àÿëàòìàíû éüíåêåéëåøäèðìåëè. 

     (2 ) ( ) ( ) ( ) .a b c a b c a b⎡ ⎤ ⎡ ⎤+ × − + + × +⎣ ⎦ ⎣ ⎦  

355. 3 2 5 we 2 3a i j k b i j k= − + = − +  âåêòîðëàðûÿ âåêòîð 
êüïåëòìåê õàñûëûíû òàïìàëû. 

356. Ï1 ïàðàëëåëîãðàìûÿ òàðàïëàðû 2Р  ïàðàëëåëîãðàìûÿ äèàãîíàëëàðûíà 

äåÿ. Îëàðûÿ 1 2S we S  ìåéäàíëàðûíûÿ áàãëàíûøûãûíû òàïìàëû. 

357. Äåïåëåðè )3,1,5(,)2,3,2(,)2,1,1( −CBA  íîêàòëàðäà áîëàí 
þ÷áóð÷ëóãûÿ S  ìåéäàíûíû òàïìàëû. 

358. { } { } { }1,1,1we1,1,2,2,1,1 −==−= cba  âåêòîðëàð áåðëåí áîëñà 

),)(
→→→

×× cba  )(
→→→

×× cba òàïìàëû. 

359. Ýãåð 3 2 we 2a i j k b i j k= + + = + +  âåêòîðëàð áåðëåí áîëñà, 

onda )2()2(
→→→→

+×− baba âåêòîð êüïåëòìåê õàñûëûíû òàïìàëû. 
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360. Ýãåð 2 3 , 3 2 , 2 3a i j k b i j k c i j k= − + = − + + = + +  âåêòîðëàð 

áåðëåí áîëñà, onda )()(
→→→→

×××= cabau  wektory tapmaly.  

 361.  2 2 we 3 2 2a i j k b i j k= + + = + +    âåêòîðëàð  áèëåí  
ãóðëàí ïàðàëëåëîãðàìûÿ ìåéäàíûíû òàïìàëû. 

¸ 6. Þ÷ âåêòîðûÿ ãàðûøûê êüïåëòìåê õàñûëû 

ba we  âåêòîðëàðûÿ âåêòîð êüïåëòìåê õàñûëûíûÿ c  âåêòîðà 

ñêàëéàð êüïåëäèëìåãèíå cba ,,  þ÷ âåêòîðûÿ ãàðûøûê êüïåëòìåê õàñûëû 
äèéèëéúð âå àøàêäàêû éàëû áåëãèëåíéúð: 

           [ ] cba ⋅× éà-äà ( ) .a b c×  
1. Áåðëåí þ÷ âåêòîðûÿ îðóíëàðûíû òüâåðåê áîéóí÷à  ñþéøþðèï 

þéòãåòñåê, îíäà þ÷ âåêòîðûÿ ãàðûøûê êüïåëòìåê õàñûëû 
þéòãåìåéúð: 

           [ ] .a b c b c a c a b⎡ ⎤ ⎡ ⎤× ⋅ = × ⋅ = × ⋅⎣ ⎦ ⎣ ⎦  

2. Þ÷ âåêòîðûÿ ãàðûøûê êüïåëòìåê õàñûëûíäà âåêòîðëàðûÿ õàéñû 
áîëñàäà áèðèíèÿ îðíóíû þéòãåòìúí, áåéëåêè èêèñèíèÿ îðíóíû 
þéòãåòñåÿ, îíäà îíóÿ àëàìàòû þéòãåéúð: 

           [ ][ ] [ ] .a b c b a c a c b× ⋅ = − × ⋅ = × ⋅  

3. Þ÷ âåêòîð êîìïëàíàð áîëñà, îíäà îëàðûÿ ãàðûøûê êüïåëòìåê 
õàñûëû íoëà äåÿäèð:   

         [ ] 0.
x y z

x y z

x y z

a a a
a b c b b b

c c c
× ⋅ = =  

362. 2 , 3 , 4a i j k b i j k c i j k= − − = + − = + +  âåêòîðëàðûÿ 
ãàðûøûê êüïåëòìåê õàñûëûíû òàïìàëû. 

×üçþëèøè. Àëàðûñ:  

   

2 1 1
3 1 1 1 1 3

( ) 1 3 1 2 1 1 26 5 3 33.
1 4 1 4 1 1

1 1 4
a b c

− −
− −

× = − = + − = + + =  

363. 2 5 7 , , 2 2a i j k b i j k c i j k= + + = + − = + +  âåêòîðëàðûÿ 
êîìïëàíàðäûãûíû ãüðêåçìåëè. 
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×üçþëèøè. Âåêòîðëàðûÿ ãàðûøûê êüïåëòìåê õàñûëûíû òàïàëûÿ: 
2 5 7

1 1 1 1 1 1
( ) 1 1 1 2 5 7 8 15 7 0.

2 2 1 2 1 2
1 2 2

a b c
− −

× = − = − + = − + =  

Äèéìåê, âåêòîðëàð êîìïëàíàðäûðëàð. 
364. Äåïåëåðè )7,4,2(we)5,5,3(,)4,4,4(,)1,1,1( DCBA  íîêàòëàð 

áîëàí ABCD  ïèðàìèäàíûÿ ãüâðþìèíè òàïìàëû. 

×üçþëèøè. 
→→→

ADACAB we,  âåêòîðëàðû êåñãèòëúëèÿ: 

           { } { } { }3,3,3 , 2, 4, 4 , 1,3,6 .AB AC AD
→ → →

 

Èíäè þ÷ âåêòîðûÿ ãàðûøûê êüïåëòìåê õàñûëûíû òàïàëûÿ: 
 

            .18
631
442
333
==⋅⎟

⎠
⎞

⎜
⎝
⎛ ×

→→→

ADAСAB  

Áó áîëñà 
→→→

ADACAB ,,  âåêòîðëàð áèëåí ãóðëàí ïàðàëëåëeïèïåäèÿ 
ãüâðþìèäèð: 

                    18 kub.bir.parV =  

Ïèðàìèäàíûÿ ãüâðþìè áîëñà ïàðàëëåëeïèïåäèÿ ãüâðþìèíèÿ àëòûäàí 
áèðèíå äåÿäèð. 

     .birkub.318
6
1

6
1

=== parpir VV  

365. Äåïåëåðè )5,2,1(we)1,2,3(,)2,1,4(,)3,2,1( DCBA    íîêàòëàðäà 

áîëàí ïèðàìèäàíûÿ ãüâðþìèíè òàïìàëû.  

366. 3 5 , 2 , 5 3 4a i j b i j k c i j k= + = − + = + +  âåêòîðëàðûÿ 

komplanaräûãûíû ãüðêåçìåëè. 

367. )9,1,0(we)2,2,2(,)2,1,1(,)3,0,1( DCBA −−−  íîêàòëàðûÿ áèð 

òåêèçëèêäå éàòéàíäûãûíû ñóáóò åòìåëè. 

368. }4,1,1{},1,2,0{},3,1,1{ −− cba  âåêòîðëàðûÿ êîìïëàíàðäûãûíû 

ñóáóò åòìåëè. 
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V ÁÜËÞÌ 

ÃÈßÈØËÈÊÄÅ ÀÍÀËÈÒÈÊ ÃÅÎÌÅÒÐÈÉÀ  

§ 1. Òåêèçëèê âå îíóÿ äåÿëåìåñè 

1. Òåêèçëèãèÿ óìóìû äåÿëåìåñè. Òåêèçëèãèÿ êåñèìëåðäúêè äåÿëåìåñè. 

Ýãåð ãèÿèøëèêäå äåêàðò êîîðäèíàòàëàð sistemasy áåðëåí áîëñà, îíäà 
þñòþÿ óìóìû äåÿëåìåñè àøàêäàêû ãüðíþøäå éàçûëéàð:  

( , , ) 0.F x y z =  
Ýãåð ),,( zyxF   n-nùè òåðòèïëè êüïàãçà áîëñà, îíäà ãèÿèøëèêäå n-nùè 

òåðòèïëè àëãåáðàèê þñò éà-äà n-nùè òåðòèïëè þñò áåðëåí äèéèëéúð. 
Õåð áèð áèðèíùè òåðòèïëè 
               0=+++ DCzByAx                  (1) 

äåÿëåìå ãèÿèøëèêäå òåêèçëèãè àÿëàäéàð. Áó éåðäå DCBA ,,,  kîåôôèöèéýíòëåð 
íoëäàí òàïàâóòëûäûðëàð. Øîíóÿ þ÷èí (1) äåÿëåìú òåêèçëèãèÿ óìóìû 
äåÿëåìåñè äèéèëéúð. 

Êîîðäèíàòàëàðû (1) äåÿëåìåäúêè zyx ,,  óëóëûêëàðûÿ êîåôôèñèéåíòëåðè 

áîëàí ),,( CBAN  âåêòîð (1) òåêèçëèãå ïåðïåíäèêóëéàð âåêòîðäûð. Ãåëùåêäå 
áèç øó òàññûêëàìàíû õåìèøå óëàíàðûñ. 

 ),,( 0000 zyxM  íîêàò àðêàëû ãå÷éúí âå ),,( CBAN  âåêòîðà 
ïåðïåíäèêóëéàð áîëàí òåêèçëèãèÿ äåÿëåìåñè àøàêäàêû ãüðíþøäå éàçûëéàð: 

       0 0 0( ) ( ) ( ) 0.A x x B y y C z z− + − + − =              (2) 

Ýãåð (1) äåÿëåìåäå 0=D  áîëñà, îíäà îë òåêèçëèê êîîðäèíàòàëàð 
áàøëàíãûùûíäàí ãå÷éúíäèð. Øåéëå õåì, 0=A  bîëñà, òåêèçëèê Ox  îêà, 

0=B  áîëñà Oy  îêà, 0=C  áîëñà Oz îêà ïàðàëëåëäèð. 
Ýãåð 0== DA  áîëñà, òåêèçëèê Ox  boéun÷a, 0== DB  áîëñà Oy  

boéun÷a, 0== DC  áîëñà, Oz boéun÷a ãå÷éúíäèð. 
Ýãåð 0== BA  áîëñà, òåêèçëèê xOy  òåêèçëèãå, 0==CB  áîëñà, yOz  

òåêèçëèãå, 0==CA  áîëñà, xOy  òåêèçëèãå ïàðàëëåëäèð. 
Ýãåð (1) äåÿëåìåäå DCBA ,,,  êîýôôèñèéåíòëåð íoëäàí òàïàâóòëû 

áîëñàëàð, îíäà îíû àøàêäàêû ãüðíþøå ãåòèðèï áîëéàð: 

                 1.x y z
a b c
+ + =                      (3)    
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áó éåðäå cba ,,  ñàíëàð òåêèçëèãèÿ êîîðäèíàòà îêëàðûíäàí êåñèï àëéàí 
àðàëûêëàðûíûÿ óçynlûêëàðûäûð. Áó äåÿëåìú òåêèçëèãèÿ êåñèìëåðäúêè 
äåÿëåìåñè äèéèëéúð. 

369. Äåÿëåìåñè 0134 =++− zyx  áîëàí òåêèçëèãèÿ àøàêäàêû 
íîêàòëàðûÿ õàéñûëàðû àðêàëû ãå÷éúíäèãèíè  òàêûêëàìàëû. 

( 1,6,3), (3, 2, 5), (0, 4,1), (2,0,5), (2,7,0), (0,1,0).A B C D E F− − −  
×üçþëèøè. Íîêàòëàðûÿ êîîðäèíàòàëàðûíû áåðëåí äåÿëåìú ãîéóï àëéàðûñ: 
 

4( 1) 6 3 3 1 10 10 0;
4 3 ( 2) 3 ( 5) 1 15 15 0;
4 0 4 3 1 1 4 4 0;
4 2 0 3 5 1 8 16 24;
4 2 7 3 0 1 9 7 2;
4 0 1 3 0 1 1 1 0.

− − + ⋅ + = − + =
⋅ − − + ⋅ − + = − =
⋅ − + ⋅ + = − + =
⋅ − + ⋅ + = + =
⋅ − + ⋅ + = − =
⋅ − + ⋅ + = − + =

 

 
Øóíëóêäà, òåêèçëèê FCBA ,,,  íîêàòëàðyÿ üstünden ãå÷éúð, −ED,

íîêàòlaräàí  áîëñà ãå÷ìåéúð. 
370. )1,2,1( −M  íîêàòäàí âå Oz îêäàí ãå÷éúí òåêèçëèãèÿ äåÿëåìåñèíè 

éàçìàëû. 
×üçþëèøè. Oz окy arkaly ãå÷éúí òåêèçëèãèÿ äåÿëåìåñèíè éàçàëûÿ: 

)0(0 ===+ DCByAx  
Òåêèçëèãèÿ M  íîêàòäàí ãå÷éúíäèãèíå ãüðú, îë íîêàäûÿ êîîðäèíàòàëàðû 

áåðëåí äåÿëåìúíè êàíàãàòëàíäûðìàëûäûð: 
1 ( 2) 0, 2 .A B A B⋅ + − = =  

Îíäà     ,02 =+ ByBx    éà-äà    2 0.x y+ =  
371. Òåêèçëèãèÿ 011543 =++− zyx  óìóìû äåÿëåìåñèíè îíóÿ 

êåñèìëåðäúêè äåÿëåìåñè ãüðíþøèíäå éàçìàëû. 
×üçþëèøè.  Àçàò àãçàíû äåÿëèãèÿ ñàã áüëåãèíå ãå÷èðèï, èêè bölegini õåì 

11-e áüëþï àëàðûñ: 

 1
11

5
11

4
11

3,11543 =
−

+
−

−
−

−=+−
zyxzyx  

éà-äà  
11 11 111, , , .11 11 11 3 4 5

3 4 5

x y z a b c+ + = = − = = −
− −

 

372. Egåð òåêèçëèê )4,2,2( −−P  íîêàò arkaly ãå÷èï àáññèñàëàð îêóíû 

3−=a  àðàëûêäàí, àïïëèêàòà îêóíû 2=c  àðàëûêäàí êåñèï ãå÷éúí áîëñà, 
îíóÿ êåñèìëåðäúêè äåÿëåìåñèíè éàçìàëû.    
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×üçþëèøè. (3) ôîðìóëàíû óëàíéàðûñ: )2,3( =−= са    

1.
3 2
x y z

b
+ + =

−  

Òåêèçëèãèÿ P  íîêàdy arkaly ãå÷éúíäèãèíå ãüðú îë íîêàäûÿ 
êîîðäèíàòàëàðû äåÿëåìúíè êàíàãàòëàíäûðéàíäûð: 

2 2 4 1.
3 2b

− −
+ + =

−  

Áó éåðäåí 
11
6

−=b . Øóíëóêäà, òåêèçëèãèÿ äåÿëåìåñè àøàêäàêû 

ãüðíþøäåäèð: 

1.63 2
11

x y z
+ + =

− −
 

373. )0,0,0(O  âå )3,2,1(A  íîêàòëàðû áèðëåøäèðéúí êåñèìý 
ïåðïåíäèêóëéàð áîëàí âå îë êåñèìè äåÿ èêú áüëéúí òåêèçëèãèÿ äåÿëåìåñèíè 
éàçìàëû. 

×üçþëèøè. Ãîé, ),,( zyxM  òåêèçëèãèÿ åðêèí íîêàäû áîëñóí. Ìåñåëúíèÿ 

øåðòèíå ãüðú MAMO = . Èêè íîêàäûÿ àðàsûíäàêû óçàêëûãû òàïìàêëûãûÿ 

ôîðìóëàñûíû óëàíûï, áó äåÿëèãè àøàêäàêû ãüðíþøäå éàçûï áèëåðèñ: 

 222222 )3()2()1( −+−+−=++ zyxzyx  
éà-äà          

 0732,014642 =−++=−++ zyxzyx . 
Áó äåÿëåìå ãüçëåíéúí òåêèçëèãèÿ äåÿëåìåñèäèð. 

374. )2,0,3(0 −M  íîêàò àðêàëû ãå÷éúí âå )5,3,2(
→

N  âåêòîðà 
ïåðïåíäèêóëéàð áîëàí òåêèçëèãèÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. (2) ôîðìóëàíû óëàíàëûÿ. Áó éåðäå .5,3,2 === CBA  

)2,0,3(0 −M  – íîêàò àðêàëû ãå÷éúí òåêèçëèãèÿ äåÿëåìåñèíè éàçàëûÿ: 

0)2(5)0(3)3(2 =−+−++ zyx  
éà-äà 

2 3 5 4 0.x y z+ + − =  
375. Òåêèçëèêëåðè ãóðìàëû.  

.032.3.0632.2.08423.1 =−=−+=−++ zyxzyx  

Ãóðëóøû. 1) 0≠D  áîëàíû þ÷èí òåêèçëèê êîîðäèíàòàëàð áàøëàíãûùûíäàí  
ãå÷ìåéúð. Îë êîîðäèíàòà îêëàðûíû äþðëè àðàëûêëàðäàí êåñèï ãå÷éúð. 
Òåêèçëèãèÿ Ox  îêû áèëåí êåñèøìå íîêàäûíû òàïìàê þ÷èí äåÿëåìåäå 
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0== zy  ãîéóï àëàðûñ: .
3
8,083 ===− axx  Øåéëå õåì 0== zx  áîëñà 

4==bx  âå 0== yx  áîëñà, .2== cz  Øóíëóêäà, 

)2,0,0(),0,4,0(,0,0,
3
8 CBA ⎟

⎠
⎞

⎜
⎝
⎛

   (19-njy çyzgy).                             

 

19-njy çyzgy                         

                              
2. 0632.6 =−+−= yxD  äåÿëåìúíè 

1
23
=+

yx
 

ãüðíþøäå éàçûï áèëåðèñ. Áó éåðäå .2,3 == ba  Áó òåêèçëèê Oz îêà 
ïàðaëëåëäèð (20-nji çyzgy).  

 
20-njè çyzgy    
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  3. Ãüðíþøè éàëû 0== BA . Îíäà áåðëåí òåêèçëèê xOy  êîîðäèíàòà 

òåêèçëèãèíå ïàðàëëåëäèð âå Oz îêû 
2
3
 àðàëûêäàí êåñèï ãå÷éúð (21-nji çyzgy). 

 

 

21-nji çyzgy 

 
376. Òåêèçëèêëåðè ãóðìàëû. 
1) 2 4 0; 2) 2 3 6 0;x y z x z+ − − = + − =  
3) 2 5 0; 4) 2 3 0.y y z− = − =  
 
377. Ox  îêy âå )4,2,3(M  íîêàò àðêàëû ãå÷éúí òåêèçëèãèÿ 

äåÿëåìåñèíè éàçìàëû. 
×üçþëèøè.  Ãüçëåéúí äåÿëåìúìèçèÿ óìóìû ãüðíþøþ àøàêäàêû éàëûäûð:  

.0=+CzBy  Bó äåÿëåìú M  íîêàäûÿ êîîðäèíàòàëàðûíû ãîéóï 
àëéàðûñ: 

042 =+ CB     éà-äà     2 .B C= −  
 
Îíäà 2 0 we 2 0Cy Cz y z− + = − =  alarys. 

378. Ox  îêà ïåðïåíäèêóëéàð áîëàí âå )3,1,2( −M  íîêàò  arkaly 
ãå÷éúí òåêèçëèãèÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. Ox  îêà ïåðïåíäèêóëéàð áîëàí òåêèçëèãèÿ äåÿëåìåñè àøàêäàêû 
ãüðíþøäåäèð: 0=+DAx . Øó äåÿëåìú M  íîêàäûÿ êîîðäèíàòàëàðûíû ãîéóï 
àëéàðûñ: 

.02,02 =−=− xAAx  

379. Ìåðêåç äèéèï àò áåðèëéúí ),,( cbaA  íîêàòäàí, R  ðàäèóñà äåÿ 
áîëàí äàøëûêäà éàòéàí ãèÿèøëèãèÿ íîêàòëàð êüïëþãèíèÿ åìåëå ãåòèðéúí øàð 
þñòþíèÿ (ñôåðàíûÿ) äåÿëåìåñèíè òàïìàëû. 
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×üçþëèøè.  Ãîé, ),,( zyxM  ñôåðàíûÿ åðêèí íîêàäû áîëñóí. Ìåñåëúíèÿ 

øåðòèíå ãüðú .RAM =  Áó éåðäå ( ) ( ) ( ) .222 czbyaxAM −+−+−=  

Äèéìåê, 

( ) ( ) ( ) Rczbyax =−+−+− 222  éà-äà .)()()( 2222 Rczbyax =−+−+−  
Åãåð ñôåðàíûÿ ìåðêåçè êîîðäèíàòàëàð áàøëàíãûùûíäà áîëñà, îíäà              

2 2 2 2.x y z R+ + =  

380. 25222 =++ zyx  äåÿëåìå áåðëåí. Øó äåÿëåìúíèÿ åìåëå ãåòèðéúí 
þñòþíè àíûêëàìàëû. 

381. Äåÿëåìåñè 08432 =−+− zyx  áîëàí òåêèçëèãèÿ àøàêäàêû 
íîêàòëàðûÿ õàéñûëàðû àðêàëû  ãå÷éúíäèãèíè êåñãèòëåìåëè: 

2 3 4 3 0 we 4 3 2 3 0.x y z x y z− − − = − − − =  

382. )5,4,3(0M  íîêàò  arkaly ãå÷éúí âå )2,3,1( −−
→

N  âåêòîðà 
ïåðïåíäèêóëéàð áîëàí òåêèçëèãèÿ äåÿëåìåñèíè éàçìàëû. 

383. Àøàêäàêû òåêèçëèêëåðèÿ êîîðäèíàòà îêëàðûíà ãüðú éåðëåøèø 
àéðàòûílyklaðûíû àíûêëàìàëû. 

 
1. 3 5 1 0, 2. 9 2 0, 3. 5 0,
4. 2 3 7 0, 5. 8 3 0.

x z y x y
x y z y z
− + = − = + − =
+ − = − =  

384. Ox  îêäàí âå )3,1,1( −Q  íîêàò àðêàëû ãå÷éúí òåêèçëèãèÿ 
äåÿëåìåñèíè éàçìàëû.   

385. Oy  îêäàí âå )1,1,2( −P  íîêàò àðêàëû ãå÷éúí òåêèçëèãèÿ 
äåÿëåìåñèíè éàçìàëû. 

386. )2,4,4( −M  íîêàò àðêàëû ãå÷éúí âå xOza)  òåêèçëèãå ïàðàëëåë, 
xOyb)  òåêèçëèãå ïàðàëëåë áîëàí òåêèçëèãèÿ äåÿëåìåñèíè éàçìàëû. 
387. Òåêèçëèãèÿ óìóìû äåÿëåìåñè áåðëåí: 0234 =−+− zyx . Îíóÿ 

êåñèìëåðäúêè äåÿëåìåñèíè éàçìàëû. 
388. )4,3,2(P  íîêàò àðêàëû ãå÷éúí âå OyOx,  îêëàðû 1,1 −== ba  

àðàëûêäàí êåñèï ãå÷éúí òåêèçëèãèÿ êåñèìëåðäúêè äåÿëåìåñèíè éàçìàëû. 
389. )4,1,1( −−P  íîêàòäàí òåêèçëèãèÿ )3,1,2(Q  íîêàäûíà 

ïåðïåíäèêóëéàð ãå÷èðèëåí áîëñà, òåêèçëèãèÿ äåÿëåìåñèíè éàçìàëû. 
390. Àøàêäàêû òåêèçëèêëåðèÿ êîîðäèíàòàëàð îêëàðûíû íú÷å óçàêëûêäàí 

êåñèï ãå÷éúíäèãèíè òàêûêëàìàëû: 
 
1) 2 3 12 0, 2) 5 3 15 0, 3) 1 0,
4) 4 6 0, 5) 5 2 0, 6) 7 0.

x z z x y z x y z
x z x y z x
− − + = + − − = − + − =
− + = − + = − =
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391. Òåêèçëèãèÿ äåÿëåìåñèíè éàçìàëû: 
 )3,5,2(a) −  íîêàò arkaly ãå÷éúí âå xOz òåêèçëèãå ïàðàëëåë;  
 )2,1,3(b) −  íîêàò arkaly ãå÷éúí âå Oz îêà ïàðàëëåë 
÷) Èêè )7,1,5(),2,0,4( −  íîêàò arkaly ãå÷éúí âå Ox  îêà ïàðàëëåë. 

392. )3,7,2(−  íîêàò  arkaly ãå÷éúí âå 0154 =−+− zyx  òåêèçëèãå 
ïàðàëëåë áîëàí òåêèçëèãèÿ äåÿëåìåñèíè éàçìàëû. 

393. Êîîðäèíàòà òåêèçëèêëåðè áèëåí âå 0232 =+−+ zyx  òåêèçëèê áèëåí 
÷úêëåíåí ïèðàìèäàíûÿ ãüâðþìèíè òàïìàëû. 

   ¸ 2. Òåêèçëèklerèÿ üçàðà éåðëåøèøè 

Ãîé, äåÿëåìåëåðè 0,0 22221111 =+++=+++ DzCyBxADzCyBxA  

bilen èêè òåêèçëèê áåðëåí áîëñóí: Åãåð ),,( 1111 CBAN
→

 âå ),,( 2222 CBAN
→

 
âåêòîðëàð äåãèøëèëèêäå òåêèçëèêëåðå ãå÷èðëåí ïåðïåíäèêóëéàð âåêòîðëàð áîëñà, 
îíäà èêè òåêèçëèãèÿ àðàñûíäàêû áóð÷ àøàêäàêû ôîðìóëà áèëåí òàïûëéàð: 

 

  
1 2 1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 21 2

Cos N N A A B B C C
A B C A B CN N

ϕ
→ →

→ →

+ +
= =

+ + ⋅ + +⋅
        (1) 

 

Åãåð 1

→

N  âå 2

→

N  âåêòîðëàð êîëëèíåàð áîëñàëàð, îíäà òåêèçëèêëåð 
ïàðàëëåëäèðëåð: 

 

              1 1 1

2 2 2

.A B C
A B C

= =                    (2) 

1

→

N 02 =
→

N  øåðò, éàãíû 
           0212121 =++ CCBBAA                  (3)               

 
øåðò òåêèçëèêëåðèÿ ïåðïåíäèêóëéàðëûê øåðòèäèð. 

Ãîé, þ÷ òåêèçëèê üçþíèÿ óìóìû äåÿëåìåëåðè áèëåí áåðëåí áîëñóí. 
 

          
1 1 1 1

2 2 2 2

3 3 3 3

0;
0;
0.

A x B y C z D
A x B y C z D
A x B y C z D

+ + + =
+ + + =
+ + + =

                 (4)       
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Áó òåêèçëèêëåðèÿ óìóìû íîêàäûíûÿ áîëìàãû þ÷èí,  

         0

333

222

111

≠
CBA
CBA
CBA

 

áîëìàëûäûð. 
394. )4,1,2( −М   íîêàò  arkaly ãå÷éúí âå  032 =−+− zyx   

òåêèçëèãå  ïàðàëëåë áîëàí òåêèçëèãèÿ äåÿëåìåñèíè òàïìàëû. 
×üçþëèøè. )4,1,2( −М  íîêàò  arkaly ãå÷éúí òåêèçëèêëåðèÿ òîïëóìûíû 

éàçàëûÿ: 

.
1 1 2
A B C λ= = =

−
 

Áó éåðäåí .2,, λλλ =−== CBA   Åãåð 1=λ  áîëñà 
.2,1,1 =−== CBA  Øóíëóêäà, ãüçëåéúí òåêèçëèãèìèçèÿ äåÿëåìåñèíè éàçûï 

áèëåðèñ:  
       

ýa-da    
( 2) ( 1) 2( 4) 0,

2 11 0.
x y z

x y z
− − + + − =
− + − =

 

395. Êîîðäèíàòàëàð áàøëàíãûùûíäàí âå )2,4,1( −N  íîêàò arkaly ãå÷éúí 
âå 32 −+− zyx  òåêèçëèãå ïåðïåíäèêóëéàð áîëàí òåêèçëèãèÿ äåÿëåìåñèíè 
òàïìàëû. 

×üçþëèøè.  Òåêèçëèãèÿ óìóìû äåÿëåìåñèíäåí ïåéäàëàíàëûÿ. 
0.0 ==+++ DDCzByAx  áîëñà òåêèçëèê êîîðäèíàòàëàð 

áàøëàíãûùûíäàí ãå÷éúíäèð. .0=++ CzByAx  Òåêèçëèãèÿ N  íîêàò  arkaly 
ãå÷éúíäèãèíå ãüðú, îë íîêàäûÿ êîîðäèíàòàëàðû äåÿëåìúíè 
êàíàãàòëàíäûðìàëûäûð. 

4 2 0.A B C− + =  
Òåêèçëèãèÿ ïåðïåíäèêóëéàðëûê øåðòèíè óëàíûï, éåíåäå áèð äåÿëåìå 

àëéàðûñ: 
02 =+− CBA  

dåÿëåìåëåðè áèëåëèêäå çözüp òàïàðûñ:  
CAB 2,0 −==   

oíäà   

2 0Cx Cz− + =   
éà-äà   

2 0.x z− =  
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396. Êîîðäèíàòàëàð áàøëàíãûùûíäàí òåêèçëèãèÿ )2,1,2( −M  íîêàäûíà 
ïåðïåíäèêóëéàð ãå÷èðèëåí áîëñà, òåêèçëèãèÿ äåÿëåìåñèíè éàçìàëû.  

×üçþëèøè.  Øåðòå ãüðú 
→→

= OMr  ðàäèóñ-âåêòîð òåêèçëèãå 
ïåðïåíäèêóëéàðäûð âå îíóÿ êîîðäèíàòàëàðû M  íîêàäûÿ êîîðäèíàòàëàðûíà 

äåÿäèð: { }2,1,2 −
→

r . Îíäà 
0)2(2)1(1)2(2 =−++−− zyx  

éà-äà  
2 2 9 0.x y z− + − =  

397. )2,1,2( −M  âå )5,7,8( −N  íîêàòëàðû áèðèêäèðéúí 
→

MN  âåêòîðà 
ïåðïåíäèêóëéàð áîëàí òåêèçëèãèÿ äåÿëåìåñèíè òàïìàëû. 

×üçþëèøè. Äåÿëåìúíè àøàêäàêû ãüðíþøäå ãüçëúëèÿ: 

( 8) ( 7) ( 5) 0.A x B y C z− + + + − =  
→

MN  âåêòîðûÿ ïðîéåêñèéàëàðûíû òàïàëûÿ: 
 8 2 6, 7 ( 1) 6, 5 ( 2) 7.A B C= − = = − − − = − = − − =  
Tapylanëàðû òåêèçëèãèÿ äåÿëåìåñèíå ãîéóï, àëéàðûñ: 

 éà-äà     
6( 8) 6( 7) 7( 5) 0;

6 6 7 125 0.
x y z

x y z
− − + + − =

− + − =
 

398. Áåðëåí )1,3,8( −  âå )2,7,4(  íîêàòëàð àðêàëû  ãå÷éúí  âå 
021753 =−−+ zyx  òåêèçëèãå ïåðïåíäèêóëéàð áîëàí òåêèçëèãèÿ äåÿëåìåñèíè 

òàïìàëû. 
×üçþëèøè.  Òåêèçëèãèÿ äåÿëåìåñèíè 0)1()3()8( =−+++− zCyBxA  

ãüðíþøäå ãüçëúëèÿ. )2,7,4(  íîêàäûÿ øó òåêèçëèêäå éàòéàíëûãû þ÷èí îë bu 
äåÿëåìúíè êàíàãàòëàíäûðìàëûäûð. 

 
A(4–8)+B(7+3)+C(2–1)=0, 

–4A+10B+C=0. 

   Éåíå-äå áèð äåÿëåìúíè èêè òåêèçëèãèÿ ïåðïåíäèkóëéàðëûê øåðòèíäåí 
àëéàðûñ:  

3 5 7 0A B C+ − = .  
Øóíëóêäà, áèç     

     
4 10 0;
3 5 7 0.
A B C
A B C

− + + =⎧
⎨ + − =⎩   

sistemany ÷üçþï, A  âå B  sanlary òàïàëûÿ: 

  
3 1, .
2 2

A B
C C
= =  
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Áó éåðäåí .
2
1,

2
3 CBCA ==  Òàïûëàíëàðû òåêèçëèãèÿ äåÿëåìåñèíå 

ãîéóï àëàðûñ: 
3 1( 8) ( 3) ( 1) 0,
2 2

3 2 23 0.

С x C y C z

x y z

− + + + − =

+ + − =
 

Áó áîëñà ãüçëåéúí òåêèçëèãèìèçèÿ äåÿëåìåñèäèð. 

399. 01 =−+ yx  âå 0132 =++− zyx  òåêèçëèêëåðèÿ àðàsûíäàêû 
áóð÷û òàïìàëû. 

×üçþëèøè.  Áåðëåí òåêèçëèêëåðå ïåðïåíäèêóëéàð áîëàí 
→

1N  âå 
→

2N  
âåêòîðëàðûÿ êîîðäèíàòàëàðûíû éàçàëûÿ: 

{ } ).3,1,2(,0,1,1 21 −
→→

NN   
ôîðìóëàíû óëàíûï, àëéàðûñ:  

 1 2

1 2

2 1 1 1 1cos , cos ,
4 41 1 4 1 3 2 8

N N

N N
ϕ ϕ

→ →

→ →

−
= = = = =

+ ⋅ + + ⋅⋅
             

bó éåðäåí 
1arccos 75 30
4

oϕ ′= ≈  

  400. Åãåð òåêèçëèê Oz îêy arkaly ãå÷èï, 052 =−+ zyx  òåêèçëèê 

áèëåí 
3
π
 áóð÷û åìåëå ãåòèðéúí áîëñà, îíóÿ äåÿëåìåñèíè éàçìàëû. 

  ×üçþëèøè.  Áèëøèìèç  éàëû Oz îêy àðêàëû ãå÷éúí òåêèçëèãèÿ 
äåÿëåìåñè àøàêäàêû ãüðíþøäåäèð:  

B
AmByAx ==+ .0   áåëãèëåìúíè ãå÷èðèï, àëéàðûñ: .0=+ ymx    

Øó òåêèçëèãå ïåðïåÿäèêóëéàð áîëàÿ )0,1,(mN
→

  âåêòîð )5,1,2(1 −
→

N  

âåêòîð áèëåÿ 
3
π
 áóð÷û åìåëå ãåòèðéúð:  

Äèéìåê,                                

1
2

1

1 2 1cos , ,
3 2 1 4 1 5

N N m
mN N

π
→ →

→ →

+
= =

+ ⋅ + +⋅
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2 2 2

2
1 2

10( 1) 4 2, 10( 1) 16 16 4
16 16 6 0, , 3.
3

m m m m m

m m m m

+ = + + = + +

+ − = = = −
 

Øóíëóêäà, ìåñåëúíèÿ øåðòèíè àøàêäàêû èêè òåêèçëèê êàíàãàòëàíäûðéàð 

  
1 0, 3 0.
3

x y x y+ = − + =   

401. )2,1,1( −−M   íîêàò àðêàëû ãå÷éúí âå ,042 =−+− zyx  
0422 =+−+ zyx  òåêèçëèêëåðå ïåðïåíäèêóëéàð áîëàí òåêèçëèãèÿ äåÿëåìåñèíè 

éàçìàëû. 
×üçþëèøè.  Áåðëåí òåêèçëèêëåðå ïåðïåíäèêóëéàð áîëàí âåêòîðëàðû 

éàçàëûÿ: 

{ } { }1 21, 2,1 , 1,2, 2 .N N
→ →

− −  Áó âåêòîðëàðà ïåðïåíäèêóëéàð áîëàí 

âåêòîðû òàïìàê þ÷èí êåñãèòëåéùèíè õàñàïëàëûÿ: 

1 2 1 2 1 2 3 4 .
1 2 2

i j k
N N N i j k
→ → →

= ∗ = − = + +
−

 

Èíäè )2,1,1( −−M  íîêàò  arkaly ãå÷éúí âå { }2,3, 4N
→

 âåêòîðà 

ïåðïåíäèêóëéàð áîëàí òåêèçëèãèÿ äåÿëåìåñèíè éàçûï áèëåðèñ: 

     
2( 1) 3( 1) 4( 2) 0;

2 3 4 3 0.
x y z

x y z
+ + + + − =

+ + − =  

402. Àøàêäàêû òåêèçëèêëåðèÿ óìóìû íîêàäûíûÿ áàðäûãûíû ãüðêåçìåëè 

âå îíû òàïìàëû: 

10 0;
4 11 43 0;
7 5 31 0.

x y z
x z
x y

− − − =
+ + =
− − =

 

×üçþëèøè. Áåðëåí òåêèçëèêëåðå ïåðïåíäèêóëéàð áîëàí ,1

→

N ,2

→

N
→

3N  
âåêòîðëàðû éàçàëûÿ: 

{ }1 1, 1, 1 ,N
→

− −   { }2 4,0,11 ,N
→

  { }3 7, 5,0 .N
→

−  

Áóëàðûÿ êîîðäèíàòàëàðûíäàí äþçþëåí êåñãèòëåéùè íoëäàí òàïàâóòëûäûð: 
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1 1 1
4 0 11 2 0.
7 5 0

− −
= − ≠

−
 

Øîíóÿ þ÷èí áó òåêèçëèêëåð äèÿå áèð íîêàòäà êåñèøéúðëåð. Îíû òàïìàê 
þ÷èí àøàêäàêû sistemany ÷üçìåëè:  

10
4 11 43
7 5 31

x y z
x z
x y

− − =⎧
⎪ + = −⎨
⎪ − =⎩

 

Áó sistemany ÷üçþï òàïàðûñ: 

  3, 2, 5.x y z= = − = −  
Øóíëóêäà, þ÷ òåêèçëèãèÿ éåêå-òúê êåñèøìå íîêàäû, )5,2,3( −−P  

íîêàòäûð. 
403. 01022 =++− zyx âå  01326 =−−+ zyx   òåêèçëèêëåðèÿ 

àðàsûíäàêû áóð÷û òàïìàëû. 

404. )6,8,4( −−  íîêàò arkaly ãå÷éúí, { }3,4,2 −−
→

а  âåêòîðà ïàðàëëåë âå  
08573 =−−− zyx   òåêèçëèãå ïåðïåíäèêóëéàð áîëàí òåêèçëèãèÿ 

äåÿëåìåñèíè éàçìàëû. 
405.  Òåêèçëèêëåðèÿ êåñèøìå íîêàòëàðûíû òàïìàëû. 
1) 5 8 7 0

2 3 1 0
2 3 2 9 0

x y z
x y z
x y z

+ − − =
+ + − =
− + − =

         

2) 4 2 3 0
3 5 0

3 12 6 7 0

x y z
x y z

x y z

− − + =
+ + − =

− + + − =  

3) 

2 5 4 0.
5 2 13 23 0,
3 5 0.

x y z
x y z
x z

− + − =
+ − + =
− + =

 

406. Òåêèçëèêëåðèÿ óìóìû íîêàäûíûÿ áàðäûãûíû éà-äà éîêäûãûíû 
òàêûêëàìàëû. 

1)   

5 3 0,
2 4 5 0,
3 2 1 0,
3 4 5 3 0.

x z
x y z
y z
x y z

− + =
− − + =
+ − =
+ + − =

          2)   

5 2 6 0,
3 0,

2 3 8 0,
3 2 1 0.

x y
x y z
x y z
x z

+ − =
+ − =
− + + =
+ − =

 

407. 0134 =−+− zyx  âå 025 =+−+ zyx  òåêèçëèêëåðèÿ êåñèøìå 
÷ûçûãû àðêàëû 

1) Êîîðäèíàòàëàð áàøëàíãûùûíäàí ãå÷éúí òåêèçëèê ãå÷èðìåëè, 
2) (1,1,1) íîêàò àðêàëû ãå÷éúí òåêèçëèê ãå÷èðìåëè. 
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408. Òåêèçëèêëåðèÿ àðàñûíäàêû áóð÷û òàïìàëû. 

1) 6 2 4 5 0,
9 3 6 2 0.
x y z
x y z
+ − + =
+ − − =

          
2) 2 5 0,

0.
x y z
x
− + − =
=

 

     
3) 2 0,

2 4 3 0.
x y z
x y z
+ − =
+ + + =

   

409. Oz îêy arkaly ãå÷èï, xy =  òåêèçëèê áèëåí 
3
πϕ =  áóð÷û åìåëå 

ãåòèðéúí òåêèçëèãèÿ äåÿëåìåñèíè òàïìàëû. 
410. ,0301035 =+++ zyx  ,0201054 =++− zyx  
    030116 =++ zyx  

òåêèçëèêëåðèÿ óìóìû íîêàäûíûÿ áàðëûãûíû ãüðêåçìåëè âå îíû òàïìàëû.  

¸ 3. Òåêèçëèãèÿ íîðìàë äåÿëåìåñè.  
Íîêàò áèëåí òåêèçëèãèÿ àðàsûíäàêû óçàêëûê 

Ãîé, ãèÿèøëèêäå òåêèçëèê áåðëåí áîëñóí. Åãåð γβα ,,   áóð÷ëàð 
êîîðäèíàòàëàð áàøëàíãûùûíäàí òåêèçëèãå ãå÷èðëåí ïåðïåíäèêóëéàð áèëåí 
êîîðäèíàòà îêëàðûíûÿ àðàñûíäàêû áóð÷ëàð, ρ − òåêèçëèêler êîîðäèíàòàëàð 
áàøëàíãûùûíà ÷åíëè óçàêëûê áîëñà, òåêèçëèãèÿ íîðìàë äåÿëåìåñè àøàêäàêû 
ãüðíþøäå bolar    

     cos cos cos 0.x y zα β γ ρ+ + − =                (1) 
Òåêèçëèãèÿ íîðìàë äåÿëåìåñè óìóìû äåÿëåìåäåí  zyx ,,  óëóëûêëàðûÿ 

êîåôôèñèéåíòëåðè âå àçàò àãçà áèëåí òàïàâóòëàíéàð. Îë êîåôôèñèéåíòëåð 

òåêèçëèãå ïåðïåíäèêóëéàð áîëàí { }γβα cos,cos,osc
→

n  áèðëèê âåêòîðûÿ 
êîîðäèíàòàëàðû, àçàò àãçà áîëñà otrisatel bolmalydyr (22-íùè çyzgy). 

 

 
22-íùè çyzgy 
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Òåêèçëèãèÿ óìóìû äåÿëåìåñèíè íîðìèðëåéùè 

          
222

1
CBA

М
++

=+
−                     (2) 

êüïåëäèùú êüïåëäèëèï íîðìàë ãüðíþøå ãåòèðèëéúð. Îíóÿ àëàìàòû D  àçàò 
àãçàíûÿ àëàìàòûíà ãàðøûëûêëû àëàìàò áèëåí àëûíéàð. 

1M  íîêàäûÿ òåêèçëèêäåí δ  ãûøàðìàñûnyª absoléut ululygyna, ol 

nîkadyÿ òåêèçëèê áèëåí àðàëûãûíäàêû d  óçàêëûk diéilé­r. Åãåð 1M  íîêàò 

áèëåí O êîîðäèíàòàëàð áàøëàíãûùû òåêèçëèêäåí äþðëè òàðàïäà éàòéàí áîëñàëàð 
d  óçàêëûê + àëàìàòû áèëåí, 1M  âå O òåêèçëèêäåí áèð òàðàïäà éàòéàí 

áîëñàëàð d  óçàêëûê  –  àëàìàòû áèëåí àëûíéàð. ),,( 1111 zyxM  íîêàäûÿ (1) 
òåêèçëèêäåí ãûøàðìàñû àøàêäàêû äåÿëèê áèëåí òàïûëéàð: 

       ργβαδ −++= coscoscos 111 zyx             (3) 
Øóíëóêäà, íîêàò áèëåí òåêèçëèãèÿ àðàsûíäàêû óçàêëûãû òàïìàê þ÷èí 

èëêè áèëåí òåêèçëèãèÿ äåÿëåìåñèíè íîðìàë ãüðíþøå ãåòèðìåëè âå îíóÿ ÷åï 
áüëåãèíäúêè yx,  âå z  óëóëûêëàðûÿ îðíóíà M  íîêàäûÿ êîîðäèíàòàëàðûíû 

ãîéóï δ -íè tapmaly, ñîÿðà δ=d  almaly. 

411. 035236 =+−− zyx  òåêèçëèãèÿ äåÿëåìåñèíè íîðìàë ãüðíþøå 
ãåòèðìåëè. 

×üçþëèøè.  Íîðìèðëåéùè êüïåëäèùèíè òàïàëûÿ. 

     .
7
1

)2()3(6
1

222
−=

−+−+
−=М  

 
( 35D =  áîëàíû þ÷èí ol - àëàìàòû áèëåí àëûíéàð). Øóíëóêäà, òåêèçëèãèÿ 

íîðìàë äåÿëåìåñè àøàêäàêû ãüðíþøäå bolar: 

          .05
7
2

7
3

7
6

=−++− zyx  

412. Ïàðàëëåë òåêèçëèêëåðèÿ àðàsûíäàêû óçàêëûãû òàïìàëû. 
2 3 7 0,
2 3 1 0.

x y z
x y z
− + + =
− + − =

 

×üçþëèøè.  Ìåñåëúíè ÷üçìåê þ÷èí òåêèçëèêëåðèÿ õàéñû õåì áîëñà 
áèðèíäúêè áèð íîêàò áèëåí áåéëåêè òåêèçëèãèÿ àðàsûíäàêû óçàêëûãû òàïìàê 
éåòåðëèêäèð. Èêèíùè òåêèçëèãèÿ )0,0,1(  íîêàäûíû àëûï, áåéëåêè òåêèçëèãè áîëñà 
íîðìàë ãüðíþøå ãåòèðåëèÿ. Îíóÿ þ÷èí îíû 
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14
1

3)2(1
1

222
−=

+−+

−
=М  

íîðìèðëåéùè êüïåëäèùú êüïåëäåëèÿ. 
1 2 3 7 0.
14 14 14 14

x y z− + − − =  

Áó òåêèçëèãèÿ íîðìàë äåÿëåìåñèäèð. Áó äåÿëåìåäå zyx ,,  óëóëûêëàðûÿ 

îðíóíà )0,0,1(  íîêàäûÿ êîîðäèíàòàëàðûíû ãîéóï δ  ãûøàðìàíû òàïàðûñ: 

1 1 2 0 3 0 7 8 .
14 14

δ − ⋅ + ⋅ + ⋅ −
= = −  

Áó éåðäå 
14
8

14
8

=−=d . Èêèíùè òåêèçëèê áèëåí êîîðäèíàòàëàð 

áàøëàíãûùû áèðèíùè òåêèçëèêäåí äþðëè òàðàïäà éàòéàíëûãû þ÷èí .0<δ  
 
413. )1,2,1(  íîêàò áèëåí 2 2 10 0.x y z+ + − =  òåêèçëèãèÿ àðàsûíäàêû 

óçàêëûãû òàïìàëû. 
×üçþëèøè.  Òåêèçëèãèÿ äåÿëåìåñèíè íîðìàë ãüðíþøå ãåòèðåëèÿ. 

2 2

1 1 ;
31 2 2

M = =
+ +  

1 2 2 10 0.
3 3 3 3

x y z+ + − =  

δ  ãûøàðìàíû òàïàëûÿ: 

1 2 2 101 2 1 1.
3 3 3 3

δ = ⋅ + ⋅ + ⋅ − =  

Îíäà           
1== δd  

bolar.              
414. Òåêèçëèêëåðèÿ äåÿëåìåñèíèÿ íîðìàë éà-äà íîðìàë äúëäèãèíè 

êåñãèòëåìåëè: 

 .01
2
1

2
1b),01

3
2

3
2

3
1a) =+−+=−−− zyxzyx  

×üçþëèøè. a) Áåðëåí òåêèçëèãå ïåðïåíäèêóëéàð áîëàí âåêòîðû éàçàëûÿ:  
      

1 2 2, , .
3 3 3

N
→ ⎧ ⎫− −⎨ ⎬

⎭⎩
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Îíóÿ óçûíëûãû 

1
3
2

3
2

9
1 22

=⎟
⎠
⎞

⎜
⎝
⎛−+⎟

⎠
⎞

⎜
⎝
⎛−+=

→

N  

bolar. 
Øóíëóêäà, , ,x y z  óëóëûêëàðûÿ êîåôôèñèéåíòëåðè áèðëèê âåêòîðûÿ 

êîîðäèíàòàëàðûäûð, àçàò àãçà áîëñà  otrisateldir. Äèéìåê, äåÿëåìå normal 
äåÿëåìåäèð. Áåðëåí äåÿëåìúíè (1) äåÿëåìå áèëåí äåÿåøäèðèï, àëàðûñ: 

.1,
3
2cos,

3
2cos,

3
1cos −=−=−== ργβα   

⎭
⎬
⎫

⎩
⎨
⎧ −

→

1,
2
1,

2
1b) N  âåêòîð òåêèçëèãå ïåðïåíäèêóëéàð áîëàí âåêòîðäûð. 

Îíóÿ óçûíëûãû  

.1
2
31

4
1

4
1

≠=++=
→

N  Øîíóÿ þ÷èí òåêèçëèãèÿ áó äåÿëåìåñè normal 

äåÿëåìå äúëäèð. 
415. 014263 =++− zyx  òåêèçëèãèÿ óìóìû äåÿëåìåñèíè íîðìàë 

ãüðíþøå ãåòèðìåëè âå êîîðäèíàòàëàð áàøëàíãûùû áèëåí òåêèçëèãèÿ àðàñûíäàêû 
óçàêëûãû òàïìàëû.     

×üçþëèøè. Íîðìèðëåéùè êüïåëäèùèíè òàïàëûÿ. 

2 2 2

1 1 .
73 ( 6) 2

M = − = −
+ − +

 

 
Èíäè  òåêèçëèãèÿ íîðìàë äåÿëåìåñèíè éàçàëûÿ: 

3 6 2 2 0.
7 7 7

x y z− + − − =  

Îíäà 

,220
7
20

7
60

7
3

−=−⋅−⋅+⋅−=δ  

.2== δd  

416. Êîîðäèíàòàëàð sistemasynyÿ àáññèñàëàð îêóíäà 0422 =+−+ zyx  

òåêèçëèêäåí 
3
1

=d  àðàëûêäà éàòàí íîêàäûíû òàïìàëû. 

×üçþëèøè.  Ãüçëåíéúí íîêàäûÿ àáññèñàëàð îêóíäà éàòéàíäûãûíà ãüðú 
îíóÿ êîîðäèíàòàëàðûíû éàçûï áèëåðèñ: ).0,0,(xM  

Áåðëåí òåêèçëèãèÿ óìóìû äåÿëåìåñèíè íîðìàë ãüðíþøå ãåòèðåëèÿ.           
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 0
3
4

3
2

3
1

3
2,

3
1

)2(12
1

222
=−+−−−=

−++

−
= zyxM . 

−δ ãûøàðìàíû òàïàëûÿ: 

   
3
4

3
2

3
40

3
20

3
1

3
2

−−=−⋅+⋅−−= xxδ . 

 Ìåñåëúíèÿ øåðòèíå ãüðú .
3
1,

3
1

±=== δδd  Øîíóÿ þ÷èí  

.
3
1

3
4

3
2

±=−− x  Áó éåðäåí .
2
3,

2
5

21 −=−= xx  Øóíëóêäà, ìåñåëúíèÿ 

øåðòèíè êàíàãàòëàíäûðéàí èêè íîêàò áàðäàð: 1 2
5 3,0,0 , ,0,0 .
2 2

M M⎛ ⎞ ⎛ ⎞− −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

417. Áåðëåí 1 0x y z+ + − =  òåêèçëèãå ïàðàëëåë áîëàí âå îíäàí 3  
áèðëèê óçàêëûêäà áîëàí òåêèçëèãèÿ äeÿëåìåñèíè éàçìàëû. 

×üçþëèøè. Òåêèçëèãèÿ óìóìû äåÿëåìåñèíè íîðìàë ãüðíþøå ãåòèðåëèÿ: 
1 1 1 1 1 1, 0.

1 1 1 3 3 3 3 3
M x y z= = + + − =

+ +
 

Ãüçëåéúí òåêèçëèãèìèç 3== δd  øåðòè êàíàãàòëàíäûðéàí ãèÿèøëèãèÿ 

),,( zyxM  íîêàòëàðûíûÿ êüïëþãèäèð: 

1 1 1 1 3.
3 3 3 3

x y z+ + − = ±  

Áó éåðäåí, òàïàðûñ: 
4 0x y z+ + − = , 2 0.x y z+ + + =  

418. Òåêèçëèãèÿ äåÿëåìåñèíèÿ íîðìàë éà-äà íîðìàë äúë ãüðíþøäåäèãèíè 
áàðëàìàëû: 

2 1 2 1 1 1a) 2 0, b) 2 0.
3 3 3 4 2 4

x y z x y z− + − = − + − =  

419. Áåðëåí )1,1,1(M  íîêàò áèëåí 0822 =−++ zyx  òåêèçëèãèÿ 
àðàsûíäàêû óçàêëûãû òàïìàëû. 

420. Òåêèçëèliklerèÿ óìóìû äåÿëåìåñèíè íîðìàë ãüðíþøå ãåòèðìåëè:         
    1) 2 9 6 22 0; 2) 10 2 11 60 0;x y z x y z− + − = + − + =                    
    3) 6 6 7 33 0.x y z− − + =   
421. 019061015 =−+− zyx  òåêèçëèê áèëåí êîîðäèíàòàëàð 

áàøëàíãûùûíûÿ àðàsûíäàêû óçàêëûãû òàïìàëû. 
422. Íîêàò áèëåí òåêèçëèãèÿ àðàsûíäàêû óçàêëûãû òàïìàëû: 
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1) (3,1, 1), 22 4 20 45 0;
2) (4,3, 2), 3 5 1 0;

13) 2,0, , 4 4 2 17 0.
2

x y z
x y z

x y z

− + − − =
− − + + =

⎛ ⎞− − + + =⎜ ⎟
⎝ ⎠

  

423. 04151216 =−+− zyx  òåêèçëèê áèëåí )1,1,2( −−M  íîêàäûÿ 
àðàsûíäàêû óçàêëûãû òàïìàëû. 

424. Êîîðäèíàòàëàð sistemasûíûÿ àïïëèêàòà îêóíäà 04632 =+−+ zyx  
òåêèçëèêäåí 2 áèðëèê äàøëûêäà áîëàí íîêàäûny òàïìàëû. 

425. 0222 =−+− zyx  òåêèçëèãå ïàðàëëåë áîëàí âå îíäàí 
3
1

=d  

óçàêëûêäà áîëàí  òåêèçëèãèÿ äåÿëåìåñèíè éàçìàëû. 
426. Êîîðäèíàòàëàð sistemasynyÿ îðäèíàòàëàð îêóíäà )1,0,2(M  

íîêàòäàí âå 0522 =−++ zyx  òåêèçëèêäåí äåÿ äàøëûêäà áîëàí íîêàäû 
òàïìàëû. 

427. Èêè 03234we03432 =−−−=−−− zyxzyx  òåêèçëèêëåðèÿ 
àðàsûíäàêû èêèãðàíëû áóð÷û äåÿ èêú áüëéúí òåêèçëèãèÿ äåÿëåìåñèíè 
éàçìàëû. 

¸ 4. Òåêèçëèãèÿ äåÿëåìåñèíè äþçìåêëèãå äåãèøëè ýñàñû ìåñåëåëåð 

Òåêèçëèãèÿ äåÿëåìåñèíè äþçìåê ìåñåëåñèíèÿ àãëàáà êüpþñè, êüïëåí÷ 
õàëàòëàðäà aøàêäàêû ìåñåëåëåðå ãåòèðèëéúð. 

1. ),,( 0000 zyxM  íîêàò arkaly ãå÷éúí âå ),,( CBAN  âåêòîðà 
ïåðïåíäèêóëéàð áîëàí òåêèçëèãèÿ äåÿëåìåñèíè òàïìàëû. 

×üçþëèøè. Ãîé, ),,( zyxM  òåêèçëèãèÿ ýðêèí íîêàäû áîëñóí. Øåðòå ãüðú, 

{ }0000 ,, zzyyxxMM −−−
→

 âåêòîð ),,( CBAN  âåêòîðà 

ïåðïåíäèêóëéàðäûð (23-íji çyzgy). Îíäà áóëàðûÿ ñêàëéàð êüïåëòìåê õàñûëû 

íoëà äåÿäèð: .00 =⋅
→→

MMN  

Áó øåðòè êîîðäèíàòàëàðäà éàçûï ãüçëåéúí äåÿëåìúìèçè àëàðûñ: 
 

 0 0 0( ) ( ) ( ) 0.A x x B y y C z z− + − + − =           (1) 
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23-nji çyzgy 

2. Áåðëåí ),,( 0000 zyxM  íîêàò arkaly ãå÷éúí âå èêè { }zyx aaaa ,, , 

{ }zyx bbbb ,,  âåêòîðëàðà (êîëëiíeàð áîëìàäûê) ïàðàëëåë áîëàí òåêèçëèãèÿ 

äåÿëåìåñèíè òàïìàëû    
×üçþëèøè. Òåêèçëèãèÿ ýðêèí ),,( zyxM  íîêàäûíû àëàëûÿ.  

{ }0000 ,, zzyyxxMM −−−
→

 âåêòîðûÿ, ba we  âåêòîðëàðûÿ ïàðàëëåë 

tekizliklerde éàòéàíëûãû þ÷èí îëàð êîìïëaíàðäûðëàð (24-nji çyzgy). Äèéìåê, 

oëàðûÿ ãàrûøûê êüïåòìåê õàñûëû íoëà äåÿäèð: 0)(0 =×⋅
→

baMM . 
 

 

24-íùè çyzgy 

Øó äåÿëèãè êîîðäèíàòàëàðäà éàçûï ãüçëåéúí òåêèçëèãèìèçèÿ äåÿëåìåñèíè 
àëéàðûñ: 

       0
000

=
−−−

zyx

zyx

bbb
aaa

zzyyxx
                (2) 

3. ),,(),,,( 22221111 zyxMzyxM  íîêàòëàð àðêàëû ãå÷éúí âå áåðëåí 

{ }zyx aaaa ,,  âåêòîðà ïàðàëëåë áîëàí ( aMM we21

→

 âåêòîðëàð êîëëiíeàð 

äúëäèðëåð) òåêèçëèãèÿ äåÿëåìåñèíè òàïìàëû. 
×üçþëèøè. Ãîé, ),,( zyxM  òåêèçëèãèÿ ýðêèí íîêàäû áîëñóí  

(25-nji çyzgy). 
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{ } { } { }zyx aaaazzyyxxMMzzyyxxMM ,,we,,,,, 121212211111 −−−−−−
→→

âåêòîðëàð äþðëè òåêèzëèêëåðäå éåðëåøåíäèðëåð, éàãíû êîìïëàíàðäûðëàð. 
Áóëàðûÿ ãàðûøûê êüïåëòìåê õàñûëûíû íoëà äåÿëúï ãüçëåéúí 

òåêèçëèãèìèçèÿ äåÿëåìåñèíè àëàðûñ: 
 

     0121212

111

=−−−
−−−

zyx aaa
zzyyxx
zzyyxx

.               (3) 

 
 

 
  25-íùè çyzgy 

4. Áåðëåí ),,(),,,( 22221111 zyxMzyxM , ),,( 3333 zyxM  íîêàò  arkaly 
ãå÷éúí òåêèçëèãèÿ äåÿëåìåñèíè òàïìàëû. 

×üçþëèøè. Òåêèçëèãèÿ åðêèí ),,( zyxM  íîêàäûíû àëàëûÿ âå áåðëåí 

íîêàòëàðûÿ õàéñû õåì áîëñà áèðèíè, ìûñàë þ÷èí 1M  íîêàäû áåéëåêè 

321 MMM  íîêàòëàð áèëåí áèðëåøäèðåëèÿ. Îíäà 
→→→

31211 ,, MMMMMM  âåêòîðëàð 
êîìïëàíàðäûðëàð. Øîíóÿ þ÷èí îëàðûÿ ãàðûøûê êüïåëòìåê õàñûëû íoëà 
äåÿäèð: 

       0

131313

121212

111

=
−−−
−−−
−−−

zzyyxx
zzyyxx
zzyyxx

.            (4) 

 
Áó áîëñà ãüçëåéúí òåêèçëèãèìèçèÿ äåÿëåìåñèäèð. 
428. )5,7,8( −N  íîêàò arkaly ãå÷éúí âå )2,1,2( −−M  íîêàäû 

áèðëåøäèðéúí 
→

MN  âåêòîðà ïåðïåíäèêóëéàð áîëàí òåêèçëèãèÿ äåÿëåìåñèíè 
òàïìàëû. 

×üçþëèøè. Áåðëåí íîêàò arkaly ãå÷éúí òåêèçëèãèÿ äåÿëåìåñèíè éàçàëûÿ: 
( 8) ( 7) ( 5) 0.A x B y C z− + − + − =  
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Ìåñåëúíèÿ øåðòèíå ãüðú { }CBAMN ,,
→

 âåêòîð òåêèçëèãå 
ïåðïåíäèêóëéàðäûð. 

Áó éåðäå 7)2(5,6)1(7,628 =−−=−=−−−==−= CBA . 
Òàïûëàíëàðû äåÿëåìú ãîéóï ãüçëåéúí òåêèçëèãèìèçèÿ äåÿëåìåñèíè 

àëàðûñ: 
 ,0)5(7)7(6)8(6 =−++−− zyx 6 6 7 125 0.x y z− + − =  

429. Áåðëåí )3,1,2(0 −M  íîêàò arkaly ãå÷éúí âå { } { }2,2,3,1,0,3 −− ba  
âåêòîðëàðà ïàðàëëåë áîëàí òåêèçëèãèÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. (2) ôîðìóëàíû óëàíàëûÿ: 
 

0
223
103
312
=

−
−
−+− zyx

, 

3( 1) 6( 3) 6( 1) 2( 2) 0.y z y x+ + − − + + − =  
 

430. )3,0,4(we)2,1,4(),3,2,1( 321 MMM −−  íîêàòëàð àðêàëû ãå÷éúí 
òåêèçëèãèÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. Ãîé, ),,( zyxM  òåêèçëèãèÿ ýðêèí íîêàäû áîëñóí. Îíäà 

{ } { } { }0,2,3we5,3,3,3,2,1 31211 −−−−−
→→→

MMMMzyxMM  âåêòîðëàð 

êîìïëàíàðäûðlar. Øîíóÿ þ÷èí 
 

0
023
533

321
=

−
−

−−− zyx
 

 
10 15 3 31 0.x y z− − + + =  

 
Áó áîëñà ãüçëåéúí òåêèçëèãèìèçèÿ äåÿëåìåñèäèð. 
431. Áåðëåí )7,3,2( −−M  íîêàò arkaly ãå÷éúí âå 05362 =+−− zyx  

òåêèçëèãå ïàðàëëåë áîëàí òåêèçëèãèÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. Áåëëè áîëøû éàëû )3,6,2( −−N  âåêòîð 05362 =+−− zyx  
òåêèçëèãå ïåðïåíäèêóëéàðäûð. Øåéëå õåì øó òåêèçëèãå ïàðàëëåë áîëàí åðêèí 
òåêèçëèãå õåì ïåðïåíäèêóëéàðäûð. Áèçèÿ ãüçëåéúí òåêèçëèãèìèç )7,3,2( −−M  

íîêàò àðêàëû ãå÷ìåëè âå )3,6,2( −−N  âåêòîðà ïåðïåíäèêóëéàð áîëìàëûäûð.  
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Îíäà 

2( 2) 6( 3) 2( 7) 0;x y z− − + − − =  
2 6 3 43 0.x y z− − − =  

432. Áåðëåí )5,3,1(we)1,3,2( 21 MM  íîêàòlar arkaly ãå÷éúí õåì-äå 
0533 =++− zyx  òåêèçëèãå ïåðïåíäèêóëéàð áîëàí òåêèçëèãèÿ äåÿëåìåñèíè 

òàïìàëû. 

×üçþëèøè. 0533 =++− zyx  òåêèçëèãå ïåðïåíäèêóëéàð áîëàí )3,1,3( −N  
âåêòîð ãüçëåíéúí òåêèçëèãå ïàðàëëåëäèð. Øóíëóêäà, ãüçëåéúí òåêèçëèãèìèç 

21 we MM  íîêàòëàðäàí ãå÷èï N  âåêòîðà ïàðàëëåëäèð. Äèÿå 

NMM we21

→

 âåêòîðëàðûÿ êîëëiíeàð äúëäèãèíè áàðëàéìàê ãàëéàð. 
→

21MM âåêòîðûÿ êîîðäèíàòàëàðû øó âåêòîðûÿ àõûðûíäàí 
→

21MM
âåêòîðûÿ áàøëàíãû÷ êîîðäèíàòàëàðûíûÿ àéûðûëìàãûíà äåÿäèð. Õàêûêàäàí-

äà NMM we21

→

 âåêòîðëàðûÿ êîîðäèíàòàëàðû ïðîïîðñèîíàë äúëäèð, éàãíû 
âåêòîðëàð êîëëåíèàð äúëäèðëåð. 

Ãîé, ),,( zyxM  òåêèçëèãèÿ ýðêèí íîêàäû áîëñà, îíäà ,1MM  

NMM we21

→

 âåêòîðëàð êîìïëàíàðäûð, éàãíû îëàðûÿ ãàðûøûê êüïåëòìåê 
õàñûëû íoëà äåÿäèð: 

 

0
313
421

132
=

−
−

+−− zyx
 

 
2 3 14 0.x y z+ − − =  

 
Áó áîëñà ãüçëåéúí òåêèçëèãèìèçèÿ äåÿëåìåñèäèð. 

433. Áåðëåí )2,0,3(−M  íîêàò  arkaly ãå÷éúí âå )5,3,2(N  âåêòîðà 
perpenäèêóëéàð áîëàí òåêèçëèãèÿ äåÿëåìåñèíè òàïìàëû. 

434. )5,3,2( −M  íîêàò àðêàëû ãå÷éúí âå 0122 =+−+ zyx , 
05 =−++ zyx  òåêèçëèêëåðèÿ êåñèøìå ÷ûçûãûíà ïåðïåíäèêóëéàð áîëàí 

òåêèçëèãèÿ äåÿëåìåñèíè òàïìàëû. 

435. Áåðëåí )3,2,1(0 −M  íîêàò arkaly ãå÷éúí âå )3,2,1( −A  âåêòîðà 
ïåðïåíäèêóëéàð áîëàí òåêèçëèãèÿ äåÿëåìåñèíè éàçìàëû. 

436. Þ÷ )3,1,2(,)0,1,1(,)1,1,1( −  íîêàòëàð àðêàëû ãå÷éúí òåêèçëèãèÿ 
äåÿëåìåñèíè éàçìàëû. 
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437. )1,1,1(  íîêàò  arkaly ãå÷éúí âå 0542 =−++ zyx  òåêèçëèãå            
à) ïåðïåíäèêóëéàð áîëàí; á) ïàðàëëåë áîëàí òåêèçëèãèÿ äåÿëåìåñèíè éàçìàëû. 

438. )3,7,2(−M  íîêàò arkaly ãå÷éúí âå 0154 =++− zyx  òåêèçëèãå 
ïàðàëëåë áîëàí òåêèçëèãèÿ äåÿëåìåñèíè éàçìàëû. 

439. )1,3,2( −M  íîêàò àðêàëû ãå÷éúí âå )3,2,1(),1,2,3( ba −  
âåêòîðëàðà ïàðàëëåë áîëàí òåêèçëèãèÿ äåÿëåìåñèíè òàïìàëû. 

440. Áåðëåí )2,2,2( −M  íîêàò àðêàëû ãå÷éúí âå ,0123 =+−− zyx  
0=−− zyx  òåêèçëèêëåðèÿ êåñèøìå ÷ûçûãûíà ïåðïåíäèêóëéàð áîëàí 

òåêèçëèãèÿ äåÿëåìåñèíè òàïìàëû. 
441. )2,1,3(),1,15,2( 21 MM −  íîêàòëàð  arkaly ãå÷éúí âå 

043 =−− zyx  òåêèçëèãå ïåðïåíäèêóëéàð áîëàí òåêèçëèãèÿ äåÿëåìåñèíè 
òàïìàëû. 

442. )1,1,1(),1,1,1( 21 −−MM   íîêàòëàð àðêàëû ãå÷éúí âå 

,)3,2,5( −A  )0,1,6(B  íîêàòëàðû áèðëåøäèðéúí ãüíi  çyzyga ïàðàëëåë áîëàí 
òåêèçëèãèÿ äåÿëåìåñèíè éàçìàëû.  

443. )2,0,2(),1,1,4(),2,1,3( 321 MMM −−  íîêàòëàð àðêàëû ãå÷éúí 
òåêèçëèãèÿ äåÿëåìåñèíè éàçìàëû. 

444. Ïèðàìèäàíûÿ äåïåëåðè áåðëåí: )1,5,3(),1,1,0(),2,4,1( BAS −− , 

SC .)1,3,1( −  äåïåäåí ABC  ãðàíà ãå÷èðëåí áåéèêëèãè òàïìàëû. 

¸ 5. Ãüíè ÷ûçûê 

Ãèÿèøëèêäå ãüíè ÷ûçûãà èêè òåêèçëèãèÿ êåñèøìå ÷ûçûãû õüêìþíäå 
ãàðàéàðëàð. 

Øîíóÿ þ÷èí ãüíè ÷ûçûãûÿ óìóìû äåÿëåìåñè àøàêäàêû ãüðíþøäåäèð: 

          1 1 1 1

2 2 2 2

0
.

0
A x B y C z D
A x B y C z D

+ + + =⎧
⎨ + + + =⎩

                (1) 

Ãèÿèøëèãèÿ  ),,( 0000 zyxM  íîêàäûíäàí ãå÷éúí âå { }nmlS ,,=  
âåêòîðà ïàðàëëåë áîëàí ãüíè ÷ûçûãûÿ äåÿëåìåñè 

           
n

zz
m

yy
l
xx 000 −

=
−

=
−

               (2) 

ãüðíþøäåäèð. (2) äåÿëåìú ãüíè ÷ûçûãûÿ éüíåêåé äåÿëåìåñè, s  âåêòîðà 
áîëñà, ãüíiíèÿ óãðóêäûðûùû âåêòîðû äèéèëéúð. 

Ýãåð (2) ôîðìóëàëàðûÿ õåð áèðèíè t  ïàðàìåòðå äåÿ äèéèï àëñàê, îíäà 
áèç ãüíè ÷ûçûãûÿ ïàðàìåòðèê äåÿëåìåñèíè àëàðûñ: 

0 0 0, , .x x lt y y mt z z nt= + = + = +             (3) 
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Ãèÿèøëèêäå èêè ),,(we),,( 22221111 zyxMzyxM  íîêàòëàð àðêàëû 

ãå÷éúí ãüíè ÷ûçûãûÿ äåÿëåìåñè àøàêäàêû ãüðíþøäåäèð: 

        1 1 1

2 1 2 1 2 1

x x y y z z
x x y y z z
− − −

= =
− − −

     (4) 

Ãèÿèøëèêäå éüíåêåé äåÿëåìåñè áèëåí áåðëåí èêè    

         1 1 1

1 1
1

;x x y y z z
l m n
− − −

= =                    (5) 

         
2

2

2

22

2
n

zz
m

yy
l

xx −
=

−
=

−
                  (6)  

ãüíè ÷ûçûgûÿ àðàñûíäàêû áóð÷ 
 

 1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

cos
l l m m n n

l m n l m n
ϕ

+ +
=

+ + + +
         (7) 

ôîðìóëà áèëåí òàïûëéàð. (5) âå (6) ôîðìóëàëàð áèëåí áåðëåí ãüíè 
÷ûçûêëàðûÿ ïàðàëëåëèê âå ïåðïåíäèêóëéàðëûê øåðòëåðèíè éàçàëûÿ: 

               1 1 1

2 2 2

;l m n
l m n
= =                      (8) 

            1 2 1 2 1 2 0.l l m m n n+ + =                   (9) 
 
Øó ôîðìóëàëàðäàí ãüðíþøè éàëû, ãüíè ÷ûçûãûÿ (1) óìóìû äåÿëåìåñè 

(2) éüíåêåé ãüðíþøå ãåòèðèëåí áîëñà, êüï ìåñåëåëåð àÿñàòëûê áèëåí ÷üçþëéúð. 
Îë àøàêäàêû éàëû àìàëà àøûðûëûï áèëíåð. (1) sistemada èëêè áèð 
êîîðäèíàòàíû 0 äåÿ äèéèï, ñîÿðà áåéëåêè êîîðäèíàòàíû 0 äåÿ äèéèï àëûï, 
sistemany àëéàðûñ: 

;
.

x mz a
y nz b
= +⎧

⎨ = +⎩
 

Áó sistemanyÿ äåÿëåìåëåðèíäåí z-i òàïûï, îëàðû áèðè-áèðèíå äåÿëúï, 
àëéàðûñ: 

           ,
1

x a y b z
m n
− −

= =                       (10) 

áó éåðäå, 1,0 == pc . 
446.  

2 3 4 0;
3 2 5 4 0
x y z
x y z
− + − =⎧

⎨ + − − =⎩
 

ãüíè ÷ûçûãûÿ äåÿëåìåñèíè éüíåêåé ãüðíþøå ãåòèðìåëè. 
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×üçþëèøè. Ãüíè ÷ûçûãûÿ õàéñû õåì áîëñà áèð íîêàäûíûÿ 
êîîðäèíàòàëàðûíû òàïàëûÿ. Îíóÿ þ÷èí èêè äåÿëåìåäå õåì 0=z  ãîéóï, 
àëéàðûñ: 

        
2 4 0;

3 2 4 0.
x y
x y
− − =⎧

⎨ + − =⎩
 

Áó éåðäåí 2 , 1x y= = − . Äèéìåê, 0 (2, 1,0)M − . Óãðuêäûðûùû S  
âåêòîð 

  1 1 1

2 2 2

i j k
S A B C

A B C
=       

ôîðìóëà áîþí÷à òàïûëéàð. Òåêèçëèêëåðèÿ 21 , NN  âåêòîðëàðûíû òàïàëûÿ: 

{ } { }5,2,3,3,2,1 21 −− NN . Îíäà 

       1 2 3 4 14 8
3 2 5

i j k
S i j k= − = + +

−
  

Øóíëóêäà, áåðëåí ãüíi çyzygyň éüíåêåé äåÿëåìåñè àøàêäàêû 
ãüðíþøäåäèð: 

2 1 2 1, .
4 14 8 2 7 4

x y z x y z− + − +
= = = =  

446. )2,2,1(0 −M  íîêàò arkaly ãå÷éúí âå Ox  îêà ïàðàëëåë áîëàí ãüíè 
÷ûçûãûÿ éüíåêåé âå ïàðàìåòðlè äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. Oy  îêäàêû { }0,1,0j  áèðëèê âåêòîð òàïìàëû ãüíè 
÷ûçûãûìûçà ïàðàëëåëäèð. Øîíóÿ þ÷èí áó âåêòîðà ãüçëåéúí ãüíþìèçèÿ 
óãðóêäûðûùûñû õüêìþíäå ãàðàìàê ìþìêèíäèð. (2) ôîðìóëàíûÿ ýñàñûíäà 
ãüíè ÷ûçûãûÿ éüíåêåé äåÿëåìåñèíè éàçûï áèëåðèñ: 

1 2 2 .
0 1 0

x y z− + −
= =  

Ãüíè çyzygyň ïàðàìåòðlè äåÿëåìåñèíè éàçàëûÿ. Áèðèíùè âå þ÷þíùè 
ãàòíàøûêëàðûÿ òàïàâóäûíûÿ 0 áîëìàãû 02we01 =−=− zx  äåÿëèãèÿ 
éåðèíå éåòéúíëèãèíè àÿëàäéàð. Èêèíùè ãàòíàøûãû t  äåÿ äèéèï, àëéàðûñ: 

2 .y t= − +  
Øóíëóêäà, ãüíþíèÿ ïàðàìåòðlè äåÿëåìåñè àøàêäàêû ãüðíþøäåäèð: 

1, 2 , 2x y t z= = − + =  
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447. )5,0,1(−M  íîêàò àðêàëû ãå÷éúí âå êîîðäèíàòà îêëàðû áèëåí 

äåãèøëèëèêäå 
3

2,
4

,
3

πγπβπα ===  áóð÷larû ýìýëå ãåòèðéúí ãüíi 

çyzygyň éüíåêåé âå ïàðàìåòðlè äåÿëåìåñèíè éàçìàëû. 

 ×üçþëèøè. S  óãðóêäûðûùû âåêòîð õüêìþíäå ãüçëåíéúí ãüíþíèÿ áèðëèê 
âåêòîðûíû àëàëûÿ. Îíóÿ êîîðäèíàòàëàðû áîëóï óãðóêäûðûùû êîñèíóñëàð 
õûçìàò ýäéúð. 

2Cos Cos Cos Cos Cos Cos
3 4 3

S i j k i j kπ π πα β γ= ⋅ + ⋅ + ⋅ = ⋅ + ⋅ + ⋅ =  

 
1 2 1
2 2 2

i j k= ⋅ + ⋅ − ⋅  

(2) ôîðìóëàíû óëàíûï ãüíè ÷ûçûãûÿ éüíåêåé äåÿëåìåñèíè éàçûï áèëåðèñ: 
1 0 5 1 5, .1 1 1 12 2

2 22

x y z x y z+ − − + −
= = = =

−−
 

Øó äåÿëèêëåðè t  äåÿëúï àëàðûñ:  

tzyx
=

−
−

==
+

1
5

21
1

 

ýа-äà 
1 , 2 , 5 .x t y t z t= − + = = −  

Áó áîëñà ãüíè ÷ûçûãûÿ ïàðàìåòðlè äåÿëåìåñèäèð. 
448. Éüíåêåé äåÿëåìåëåðè áèëåí áåðëåí èêè ãüíè ÷ûçûãûÿ àðàsûíäàêû 

áóð÷û òàïìàëû. 
4 2 2 3 4, .

3 1 1 1 2 3
x y z x y z− − − − −

= = = =
−

 

×üçþëèøè. (7) ôîðìóëàíû óëàíàëûÿ. ,1,1,3( 121 −=== mll  

2 1 22, 1, 3) :m n n= = =  

3 1 1 2 1 3 4 4cos , arccos
5 59 1 1 1 4 9

ϕ ϕ⋅ − ⋅ + ⋅
= = =

+ + + +
 

449. Äåÿëåìåëåðè éüíåêåé ãüðíþøäå áåðëåí ãüíè ÷ûçûêëàðûÿ, 
óãðóêäûðûùû êîñèíóñëàðûíû òàïìàëû. 

1) 
12

2
3
5

4
1 +

=
−
−

=
− zyx

,     2) 
7 3.

12 9 20
x y z− +
= =  

×üçþëèøè. 1) Øåðòå ãüðú ãüíè ÷ûçûãûÿ )2,5,1( −M  íîêàäû âå 

{ }12,3,4 −S  óãðóêäûðûùû âåêòîðû áåðëåí. Îíäà 
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2 2 2
cos m

m n p
α = ±

+ +
, 

2 2 2
cos ,n

m n p
β = ±

+ +
 

         
2 2 2

cos p
m n p

γ = ±
+ +

 

ôîðìóëàëàðû óëàíûï, òàïàðûñ: 

2 2 2

4 4 3 12cos , cos , cos .
13 13 134 ( 3) 12

α β γ= = = =
+ − +

 

2) Øåéëå õåì ãüíè ÷ûçûãûÿ  )3,7,0( −M  íîêàäû âå }20,9,12{S  
óãðóêäûðûùû âåêòîðû áåðëåí: 

2 2 2

12 12 12cos ,
2562512 9 20

α = = =
+ +

   
9 20cos , cos .
25 25

β γ= =  . 

450. Äåÿëåìåëåðè óìóìû ãüðíþøäå áåðëåí ãüíè ÷ûçûêëàðûÿ àðàñûíäàêû 
áóð÷û òàïìàëû. 

⎩
⎨
⎧

=+−+
=−−

0122
0243

zyx
zyx

         
⎩
⎨
⎧

=−−
=−−+

023
0264

zy
zyx

 

×üçþëèøè. Àøàêäàêû ôîðìóëà áèëåí õåð áèð ãüíè ÷ûçûãûÿ óãðóêäûðûùû 
âåêòîðûíû òàïàëûÿ: 

        1 1 1

2 2 2

i j k
S A B C

A B C
=  

1 23 4 2 10 2 11 , 4 1 6 3 12 4
2 1 2 0 1 3

i j k i j k
S i j k S i j k= − − = + + = − = + +

− −
 

 
Ãüíè ÷ûçûêëàðûÿ àðàñûíäàêû áóð÷û òàïàëûÿ:  

1 2

1 2

10 3 2 12 4 11 99cos
195100 4 121 9 144 16

S S
S S

ϕ ⋅ + ⋅ + ⋅
= = =

+ + + +⋅
 

99arccos 59 48
195

ϕ ′= =  

451. )4,3,2( −−M  íîêàò arkaly ãå÷éúí  âå 

2 0;
2 1 0

x y z
x y z
+ − + =⎧

⎨ − + − =⎩
 

ãüíè ÷ûçûãà ïàðàëëåë áîëàí ãüíè ÷ûçûãûÿ äåÿëåìåñèíè òàïìàëû. 
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×üçþëèøè. Áåðëåí ãüíè ÷ûçûãûìûçûÿ óãðóêäûðûùû âåêòîðûíû òàïàëûÿ: 

  1 1 1 3 2 , {1, 3, 2}.
1 1 2

i j k
S i j k S= − = − − − −

−
   

Øåðòå ãüðú øó âåêòîð ãüçëåéúí ãüíè ÷ûçûãûìûçà ïàðàëëåëäèð. (2) 
ôîðìóëàíû óëàíûï, àëàðûñ: 

2 3 4 .
1 3 2

x y z− + +
= =

− −
 

452. Éüíåêåé äåÿëåìåëåðè áèëåí áåðëåí àøàêäàêû ãüíè ÷ûçûêëàðûÿ 
êåñèøéúíäèãèíè ñóáóò ýòìåëè âå êåñèøìå íîêàäûíû òàïìàëû 

1 2 1 11 6, .
2 1 2 1 2 1

x y z x y z− + + + +
= = = =

− −
 

×üçþëèøè. )6,11,1(we)0,2,1( 21 −−−− MM  íîêàòëàð äåãèøëèëèêäå áåðëåí 

ãüíè ÷ûçûêëàðà äåãèøëèäèð. { } { } { }1,2,1,2,1,2,6,9,2 2121 SSMM −−−−−
→

 
âåêòîðëàðûÿ ãàrûøûê êüïåëòìåê õàñûëûíà ãàðàëûÿ: 

 

=⋅⋅
→

2121 SSMM
2 9 6

2 1 2 (2 18 24) (6 18 8) 0.
1 2 1

− − −
− − = + − − − + =  

Äèéìåê, áåðëåí âåêòîðëàð êîìïëàíàðäûðëàð âå áåðëåí èêè ãüíè ÷ûçûê 

áèð òåêèçëèêäå éàòéàíäûð. 21 we SS  âåêòîðëàðûÿ êîëëiíeàð äúëäèêëåðèíå 
ãüðú, îë güíè çyzyklar ïàðàëëåë äúëäèðëåð. Äèéìåê, îëàð êåñèøéúíäèðëåð.  

Êåñèøìå íîêàäûíû òàïìàê þ÷èí ãüíè ÷ûçûêëàðûÿ áèðèíèÿ ïàðàìåòðlè 
äåÿëåìåñèíè éàçàëûÿ: 1 2 , 2 , 2 .x t y t z t= + = − − = −  

Áóëàðû èêèíùè ãüíè ÷ûçûãûÿ äåÿëåìåñèíå ãîéóï, t-íè òàïàëûÿ: 
2 2 9 6 2 .

1 2 1
t t t+ − −
= =  

Áó éåðäåí 1=t  alarys. Øóíëóêäà, êåñèøìå íîêàäû àëìàê þ÷èí 
äåÿëåìåäå 1=t  ãîéàëûÿ: 

1 2 1 3 , 2 1 3 , 2 1 2, (3, 3, 2).x y z M= + ⋅ = = − − = − = − ⋅ = − − −  
453. Þ÷áóð÷ëóãûÿ äåïåëåðè )2,2,3(),0,2,1(,)1,3,2( −−− CBA  

íîêàòëàðäà áîëñà, îíóÿ AP  ìåäèàíàñûíûÿ éüíåêåé äåÿëåìåñèíè äþçìåëè. 
×üçþëèøè. P  íîêàò BC òàðàïû äåÿ èêè áüëåãå áüëéúð. Øîíóÿ þ÷èí P  

íîêàäûÿ êîîðäèíàòàëàðûíû òàïûï áèëåðèñ: 
1 3 2 2 0 21, 0, 1.

2 2 2
x y z− − + +
= = − = = = =  
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Þ÷áóð÷ëóãûÿ AP  ìåäèàíàñû A  âå P  íîêàòëàð àðêàëû ãå÷éúð. (4) 
ôîðìóëàíûÿ ýñàñûíäà, aëéàðûñ: 

2 3 1.
1 2 0 3 1 1
x y z− − +

= =
− − − +

 

Øóíëóêäà, ãüçëåéúí AP  ìåäèàíàíûÿ éüíåêåé äåÿëåìåñè àøàêäàêû 
ãüðíþøäåäèð: 

2 3 1.
3 3 2

x y z− − +
= =

− −
 

454. 
2 1 0,

2 0
x y z
x y z
+ − − =⎧

⎨ − − + =⎩
 

ãüíè ÷ûçûãûÿ óìóìû äåÿëåìåñèíè éüíåêåé ãüðíþøå ãåòèðìåëè. 
455. Ãüíè ÷ûçûãûÿ óìóìû äåÿëåìåñèíè íîðìàë ãüðíþøå ãåòèðìåëè 

4 5 0,
3 16 2 0.
x y z
x y z
− − − =⎧

⎨ + − − =⎩
 

Ãüíè ÷ûçûãûÿ óìóìû äåÿëåìåñèíè éüíåêåé ãüðíþøå ãåòèðìåëè: 

456.  
3 2 0,

2 1 0.
x y
y z
− + =⎧

⎨ − + =⎩
       457.

2 3 3 9 0,
2 3 0.

x y z
x y z
− − − =⎧

⎨ − + + =⎩
  

 

458.   
2 3 1 0,

2 4 8 0.
x y z

x y z
− + + =⎧

⎨ + − − =⎩
           

 
459. 

3 4 5 18 0, 2 3 10 0,
1) 2)

6 5 27 0. 4 5 24 0.
x y z x y z
x y z x y z
− + − = + + − =⎧ ⎧

⎨ ⎨− + − = − − + =⎩ ⎩
 

  

460. )3,1,1(0 −−M  íîêàò arkaly ãå÷éúí âå { }4,3,1 −S  âåêòîðà ïàðàëëåë 

áîëàí ãüíè ÷ûçûãûÿ éüíåêåé âå ïàðàìåòðlè äåÿëåìåñèíè éàçìàëû. 

461. )2,2,1(0 −−M  íîêàò àðêàëû ãå÷éúí âå Ox  îêà ïàðàëëåë áîëàí 

ãüíè ÷ûçûãûÿ éüíåêåé âå ïàðàìåòðlè äåÿëåìåñèíè òàïìàëû. 

462. )5,4,7( −−M  íîêàòäàí ãå÷éúí, { }9,6,2 −S  âåêòîðà ïàðàëëåë áîëàí 

ãüíè ÷ûçûãûÿ éüíåêåé äåÿëåìåñèíè éàçìàëû. 
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463. )3,5,1( −M  íîêàò àðêàëû ãå÷éúí âå êîîðäèíàòà îêëàðû áèëåí 

äåãèøëèëèêäå 
3

2we
4

,
3

πππ
 áóð÷ëàðû ýìåëå ãåòèðéúí ãüíè ÷ûçûãûÿ 

éüíåêåé äåÿëåìåñèíè éàçìàëû. 
Äåÿëåìåëåðè éüíåêåé ãüðíþøäå áåðëåí ãüíè ÷ûçûêëàðûÿ àðàñûíäàêû 

áóð÷û òàïìàëû. 

464. 
1 2 5 3 1, .

3 6 2 2 9 6
x y z x y z− + − − +

= = = =     

  

465. 
1 2 2 3 5, .

1 1 1 12 2
x y z x y z− + + − +

= = = =
−

 

466. Óìóìû äåÿëåìåëåðè áèëåí áåðëåí ãüíè ÷ûçûêëàðûÿ àðàñûíäàêû 
áóð÷û òàïìàëû 

 
4 1 0, 3 4 0,

2 3 0. 2 8 0.
x z x y z

x y y z
+ − = + − + =⎧ ⎧

⎨ ⎨− + = + − =⎩ ⎩
 

467. Ãüíè ÷ûçûãûÿ óãðóêäûðûùû êîñèíóñûíû òàïìàëû 
5 6 2 21 0,

3 0.
x y z

x z
− + + =⎧

⎨ − + =⎩
 

468. Êîîðäèíàòàëàð áàøëàíãûùûíäàí 0324 =−+− zyx  òåêèçëèãå 
èíäåðèëåí ïåðïåíäèêóëéàðûÿ éüíåêåé äåÿëåìåñèíè éàçìàëû. 

469. Êîîðäèíàòàëàð áàøëàíãûùûíäàí 
11

7
2
2

3
1 −

=
−
+

=
− zyx

 ãüíè ÷ûçûãà 

ïàðàëëåë áîëàí ãüíè ÷ûçûãûÿ éüíåêåé äåÿëåìåñèíè éàçìàëû. 

470. )3,5,2( −M  íîêàò àðêàëû ãå÷éúí âå 
9

3
6
2

4
1 +

=
−
−

=
− zyx

 ãüíè 

÷ûçûãà ïàðàëëåë áîëàí ãüíè ÷ûçûãûÿ é¤nekeé äåÿëåìåñèíè éàçìàëû. 
471. )4,3,1( −M  íîêàò arkaly ãå÷éúí âå 

2 3 0,
3 1 0

x y z
x y z

− + − =⎧
⎨ + − − =⎩

 

ãüíè ÷ûçûãà ïàðàëëåë áîëàí ãüíè ÷ûçûãûÿ äåÿëåìåñèíè éàçìàëû. 
472. )3,5,2( −M  íîêàò àðêàëû ãå÷éúí ãüíè ÷ûçûãûÿ äåÿëåìåñèíè 

éàçìàëû: 
 1) Ox  îêà ïàðàëëåë áîëàí 

 2) 
⎩
⎨
⎧

=−−+
=−+−

0145
0132

zyx
zyx

 ãüíè ÷ûçûãà ïàðàëëåë áîëàí. 
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473. )5,3,1( −M  íîêàò arkaly ãå÷éúí âå 

3 2 7 0,
3 2 3 0

x y z
x y z
− + − =⎧

⎨ + − + =⎩
 

ãüíè ÷ûçûãà ïàðàëëåë áîëàí  ãüíè ÷ûçûãûÿ éüíåêåé äåÿëåìåñèíè òàïìàëû. 
474. )1,1,2( −M  íîêàòäàí ãå÷éúí âå 01=−++ zyx  òåêèçëèãå 

ïåðïåíäèêóëéàð áîëàí ãüíè ÷ûçûãûÿ éüíåêåé äåÿëåìåñèíè òàïìàëû. 

475. Êîîðäèíàòàëàð áàøëàíãûùûíäàí ãå÷èï 
1

5
2
1

3
2 −

=
−
+

=
− zyx

 ãüíè 

÷ûçûãà ïåðïåíäèêóëéàð áîëàí âå xOz òåêèçëèêäå éàòéàí ãüíè ÷ûçûãûÿ 
éüíåêåé äåÿëåìåñèíè òàïìàëû. 

476. )1,2,1( −M  íîêàò àðêàëû ãå÷éúí âå 

3 2 2 1 0,
0

x y z
x y z
+ − + =⎧

⎨ + + =⎩
 

ãüíè ÷ûçûãà ïàðàëëåë áîëàí ãüíè ÷ûçûãûÿ éüíåêåé äåÿëåìåñèíè òàïìàëû. 
477. Àøàêäàêû ãüíè ÷ûçûêëàðûÿ áèðè-áèðè áèëåí 

ïåðïåíäèêóëéàðäûklarûíû ñóáóò ýòìåëè: 

 
3 5 1 011) we .
2 3 8 3 01 2 3
x y zx y z
x y z
+ − + =⎧−

= = ⎨ + − + =− ⎩
 

 

1 2
2 4 2 0

2) , 2 3 .
4 5 4 0

1 6

x t
x y z

y t
x y z

z t

= +⎧
+ − + =⎧ ⎪ = − +⎨ ⎨− − + =⎩ ⎪ = −⎩

 

478. Àøàêäàêû èêè ãüíè ÷ûçûãûÿ üçàðà ïàðàëëåëäèãèíè ñóáóò ýòìåëè: 
0,2 1 ,

5 8 0.3 2 1
x y zx y z
x y z
+ − =⎧+ −

= = ⎨ − − − =− ⎩
  

479. )1,3,2(M  íîêàòäàí 
3

2
12

1 −
=

−
=

+ zyx
 ãüíè ÷ûçûãà ãå÷èðèëåí 

ïåðïåíäèêóëéàðûÿ éüíåêåé äåÿëåìåñèíè òàïìàëû. 
Ãüíè ÷ûçûêëàðûÿ êåñèøéúíäèãèíè áàðëàìàëû: 

480. 
1 7 5 6 1, .

2 1 4 3 2 1
x y z x y z− − − − +

= = = =
−

 

 

481. 
4 1 0 3 4 0,

,
2 3 0 2 8 0.

x z x y z
x y y z

+ − = + − + =⎧ ⎧
⎨ ⎨− + = + − =⎩ ⎩

 

482. Àøàêäàêû ãüíè ÷ûçûêëàðûÿ êåñèøéúíäèãèíè ñóáóò ýòìåëè âå 
îëàðûÿ êåñèøìå íîêàäûíû òàïìàëû: 
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3 4 0 3 3 1, .
2 3 5 0 4 1 2
x y z x y z
x y z
+ − + =⎧ + + −

= =⎨ − − − =⎩
 

483. )5,1,4(we)2,1,1( NM −  íîêàòëàð àðêàëû ãå÷éúí ãüíè ÷ûçûãûÿ 
éüíåêåé äåÿëåìåñèíè òàïìàëû. 

484. Àøàêäàêû ãüíèíèÿ êîîðäèíàòà òåêèçëèêëåðè áèëåí êåñèøìå íîêàäûíû 
òàïìàëû 

6 2 9 0,
3 2 2 12 0.

x y z
x y z
+ − − =⎧

⎨ + + − =⎩
 

485. 1 2(2, 1,1) , (3,3, 1)M M− −  íîêàòëàð àðêàëû ãå÷éúí ãüíè ÷ûçûãûÿ 
éüíåêåé âå ïàðàìåòðèê äåÿëåìåñèíè òàïìàëû. 

486. Þ÷áóð÷ëóãûÿ äåïåëåðè áåðëåí:  ( 5,7 ,1),A −  (2 , 4 , 1),B −
( 1,3,5).C B−  äåïåäåí AC òàðàïà ãå÷èðèëåí ìåäèàíàíûÿ éüíåêåé 

äåÿëåìåñèíè òàïìàëû. 
487. Þ÷ñáóð÷ëóãûÿ äåïåëåðè áåðëåí: (1, 1,3), (3, 4 ,9),A B− − ( 5,11,7).C −  

A äåïåäúêè è÷êè áóð÷óÿ áèññåêòðèñàñûíûÿ éüíåêåé äåÿëåìåñèíè òàïìàëû. 
488. Àøàêäàêû ãüíè ÷ûçûêëàðà äåãèøëè áèðíú÷å íîêàòëàðûÿ 

êîîðäèíàòàëàðûíû òàïìàëû: 

 5,3,23b),
1
4

31
1a) ==+=

−
−

==
− ztytxzyx

,   

 
3 0,

ç)
5 0.

x
x y z
− =⎧

⎨ + + − =⎩
 

489. Ãüíi çyzyklaryň ïàðàìåòðlè äåÿëåìåëåðèíè éàçìàëû: 

 
3 0, 2 1 0,

a) b)
0; 1 0.

x y z x y z
y x y
− + = + + − =⎧ ⎧

⎨ ⎨= − + =⎩ ⎩
  

490. Àøàêäàêû ãüíè ÷ûçûêëàðûÿ éåðëåøèø àéðàòûíëûêëàðûíû ãüðêåçìåëè: 

1 1 1 1 1

0, 0,
1) 2)

0; 0;
Ax By Cz Ax D
A x B y C z B y D

+ + = + =⎧ ⎧
⎨ ⎨+ + = + =⎩ ⎩

 

1 1 1 1 1

0, 0;
3)

0; 0.
By Cz D Ax Cz
B y C z D A x C z

+ + = + =⎧ ⎧
⎨ ⎨+ + = + =⎩ ⎩

                     

¸ 6. Ãüíè ÷ûçûê âå òåêèçëèê 

Ãîé, ãèÿèøëèêäå éüíåêåé äåÿëåìåëåðè áèëåí ãüíè ÷ûçûê âå òåêèçëèê 
áåðëåí áîëñóí: 
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         .x a y b z c
m n p
− − −

= =                 (1) 

         0.Ax By Cz D+ + + =                (2) 
Øó ãüíè ÷ûçûê áèëåí òåêèçëèãèÿ êåñèøìå íîêàäûíû òàïìàê þ÷èí 

äåÿëåìåëåðè áèëåëèêäå ÷üçìåëè áîëéàðûñ. Îíóÿ þ÷èí t  ïàðàìåòðè ãèðèçìåê 
àìàòëûäûð: 

cptzbntyamtx +=+=+= ,, . Áóëàðû (2) äåÿëåìú ãîéóï −t íè 
òàïûï áîëàð. Ñîÿðà áîëñà zyx ,,  êîîðäèíàòàëàð òàïûëéàð. 

(1) ãüíè ÷ûçûê áèëåí (2) òåêèçëèãèÿ àðàñûíäàêû áóð÷ 

2 2 2 2 2 2
sin Am Bn Cp

A B C m n p
ϕ + +
= ±

+ + + +
              (3) 

ôîðìóëàäàí òàïûëéàð. 
(1) ãüíè ÷ûçûê áèëåí (2) òåêèçëèãèÿ ïàðàëëåëèê âå ïåðïåíäèêóëéàðëûk 

íûøàíëàðû àøàêäàêû ãüðíþøäå éàçûëéàð: 
0=++ CpBnAm                        (4) 

p
C

n
B

m
A

==                      (5) 

(1)  ôîðìóëà áèëåí áåðëåí ãüíè ÷ûçûãûÿ òóòóøëûãûíà (2) òåêèçëèêäå 
éàòìàêëûãû àøàêäàêû èêè äåÿëåìå áèëåí àÿëàäûëéàð: 

               
0,

0.
Aa Bb Cc D
Am Bn Cp

+ + + =⎧
⎨ + + =⎩

                   (6) 

491. 
1

1
3

9
4
12 −

=
−

=
− zyx

 ãüíè ÷ûçûê áèëåí 0253 =−−+ zyx  

òåêèçëèãèÿ êåñèøìå íîêàäûíû òàïìàëû. 
×üçþëèøè. Ãüíè ÷ûçûãûÿ äåÿëåìåñèíè ïàðàìåòðlè ãüðíþøå ãåòèðåëèÿ. Îíóÿ 

þ÷èí îë ãàòíàøûêëàðû t-e äåÿëúëèÿ: 
               12 4 , 9 3 , 1 .x t y t z t= + = + = +   
Áóëàðû òåêèçëèãèÿ äåÿëåìåñèíå ãîéóï t-ni  òàïéàðûñ: 
            3(12 4 ) (9 3 ) (1 ) 2 0, 3.t t t t+ + + − + − = = −  

Oíäà 
0)3(412 =−+=x , 9 3( 3) 0, 1 ( 3) 2.y z= + − = = + − = −  

Øóíëóêäà, )2,0,0(1 −M  ãüçëåéúí íîêàäûìûçäûð. 

492.  
3

3
12

1 +
==

− zyx
   ãüíè ÷ûçûê áèëåí 011624 =−++ zyx  

òåêèçëèãèÿ àðàsûíäàêû áóð÷û òàïìàëû. 
×üçþëèøè. Áó éåðäå 4, 2, 6 we 2, 1, 3.A B C m n p= = = = = =           
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p
C

n
B

m
A

==  

øåðòè áàðëàï ãüðåëèÿ. 
3
6

1
2

2
4

== . Äèéìåê, ãüíè ÷ûçûê òåêèçëèãå 

ïåðïåíäèêóëéàðäûð. Õàêûêàòäàí-äà, 
8 2 18 28sin 1, .

24 1 9 16 4 36 14 56
πϕ ϕ+ +

= = = =
+ + + +

 

492. ( )0000 ,, zyxM  íîêàò âå 
p

cz
n

by
m

ax −
=

−
=

−
 ãüíè ÷ûçûê áåðëåí 

áîëñóílar. 
Øó íîêàò âå ãüíè ÷ûçûê àðêàëû ãå÷éúí  òåêèçëèãèÿ äåÿëåìåñèíè 

éàçìàëû. 
 
×üçþëèøè. Ãüíè ÷ûçûãûÿ äåÿëåìåñèíäåí ãüðíþøè éàëû îë ),,( cbaP  

íîêàò âå óãðóêäûðûùû ),,( pnmS  âåêòîð áèëåí êåñãèòëåíéúð. 
Ãîé, ),,( zyxM  òåêèçëèãèÿ ýðêèí íîêàäû áîëñóí. Îíäà 

{ },,, 0000 zzyyxxMM −−−
→

{ }0000 ,, zcybxaPM −−−
→

 we { }pnmS ,,   
âåêòîðëàð áèð òåêèçëèêäå éàòéàðëàð. Øîíóÿ þ÷èí îëàðûÿ ãàrûøûê êüïåëòìåê 
õàñûëû íoëà äåÿäèð: 

                 
0 0 0

0 0 0 0.
x x y y z z
a x b y z c

m n p

− − −
− − − =  

 
Êåñãèòëåéùèíè à÷ûï ãüçëåéúí òåêèçëèãèìèçèÿ äåÿëåìåñèíè àëàðûñ. 
494. )1,1,3(we)3,2,1( −−−− BA  íîêàòëàð àðêàëû ãå÷éúí ãüíè 

÷ûçûãûÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. 
12

1

12

1

12

1

zz
zz

yy
yy

xx
xx

−
−

=
−
−

=
−
−

 ôîðìóëàíû óëàíûï àëàðûñ: 

    
2 1 0 2 1, .

3 2 1 1 1 0 1 0 1
x y z x y z− − − − +

= = = =
− − + − − −

 

 495. )3,2,1( −−M   íîêàò  arkaly ãå÷éúí âå 
2

3
3

1
4

2 +
=

−
=

+ zyx
  

ãüíè ÷ûçûãà ïàðàëëåë áîëàí òåêèçëèãèÿ äåÿëåìåñèíè òàïìàëû. 
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×üçþëèøè. Áåëëè áîëøû éàëû ãüçëåéúí òåêèçëèãèìèçèÿ n  íîðìàë âåêòîðû 
õüêìþíäå, áåðëåí ãüíè ÷ûçûãûÿ óãðóêäûðûùûñû  { }2,3,4q   âåêòîðûíà 
ïàðàëëåë áîëàí âåêòîðû àëìàê áîëàð. Äèéìåê, M  íîêàò arkaly ãå÷éúí âå 
q  âåêòîðà ïåðïåíäèêóëéàð áîëàí òåêèçëèãèÿ äåÿëåìåñèíè éàçàéìàê ãàëéàð: 

  4( 1) 3( 2) 2( 3) 0 , 4 3 2 4 0.x y z x y z+ + − + + = + + + =  

496. 
2
1

3
4

4
2

−
−

=
+

=
− zyx

 ãüíè ÷ûçûãûÿ 03725 =++− zyx  òåêèçëèãå 

ïàðàëëåëäèãèíè ãüðêåçìåëè. 
×üçþëèøè. (4) ôîðìóëàíû óëàíàëûÿ.  
Áó éåðäå ,5,2,3,4 =−=== Apnm  ,2−=B  C=7.  
Îíäà 
 5 4 ( 2) 3 7 ( 2) 20 6 14 0.Am Bn Cp+ + = ⋅ + − ⋅ + ⋅ − = − − =  
Áó áîëñà ãüíè ÷ûçûãûÿ òåêèçëèãå ïàðàëëåëäèãèíè ãüðêåçéúð. 
497. )1,2,5( −A  íîêàäûÿ 02332 =++− zyx  òåêèçëèãå áîëàí 

ïðîéåêñèéàñûíû òàïìàëû. 
×üçþëèøè. A íîêàäûÿ áåðëåí òåêèçëèãå áîëàí ïðîéåêñèéàñûíû B  áèëåí 

áåëãèëúëèÿ. Áåðëåí òåêèçëèãå ïåðïåíäèêóëéàð áîëàí { }3,1,2 −N  âåêòîð AB  
ïåðïåíäèêóëéàðûÿ óãðóêäûðûùû âåêòîðû õåì áîëóï áèëåð. Øîíóþ þ÷èí ãüíè 
÷ûçûãûÿ éüíåêåé äåÿëåìåñè àøàêäàêû ãüðíþøäåäèð: 

5 2 1.
2 1 3

x y z− − −
= =

−
 

Áó ãüíi çyzygyň ïàðàìåòðlè äåÿëåìåñèíè éàçàëûÿ: 

5 2 , 2 , 1 3 .x t y t z t= + = − = − +  
Áóëàðû òåêèçëèãèÿ äåÿëåìåñèíå ãîéóï t -íè òàïéàðûñ: 
         2(5 2 ) (2 ) 3( 1 3 ) 23 0, 2.t t t t+ − − + − + + = = −  
Øóíëóêäà, ãüçëåéúí íîêàäûìûçûÿ ïðîéåêñèéàëàðûíûÿ êîîðäèíàòàëàðûíû 

òàïûï áèëåðès: 
  5 2( 2) 1, 2 ( 2) 4, 1 3( 2) 7.B B Bx y z= + − = = − − = = − + − = −  

498. 
34

3
2

1 zyx
=

−
=

+
 ãüíè ÷ûçûê áèëåí 05233 =−−− zyx  òåêèçëèãèÿ 

êåñèøìå íîêàäûíû òàïìàëû. 

499. 
1

1
1
1

5
2 −

=
−
+

=
− zyx

 ãüíè ÷ûçûê áèëåí 0132 =−+− zyx  

òåêèçëèãèÿ êåñèøìå íîêàäûíû òàïìàëû. 

500. 
4

5
1

4
5

7 −
=

−
=

− zyx
 ãüíè ÷ûçûê áèëåí 0523 =−+− zyx  

òåêèçëèãèÿ êåñèøìå íîêàäûíû òàïìàëû. 
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501. 
3

4
2

1
8
13 −

=
−

=
− zyx

 ãüíè ÷ûçûãûÿ 0142 =−−+ zyx  òåêèçëèêäå 

éàòéàíäûãûíû ãüðêåçìåëè. 
 

502. 
2

5
3

1
2

3 +
=

−
=

+ zyx
 ãüíè ÷ûçûê áèëåí 02232 =−++ zyx  

òåêèçëèãèÿ êåñèøìå íîêàäûíû òàïìàëû. 

503. 
5

1
2

3
4

2 +
=

−
=

− zyx
 ãüíè ÷ûçûê áèëåí 04322 =−−+ zyx  

òåêèçëèãèÿ êåñèøìå íîêàäûíû òàïìàëû. 

504. )5,0,1( −−A  âå )0,2,1(B   íîêàòëàð àðêàëû ãå÷éúí ÷ûçûê áèëåí  
053 =++− zyx   òåêèçëèãèÿ àðàñûíäàêû áóð÷û òàïìàëû. 

505. 
3
1

124
1

−
−

==
− zyx

 ãüíè ÷ûçûê áèëåí 0236 =+− zyx  òåêèçëèãèÿ  

àðàñûíäàêû áóð÷û òàïìàëû. 

506. 
2

3
4

1
3

4 −
=

+
=

+ zyx
 ãüíè ÷ûçûê áèëåí 0432 =+−+ zyx  

tekizligiň àðàñûíäàêû áóð÷û òàïìàëû. 

507. 
2

3
4

1
3

2 −
=

+
=

− zyx
 ãüíè ÷ûçûê áèëåí 2 1 0x y z− + + − =  

òåêèçëèãèÿ àðàñûíäàêû áóð÷û òàïìàëû. 

508. )1,0,2(M  íîêàò áèëåí 
2
1

2
1

1
1

−
+

=
+

=
− zyx

 ãüíè ÷ûçûêäàí ãå÷éúí 

òåêèçëèãèÿ äåÿëåìåñèíè òàïìàëû. 

509. )2,3,4( −M  íîêàò áèëåí 
132 −

=
−

=
zyx
 ãüíè ÷ûçûêäàí ãå÷éúí 

òåêèçëèãèÿ äåÿëåìåñèíè éàçìàëû. 
510. A−íûÿ õàéñû áàõàñûíäà 0153 =+−+ zyAx  òåêèçëèê 

13
2

4
1 zyx

=
+

=
−

 ãüíè ÷ûçûãà ïàðàëëåë?  

511. 
3

2
2

1
4

3 +
=

−
=

− zyx
 ãüíè ÷ûçûãûÿ 0922 =−−− zyx  òåêèçëèêäå 

éàòéàíäûãûíû ãüðêåçìåëè. 
512. )1,3,4( −A  íîêàäûÿ 032 =−−+ zyx  òåêèçëèãå áîëàí 

ïðîéåêñèéàñûíû òàïìàëû. 
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513. )1,2,1(A  íîêàäûÿ 
2

1
13

2 −
=

−
=

+ zyx
 ãüíè ÷ûçûãà áîëàí 

ïðîéåêñèéàñûíû òàïìàëû. 

514. 
2
1

3
4

4 −
+

=
−

=
zyx

 ãüíè ÷ûçûãûÿ 083 =++− zyx  òåêèçëèãå áîëàí 

ïðîéåêñèéàñûíû òàïìàëû. 
515. )4,2,3( −M  íîêàò arkaly ãå÷éúí âå 01735 =+−+ zyx  òåêèçëèãå 

ïåðïåíäèêóëéàð áîëàí ãüíè ÷ûçûãûÿ äåÿëåìåñèíè òàïìàëû. 
516. Àøàêäàêû ãüíè ÷ûçûêëàðûÿ äåãèøëè òåêèçëèêëåðäå éàòéàíäûãûíû éà-

äà éàòìàéàíäûãûíû àíûêëàìàëû: 
1 3 2а) , 4 3 3 0;

2 1 5
1 2b) , 5 8 2 1 0;

4 7 3
2 5ç) , 3 2 15 0.

3 4 1

x y z x y z

x y z x y z

x y z x y z

− + +
= = + − + =

−
− −

= = − − − =

+ −
= = − − + =

  

¸ 7. Ãèÿèøëèêäå ãüíè ÷ûçûãà âå òåêèçëèãå äåãèøëè äþðëè ìåñåëåëåð 

517. )3,2,2( −−M  íîêàò   arkaly ãå÷éúí { }5,4,2 −=q  âåêòîðà ïàðàëëåë 
áîëàí ãüíè ÷ûçûãûÿ éüíåêåé âå ïàðàìåòðlè äåÿëåìåñèíè òàïìàëû. 

518. 
2

4
4

3
3

1we
326

−
=

−
=

+
−

==
zyxzyx

 ãüíè ÷ûçûêëàðà ïàðàëëåë 

âå )1,3,4( −P  íîêàò arkaly ãå÷éúí òåêèçëèãèÿ äåÿëåìåñèíè òàïìàëû. 

519. 
3
2

1
4

2
3

−
−=+=− zyx  ãüíè ÷ûçûê àðêàëû ãå÷éúí âå 

2
1

7
2

4
5 −=−=+ zyx  ãüíè ÷ûçûãà ïàðàëëåë áîëàí òåêèçëèãèÿ äåÿëåìåñèíè 

òàïìàëû. 

520. 
11

2
3

5 zyx =−=+  ãüíè ÷ûçûê àðêàëû geçýän we 015 =+−+ zyx  

òåêèçëèãå ïàðàëëåë áîëàí òåêèçëèê ãå÷èðìåëè. 
521. Àøàêäàêû èêè ïàðàëëåë ãüíè ÷ûçûêëàðûÿ àðàsûíäàêû óçàêëûãû 

òàïìàëû: 
2 1 7 1 3, .

3 4 2 3 4 4
x y z x y z− + − − −

= = = =  
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522. )7,9,7(P  íîêàò áèëåí 
23

1
4

2 zyx
=

−
=

−
 ãüíè ÷ûçûãûÿ 

àðàsûíäàêû óçàêëûãû òàïìàëû. 
523. Ãüíè ÷ûçûêëàðûÿ àðàñûíäàêû áóð÷û òàïìàëû: 

3 2 2 3 5, .
1 1 1 12 2

x y z x y z− + + − +
= = = =

−
 

524. )2,1(A  íîêàäûÿ âå  Oz  îêy arkaly ãå÷éúí òåêèçëèãèÿ äåÿëåìåñèíè 
äþçìåëè. 

525. )1,2,5(M  íîêàäûÿ 02332 =++− zyx  òåêèçëèãå ïðîéåêñèéàñûíû 
òàïìàëû. 

526. 
3
1

124
1

−
−

==
− zyx

 ãüíè ÷ûçûê áèëåí 0236 =−− zyx  tekizligiň 

àðàñûíäàêû áóð÷û òàïìàëû. 

527. 
1

1
3

9
4
12 −

=
−

=
− zyx

 ãüíè ÷ûçûê áèëåí 0253 =−−+ zyx  

òåêèçëèãèÿ êåñèøìå íîêàäûíû òàïìàëû. 
528. )2,4,6( −A  íîêàäûÿ 03 =−++ zyx  òåêèçëèãå ãüðú ñèììåòðèê 

áîëàí А′ íîêàäûíû òàïìàëû. 
529. Ãüíè ÷ûçûêëàðûÿ àðàñûíäàêû óçàêëûãû òàïìàëû. 

3
7

3
1

8
4,

2
3

3
6

4
3 +

=
−
+

=
−−

=
−
−

=
+ zyxzyx

. 

530.  )5,3,2(,)0,0,2(,)2,1,4( −−− CBA  íîêàòëàð þ÷áóð÷ëóãûÿ 

äåïåëåðè áîëñà, B äåïåäåí ãàðøûñûíäàêû òàðàïà ãå÷èðèëåí áåéèêëèãèÿ 
äåÿëåìåñèíè éàçìàëû. 

531. )4,10,5(A  íîêàäûÿ 
5

3
4

2
2

1 −
=

−
=

− zyx
 ãüíè ÷ûçûãà  ãüðú 

ñèììåòðèê áîëàí A′ íîêàäûíû òàïìàëû. 

532. (5,3,1)A  íîêàòäàí 
32

1
1

2 zyx
=

−
=

+
 ãüíè ÷ûçûãà ãå÷èðëåí 

ïåðïåíäèêóëéàðûÿ éüíåêåé äåÿëåìåñèíè òàïìàëû. 

533. Êîîðäèíàòàëàð áàøëàíãûùûíäàí 
2
2

3
2

4
5

−
+

=
−

=
− zyx

 ãüíè ÷ûçûãà 

ãå÷èðèëåí ïåðïåíäèêóëéàðûÿ äåÿëåìåñèíè òàïìàëû. 

534. Äåÿëåìåñè 
2
1

3
4

4 −
+

=
−

=
zyx

 áîëàí ãüíè ÷ûçûãûÿ 

083 =++− zyx  òåêèçëèãå áîëàí ïðîéåêñèéàñûíûÿ éüíåêåé äåÿëåìåñèíè 
éàçìàëû. 
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535. 
1 2

2 1 3
x y z− +

= =  ãüíè ÷ûçûê àðêàëû ãå÷éúí âå 

5
2

3
2

2
1

−
−

=
−

=
+ zyx

 ãüíè ÷ûçûãà ïàðàëëåë áîëàí òåêèçëèãèÿ äåÿëåìåñèíè 

òàïìàëû. 
536. Àøàêäàêû èêè ïàðàëëåë ãüíè ÷ûçûê àðêàëû ãå÷éúí òåêèçëèãèÿ 

äåÿëåìåñèíè òàïìàëû 
3 1 1 3 2, .

7 3 5 7 3 5
x y z x y z+ − − − +
= = = =  

537. tztytx 31,3,22 +−=+=+=  ãüíè ÷ûçûãûÿ 06 =−−+ zyx  
òåêèçëèêäå éàòéàíäûãûíû ãüðêåçìåëè. 

   ¸ 8. Ñôåðà 

Giªiølikde måðêåç äèéèï àòëàíäûðûëéàí íîêàòäàí äåÿäàøëàøàí íîêàòëàð 
êüïëþãèíå ñôåðà äèéèëéúð. Ñôåðàíûÿ èñëåíäèê íîêàäûíû îíóÿ ìåðêåçè áèëåí 
áèðëåøäèðéúí êåñèìèÿ óçûíëûãûíà ñôåðàíûÿ ðàäèóñû äèéèëéúð. Ìåðêåçè 

),,( cbaC  íîêàòäà áîëàí, R  ðàäèóñëû ñôåðàíûÿ äåÿëåìåñè àøàêäàêû 
ãüðíþøäåäèð: 

      2 2 2 2( ) ( ) ( ) .x a y b z c R− + − + − =                (1) 
Ýãåð ñôåðàíûÿ ìåðêåçè êîîðäèíàòàëàð áàøëàíãûùûíäà áîëñà, (1) ôîðìóëà 

õàñ éüíåêåé ãüðíþøè àëéàð: 
2222 Rzyx =++  

Ñôåðàíûÿ óìóìû äåÿëåìåñè àøàêäàêû ãüðíþøäåäèð: 
2 2 2 2 2 2 0.Ax Ay Az Dx Ey Fz G+ + + + + + =  

Áó äåÿëåìúíè A áüëþï, ñîÿðà áîëñà äîëû êâàäðàòëàðû áüëþï àëìàê 
áèëåí (1) ãüðíþøå ãåòiðèëèï áèëíåð. 

638. Ìåðêåçè )7,4,1( −C  íîêàòäà áîëàí 042766 =+−+ zyx  
òåêèçëèãå ãàëòàøéàí ñôåðàíûÿ äåÿëåìåñèíè òàïìàëû. 

×üçþëèøè. Ñôåðàíûÿ ðàäèóñû òåêèçëèãèÿ ãàëòàøìà íîêàäû áèëåí C 
ìåðêåçèÿ àðàsûíäàêû óçàêëûãà äåÿäèð. Îíû òàïìàê þ÷èí íîðìèðëåéùè 
êüïåëäèùèíè òàïàëûÿ: 

1 1 .
1136 36 49

M = − = −
+ +

 

Îíäà 
6 6 7 42 0

11 11 11 11
x y z− − + − =  

alarys. 
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Äåÿëèãèÿ ÷åï áüëåãèíå C íîêàäûÿ êîîðäèíàòàëàðûíû ãîéóï, R  ðàäèóñû 
òàïéàðûñ: 

6 6 7 42 1211 4 7 11.
11 11 11 11 11

R = − ⋅ − ⋅ − ⋅ − = − =  

(1) ôîðìóëàíû óëàíûï ñôåðàíûÿ äåÿëåìåñèíè éàçûï áèëåðèñ: 
2 2 2( 1) ( 4) ( 7) 121.x y z− + − + + =  

539. Ìåðêåçè )4,2,1( −C  íîêàòäà áîëàí 0322 =−+− zyx  òåêèçëèãå 
ãàëòàøéàí ñôåðàíûÿ äåÿëåìåñèíè éàçìàëû. 

 540. Ìåðêåçè )0,4,0(C  íîêàòäà áîëàí 03362 =−−+ zyx  òåêèçëèãå 
ãàëòàøéàí ñôåðàíûÿ äåÿëåìåñèíè éàçìàëû. 

 541. Ìåðêåçè êîîðäèíàòàëàð áàøëàíãûùûíäà áîëàí âå )3,2,6( −M  
íîêàòäàí  ãå÷éúí ñôåðàíûÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. Ñôåðàíûÿ ðàäèóñû 
→

ОМ  âåêòîðûÿ óçûíëûãûíà äåÿäèð: 

36 4 9 49 7.R = + + = =  
(2) ôîðìóëàíû óëàíûï àëéàðûñ: 

2 2 2 49.x y z+ + =  
542. Ìåðêåçè )1,1,1( −−C  íîêàòäà áîëàí, )2,2,4(M  nîêàò  arkaly 

ãå÷éúí ñôåðàíûÿ äåÿëåìåñèíè éàçìàëû. 

543. Ìåðêåçè ⎟
⎠
⎞

⎜
⎝
⎛ − 1,

2
1,2M  íîêàòäà áîëàí, )3,1,1( −C  íîêàò  arkaly 

ãå÷éúí ñôåðàíûÿ äåÿëåìåñèíè éàçìàëû. 

544. 0
2
128222 222 =++−++ zyzyx  ãüðíþøäå áåðëåí ñôåðàíûÿ 

ìåðêåçèíè âå ðàäèóñûíû òàïìàëû. 
×üçþëèøè. Äåÿëåìúíè 2-ä áüëåëèÿ: 

        2 2 2 14 0.
4

x y z y z+ + − + + =  

Äîëû êâàäðàòëàðû áüëþï àëàëûÿ: 

 

( )

( )

2 2 2

2
22

1 1 14 4 4 0,
4 4 4

12 4.
2

x y y z z

x y z

⎛ ⎞+ − + + + + − − + =⎜ ⎟
⎝ ⎠

⎛ ⎞+ − + + =⎜ ⎟
⎝ ⎠

 

Áó äåÿëåìúíè (1) äåÿëåìå áèëåí äåÿåøäèðèï ,2=R  ⎟
⎠
⎞

⎜
⎝
⎛ −

2
1,2,0C  

áîëéàíäûãûíû ãüðéúðèñ. 
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545. 07442222 =−−+−++ zyxzyx  ãüðíþøäúêè äåÿëåìå áèëåí 
áåðëåí ñôåðàíûÿ ðàäèóñûíû âå ìåðêåçèíè òàïìàëû. 

546. Ñôåðàíûÿ ìåðêåçèíèÿ êîîðäèíàòàëàðûíû âå ðàäèóñûíû òàïìàëû. 

1) 2 2 2 6 8 2 10 0;x y z x y z+ + − + + + =  

2) 2 2 2 2 4 4 0.x y z x y+ + + − − =  
547. Ìåðêåçè xOy òåêèçëèêäå éàòéàí âå (1, 2, 4),A −  

(1, 3,1), (2, 2,3)B C−  íîêàòëàð àðêàëû ãå÷éúí ñôåðàíûÿ äåÿëåìåñèíè òàïìàëû. 
×üçþëèøè. CBA ,,  íîêàòëàðûÿ ñôåðà äåãèøëèdèãèíå ãüðú îëàðûÿ 

êîîðäèíàòàëàðû 2222 )()()( Rczbyax =−+−+−  äåÿëåìúíè 
êàíàãàòëàíäûðéàíäûðëàð. Øåéëå õåì ñôåðàíûÿ ìåðêåçèíèÿ xoy òåêèçëèêäå 
éàòéàíäûãûíà ãüðú 0c = . 

 2 2 2 2(1 ) (2 ) ( 4) ;a b R− + − + − =  

 2 2 2 2(1 ) ( 3 ) 1 ;a b R− + − − + =  

 2 2 2 2(2 ) (2 ) 3 .a b R− + − + =  
Áó éåðäåí, 

  =+−+− 222 16)2()1( ba 222 1)3()1( +−−+− ba     

  =+−+− 222 16)2()1( ba 9)2()2( 22 +−+− ba  
éà-äà 

  1010,15)3()2( 22 =−=−−−− bbb  

  2 2(1 ) (2 ) 7, 2 4.a a a− − − = − = −   
Øóíëóêäà, )0,1,2(.1,2 −=−= Cba  íîêàò ñôåðàíûÿ ìåðêåçèäèð. 

Ñôåðàíûÿ ðàäèóñûíû tàïàëûÿ: 
2 2 2 2 2(1 ) (2 ) 16 (1 2) (2 1) 16 26.R a b= − + − + = + + − + =  

Èíäè ãüçëåéúí ñôåðàìûçûÿ äåÿëåìåñèíè éàçûï áèëåðèñ: 
2 2 2( 2) ( 1) 26.x y z+ + − + =  

548. Ðàäèóñû 2=R  äåÿ áîëàí (1, 2, 1) ,A − −  
( 5,10, 1), ( 8, 2, 2)B C− − − − íîêàòëàð arkaly ãå÷éúí ñôåðàíûÿ äåÿëåìåñèíè 

éàçìàëû. 
 

¸ 9. Ñèëèíäð þñòëåð 

Õàéñû áîëñàäà áèð ãüíè ÷ûçûê üç üçþíå ïàðàëëeëèãèíè ñàêëàï áàøãà áèð 
áåðëåí ÷ûçûãûÿ óãðû áèëåí õåðåêåò ýäèï þñò ýìåëå ãåòèðéúí áîëñà, îíäà îë 
þñòå ñèëèíäð þñò äèéèëéúð. Üz üçþíå ïàðàëëållèãèíè ñàêëàï õåðåêåò ýäéúí ãüíè 
÷ûçûãà ýìýëå ãåòèðèùè äèéèëéúð. Ýìåëå ãåòèðèùèíèÿ õåðåêåò ýäéúí ãüíè 
÷ûçûãûíà óãðóêäûðûùû äèéèëéúð. 
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Ýìýëå ãåòèðèùèsi oz îêà ïàðàëëåë áîëàí ñèëèíäð þñòþÿ äåÿëåìåñè 
àøàêäàêû ãüðíþøäåäèð: 

        ( , ) 0.F x y =                              (1)  
Øåéëå õåì ýìýëå ãåòèðèùèñè OxOy,  îêëàðà ïàðàëëåë áîëàí ñèëèíäð 

þñòëåðèÿ äåÿëåìåëåðè äåãèøëèëèêäå àøàêäàêû ãüðíþøäåäèð: 

        
( , ) 0 (2)
( , ) 0. (3)

F x z
F y z

=
=

 

Áó þñòëåðèÿ óãðóêäûðûùûëàðûíûÿ äåÿëåìåëåðèíè éàçàëûÿ: 

 
( , ) 0 ( , ) 0 ( , ) 0

, , .
0 0 0

F x y F x z F y z
z y x

= = =⎧ ⎧ ⎧
⎨ ⎨ ⎨= = =⎩ ⎩ ⎩

 

1. Ýëëèïòèê ñèëèíäð. (26-íùû çyzgy) 

           12

2

2

2

=+
b
y

a
x

                         (4) 

Áó þñòþÿ óãðóêäûðûùûñû xOy  òåêèçëèêäå ýëëèïñäèð. ba =  áîëñà òåãåëåê 
ñèëèíäðè àëéàðûñ. 

2. Ãèïåðáîëèê ñèëèíäð (27-íùè çyzgy) 

         
2 2

2 2 1.x y
a b

− =  

Áó þñòþÿ óãðóêäûðûùûñû xOy  òåêèçëèêäå ãèïåðáîëàäûð. 
3. Ïàðàáîëèê ñèëèíäð (28-nùè çyzgy) 

2 2 .y px=  
Áó þñòþÿ óãðóêäûðûùûñû xOy  òåêèçëèêäå ïàðàáîëàäûð.  

   
      

    1// 2222 =+ byax             1// 2222 =− byax  

  26-íùû çyzgy                     27-íùè çyzgy 
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2 2y px=  

28-íùè çyzgy 

549. axyx 222 =+  äåÿëåìå ãèÿèøëèêäå õàéñû þñòi àÿëàäéàð? 
×üçþëèøè. Áåðëåí äåÿëåìå üçþíäå z-i ñàêëàìàéàð. Øîíóÿ þ÷èí îë þñò 

ýìåëå ãåòèðèùèñè Oz îêà ïàðàëëåë áîëàí ñèëèíäð þñòäþð. Îíóÿ óãðóêäûðûùûñû 
xOy tåêèçëèêäå 

⎩
⎨
⎧

=
=+−

⎩
⎨
⎧

=
=+

0
)(

,
0

2 22222

z
ayax

z
axyx

 

òüâåðåêäèð. Îíóÿ ìåðêåçè ( ,0,0)a  íîêàòäà áîëóï, ðàäèóñû аR =  äåÿäèð. 

Øóíëóêäà, áåðëåí äåÿëåìå òåãåëåê ñèëèíäðè àÿëàäéàð. 

550. 01422 =+−+ yxx  äåÿëåìå ãèÿèøëèêäå õàéñû þñòè àÿëàäéàð? 
×üçþëèøè. Áåðëåí äåÿëåìå z óëóëûãû üçþíäå ñàêëàìàéàð. Øîíóÿ þ÷èí 

áåðëåí äåÿëåìå ýìýëå ãåòèðèùèñè Oz îêà ïàðàëëåë áîëàí ñèëèíäð þñòäþð. 
Îíóÿ óãðóêäûðûùûñû 

 
⎩
⎨
⎧

=
=+

⎩
⎨
⎧

=
=+−+

0
4)1(

,
0

0142 22

z
yx

z
yxx

 

we äåïåñè ( 1,0,0)−  íîêàòäà áîëàí ïàðàáîëàäûð. Äèéìåê, ãàðàéàí þñòþìèç 
ïàðàáîëa ñèëèíäðiäèð. 

551. 01991864169 22 =−−+− yzzy  äåÿëåìå ãèÿèøëèêäå õàéñû þñòè 
àÿëàäéàð? 

×üçþëèøè. Äåÿëåìå üçþíäå x  óëóëûãû ñàêëàìàéàð. Øîíóÿ þ÷èí áåðëåí 
äåÿëåìå ýìýëå ãåòèðèùèñè Ox îêà ïàðàëëåë áîëàí ñèëèíäð þñòäþð. Îíóÿ 
óãðóêäûðûùûñû  

 

⎩
⎨
⎧

=
=−−+−

0
01991864169 22

x
yzzy
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éa-da                

⎪⎩

⎪
⎨
⎧

=

=
−

−
−

0

1
9

)2(
16

)1( 22

x

zy
 

bolan ãèïåðáîëàäûð. Îíóÿ ìåðêåçè (0,1,2)  íîêàòäà áîëóï, õàêûêû îêû 
Oy  îêà ïàðàëëåëäèð. Øóíëóêäà, áåðëåí äåÿëåìå ãèïåðáîëa ñèëèíäðèni 
àÿëàäéàð. 

Äåÿëåìåëåðèÿ ãèÿèøëèêäå õàéñû þñòè àÿëàäéàíëûãûíû òàêûêëàìàëû. 
 

552. 2 2 9.x z+ =                   553. 2 6 .y x= −  
 

554. 2 4 2 6 0.z z x+ − + =           555. 2 2 4 .x y y+ =  

¸ 10. Àéëàíìà þñòëåð 

Õàéñûäà áîëñà áèð ÷ûçûãûÿ íîêàòëàðû îê äèéèï àòëàíäûðûëéàí ãüíè 
÷ûçûãûÿ òüâåðåãèíäå, øîë îêäàí óçàêëûãû þéòãåìúí øîë îêà 
ïåðïåíäèêóëéàð òåêèçëèê áîéuí÷à π2  áóð÷a üâðþëèï þñò ýìåëå ãåòèðéúí 
áîëñà, îíäà îë þñòå àéëàíìà þñò äèéèëéúð. Éüíåêåéëèê þ÷èí àéëàíéàí ÷ûçûê 
îêà ïåðïåíäèêóëéàð áîëàí òåêèçëèê áèëåí äèÿå áèð íîêàòäà êåñèøéúð äèéåëèÿ. 

Ãîé, yOz òåêèçëèêäå äåÿëåìåñè 

           
⎩
⎨
⎧

=
=

0
0),(

x
zyF

                       (1) 

áîëàí L  ÷ûçûê áåðëåí áîëñóí. Øîë ÷ûçûãû Oz îêóÿ òüâåðåãèíäå 
àéëàíûìûçäà ýìýëå ãåëåí þñòþÿ äåÿëåìåñèíè éàçàëûÿ: 

       

                    2 2( , ) 0.F x y z± + =                  (2) 

Éàãíû 0),( =yxF  äåÿëåìåäå y  êîîðäèíàòà 22 yx +±  áèëåí 

÷àëøûðûëéàð. Øîë åãðèíè Oy  îêóÿ òüâåðåãèíäå àéëàíûìûçäà ýìåëå ãåëåí 
àéëàíìà þñòþÿ äåÿëåìåñè àøàêäàêû ãüðíþøäåäèð: 

                    2 2( , ) 0.F y x z± + =                   (3)      

556. xOz òåêèçëèêäå éàòéàí 12

2

2

2

=+
c
z

a
x

 ýëëèïñèÿ oz îêóÿ òüâåðåãèíäå 

àéëàíìàãûíäàí ýìýëå ãåëåí ýëëèïñîèäûÿ äåÿëåìåñèíè éàçìàëû. 
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×üçþëèøè. Áåðëåí ýëëèïñèÿ äåÿëåìåñèíè èêè þñòþÿ êåñèøìåñè õüêìþíäå 
éàçàëûÿ: 

2 2

2 2 1.
0

x z
a c
y

⎧
+ =⎪

⎨
⎪ =⎩

 

Áó äåÿëåìåëåð sistemasyny x  we y  ãüðú ÷üçåëèÿ õåì-äå êâàäðàòà 
ãüòåðåëèÿ: 

2
2 2 2

2

2

( )
.

0

ax c z
c

y

⎧
= −⎪

⎨
⎪ =⎩

 

Áó èêè äåÿëèãè ãîøóï àëàðûñ: 

      )( 22
2

2
22 zc

c
ayx −=+  

éà-äà 

      
2 2 2

2 2 2 1.x y z
a a c

+ + =      

Áó àéëàíìà ýëëèïñîèäûÿ äåÿëåìåñèäèð. 

557. yOz òåêèçëèêäå éàòéàí pxy 22 =  ïàðàáîëàíûň oz îêónyÿ 
òüâåðåãèíäå àéëàíìàãûíäàí ýìåëå ãåëåí ïàðàáîëîèäûÿ äåÿëåìåñèíè 
éàçìàëû. 

×üçþëèøè. Áåðëåí ïàðàáîëàíûÿ äåÿëåìåñèíè èêè þñòþÿ êåñèøìåñè 
ãüðíþøèíäå éàçàëûÿ: 

2 2
.

0
y pz
x

⎧ =
⎨

=⎩
 

Áó äåÿëåìåëåð sistemasyny y  we x  ãüðú ÷üçåëèÿ õåì-äå êâàäðàòà 
ãüòåðåëèÿ: 

2

2

2
.

0
y pz
x

⎧ =⎪
⎨

=⎪⎩
 

Áó èêè äåÿëèãè ãîøóï àëàðûñ: 
2 2 2 .x y pz+ =  

Áó àéëàíìà ïàðàáîëîèäûÿ äåÿëåìåñèäèð. 

558. yOz òåêèçëèêäå éàòéàí 12

2

2

2

=−
c
z

b
y

 ãèïåðáîëàíûň Oz îêóÿ 

òüâåðåãèíäå àéëàíìàãûíäàí ýìåëå ãåëåí àéëàíìà ãèïåðáîëîèäûÿ 
äåÿëåìåñèíè òàïìàëû. 
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×üçþëèøè. Áåðëåí ãèïåðáîëàíûÿ äåÿëåìåñèíè èêè þñòþÿ êåñèøìåñè 
ãüðíþøèíäå éàçàëûÿ:  

2 2

2 2 1.
0

y z
b c
x

⎧
− =⎪

⎨
⎪ =⎩

 

Áó äåÿëåìúíè y  we x  ãüðú ÷üçåëèÿ: 

2

21 .
0

zy b
c

x

⎧
⎪ = +
⎨
⎪ =⎩

     

Äåÿëåìåëåðè êâàäðàòà ãüòåðåëèÿ âå ãîøàëûÿ: 

2 2

2 2 22 2

2 2 22

2

1
, 1.

0

y z
x y zb c
b b cx

b

⎧
− =⎪⎪ + − =⎨

⎪ =⎪⎩

 

Àøàêäàêû ÷ûçûêëàðûÿ äåãèøëè îêëàðûÿ äàøûíäà àéëàíìàãûíäàí ýìåëå 
ãåëåí þñòleriÿ äåÿëåìålerini éàçìàëû: 

 

559.   
⎩
⎨
⎧

=
=+

0
422

x
zy

     Oy îêóÿ äàøûíäà. 

560.  
⎪⎩

⎪
⎨
⎧

=

=+

0

1
925

22

x

zy
     Oy îêóÿ äàøûíäà. 

561.  
⎩
⎨
⎧

=
=−

0
122

x
zy

      Oz âå Oy îêlaryÿ äàøûíäà.  

562. zyx 222 sin=+  þñòþÿ ãüðíþøèíè òàêûêëàìàëû. 

×üçþëèøè. Áåðëåí þñòè xOy òåêèçëèãå ïàðàëëåë áîëàí hz =  òåêèçëèê áèëåí 
êåñåëèÿ. Kåñèêäå åìåëå ãåëåí L  ÷ûçûãûÿ äåÿëåìåñè àøàêäàêû ãüðíþøäå 
áîëàð:  

,
sin 222

⎩
⎨
⎧

=
=+

hz
zyx
      

2 2 2sin
.

x y h
z h

⎧ + =
⎨

=⎩
 



147 
 

Øóíëóêäà, åðêèí h  þ÷èí êåñèêäå ìåðêåçè Oz  îêäà, ðàäèóñû 
R sin h=  äåÿ áîëàí òüâåðåãè àëàðûñ. Áó éåðäåí ãüðíþøè éàëû þñò Oz 
îêóÿ äàøûíäà àéëàíìàãûíäàí àëûíéàð. 

Èíäè õàéñû ÷ûçûãû àéëàíûìûçäà þñò àëûíéàíäûãûíû òàêûêëàìàê þ÷èí 
îíû yoz òåêèçëèê áèëåí êåñåëèÿ. 

2 2 2

,
00

y sin zx y sin z
xx
= ±⎧ + = ⎧

⎨ ⎨ == ⎩⎩
 

Äèéìåê, áåðëåí þñò ñèíóñîèäyň Oz îêóÿ äàøûíäà àéëàíìàãûíäàí 
àëûíéàð. 

563. 22
1

yx
z

+
=  äåÿëåìå áèëåí áåðëåí þñòþÿ ãüðíþøèíè òàêûêëàìàëû. 

¸ 11. Èêèíùè òåðòèïëè þñòëåð 

Äåêàðò êîîðäèíàòàëàð sistemasynda èêèíùè òåðòèïëè þñòëåð èêèíùè òåðòèïëè 
äåÿëåìå áèëåí áåðèëýändir: 

2 2 2 2 2 2 2 2 2 0. (1)Ax By Cz Dxy Exz Fyz Gx Hy Kz L+ + + + + + + + + =  
Éüðèòå êîîðäèíàòàëàð ñèñòåìàñûíû àëìàê áèëåí (1) äåÿëåìå éüíåêåé  

ãüðíþøå ãåòèðèëéúð. Èêèíùè òåðòèïëè þñòëåðèÿ ôîðìàñûíû âå éåðëåøèøèíè êüïëåí÷ 
õàëàòëàðäà ïàðàëëåë êåñèêëåðèÿ ìåòîäû áèëåí üâðåíèëéúð. Îë àøàêäàêû éàëû 
àìàëà àøûðûëéàð. Áåðëåí þñò êîîðäèíàòà òåêèçëèêëåðinå ïàðàëëåë áîëàí 
òåêèçëèêëåð áèëåí êåñèëéúð. Àëíàí êåñèãèÿ ôîðìàñû âå üë÷åãè þñòþÿ 
ôîðìàñûíû àíûêëàìàãà éàðäàì ýäéúð. 

564. Äåÿëåìúíèÿ ãåîìåòðèê ìàíûñûíû áèëìåëè 

2 2 24 9 12 6 4 4 8 12 3 0.x y z yz xz xy x y z+ + + + + − − − + =  
×üçþëèøè. Äåÿëåìúíè àøàêäàêû ãüðíþøäå éàçûï áîëàð: 

 
2( 2 3 ) 4( 2 3 ) 3 0.x y z x y z+ + − + + + =  

Äåÿëåìúíèÿ ÷åï áüëåãèíè êüïåëäèùèëåðå äàðãàäàëûÿ: 

  ( 2 3 1)( 2 3 3) 0.x y z x y z+ + − + + − =  
Øóíëóêäà, äåÿëåìå ãèÿèøëèêäå èêè òåêèçëèãèÿ òîïëóìûíû êåñãèòëåéúð: 

  2 3 1 0, 2 3 3 0.x y z x y z+ + − = + + − =  
565. Þñòþÿ äåÿëåìåñèíè éüíåêåé ãüðíþøå ãåòèðìåëè: 

  
2 2 24 9 35 8 18 72 13 0.x y z x y z+ + − − − + =  
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×üçþëèøè. Äåÿëåìúíè üçãåðäèï éàçàëûÿ: 

  
2 2 24( 2 ) 9( 2 ) 36( 2 ) 13.x x y y z z− + − + − = −  

Éàéëàðäàêû àÿëàòìàëàðû äîëû êâàäðàòà äîëäóðàëûÿ: 

 369413)12(36)12(9)12(4 222 +++−=+−++−++− zzyyxx  
éà-äà 

36)1(36)1(9)1(4 222 =−+−+− zyx . 
Êîîðäèíàòà áàøëàíãûùûíû )1,1,1(O′  íîêàò äèéèï àëìàê áèëåí êîîðäèíàòà 

îêëàðûny ïàðàëëåë ãö÷þðåëèÿ: 

zzyyxx
zzyyxx
′+=′+=′+=

′=−′=−′=−
1,1,1
1,1,1

 

Øóíëóêäà, áèç þñòþÿ äåÿëåìåñèíè àëéàðûñ: 
363694 222 =′+′+′ zyx  

éà-äà       
2 2

2 1.
9 4
x y z
′ ′

′+ + =  

Áó ýëëèïñîèäûÿ äåÿëåìåñèäèð. Îíóÿ éàðûì îêëàðû äåãèøëèëèêäå 3,2,1 
áîëóï, ìåðêåçè êîîðäèíàòàëàð áàøëàíãûùûíäàäûð. 

Àøàêäàêû äåÿëåìåëåðiň ãèÿèøëèêäå õàéñû þñòè àÿëàäéàíäûãûíû áèëìåëè: 

566. 2 2 4 4 4 0.x z x z+ − − + =          567. 2 0.x xy xz yz− − + =   

568. 052 =−−+ xyzxyz  þñò áèëåí 
7
10

3
5

1
−

=
−

=
−

zyx
 ãüíè ÷ûçûãûÿ 

êåñèøìå íîêàäûíû òàïìàëû. 
×üçþëèøè. Þñò áèëåí ãüíè ÷ûçûãûÿ êåñèøìå íîêàòëàðûíû òàïìàê þ÷èí 

îëàðûÿ äåÿëåìåëåðèíè áèëåëèêäå çözüp x,y.z òàïéàðëàð. Ãüíè ÷ûçûãûÿ 
äåÿëåìåñèíäåí àëàðûñ: 

, 5 3 , 10 7 .x t y t z t= − = + = +  
Áóëàðûÿ áàõàëàðûíû þñòþÿ äåÿëåìåñèíå ãîéóï t-íè òàïéàðûñ: 

2(10 7 ) ( )(5 3 ) (5 3 )(10 7 ) 5( ) 0.t t t t t t+ + − + − + + − − =  
2 2

1 225 75 50 0, 3 2 0, 1, 2.t t t t t t+ + = + + = = − = −  
Îíäà 

1, 5 3( 1) 2, 10 7( 3) 3;
2, 5 3( 2) 1, 10 7( 2) 4.

x y z
x y z
= = + − = = + − =
= = + − = = + − = −

 

Äèéìåê, )4,1,2(,)3,2,1( 21 −−MM  ãüçëåíéúí íîêàòëàðäûð. 
569. Þñò áèëåí ãüíè ÷ûçûãûÿ êåñèøìå íîêàäûíû òàïìàëû: 

2 2 21) 5 9 9 12 6 12 36 0;x y z xy zx x z+ + − − + − =  
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4 .
3 2 1
x y z −
= =  

2 2 22) 2 2 4 3 5 0;x y z xy yz zx x z− + − − + + − =  
3 .

4 2 0
x y z+

= =  

570. 1
91636

222

=++
zyx

 ýëëèïñîèäûÿ 0, 1, 2, 3, 0z x= ± ± ± =  we 0y =  

òåêèçëèêëåð áèëåí êåñèøìåñèíè äåðÿåìåëè. 
×üçþëèøè. Èëêè áèëåí ýëëèïñîèäûÿ hz = , 0, 1, 2, 3h = ± ± ±  òåêèçëèêëåð 

áèëåí êåñèëåíäå ýìåëå ãåëåí êåñèêëåðå ãàðàëûÿ. Ýëëèïñîèäûÿ äåÿëåìåñèíäå 
hz =  ãîéóï àëàðûñ: 

9
1

1636

222 hyx
−=+  

éà-äà 
2 2

2 2
1.

36 1 16 1
9 9

x y
h h

+ =
⎛ ⎞ ⎛ ⎞
− −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

 

Áåëãèëåìúíè ãèðèçåëèÿ: 
2 2

6 1 , 4 1 .
9 9h h
h ha b= − = −  

Øóíëóêäà, êåñèêäå éàðûì îêëàðû ha  we hb   áîëàí 

        12

2

2

2

=+
hh b
y

a
x

 

ýëëèïñè àëéàðûñ. Áó éåðäå 3,2,1,0 ±±±=h  áàõàëàðû ãîéóï àëéàðûñ: 

 6,524
9
86,6 10 ==== ±aа  

 0,5,452
9
56 32 ==== ±± aa  

0 1 2 3
8 8 5 44, 4 2 3,8, 4 5 3,0, 0.
9 3 9 3

b b b b± ± ±= = = = = = = =   

Ãüðíþøè éàëû óëû ýëëèïñ 0=z  áîëàíäà áîëéàð. Oz îê áîéóí÷à hz =  
òåêèçëèãè xOy òåêèçëèãå ïàðàëëåë ýäèï gàëäûðñàê éà-äà àøàê äþøþðñåê ýëëèïñ 
êè÷åëåð. Àõûðûíäà )3,0,0( +  íîêàäà üâðþëåð. Ýäèë øåéëå éàãäàé xOz we 
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yOz òåêèçëèêëåðå ïàðàëëåë áîëàí êåñèêëåðäå éþçå ÷ûêéàð. Áó éàãäàéäà õåì 

óëû ýëëèïñ 0x =  we 0y =  êîîðäèíàòà òåêèçëèêëåð áèëåí êåñèëåíäå áîëéàð: 

   

2 2 2 2

1 1, .36 9 16 9
0 0

x z y z

y x

⎧ ⎧
+ = + =⎪ ⎪

⎨ ⎨
⎪ ⎪= =⎩ ⎩

 

571. 1
494

222

=−+
zyx

 ãèïåðáîëîèäûÿ 0, 1, 2, 3,z = ± ± ±  

0we0 == yx òåêèçëèêëåð áèëåí êåñèøìåñèíè äåðÿåìåëè. 

572. zyx 2
13

22

=+  ýëëèïòèê ïàðàáîëîèäûÿ 0, 0 we ,x y z h= = =

1,2,3h =  òåêèçëèêëåð áèëåí êåñèëåíäúêè êåñèãèíè äåðÿåìåëè.  
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VI BÜLÞM 

¸ 1. Funksiéa d¥¦¥njesi 

1. Õàêûêû ñàíëàð. Èñëåíäèê ðàñèîíàë âå èððàñèîíàë ñàíëàðûª òîïëóìû 
õàêûêû ñàíëàðûª òîïëóìûíû ä¬çé­ð. Õàêûêû a  ñàíûª àáñîëéóò óëóëûãû 

(ìîäóëû) a  áåëãè áèëåí áåëãèëåíé­ð âå  

⎩
⎨
⎧

<−
≥

=
bolsaeger
bolsa,eger

0,
0,

aa
aa

a  

äåªëèê áèëåí êåñãèòëåíé­ð. Èñëåíäèê ýðêèí õàêûêû a  âå b  ñàíëàð ¬÷èí  
baba +≤+                   

(1)
 

äåªñèçëèê äîãðóäûð.  
2. Ôóíêöèéà düşünjesi. Ôóíêöèéàíûª kesgitleniş îáëàñòû. Ýãåð, X 

ê«ïë¬ãå ãèðé­í õåð áèð x  ýëåìåíòå õàéñû õåì áîëñà áèð ä¬çã¬í áîéuí÷à 
Y ê«ïë¬ãå ãèðé­í áèð éà-äà áèðí­÷å ýëåìåíòëåð äåãèøëè ýäèëñå, îíäà x  âå 
y  óëóëûêëàðûª àðàñûíäà ôóíêöèîíàë áàãëylyê áåðëåí äèéèëé­ð. Ýãåð øîíäà 

õåð áèð Xx∈  ýëåìåíòå äèªå áèð êåñãèòëè Yy∈  ýëåìåíò äåãèøëè ýäèëñå, 
îíäà y  óëóëûãà x -e áàãëû áèðáàõàëû ôóíêöèéà äèéèëé­ð. Ãàðøûëûêëû õàëäà 
y  óëóëûãà x -e áàãëû ê«ïáàõàëû ôóíêöèéà äèéèëé­ð. y  óëóëûê x -e áàãëû 
ôóíêöèéà äèéìåê )(xfy =  éàëû áåëãèëåíé­ð. X  ê«ïë¬ãå ôóíêöèéàíûª 
êåñãèòëåíèø (éà-äà áàðëûê) îáëàñòû, Y ê«ïë¬ãå áîëñà ôóíêöèéàíûª 
áàõàëàðûíûª ê«ïë¬ãè äèéèëé­ð. x  óëóëûãà áàãëàíûøûêñûç ¬éòãåé­í óëóëûê 
éà-äà àðãóìåíò äèéèëé­ð.  

3. Òåðñ ôóíêöèéàëàð.  )(xfy =  ôóíêöèéàíû êåñãèòëåé­í ä¬çã¬íè òåðñèíå 

õåì ïåéäàëàíûï áèëåðèñ, éàãíû { }yM =  ê«ïë¬ãè àðãóìåíòèª áàõàëàðûíûª 

ê«ïë¬ãè, { }xE =  ê«ïë¬ãå áîëñà ôóíêöèéàíûª áàõàëàðûíûª ê«ïë¬ãè äèéèï 

õàñàï ýäåðèñ. Øóíëóêäà, áèç { }yM =  ê«ïë¬êäå êåñãèòëåíåí )(yx ϕ=  

ôóíêöèéàíû àëàðûñ. Áó ôóíêöèéàíû )(xfy =  ôóíêöèéàíûª òåðñ ôóíêöèéàñû 
äèéèï àòëàíäûðàðûñ. Ã«ðí¬øè éàëû òåðñ ôóíêöèéàíûª õåì ê«ïáàõàëû 
ôóíêöèéà áîëìàãû ì¬ìêèíäèð. 

4. ×ûëøûðûìëû âå àíûê ä­ë ôóíêöèéàëàð. Ýãåð )(xfy =  ôóíêöèéàíûň 
x  àðãóìåíòè õåì «ç ãåçåãèíäå t ã«ð­ )(tx ϕ=  ôóíêöèéà áîëñà, onda 

))(( tfu ϕ=  ÷ûëøûðûìëû ôóíêöèéàny àëàðûñ. 

Ýãåð )(xyy =  ôóíêöèéà 0),( =yxF  äåªëåìå ã«ðí¬øèíäå berlen bolsa, 
îíäà îňa àíûê ä­ë ôóíêöèéà äèéèëé­ð. 
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573.  baba −≥− äåªñèçëèãè ñóáóò ýòìåëè.  

 Sóáódû.  Ãîé,  cba =−  áîëñóí. Áó éåðäåí cba +=  Îíäà (1) 
äåªñèçëèãè óëàíûï, àëàðûñ: 

             cbcba +≤+=  éà-äà 

            ., bababac −≥−−≥  

574. Ýãåð βα <<− bba we  áîëñà, îíäà βα +<a  áîëéàíäûãûíû 

ã«ðêåçìåëè. 
×«ç¬ëèøè.   Õàêûêàòäàí-äà, bbaa +−= )(  äåªëèêäåí 

βα +<+−≤+−= bbabbaa )(  

575.  Äåªñèçëiklerè ÷«çìåëè.  
a)    5 3, b) 4 5.x x− < − >  

×«ç¬ëèøè. à)  Àáñîëéóò óëóëûãûª êåñãèòëåìåñèíè óëàíûï, àëàðûñ: 
.82,8,235,35 <<<><−−>− xxxxx we  

  b) 4 5x− >  äåªñèçëèê àøàêäàêû sistema áèëåí äåªã¬é÷ëèäèð: 

.9,154,54 >−<>−−<− xxxx we  

Áó éåðäåí,  −∞ < x < −1, 9 < x < + ∞.  
576. Äåªñèçëèãè ñóáóò ýòìåëè. 

2 2

.
2

a bab +
≤  

Ñóáódû. Áó äåªñèçëèãèª ñóáódû 
0)( 2 ≥−ba  

äåªñèçëèêäåí ãåëèï ÷ûêéàð. 
577.  Äåªñèçëèãè ñóáóò ýòìåëè:  

.1)1( nhh n +≥+  
Ñóáódû. Äåªñèçëèãè induksiéa usuly áîéóí÷à ñóáóò ýäåëèª. Ýãåð 1=n  

áîëñà, 1 + h ≥ 1 + h. Äèéìåê, áó õàëäà äåªñèçëèê ­õëè õ þ÷èí äîãðóäûð. 
Goý ol kn = ¬÷èí äîãðû áîëñun, ýagny  

(1 ) 1 ,kh kh+ ≥ +  
onda ony (1+h)-a ê«ïåëäèï òàïàðûñ:   

.)1(1)1(1)1)(1()1( 21 hkkhhkhkhh k ++≥+++=++≥+ +

. 

578.  
3

2

3 1
2 2

x
x
+
+  àªëàòìàíûª 3−=x  áîëàíäàêû áàõàñûíû òàïìàëû. 
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×«ç¬ëèøè. 
3 3

2 2
3

3 1 3( 3) 1 80 4 4.
2 2 2( 3) 2 20x

x
x

=−

+ − + −
= = = − =

+ − +
 

579. Ýãåð 3( ) 5 1f x x x= + −  áîëñà )3(),2(),1(),0(),1( fffff −  
bahalary tàïìàëû 

×«çóëèøè.  

.41115271353)3(
,1711081252)2(

,51151)1(
,11050)0(

,71511)1(5)1()1(

3

3

3

3

3

=−+=−⋅+=

=−+=−⋅+=

=−⋅+=

−=−⋅+=

−=−−−=−−+−=−

f
f
f
f
f

 

580. Ýãåð
x
xxf

−
+

=
1
1lg)(  áîëñà, ( ) ( )

1
x yf x f y f

xy
⎛ ⎞+

+ = ⎜ ⎟+⎝ ⎠
 

áîëéàíäûãûíû ãüðêåçìåëè. 
×«ç¬ëèøè.   

   .
1
1lg

1
1

1
1

lg
1

,
1
1lg)(

yxxy
yxxy

xy
yx

xy
yx

xy
yxf

x
xxf

−−+
+++

=

+
+

−

+
+

+
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+
+

−
+

=   

 .
1
1lg

1
1

1
1lg

1
1lg

1
1lg)()(

xyyx
yxxy

y
y

x
x

y
y

x
xyfxf

+−−
+++

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
+

⋅
−
+

=
−
+

+
−
+

=+  

Øóíëóêäà, )()( yfxf +  âå ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+
+
xy
yxf

1
 àªëàòìàëàðû äåªåøäèðèï, 

deňligiň äîãðóäûãûíû ã«ðé­ðèñ.                
581. Ôóíêöèéàlarûª kesgitleni¦ îáëàñòlarûíû òàïìàëû. 

1) 21 ,y x= −   2) lg ,y x=  .
38

)5lg(22)3
x

xxy
−

+−
=  

×«ç¬ëèøè.  1) Ã«ðí¬øè éàëû −x i£ õåð áèð 11 <≤− x  äåªñèçëèêëåðè 

êàíàãàòëàíäûðéàí áàõàëàðûíäà 21 x−  àªëàòìàíûª õàêûêû áàõàëàðû 
áàðäûð. Øîíóª ¬÷èí [–1, 1] êåñèì ôóíêöèéàíûª kesgitleni¦ îáëàñòûäûð.  

2) Ëîãàðèôìèª êåñãèòëåìåñèíäåí, áó ôóíêöèéàíûª kesgitleni¦ îáëàñòûíûª 
∞<< x0  ò¬êåíèêñèç àðàëûêäûãû ãåëèï ÷ûêéàð.  

3). Ã«ðí¬øè éàëû )5lg( +x  àªëàòìà 5−>x  áàõàëàð ¬÷èí êåñãèòëåíåíäèð. 



154 
 

38 x−  àªëàòìàíûª kesgitleni¦ îáëàñòû 2x ≤  äåªñèçëèãè 
êàíàãàòëàíäûðéàí nokatëàðûª ê«ïë¬ãèäèð. Øó éåðäå 2=x  áîëàíäà äðîáûÿ 
ìàéäàëàâ©ûñûíûª íoëà «âð¬ëé­íäèãè ¬÷èí 2<x  äåªñèçëèê äîãðóäûð. 
Øóíëóêäà, ôóíêöèéàíûª kesgitleni¦ îáëàñòû )2,5(),25( −<<− x  àðàëûêäûð. 

582. 4 2 56 −−= xxy  fóíêöèéàíûª êåñãèòëåíèø îáëàñòûíû òàïìàëû. 

×«ç¬ëèøè. Ã«ðí¬øè éàëû 056 2 ≥−− xx  äåªñèçëèê éåðèíå éåòìåëèäèð. Øó 

äåªñèçëèãè «çãåðäèï àëàðûñ: .0)5()1( ≤−⋅− xx  Áó äåªñèçëèê áîëñà  

05,0105,01 ≥−≤−≤−≥− xxxx we  
äåªñèçëèêëåð éåðèíå éåòåíäå äîãðóäûð. Áèðèí©è sistemadan òàïàðûñ: 

1, 5.x x≥ ≤  

Áó éåðäåí  .51 ≤≤ x   

Èêèí©è äåªñèçëèêëåð sistemasyny ÷«ç¬ï òàïàðûñ:   .5,1 ≥≤ xx  
x-iň hiç bir bahasy bu sistemany kanagatlandyryp bilmez. Øóíëóêäà, áåðëåí 
ôóíêöèéàíûª êåñãèòëåíèø îáëàñòû [1, 5] êåñèìäèð. 

583. 
432 −−

=
xx

xy  ôóíêöèéàíûª kesgitleni¦ îáëàñòûíû òàïìàëû.    

×«ç¬ëèøè. Øó éåðäå  

0)4()1(,0432 ≠−⋅+≠−− xxxx  

äåªñèçëèãèª éåðèíå éåòìåãè çåðóðäûð. Áó éåðäåí 4,1 ≠−≠ xx  àëàðûñ. 

Øóíëóêäà, ôóíêöèéàíûª kesgitleni¦ îáëàñòû        

),4(),4,1(),1,( ∞−−−∞  
àðàëûêëàðûÿ birle¦mesidir. 

Êåñãèòëåìå. Eger –l<x<l àðàëûêäà êåñãèòëåíåí )(xf  ôóíêöèéà, şu 
aralygyň islendik x-i üçin )()( xfxf =−  äåªëèãè êàíàãàòëàíäûðñà, îíäà 
îªà ©¬á¬ò ôóíêöèéà äèéèëé­ð.  

584. ( )1( )
2

x xf х a a−= +  ôóíêöèéàíûª ©¬á¬ò ôóíêöéàäûãûíû 

ã«ðêåçìåëè.  

×«ç¬ëèøè. ( ) ).(
2
1)( xfaaхf xx =+=− −  

585. xy −−= 21  ôóíêöèéàíûª òåðñ ôóíêöèéàñûíû òàïìàëû  
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×«ç¬ëèøè.  Äåªëåì­íè  x-a ã«ð­ ÷«ç¬ï àëàðûñ:  

.
2lg

)1lg(,12 yxyx −
−=−=−  

Áó ôóíêöèéàíûª êåñãèòëåíèø îáëàñòû 1<<∞− y  àðàëûêäûð. 

586. 32 += xy  ôóíêöèéàíûª òåðñ ôóíêöèéàñûíû òàïìàëû. 
×«ç¬ëèøè.          

.
2

3,32 −
=−=

yxyx  

587. sin , lg ,y u u xϑ ϑ= = =  ÷ûëøûðûìëû ôóíöèéàíû áèð äåªëèê 
ã«ðí¬øèíäå éàçìàëû. 

×«ç¬ëèøè. lgu ϑ=  ôóíêöèéàäà ϑ  ôóíêöèéàíûª xϑ =  áàõàñûíû 

ãîéàëûª: xu lg= . Àënàí u ôóíêöèéàíûª áàõàñûíû, áîëñà uy sin=  
ôóíêöèéà ãîéóï, 

)sin(lg xy =  
÷ûëøûðûìëû ôóíêöèéàíû àëàðûñ. 

588.  Ýãåð 23)( += xxϕ  âå 1)( 2 −= xxf  áîëñà, ))(( xf ϕ  âå 

))(( xfϕ  ÷ûëøûðûìëû ôóíêöèéàëàðû ä¬çìåëè. 
×«ç¬ëèøè.  

.13))((,31291)23())(( 222 −=++=−+= xxfxxxxf ϕϕ  

Øó éåðäåí ã«ðí¬øè éàëû ÷ûëøûðûìëû ))(( xf ϕ  âå ))(( xfϕ  
ôóíêöèéàëàð ä¬ðë¬äèðëåð.    

589. π=− yx arccos2  äåªëåì­íè )(xfy =  ã«ðí¬øäå éàçìàëû. 

×«ç¬ëèøè. Äåªëåìåäåí àëàðûñ:  .arccos 2 π−= xy    

Áó éåðäåí .cos)cos( 22 xxy −=−= π  Øóíëóêäà, .cos 2xy −=  
590. Äåªëåì­íè ÷«çìåëè:  

.321 =−+− xx  

×«ç¬ëèøè. Ìîäóëëàðäàêû àªëàòìàëàð 1=x  âå 2=x  áîëàíäà íoëà 
«âð¬ëé­ð. Îëàðû ñàí îêóíà ãå÷èðåëèª:  

 
 

                   0    1    2 

   29-í©y ÷ûzgy 
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Áåðëåí äåªëåì­ ∞<<≤≤<<∞− xxx 2,21,1  àðàëûêëàðûª õåð áèðèíå 
ãàðàëûª. Áåðëåí äåªëåìåden àøàêäàêû äåªñèçëèêäåí âå äåªëåìeleräåí 
ûáàðàò áîëàí üç sistemany éazyp bileris: 

 
1, 1 2, 2

( 1) ( 2) 3, ( 1) ( 2) 3 ( 1) ( 2) 3
x x x

x x x x x x
< ≤ ≤ >⎧ ⎧ ⎧

⎨ ⎨ ⎨− − − − = − − − = − − − =⎩ ⎩ ⎩
 

    
éà-äà  

1,
0

x
x
<⎧

⎨ =⎩   

1 2,
2

x
x x
≤ ≤⎧

⎨ − =⎩    

2
.

3
x
x
>⎧

⎨ =⎩
 

Áèðèí©è sistemany x=0 êàíàãàòëàíäûðéàð. Èêèí©è sistemany£ ÷«ç¬âè 
éîêäóð. Ñåá­áè x–x=2 õè÷ õà÷àí éåðèíå éåòìåé­ð. Þ÷¬í©è sistemany x=3  
êàíàãàòëàíäûðéàð. Øóíëóêäà, áåðëåí äåªëåì­íèª x1=0  âå x2=3 ê«êëåðè 
áàðäûð. 

591. Êâàäðàòû 2-ú äåª áîëàí rasional ñàíûª éîêäóãûíû ñóáóò ýòìåëè. 
592 Äåªñèçëèãè ñóáóò ýòìåëè: 

. 
593. Ãîé, a ≥ 0 áîëñóí. Îíäà b ñàíûª õàéñû áàõàëàðûíäà 

àøàêäàêûëàðûª äîãðóäûãûíû àíûêëàìàëû:  
à) |ܽ ൅ ܾ| ൌ |ܽ| ൅ |ܾ|,      b) |ܽ െ ܾ ൌ |ܽ| ൅ |ܾ|, 
ç)  |ܽ ൅ ܾ| ൏ |ܽ| ൅ |ܾ|,         d) |ܽ െ ܾ| ൏ |ܽ| ൅ |ܾ|. 

594. 35)( 2 +−= xxxf  áåðëåí áîëñà, )3,2(),1(),0( f()fff  òàïìàëû.        

595. Eger )arccos(lg)( xxf =  áîëña, )10(),1(,
10
1 fff ⎟
⎠
⎞

⎜
⎝
⎛ òàïìàëû.  

596. Ýãåð 2( )f x ax bx c= + +  áîëñà,  
0)()1(3)2(3)3( =−+++−+ xfxfxfxf  áîëéàíäûãûíû ã«ðêåçìåëè. 

597. Ýãåð )0(),(
2
1)( >+= − aaaxf xx    áîëñà, 

)()(2)()( yfxfyxfyxf =−++  deªëèãè ñóáóò ýòìåëè. 

598 
3

5,04 5 33 2 xxxxy +++
=  ôóíêöèéàíûª x=4 íîêàòäàêû áàõàñûíû 

òàïìàëû. 
599. Ôóíêöèéàíûª êåñãèòëåíèø îáëàñòûíû òàïìàëû: 
 

1 .
2

y x
x

= − +
+

 

0,,2222 >+⋅+≤+ badcbabdac
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600. Ôóíêöèéàíûª êåñãèòëåíèø îáëàñòûíû òàïìàëû.  

2 3 2lg .
1

x xy
x
− +

=
+

 

 
601. Ýãåð   

2( ) 4 6 1
( ) 5 1

f x x x
x xϕ

⎧ = − +
⎨

= +⎩
    áîëñà,     

(5)
(4) 1
f

ϕ −
  òàïìàëû. 

602. Ôóíêöèéàlarûª êåñãèòëåíèø îáëàñòlarûíû òàïìàëû. 

   à)  ,21 xxy −+−=       á) 
62
23

+
−

x
xy  

   ÷)  ,
1

1
2 −

=
x

y    ä)  ,sin xy =   å)  y=x–arctgx  

 
603. 2y=2x+5 ôóíêöèéàíûª òåðñ ôóíêöèéàñûíû òàïìàëû. Òåðñ 

ôóíêöèéàíûª êåñãèòëåíèø îáëàñòûíû àíûêëàìàëû.  

604. )10(),1+(log= 2 ≠>+ a,axxy a  ôóíêöèéà òåðñ áîëàí 
ôóíêöèéàíû òàïìàëû. 

605.  y = sinx ôóíêöèéàíûª òåðñ ôóíêöèéàñûíû òàïìàëû.  
606. Ôóíêöèéàëàðûª òåðñ ôóíêöèéàëàðûíû òàïìàëû: 

à)   ,2 1−= x
x

y     á)   lg5 .xy =  
607. Àøàêäàêû ôóíêöèéàëàðûª ©¬á¬òëèãèíè éà-äà ò­êëèãèíè àíûêëàìàëû. 

 à) 3 23 2 )1()1()( −++= xxxf ,   á) 
1( ) lg .
1

xf x
x

+
=

−
  

608. f(x) ôóíêöèéà [0, 1] êåñèìäå áåðëåí áîëñà, àøàêäàêû ôóíêöèéàëàðûª 
êåñãèòëåíèø îáëàñòlarûíû òàïìàëû: 

à)  f(3x2),     á)  f(tgx). 

¸ 2. Elementar funksiéalaryª derªeli¦i 

Ýãåð X ê«ïë¬ãèª ýðêèí x1 âå x2 ýëåìåíòëåðè ¬÷èí x2 > x1 áîëàíäà  
f(x2)> f(x1)   (f(x2)< f(x1))    dåªñèçëèê éåðèíå éåòé­í áîëñà, îíäà f(x)        
ôóíêöèéà X ê«ïë¬êäå àðòéàí (êåìåëé­í) ôóíêöèéà äèéèëé­ð. Ýãåð X 
ê«ïë¬ãèª ýðêèí 1x  âå 2x  ýëåìåíòëåðè ¬÷èí 12 xx >  áîëàíäà  f(x2)≥ f(x1)   
(f(x2)≤ f(x1)) äåªñèçëèê éåðèíå éåòñå, f(x) ôóíêöèéà êåìåëìåé­í (àðòìàéàí) 



158 
 

ôóíêöèéà äèéèëé­ð. Ýãåð X ê«ïë¬êäå êåñãèòëåíåí f(x) ôóíêöèéà ¬÷èí,  
M R∈  ñàí òàïûëûï, Xx∈∀   ¬÷in  

f(x)≤M          ( f(x)≥M) 

äåªñèçëèê éåðèíå éåòñå, onda f(x) funksiéa X k«pl¬kde éîêàðäàí (àøàêäàí) 
÷­êëi ôóíêöèéà äèéèëé­ð. Hem éîêàðäàí håm àøàêäàí ÷­êëi funksiéa ÷­êëi 
ôóíêöèéà diéilé­r. 

Ñàí îêóíäà êåñãèòëåíåí f(x) ôóíêöèéà x  àðãóìåíòèª êåñãèòëè ýðêèí 
áàõàëàðû ¬÷èí f(x+T)=f(x), T≠0  äåªëèãè êàíàãàòëàíäûðñà, T ñàíà áåðëåí 
ôóíêöèéàíûª ïåðèîäû äèéèëé­ð. Íoëäàí òàïàâóòëû ïåðèîäû áîëàí 
ôóíêöèéàëàðà áîëñà, ïåðèîäèê ôóíêöèéàëàð äèéèëé­ð. 

Elementar ôóíêöèéàëàð äåðªåëåíäå àøàêäàêû shemadan peédalanmak 
amatlydyr: 

1) Ôóíêöèéàíûª êåñãèòëåíèø îáëàñòûíû òàïìàëû; 
2) Ôóíêöèéàíûª ©¬á¬òëèãèíè, ò­êëèãèíè, ïåðèîäèêëèãèíè àíûêëàìàëû; 
3) Ôóíêöèéàíûª íoëà «âð¬ëé­í íîêàòëàðûíû òàïìàëû; 
4) Íoëà «âð¬ëé­í íîêàòëàðûª àðàëûãûíäà ôóíêöèéàíûª àëàìàòëàðûíû    
bàðëàìàëû; 
5) Ôóíêöèéàíûª ÷­êëiligini anyklamaly. Îíóª èª óëû, èÿ êè÷è           
áàõàëàðûíû òàïìàëû;  
609. Ôóíêöèéàíûª èª êè÷è áàõàñûíû òàïìàëû: 

y=3x2+5x–1 
×«ç¬ëèøè. Êâàäðàò ¬÷àãçàäàí äîëû êâàäðàòû áüëþï àëàëûª: 

2 225 4 3 1 5 5 373 3
6 4 3 6 12

y x x⋅ ⋅ +⎛ ⎞ ⎛ ⎞= + − = + −⎜ ⎟ ⎜ ⎟⋅⎝ ⎠ ⎝ ⎠
 

Ã«ðí¬øè éàëû, ýãåð 0
6
5 >+x , éàãíû 

6
5−>x   áîëñà ôóíêöèéà àðòéàð. 

5 06x+ <   áîëñà ôóíêöèéà êåìåëé­ð,  Øóíëóêäà, ⎟
⎠
⎞⎜

⎝
⎛ −∞−

6
5,   àðàëûêäà 

ôóíêöèéà êåìåëé­ð, ⎟
⎠
⎞⎜

⎝
⎛ ∞− ,

6
5  àðàëûêäà  áîëñà  ôóíêöèéà  àðòéàð.  Äèéìåê,   

6
5−=x   íîêàòäà ôóíêöèéà èª êè÷è áàõàíû êàáóë ýäé­ð. 

( )min
375 .6 12

y y= − = −  

610. 1,0, ≠>= aaay x  ôóíêöèéàíûª a-nûª õàéñû áàõàëàðûíäà 
àðòéàíäûãûíû éà-äà  êåìåëé­íäèãèíè  ã«ðêåçìåëè. 
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×«ç¬ëèøè.  Ôóíêöèéàíûª  êåñãèòëåíèø  îáëàñòû ñàíëàð îêóäûð.  

y2 – y1=ax2 –  ax1 = ax1 (ax2– x1 – 1). 

  x1‐iň õåììå áàõàëàðûíäà ax1  poloæiteldir. Ýãåð, 0<a<1 áîëñà x2 – x1>0 
áîëéàíëûãû ¬÷èí ax2 – x1 < 1  âå ýãåð a>1 áîëñà ax2 – x1 > 1. Øóíëóêäà, 

0<a<1 áîëñà xay =  ôóíêöèéà êåìåëé­ð, a>1 áîëñà xay =  ôóíêöèéà 
àðòéàð. 

611. Ôóíêöèéàíûª àðòéàí âå êåìåëé­í àðàëûêëàðûíû òàïìàëû:   
.cossin)( xxxf +=  

×«ç¬ëèøè.  Òðèãîíîìåòðèéàäàí áåëëè ôîðìóëàëàðû  óëàíûï òàïàðûñ:  

  ⎟
⎠
⎞

⎜
⎝
⎛ −=+=

4
cos2cossin)( πxxxxf  

Áåëëè áîëøû éàëû cosx ôóíêöèéà 
2nπ≤x≤(2n+1)π,     n=0, ±1, ±2,...   

êåñèìäå êåìåëèï 

 (2n–1)π≤ x ≤2nπ,     n=0, ±1, ±2,... 
êåñèìäå áîëñà àðòéàð. Øóíëóêäà, ( ) sin cosf x x x= +  ôóíêöèéà 

2,... ±1, ±0,=)12(
4

2
4

nnxn ππππ
++≤≤+  

êåñèìäå êåìåëèï, 

(2 1) 2 =0, ±1, ±2,...
4 4

n x n nπ ππ π+ − ≤ ≤ +  

êåñèìäå áîëñà àðòéàð. 
612.  Ôóíêöèéàíûª èª êè÷è áàõàñûíû òàïìàëû: 

2 3( 2) 8( ) 3 .xf x − +=  

×«ç¬ëèøè. φ(x)=(x2–2)3+8 båëãèëåì­íè ãèðèçåëèª. Îíäà )(3)( xxf ϕ=  
ôóíêöèéà èª êè÷è áàõàíû φ(x) ôóíêöèéà èª êè÷è áàõàíû àëàíäà àëûï áèëåð. 

φ(x)=(x2–2)3+8=x6–6x4 +12 x2 = x2(x4–6x2+12)+x2[( x2–3)2 +3].  

Øó éåðäåí  ã«ðí¬øè éàëû φ(x) ôóíêöèéà èí êè÷è áàõàíû x=0 áîëàíäà 
àëéàð. Øóíëóêäà, f(x) ôóíêöèéà x=0 áîëàíäà èí êè÷è áàõàíû êàáóë  ýäé­ð. 

3(0 2) 8 0(0) 3 3 1.f − += = =  
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613. Ôóíêöèéàíûª  ©¬á¬òëèãèíè éà-äà ò­êdèãèíè àíûêëàìàëû: 

   1)   2( ) 5 sin ;f x x x x= −     2) 
3

cos 2( ) .
3
xf x

x x
=

+
  

×«ç¬ëèøè. 
1) f(–x)=(–x)2–5(–x)sin(–x)= x2+5x·sin(–x)= x2–5xsinx=f(x). 

Äèéìåê., áåðëåí ôóíêöèéà ©¬á¬òdir. 

2) 
3 3

cos( 2 ) cos 2(– ) ( ).
3 3
x xf x f x

x x x x
−

= = − = −
− − +

 

  
Äèéìåê, ôóíêöèéà ò­ê ôóíêöèéàäûð. 

614. xxf 3sin)( =  ôóíêöèéàíûª 
3

2π
=T  ïåðèîäëû ïåðèîäèê 

ôóíêöèéàäûãûíû ãüðêåçìåëè. 

615.  xxxf 44 cossin)( +=  ôóíêöèéàíûÿ ïåðèîäûíû òàïìàëû. 
×îç¬ëèøè. 

4 4 2 2 2 2 2 21sin cos (sin cos ) 2sin cos 1 sin 1
2

1 3 1(1 cos 4 ) sin(4 ).
4 4 4 2

x x x x x x x

x x π

+ = + − = − = −

− − = + +
 

  Øó éåðäåí  .
2
π

=T  

616. Ôóíêöèéàlarûª ©¬á¬òëèãèíè éà-äà ò­êëèãèíè êåñãèòëåìåëè 

à) ,sin24)( 22 xxxf +−=    á)  
1( ) ,
1

kx

kx

af x
a

+
=

−
   

÷) ,cossin)( xxxf +=      ä)    ( ) const,f x =  

å) ,22)( xxxf −+=   ú)   2 3( ) 2sin .f x x x x= +   
617. Àøàêäàêû  ôóíêöèéàëàðûª ïåðèîäèêëèãèíè àíûêëàìàëû âå îë 

ïåðèîäèê ôóíêöèéà áîëñà îíóª èª êè÷è ïåðèîäûíû òàïìàëû: 

à) ,3sin10)( xxf =    á) ( ) sin cos ,f x a x b xλ λ= +   

÷) ,tg)( xxf =    ä) ,sin)( 2 xxf =    å) ( ) sin( ).f x x=  

618. xxxf ctgtg)( +=  ôóíêöèéàíûª 2
0 π

<< x
 
  aralykda àðòéàíäûãûíû 

éàäà êåìåëéúíäèãèíè áàðëàìàëû. 

619. )
3

(tg)( π
+= xxf

 
ôóíêöèéàíûª àðòéàí âå êåìåëé­í àðàëûêëàðûíû 

òàïìàëû. 
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620. 21
)(

x
xxg
+

=  ôóíêöèéàíûª ),1( +∞  àðàëûêäà êåìåëé­íäèãèíè 

ã«ðêåçìåëè. 
621. Ýãåð  x, y, z âå t  óëóëûêëàð õàêûêû áàõàëàðû àëéàí áîëñà  

f(x)=x2+4y2+3z2+t2–2x–12y–6z–2t 
   àªëàòìàíûª èª êè÷è áàõàñûíû òàïìàëû. 

×«ç¬ëèøè.   Àÿëàòìàíû «çãåðäèï éàçàëûª:  
2

2 2 23( ) ( 1) 4 – 3( 1) ( 1) –14.
2

f x x y z t⎛ ⎞= − + + − + −⎜ ⎟
⎝ ⎠

 

Ã«ðí¬øè éàëû, àªëàòìà èª êè÷è áàõàíû 

1,1,
2
3,1 ==== tzyx  áîëàíäà êàáóë ýäé­ð. fmin=–14. 

622.    
342

2)(
2 +−

=
xx

xf  

fóíêöèéàíûª èª êè÷è áàõàñûíû òàïìàëû 

623. cbxaxxf ++= 2)(  ôóíêöèéàíûª àðòéàí âå êåìåëé­í 
àðàëûêëàðûíû õåì-äå èª óëû âå èª êè÷è áàõàëàðûíû òàïìàëû. 

624. Áåðëåí ïåðèìåòðëè ­õëè ã«í¬áóð÷ëóêëàðäàí èª óëû ìåéäàíû áîëàí 
ã«í¬áóð÷ëóãû òàïìàëû. 

625. 2cos)( xxf =  ôóíêöèéàíûª ïåðèîäèêè ôóíêöèéà ä­ëäèãèíè ñóáóò 
ýòìåëè 

626. Ôóíêöèéàlarûª ïåðèîäûíû òàïìàëû 

   a) )tg(arctg)( xxf = ,    b) ( ) 2cos .
3

xf x π−
=    

 
¸ 3. Ôunksiéanyª grafiginiª gurlu¦y 

 
627. Ôóíêöèéàíûª grafigini ãóðìàëû:  y = log1/2(4 – 2x).    
×«ç¬ëèøè. Ôóíêöèéàíûª kesgitleni¦ îáëàñòûíû òàïàëûª: 4 – 2x > 0, x < 2. 

Îíäà ôóíêöèéàíûí kesgitleni¦ îáëàñòû 2<<∞− x  àðàëûêäûð. Îíóª     
grafigini£ êîîðäèíàòàlar îêëàðû áèëåí êåñèøìå  íîêàòëàðûíû   òàïàëûª:  

 y = 0 áîëñà,    
2
3,124,0)24(log

2
1 ==−=− xxx                    

 x = 0 áîëñà,     .24log
2
1 −==y   

Ôóíêöèéàíûª grafigini ãóðàëûª. 
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30-í©û ÷yzgy 

628. xy sinlg=  ôóíêöèéàíûª grafigini ãóðìàëû. 

×«ç¬ëèøè. Ôóíêöèéàíûª kesgitleni¦ îáëàñòû sinx > 0 äåªñèçëèãè êàíàãàò-

ëàíäûðéàí x-ň  ê«ïë¬ãèäèð. Îë Ox îêóª ,22 kxk πππ +<<  (k-ýðêèí áèòèí 

ñàí), ò¬êåíèêñèç êåñèìëåðèíäåí  ûáàðàòáûð. Áó êåñèìëåðèí ÷åòêè íîêàòëàðû 

ôóíêöèéàíûÿ kesgitleni¦ îáëàñòûíà äåãèøëè ä­ëäèð. Áó ôóíêöèéà  2π ïåðèîäëû 

ïåðèîäèê ôóíêöèéàäûð. Øîíóª ¬÷èí ôóíêöèéàíû 0 < x < π  àðàëûêäà äåðªåìåê 

éåòåðëèêäèð.  π ≤ x ≤ 2 π   êåñèì  ôóíêöèéàíûª  êåñãèòëåíèø îáëàñòûíà äåãèøëè 

ä­ëäèð.   
2

0 π
≤< x

  
àðàëûêäà  y=sinx  ôóíêöèéà  0-äàí 1-å ÷åíëè  àðòéàð. 

 y=lgsinx  ôóíêöèéà  áîëñà –∞-äåí  0-a ÷åíëè àðòéàð. ππ
≤≤ x

2
 àðàëûêäà 

y=sinx ôóíêöèéà 1-äåí 0-a ÷åíëè êåìåëéúð. y=lgsinx ôóíêöèéà áîëñà, 0-äàí  

–∞-e ÷åíëè êåìåëéúð.  

Ãîðíóøè éàëû, 
2
π

=x  áîëàíäà ôóíêöèéà èÿ óëû áàõàsyíû, ýagny  0-y 

êàáóë ýäéúð. Ôóíêöèéanyÿ grafigini ãóðàëûª: 
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31-í©è ÷yzgy 

629. 21
1
x

y
+

=  ôóíêöèéàíûª  grafigini ãóðìàëû. 

×«ç¬ëèøè. Ôóíêöèéà Ox îêóª ­õëè íîêàòëàðûíäà  êåñãèòëåíåí   âå 
©þáþò ôóíêöèéàäûð. x-ª  ýðêèí  áàõàëàðû ¬÷èí äðîáûª ìàéäàëàâ©ûñû 
1+x2≥1.  

Îíäà 0 < y ≤ 1 ,  x = 0  bîëàíäà ôóíêöèéà èª óëû áàõàíû àëéàð. x 
ò¬êåíèêñèç àðòìàãû áèëåí y íoëà  ûìòûëéàð. Grafigi ãóðàëyÿ: 

 

 
32-íùè ÷yzgy 

630. 2222 4)1( xxxxy −+++=  ôóíêöèéàíûª grafigini ãóðìàëû. 
×«ç¬ëèøè. Àðèôìåòèêè ê«ê¬ª êåñãèòëåìåñèíèª ýñàñûíäà àëàðûñ: 

1)1( 22222 −++=−++= xxxxxxy . 

Áó éåðäå    
 

2
2

2

1 eger 1 bolanda,
1

( 1) eger 1 bolanda.

x x
x

x x

⎧ − ≥⎪− = ⎨
− − <⎪⎩
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Øóíëóêäà, 

22 1 eger 1 bolsa,

1 eger 1 bolsa.

x x x
y

x x

⎧ + − ≥⎪= ⎨
+ <⎪⎩

 

    
Ã«ðí¬øè éàëû, áåðëåí ôóíêöèéàíûª grafigi èêè á«ëåêäåí ûáàðàòäûð. Îl 

12 2 ++= xxy  ïàðàáîëàíûª á«ëåãèíäåí âå 1+= xy  ã«í¬íèª êåñèìèíäåí 
ûáàðàòäûð. Áóëàðû òàïûï, äåãèøëè á«ëåêëåðè ãóðóï ôóíêöèéàíûÿ grafigini 
àëàðûñ. Ïàðàáîëàíûª Ox   îêy áèëåí êåñèøìå íîêàòëàðûíû òàïàëûª: 

2
1,1,012 21

2 =−==−+ xxxx . Äèéìåê, ïàðàáîëà Ox  îêû 11 −=x   

âå 
2
1

2 =x   íîêàòëàðäà êåñé­ð. 

 
    33-íùè ÷yzgy 

631. Ôóíêöèéàíûª grafigini ãóðìàëû: 

2 2 1 .y x - x x= − + +  

    
×«ç¬ëèøè. Ýãåð 2x ≥  áîëñà, 2( 2) ( 1) 2 5.y x x x x= − − + + = −   
Ýãåð 21 <≤− x  áîëñà, 2( 2) ( 1) 2 3.y x x x x= − − − + + = − +   
Øåéëå õåì 1−<x  áîëñà, 2( 2) ( 1) 5.y x x x= − − + + + =    
Øóíëóêäà, áåðëåí ôóíêöèéàíû àøàêäàêû ã«ðí¬øäå éàçûï áîëàð: 

5, 1 bolsa,
2 3, 1 2 bolsa,

2 5, 2 bolsa.

x
y x x

x x

< −⎧
⎪= − + − < <⎨
⎪ − >⎩

 

  
Øîíóª ¬÷èí ôóíêöèéàíûª grafigi ä«â¬ê ÷ûçûêëàðäàí ûáàðàòäûð. 
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   34-í©i ÷yzgy 

 
632. Ôóíêöèéàíûª grafigini ãóðìàëû: 

2 .
4

xy
x

=
−  

×«ç¬ëèøè. Áó ôóíêöèéà ò­ê ôóíêöèéàäûð. Øîíóª ¬÷èí ony 0≥x áîëàíäà 
äåðªåìåê éåòåðëèêäèð. Îë ôóíêöèéàíû 

xy =1   âå ,42
2 −= xy  

ôóíêöèéàëàðûª  
2

1

y
y

 ãàòíàøûãû õ«êì¬íäå ãàðàìàê ì¬ìêèíäèð. 

Ýãåð 2=x  áîëñà, 02 =y  âå áåðëåí ôóíêöèéà áó íîêàòäà êåñãèòëåíåí 

ä­ëäèð. [ )2,0
 
àðàëûêäà 1y  ôóíêöèéà 0-äàí 2-ú ÷åíëè àðòéàð, 2y  áîëñà 

íoëäàí êè÷èäèð âå 2
2 4|| xy −=   funksiéa 4-äåí 0-a ÷åíëè êåìåëé­ð. Øîíóª 

¬÷èí 
2

1(
y
y

x)f =  íoëäàí  êè÷èäèð âå absolýut óëóëûãû áîéóí÷à àðòéàíäûð. 

Øóíëóêäà, x)f (  ôóíêöèéà [ )2,0  àðàëûêäà 0-äàí -∞-e ÷åíëè êåìåëé­ð. (2, 

∞)  àðàëûêäà 1y  âå 2y  ôóíêöèéàëàð poloæiteldir âå àðòéàíäûð. Îëàðûí 

ãàòíàøûãû áîëñà êåìåëé­íäèð. Ñåá­áè 212 xx <<    áîëàíäà 

( ) ( ) 2 1 1 2 1 2
2 1 2 2 2 2

2 1 2 1

( )( 4) 0.
4 4 ( 4)( 4)

x x x x x xf x f x
x x x x

− +
− = − = <

− − − −
 

 

 
∞→x  bolanda funksiéa nola ymtyléar. Fóíêöèéàíûª grafigini 

ãóðàëûª: 
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35-nji ÷yzgy 

 
633. Ôóíêöèéàlarûª grafiklerini ãóðìàëû: 

 à) 251 += x,y ,   á) 22 xxy −+= ,  ÷) 3xy = . 
Ôóíêöèéàëàðûª grafiklerini ãóðìàëû.  

634. 
2 3 .
3 2

x -y
x

=
+

  

635.   à) 225
5
3 xy −±= ,  á) 2 1.y x= ± −    

636.   à) )32(sin5 x-y = ,    á) 6sin 8cos .y x x= −   

637.   à) )1(log2 xy += ,    á) 2log cos .y x=    

638.   a) )(
2
1 xxy += ,     á) sin sin ,y x x= +    

÷) 

23 1
.3 1

- x , x
y

, x
x

⎧ ≤
⎪= ⎨ >⎪
⎩

 

639. Ôóíêöèéàíûí grafigini ãóðìàëû 
 

0 1,
2 , 1 ,

, 0.

x, x
y x x

x x

≤ ≤⎧
⎪= − < < ∞⎨
⎪− −∞ < <⎩

 

  ¸ 4. Ñàí ûçûãèäåðëèêëåðè. Ûçûãèäåðëèãèÿ ïðåäåëè 

Ýãåð 0>∀ε  ñàí ¬÷èí ( )εNN =  òàïûëûï, Nn >∀   bolanda  
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ε<− axn  

bolsa, onda a  ñàíà { }nx  ûçûãèäåðëègèª ïðåäåëè äèéèëéúð. Øunlukda, a   

ñàíyª { }nx  ûçûãèäåðëèãèª ïðåäåëè boléandygy 

axnn
=

∞→
lim  

éazgy arkaly aªladyléar    
Ýãåð ûçûãèäåðëèãèª ò¬êåíèêëè ïðåäåëè áàð áîëñà, îíäà îªa éygnanéan 

yzygiderlik, eãåð-äå îíóª ïðåäåëè áîëìàñà, éà-äà áàð áîëóï òþêåíèêñèçëèãå 
äåÿ áîëñà, îíäà oªa dargaéan ûçûãèäåðëèk äèéèëé­ð.  

Ýãåð 0lim =nx  áîëñà { }nx  ûçûãèäåðëèãå ò¬êåíèêñèç êè÷è, ýãåð-äå 

∞=
∞→ nn

xlim  áîëñà, { }nx  ûçûãèäåðëèãå ò¬êåíèêñèç óëû äèéèëéúð. 

640.  Eger { }nx
 

ûçûãèäåðëèãèª óìóìû àãçàñû 

n

n

xn
2

sin π

=  

deªlik bilen kesgitlené­n bolsa, onda oíóª èëêèí©è á­ø àãçàñûíû éàçìàëû. 

×îç¬ëèøè. Óìóìû 
n

n

xn
2

sin π

=  àãçàäà ûçûãèäåðëè 5,4,3,2,1=n   

áàõàëàðû áåðèï àëéàðûñ: 

1
1

2
sin

1 ==

π

x ,   0
2

2
2sin

2 ==

π

x ,     
3
1

3
2

3sin
3 −==

π

x        

0
4

2
4sin

4 ==

π

x ,    5

5sin 12 .
5 5

x

π

= =     

641. Ñàí ûçûãèäåðëèãèíèª óìóìû àãçàñû áîéóí÷à ol ûçûãèäåðëèãè éàçìàëû. 

à) 
n

xn
1

= ,    á)   
n

nxn
1+

= ,    ÷)   ( )1 .n
nx = −   

×«ç¬ëèøè. n = 1, 2, 3, ...  áàõàëàðû áåðèï àëéàðûñ:         

   à) 1,  
2
1
,  

3
1
, .. , 

n
1
, ... 

   á) 2,  
2
3
,  

3
4
, .., 

n
1n +
, ... 

   ÷) –1, 1 , –1, ...  , ( )n1− ... 
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642. Ûçûãèäåðëèãèª óìóìû àãçàñûíû éàçìàëû: 
 1, 4, 9, 16, 25, . . .  

×«ç¬ëèøè    
2

1 11 ==a ,  2
2 24 ==a ,   2

3 39 ==a , 
2

4 416 ==a ,   2
5 525 ==a , ... 2nan =   

 
643. Ûçûãèäåðëèãèª  óìóìû àãçàñûíû òàïìàëû  

...,
9
1,

7
1,

5
1,

3
1,1 −−  

 ×«ç¬ëèøè. 

,
1
1111 ===a

    
2

1 1 1 ,
3 3 2 1

a = − = =
+

      

3
1 1 1 ,
5 5 2 2 1

a = = =
⋅ +

      4
1 1 1 ,... .
7 7 2 3 1

a = − = =
⋅ +

              

Øóíëóêäà, 
 

( )
1 1 1 .

2 1 1 2 2 1 2 1na
n n n

= = =
− + − + −  

   
Øåéëå õåì 0,0,0,0 4321 <><> aaaa  âå ø.ì. Îíäà àëàðûñ: 

( ) 11
.

2 1

n

na
n

+−
=

−  

644. Ãîé, ¬éòãåé­í nx  óëóëûê àøàêäàêû ò¬êåíèêñèç ñàí áàõàëàðûª 
ûçûãèäåðëèãèíè àëéàð äèéåëèª: 

0,1,  0,11, 0,111, 0,1111 .... 

oíäà nx  óëóëûãûª ïðåäåëèíèª 
9
1
 äåÿäèãèíè ñóáóò ýòìåëè. 

×«ç¬ëèøè. Ã«ðí¬øè éàëû 

1 1 1 1 10,1 ,
9 9 10 9 10 10
− = − = <

⋅  

   2

1 1 11 1 10,11 ,
9 9 100 9 100 10
− = − = <

⋅  
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   3 3

1 1 111 1 10 111 ,
9 9 1000 9 10 10

,− = − = <
⋅  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  , 
1 1 10 111...1 .
9 9 10 10n n,− = <

⋅
 

    
Øóíëóêäà, ε  í­õèëè êè÷è áîëñàäà, øåéëå áèð N ñàí òàïûëûï, Nn > áîëóï 

áàøëàíäà         

    
1–
9nx ε<              ( )1             

äåªñèçëèê éåðèíå éåòé­íäèð. 
Õàêûêàòäàí-äà, ãîé ,0000010=ε  áîëñóí. Îíäà 11111,0=nx   âå 

8

1 10,11111–
9 10
<  

                      
éà-äà 

10,11111– .
9

ε<  

Øåéëå õåì nx -iª ãåë©åêêè àãçàëàðû ( )6>n  õåì, éàãíû 0, 1111111, 

0, 11111111 ... õåì  (1) äåªñèçëèãè êàíàãàòëàíäûðéàíäûð. Áó áîëñà −nx iÿ            

∞→n  bolanda 
1
9
 äåªäèãèíè ã«ðêåçé­ð: 

1lim .
9nn

x
→∞

=  

645. Ïðåäåëèª êåñãèòëåìåñèíäåí ïåéäàëàíûï 
12
12

+
−

=
n
nxn  óëóëûãûª,            

∞→n  ìàõàëûíäà ïðåäåëèíèÿ 1-e äåÿäèãèíè ñóáóò ýòìåëè.  
×«ç¬ëèøè. Ýðêèí 0>ε  ¬÷èí øåéëå áèð ( )εN  ñàí òàïàëûª,   ( )εNn >             

áîëàíäà ε<−1nx  äåÿñèçëèãèÿ éåðèíå éåòìåãèíè ãàçàíàëûÿ. 

2 1 2 21 .
2 1 2 1 2 1

n
n n n
− −

− = =
+ + +
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Øóíëóêäà, ε<−1nx  äåªñèçëèê ε<
+12

2
n  

áîëàíäà éåðèíå éåòé­ð. Áó 

éåðäåí 
2
11

−>
ε

n . Øîíóª ¬÷èí ( )N ε ñàí õ«êì¬íäå 
2
11)( −=

ε
εN    ñàíûª 

áèòèí á«ëåãèíè àëìàê áîëàð. 

646. Óìóìû àãçàñû 2

1
na

n
=  áîëàí ûçûãèäåðëèãèª ïðåäåëèíèª  íoëà 

äåªäèãèíè ñóáóò ýòìåëè. 
×«ç¬ëèøè. Ûçûãèäåðëèãèª àãçàëàðûíû éàçàëûª: 

1 1 1 1 1 1 11,
4, 9, 16, 25, 36, 49, 64,

" 

wå 
1

10
ε =  äèéåëèª. Ûçûãèäåðëèãèª ä«ðä¬í©è àãçàñûíäàí áàøëàï, ãàëàí 

àãçàëàðû ¬÷èí 
10

10,n na a− = <  äåªñèçëèê éåðèíå éåòé­ð. 

Ãîé, èíäè 
1
40

ε =  áîëñóí. Îíäà éåäèí©è àãçàäàí áàøëàï ûçûãèäåðëèãèª 

ãàëàí àãçàëàðû ó÷èí   

     
10 .
40n na a− = <  

Èíäè N = 6  äèéèï áîëàð. Ýãåð 
1
40

ε=  áîëñà, îíäà N ≥ 1 0  âå ø. ì. 

Áó éàãäàéäà ûçûãèäåðëèê ¬÷èí óìóìû N  òàïìàëû áîëéàðûñ. 

Ûçûãèäåðëèãèª óìóìû àãçàñû 2

1 ,na
n

ε= ñàíû ýðêèí äèéèï, n N>   

áîëóï áàøëàíäà 2

1 0
n

ε− <
 
éà-äà 2

1
n

ε<  äåªñèçëèãèª éåðèíå éåòìåãèíè 

ãàçàíìàëû. Äåªñèçëèãè n–e ã«ð­ ÷«ç¬ï àëàðûñ: 
1 1n , N
ε ε

⎡ ⎤> ≥ ⎢ ⎥⎣ ⎦
  äèéèï 

àëìàê áîëàð. Øóíëóêäà, ýðêèí 0ε >  ¬÷èí 
1N
ε

⎡ ⎤= ⎢ ⎥⎣ ⎦
 áàr áîëóï, 

1n N
ε

⎡ ⎤> = ⎢ ⎥⎣ ⎦
 áîëóï áàøëàíäà 2

1 0
n

ε− <  äåªñèçëèê éåðèíå éåòé­ð. Áó 

áîëñà ûçûãèäåðëèãèª ïðåäåëèíèª íoëà äåªäèãèíè  ã«ðêåçé­ð. 
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647. Ýãåð 
2

2

3 1
5 1n
nx
n
+

=
−

 áîëñà, ïðåäåëèª êåñãèòëåìåñèíäåí ïåéäàëàíûï 

3lim
5nn

x
→∞

=  áîëéàíäûãûíû ñóáóò ýòìåëè. Õàéñû n -äåí  áàøëàï  

3 0,01
5nx − <  áîëéàíäûãûíû ãüðêåçìåëè.     

×«ç¬ëèøè.   

( )
2

2 2

3 1 3 8 .
5 1 5 5 5 1
n
n n
+

− =
− −  

Ãîé, 0ε >  áåðèëåí áîëñóí. Îíäà n ñàíû 

( )2

8
5 5n 1

ε<
−  

äåªñèçëèê éåðèíå éåòåð éàëû ñàéëàï àëàëûª. Áó äåªñèçëèãè ÷«ç¬ï òàïàðûñ: 

1 8 5 .
5

n ε
ε
+

>  

      
Ãîé, 

1 8 5
5

N E ε
ε

⎛ ⎞+
= ⎜ ⎟⎜ ⎟

⎝ ⎠  

áîëñóí. Îíäà N n<  áîëàíäà 

3
5nx ε− >

 
äåªñèçëèê éåðèíå éåòé­íäèð. 

Ýãåð 0,01ε =  áîëñà, îíäà 

1 8 5 1 805 5.
5 5

N E Eε
ε

⎛ ⎞+ ⎛ ⎞= = =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠  

Øóíëóêäà, àëòûí©û àãçàäàí áàøëàï ûçûãèäåðëèãèª ­õëè àãçàëàðû 
3 30,01, 0,01
5 5

⎛ ⎞− +⎜ ⎟
⎝ ⎠

 àðàëûêäà ñàêëàíéàðëàð.  
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648. Ýãåð , 0
!

n

n
ax a

n
= >  áîëñà, lim 0nn

x
→∞

=
  
deňligi sóáóò ýòìåëi. 

×«ç¬ëèøè. Ãîé, 2K a>  íàòóðàë ñàí áîëñóí. Îíäà n K>  áîëàíäà 

1 1(2 )
! 1 2 1 2 1 2 2 2

n k nn
k ka a a a a a a a a a a a

n n k k k n

−
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ < = ⋅⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟+ +⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

" " "

 

Áåëëè áîëøû éàëû 
1lim 0
2nn→∞

= . Îíäà éåòåðëèê óëû n ¬÷èí àëéàðûñ: 

1
2 (2 )

n

na
ε⎛ ⎞ <⎜ ⎟

⎝ ⎠
 âå !

na
n

ε<  bolar. Áó áîëñà lim 0
!

n

n

a
n→∞

=  äåªëèãè àªëàäéàð. 

649. 
5lim 5

1n

n
n→∞

=
+

  deªligi ñóáóò ýòìåëè. 

×«ç¬ëèøè. 5 ñàí ûçûãèäåðëèãèª ïðåäåëè, äèéìåê ýðêèí 0ε >   ñàí ¬÷èí 
N  áåëãè òàïûëûï n N>  bolanda 

5n 5
n 1

ε− <
+  

       
äåÿñèçëèê éåðèíå éåòé­ð äèéìåêäèð. Øó äåªñèçëèãè n-e ã«ð­ ÷«çåëèª: 

5 5 5 5,
1 1

n n
n n

ε ε− −
< <

+ +  

5 1.n
ε

> −
 
Øóíëóêäà, N ñàí õ«êì¬íäå 

5 1
ε
− − den êè÷è áîëìàäûê ýðêèí 

ñàíû àëûï áèëåðèñ. Ãîé, 
50,01. 1 499ε
ε

= − =  500
2500
501

x =   óëóëûãû 

òàïàëûª: 

500
2500 5 55 5 0,01.
501 501 501

x − = − = − = <  

Éàãíû 500 5 0,01.x ε− < =  Øóíëóêäà, ûçûãèäåðëèãèª 500 àãçàñûíäàí 

áàøëàï ­õëè àãçàëàðû 5 ñàíûÿ ε  ýòðàáûíäà éåðëåøåíäèð. Éàãíû ( )4 99; 5 01, ,   

sàíàðàëûêäà éåðëåøåíäèðëåð. 

650. Óìóìû àãçàñû ( )1 , 1, 2,n
nx n= − = "áîëàí ûçûãèäåðëèãèª 

ïðåäåëèniň   éîêäógyny görkezmeli. 
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×«ç¬ëèøè. Ãîé, ê­áèð a  ñàí ûçûãèäåðëèãèª ïðåäåëè áîëñóí âå îíóª 
1,
3

a⎛ ⎞
⎜ ⎟
⎝ ⎠
∪

 
ýòðàáûíà ãàðàëûª. Îë ýòðàáûª, éàãíû 

1 1,
3 3

a a⎛ ⎞− +⎜ ⎟
⎝ ⎠

 àðàëûãûÿ 

óçûíëûãû 
2
3
− ä äåª. Øîíóª ¬÷èí îë ýòðàï áèð âàãòäà 1−  âå 1 íîêàòëàðû 

«ç¬íäå ñàêëàï áèëìåç, ñåá­áè îë íîêàòëàðûª àðàëûãûíäàêû óçàêëûê 2-­ 
äåªäèð. Ýãåð a ñàíû øîë ýòðàáà äåãèøëè ä­ë äèéèï àëñàê, îíäà 2 4 6n , , ,= "    
áîëàíäà 1nx = áîëéàíëûãû ¬÷èí ãàðàëéàí ýòðàáûª äàøûíäà ûçûãèäåðëèãèÿ 
òóêåíèêñèç ê«ï ýëåìåíòëåðè éåðëåøéúíäèð. 

Äèéìåê, x=a íîêàò ûçûãèäåðëèãèª ïðåäåëè áîëóï áèëìåç. Îë íîêàäûª 
ýðêèíëèãèíå ã«ð­ ûçûãèäåðëèãèª ïðåäåëèíèª éîêëóãû ãåëèï ÷ûêéàð. 

651. Ñóáóò ýòìåëè: lim 1.n

n
n

→∞
=  

×«ç¬ëèøè.  Ýãåð 2n ≥  áîëñà, îíäà n 1.n >                

Øîªà ã«ð­äå, ýðêèí 2n ≥  ¬÷èí øåéëå 0nα >  òàïûëûï  1n
nn α= +
  

 

äåªëèê éåðèíå éåòé­ð. Îíäàn áîëñà ( )n1 nn α= +  äåªëèê àëûíéàð. Áó 

äåªëèãèª ñàã á«ëåãèíå  

( ) ( ) 21
1

2
n n n

α α
−

+ > ⋅  

   
äåªñèçëèãè óëàíûï àëàðûñ: 

( ) ( ) 21
1 .

2
n

n n

n n
n α α

−
= + > ⋅  

Áó éåðäåí ýðêèí 2n >  ¬÷èí 
20

1n n
α< <

−
 äåªñèçëèê àëûíéàð. Îíäàí 

áîëñà 
2lim 0

1n n→∞
=

−
 áîëéàíëûãûíäàí ïåéäàëàíûï, lim 0nn

a
→∞

=  àëàðûñ. Øîíóÿ 

þ÷èí õåì ( )lim lim 1 1.n
nn n

n α
→∞ →∞

= + =      

652. Óìóìû àãçàñû 
( )

!
1 ! !n
nx

n n
=

+ −
 áîëàí ûçûãèäåðëèãèÿ ò¬êåíèêñèç 

êè÷è óëóëûêäûãûíû ñóáóò ýòìåëè. 
×«ç¬ëèøè. Ñóáóò ýòìåê ¬÷èí lim 0nn

x
→∞

=  äåªëèãè ã«ðêåçìåê éåòåðëèêäèð    
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( ) ( )! 1 2 3 n, 1 ! ! 1 .n n n n= ⋅ ⋅ ⋅⋅⋅ + = ⋅ +             

Îíäà    

( ) ( )
! ! 1lim lim lim 0.

! 1 ! ! 1 1n n

n n
n n n n n n→∞ →∞

= = =
+ − + −   

653. Óìóìû àãçàñû 
3

3 n
nx =  

áîëàí ûçûãèäåðëèãèª n → ∞  ìàõàëûíäà òóêåíèêñèç óëû óëuëûêäûãûíû ñóáóò 
ýòìåëè. 

×«ç¬ëèøè. Ýðêèí poloæitel M ñàíû àëûï, 
3

3 n M>  äåíñèçëèãè ÷«çåëèª: 

( )33
3 3,log logn M n M> >  

Ýãåð ( )3
3logN E M⎡ ⎤= ⎣ ⎦  äèéèï àëñàê, onda n N> áîëóï áàøëàíäà 

nx M>   äåªñèçëèê éåðèíå éåòé­íäèð. Éàãíû, ûçûãèäåðëèê  ò¬êåíèêñèç óëû 

ûçûãèäåðëèêäèð. 

654. Óìóìû àãçàñû 
( ) 11 n

nx
n

+−
=  áîëàí ûçûãèäåðëèãèª ò¬êåíèêñèç êè÷è 

ûçûãèäåðëèêäèãèíè ã«ðêåçìåëè. 
×«ç¬ëèøè. Ûçûãèäåðëèãèª áèðí­÷å àãçàëàðûíû éàçàëûª: 

1 1 1 1 11, - , , , , ,
2 3 4 5 6

− − " 

   ε − áàãëû N ñàíû òàïàëûª. Ýðêèí n N>  ñàí þ÷èí 
( ) 11

0
n

n
ε

+−
− <  éà-

äà 
1
n

ε<  äåªñèçëèãè êàíàãàòëàíäûðéàí N ñàíû òàïñàê 0 áåðëåí 

ûçûãèäåðëèãèª ïðåäåëèäèãè ãåëèï ÷ûêéàð. Äåÿñèçëèãè ÷«ç¬ï àëàðûñ: 
1n
ε

> . 

Îíäà N  ñàíû 1
ε
⎡ ⎤
⎢ ⎥⎣ ⎦

-e äåª äèéèï àëìàê áîëàð. Øóíëóêäà, ýðêèí 0ε >  ñàí 

ó÷èí 
1N
ε
⎡ ⎤= ⎢ ⎥⎣ ⎦

 ñàí áàð áîëóï, 
1n N
ε
⎡ ⎤> = ⎢ ⎥⎣ ⎦  

áîëóï áàøëàíäà 
( ) 11

0
n

n
ε

+−
− <   
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äåÿñèçëèê éåðèíå éåòéúíäèð. Îë áîëñà 0 ñàíûª ûçûãèäåðëèãèª  ïðåäåëèäèãèíè 
ã«ðêåçé­ð. 

655. Ûçûãèäåðëèãèª èëêèí©è á­ø àãçàñûíû éàçìàëû: 

 à) 2 5nx n= + ,   á) 
1 2
2

n
n nx = + ,    ÷) 24 3 2.nx n n= + +  

656. ?nx −   

1) 1,7,13,19,...        2) 2, 4,8,16,32,...        3) 1,7 ,17 ,31,...  
657. Äåªëèêëåðè ñóáóò ýòìåëè. 

    1) 
1 0lim

n n→∞
= ,      2) 

1 1lim
n

n
n→∞

+
= ,     3) 

5 2 5
lim 7 3 7n

n
n→∞

−
=

+
   

658. Óìóìû àãçàsû 

( 1) 2 ,
n

nx
n

− +
=  

áîëàí ûçûãèäåðëègin ò¬êåíèêñèç êè÷è ûçûãèäåðëèêäèãèíè ã«ðêåçìåëè.              
659. Óìóìû àãçàëàðû 

    1) 2

1 ,nx
n

=        2) 2

1 ,
1nx

n
=

+
        3) 2

5
4nx

n
=

+
   

áîëàí ûçûãèäåðëèklerèª ò¬êåíèêñèç êè÷è ûçûãèäåðëèêleräèãèíè ñóáóò ýòìåëè. 
660.  Ûçûãèäåðëèklerèª óìóìû àãçàlarûíû òàïìàëû. 

    à) 
1 2 3 40, , , , ,
3 4 5 6

…            á) 
1 1 1 1 1
2, 4, 8, 16, 32,
− − …  

661. Ýãåð ûçûãèäåðëèãèÿ óìóìû àãçàñû áåðëåí áîëñà, îíäà îíóª 
áàøäàêû áèðí­÷å àãçàñûíû éàçìàëû. 

à) sin ,
3n

nx π
=   á) 2 cos ,n

nx nπ−=   ÷) 
11

n

nx
n

⎛ ⎞= +⎜ ⎟
⎝ ⎠

     

662. Ñóáóò ýòìåëè: 

 à) 2

2lim 0
n n→∞

= ,     á) 
1lim 1 1
2nn→∞

⎛ ⎞− =⎜ ⎟
⎝ ⎠

,   ÷) 
( )1

lim 0.
5

n

nn→∞

−
=   

663. Óìóìû àãçàñû 
1

n
nx

n
+

=  áîëàí ûçûãèäåðëèãèª ïðåäåëèíèª 1-e 

äåªëèãèíè  ñóáóò ýòìåëè.  

664. Ýãåð 
3 1
3 1n
nx
n
−

=
+

  áîëñà, 1lim n
n

x
→∞

=  áîëéàíäûãûíû ñóáóò ýòìåëè. 
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665. Ýãåð 
2

2

2 1
3 1n
nx
n

+
=

−
 áîëñà, îíäà 

2
lim 3n
n

x
→∞

=  deªligi subut etmeli. 

Hàéñû áåëãèäåí áàøëàï 
2

2

2 1 2 0,01
3 1 3

n
n

+
− ≤

−
 äåªñèçëèê éåðèíå éåòé­ð? 

666. Ýãåð 
2 3

1n
nx
n
+

=
+

 áîëñà, 2lim n
n

x
→∞

=  deªligi g«rkezmeli. 

Õàéñû áåëãèäåí áàøëàï 
2n 3 2
n 1

ε+
− <

+
äåªñèçëèê éåðèíå éåòé­ð?  

Eger 0,1; 0,01; 0,001ε =  bolsa 
667. Óìóìû àãçàñû 

  à) 
( )1 1 n

nx
n

− −
= ,    á) ( )1 sin 2 1

2nx n
n

π
= −      

áîëàí ûçûãèäåðëèkleriª n →∞ ìàõàëûíäà ò¬êåíèêñèç êè÷è 
ûçûãèäåðëèêleräèãèíè ã«ðêåçìåëè. 

668. Óìóìû àãçàñû 
( )

3

1 2
5 1

n

nx
n

−
=

+
  áîëàí ûçûãèäåðëèãèª n →∞  

ìàõàëûíäà ò¬êåíèêñèç êè÷è ûçûãèäåðëèêäèãèíè ã«ðêåçìåëè. Õàéñû belgiden 

áàøëàï ûçûãèäåðëèãèª àãçàëàðû 
1 1,

10 10
⎛ ⎞−⎜ ⎟
⎝ ⎠

 àðàëûêäà éàòéàíäûãûíû 

àíûêëàìàëû. 
 
669. Ñóáóò ýòìåëè: 

1

lim 1 ln .n
n

n a a
→∞

⎡ ⎤
− =⎢ ⎥

⎣ ⎦  

      ¸ 5. Ûçûãèäåðëèãèª ïðåäåëèíèª tapyly¦y 
 

Ýãåð-äå { }na  âå { }nb  éûãíànéàí ñàí ûçûãèäåðëèêëåð áîëñà,  îíäà 

àøàêäàêû äåªëèêëåð äîãðóäûð: 

( )lim lim lim ,n n n nn n n
a b a b

→∞ →∞ →∞
± = ±  

lim lim lim ,n n n nn n n
a b a b

→∞ →∞ →∞
= ⋅       
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  ( )lim
lim , lim 0 ,

lim
nn n

nn n
n nn

aa b
b b

→∞

→∞ →∞
→∞

= ≠  

  lim lim , const.n nn n
c a c a c

→∞ →∞
= =  

670. Ïðåäåëè òàïìàëû: 

2 2 2 2

1 2 3 1lim ... .
n

n
n n n n→∞

−⎛ ⎞+ + + +⎜ ⎟
⎝ ⎠  

×«ç¬ëèøè.     

( ) ( )
2 2 2

2 2 2 2

2

2

1 1
1 2 3 1lim ... lim 1 lim 1

2 2
1 1 1 1lim lim 1 .
2 2 2

n n n

n n

n n
n n n nn n

n n n n
n n

n n

→∞ →∞ →∞

→∞ →∞

−
+−⎛ ⎞+ + + + = − = − =⎜ ⎟

⎝ ⎠
− ⎛ ⎞= = − =⎜ ⎟

⎝ ⎠

 

  
671. Predeli tapmaly 

 
( )1 3 5 7 ... 2 1 2 1lim .

1 2n

n n
n→∞

+ + + + + −⎡ ⎤+
−⎢ ⎥+⎣ ⎦

 

 
×«ç¬ëèøè.     

( )
1 2 1

1 3 5 7 ... 2 1 2 1 2 12lim lim
1 2 1 2n n

n nn n n
n n→∞ →∞

+ −⎡ ⎤
⎢ ⎥+ + + + + −⎡ ⎤+ +

− = − =⎢ ⎥⎢ ⎥+ +⎣ ⎦ ⎢ ⎥
⎣ ⎦

     

2 2n 1 3 1 3lim lim .
1 2 2 2 2n n

n n
n n→∞ →∞

⎛ ⎞+ − −
= − = = −⎜ ⎟+ +⎝ ⎠

 

  
672. Yzygiderlikleriª predellerini tapmaly: 

à) 
2

2

3 5 4
2n

n nx
n

+ +
=

+
,    á) 

2 2 2

3

1 2 .
5 1n

nx
n n

+ + +
=

+ +
…

  

×«ç¬ëèøè.  

à) 
2

2

5 43
,2 1

n
n nx

n

+ +
=

+
  

2

2

5 4lim 3
lim 3;

2lim 1

n

nn

n

n nx

n

→∞

→∞

→∞

⎛ ⎞+ +⎜ ⎟
⎝ ⎠= =
⎛ ⎞+⎜ ⎟
⎝ ⎠
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á) 
( ) ( )2 2 2 2 1 2 1

1 2 3 ... n ,
6

n n n+ ⋅ +
+ + + + =    

( ) ( )
( ) ( )

3 2 2

3 3

2

3 121 2 1 2 3 ,6 66 5 1 6 5 1 30
n

n n n n n n n nx
n n n n

n n

+ ++ ⋅ + + +
= = =

+ + + + + +  

1lim .
15nn

x
→∞

=   

673. ( )lim 1
n

n n
→∞

+ −  pðåäåëè òàïìàëû. 

×«ç¬ëèøè. 
1lim lim 0.
1nn n

x
n n→∞ →∞

= =
+ +

   

674. Ýãåð 
32

2

3 2
4 2 7n

n nx
n n

⎛ ⎞+ +
= ⎜ ⎟+ +⎝ ⎠

 áîëñà, lim nn
x

→∞
 
òàïìàëû. 

×«ç¬ëèøè.  
3

3 32 2

2

2

1 233 2 3 27lim lim .2 74 2 7 4 644
n n

n n n n
n n

n n
→∞ →∞

⎛ ⎞+ +⎜ ⎟⎛ ⎞+ − ⎛ ⎞= = =⎜ ⎟⎜ ⎟ ⎜ ⎟+ + ⎝ ⎠⎝ ⎠ ⎜ ⎟+ +
⎝ ⎠

 

675. lim 5n

n
n

→∞
 òàïìàëû. 

×«ç¬ëèøè.  

lim 1, lim 1n n

n n
n a

→∞ →∞
= =  

 deªlikden peédalanalyª. 

 Îíäà,  lim 5 lim 5 lim 1 1 1.n n n

n n n
n n

→∞ →∞ →∞
= ⋅ = ⋅ =    

676.  Yzygiderlikleriª predellerini òàïìàëû. 

 à) ( )2 2 1nx n n n= − + ,   á) 
2

34

1 .n
n nx
n n n

+ +
=

+ −
   

×«ç¬ëèøè. 
à) 

( )
2

2 2

2

2

1lim lim 1 lim lim .
11 1 1

nn n n n

nx n n n n
n n

n

→∞ →∞ →∞ →∞

⎛ ⎞
⎜ ⎟− ⎜ ⎟= − + = = − = −∞
⎜ ⎟+ + + +⎜ ⎟
⎝ ⎠
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 2 12 2
4

34 3
4 44 4 4 22

1 1 1 11 11lim lim lim lim .
1 11 1 11

b) nn n n n

n
n nn n n nx n

n n n
n n nn n

→∞ →∞ →∞ →∞

⎛ ⎞
+ +⎜ ⎟ + ++ + ⎝ ⎠= = = = +∞

⎛ ⎞+ − + −⎜ ⎟+ −
⎜ ⎟
⎝ ⎠

 

677. 
2 1lim 2

1n

n
n→∞

+
=

+
 deªligi subut etmeli 

×«ç¬ëèøè. Yzygiderligiª predeliniª kesgitlemesine g«r­ 

( )2n 1 1 12 , 1 .
n 1 1

n N
n

ε ε
ε

+ ⎡ ⎤− = < > − =⎢ ⎥+ + ⎣ ⎦
 

Øóíëóêäà, õåð áèð poloæitel ε  ñàí þ÷èí 1 1N
ε
⎡ ⎤= −⎢ ⎥⎣ ⎦

  ñàí òàïûëûï, 

n N>  áîëóï áàøëàíäà 
2 1 2

1
n

n
ε+

− <
+

 äåªñèçëèê éåðèíå éåòé­ð. Áó áîëñà 

äåÿëèãè ñóáóò ýäéúð. 

678. 
1 2 3, , ,..., ,...
2 3 4 1

n
n +

 yçûãèäåðëèãèª ïðåäåëèniª áèðå äåªäègini 

g«rkezmeli  
×«ç¬ëèøè. Õàêûêàòäàí-äà, ûçûãèäåðëèãèª óìóìû àãçàñûíû éàçûï, 

yzygiderligiª predeliniª kesgitlemesine g«r­ taparys: 
1, 1 .

1 1 1n
n nx

n n n
ε= − = <

+ + +
 

Ýãåð 
1 1n
ε

> −  áîëàíäà, éàãíû õåð áèð 0ε >  ñàí ó÷èí 
1 1N
ε
⎡ ⎤= −⎢ ⎥⎣ ⎦

 

ñàí áàð áîëóï, n N>  áîëóï áàøëàíäà 1nx ε− <  äåªñèçëèê éåðèíå 

éåòéúíäèð. Áó áîëñà ûçûãèäåðëèãèª ïðåäåëèíèª áèðå äåÿäèãèíè ã«ðêåçé­ð. 
 

 679. ( )1 3 1 5 1sin , sin , sin ... sin 2 1 ...
2 2 2 3 2 2

, , n ,
n

π π π π
−

 
ûçûãèäåðëèãèª  ò¬êåíèêñèç êè÷èäèãèíè ã«ðêåçìåëè.  

×«ç¬ëèøè. Îíóª ¬÷èí n →∞ ìàõàëûíäà ûçûãèäåðëèãèª óìóìû 
àãçàñûíûÿ íoëà ûìòûëéàíäûãûíû ã«ðêåçìåê éåòåðëèêäèð. 

( )1 10 sin 2 1 0 .
2ny n

n n
π ε− = − − ≤ <   
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Øó éåðäå 
1n
ε

>  ¦îíóª ¬÷èí 

( ) ( ) 1110 sin 2 1 .
2

n

ny n
n n

π
+−

− = − =  

Òàïàâóò n-iň ©¬á¬òëèãèíå éà-äà ò­êëèãèíå áàãëûëûêäà poloæitel éà-äà otrisa-
tel áîëàð. Éàãíû ny  íoëäàí óëû éà-äà íoëäàí êè÷è áîëóï, n →∞   
ìàõàëûíäà nola ûìòûëéàíäûð. 

680. 
2 3sin , sin , sin ,...,sin ,...

2 2 2 2
nπ π π π

  

ûçûãèäåðëèãèÿ ïðåäåëèniª éokdugyny g«rkezmeli. 

×«ç¬ëèøè. Õàêûêàòäàí-äà, sin
2n

ny π
=  yzygiderlik 1, 2,...n =  bolanda 

ãåçåêëè-ãåçåãèíå 1, 0, -1, 0, âå ø.ì. áàõàëàðû êàáóë ýäé­ð. Áó áîëñà ny    
óëóëûãûª ïðåäåëèíèª éîêäóãûíû ã«ðêåçé­ð. 

A¦akdaky predelleri tapmaly.   

681. 
2 2 2 2

3

1 2 3 ...lim .
n

n
n→∞

+ + + +
 
 

682. 
( )( ) ( )

3

1 2 3
lim .
n

n n n
n→∞

+ + +
  

683. 
1 1 1 1lim ... .
2 4 8 2nn→∞

⎛ ⎞+ + + +⎜ ⎟
⎝ ⎠

 
 

684. 
( )
( )

1
lim .

1

n

nn

n
n→∞

+ −

− −
  

 
685. Óìóìû àãçàñû 

( ) ( )
( ) ( )2 ! 1 !

, ! 1 2 3 ...
3 !n

n n
a n n

n
+ + +

= = ⋅ ⋅ ⋅ ⋅
+

 
áîëàí ûçûãèäåðëèãèª ïðåäåëèíè òàïìàëû. 

686. Óìóìû agzasy 

( 2)! ( 1)!
( 2)! ( 1)!n
n na
n n
+ + +

=
+ − +  

áîëàí ûçûãèäåðëèãèª ïðåäåëèíè òàïìàëû. 
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687. Yzygiderlikleriª predellerini tapmaly. 

à) 5n
nx n= ,    á) 6 3.n

nx n= +  

688. 
3 2

2

2 1 5lim
2 3 5 1n

n n
n n→∞

⎛ ⎞−
+⎜ ⎟+ +⎝ ⎠

  

pðåäåëè òàïìàëû 
689. Yzygiderlikleriª predellerini òàïìàëû: 

à) 2 21 1nx n n n n= + + − − + ,  á) ( ) ( )
2 2

3 31 1 .nx n n= + − −   

÷) 
2 2

1 2 3 4 5 6 ... 2
1 4 1

n
nx

n n
− + − + − + −

=
+ + −

, ä)
( )

1 1 1 1... .
1 2 2 3 3 4 1nx

n n
= + + + +

⋅ ⋅ ⋅ +  
 

690. Yzygiderlikleriª predellerini tapmaly: 

à) ;
1n
nx

n n
=

+ +
    á) 

2

3 3 2

4 ;
3

n
n nx
n n

+
=

−
 

÷) 3 31 ;nx n n= − +      ä) 31 3cos ;
2 6 1n

nx n
n n

= −
+

 

å) 
( )

2 2

12 1cos .
2 1 2 1 1 2 1

n

n

nn n nx
n n n n

−+
= − ⋅

− − − +
  

¸ 6. Ôóíêöèéàíûª ïðåäåëè 

a íîêàäy «z¬nde saklaéan õåð áèð ( , )a aδ δ− +  àðàëûãà a íîêàäûª 
δ  ýòðàáû äèéèëé­ð. Ýãåð ξ  íîêàäûª èñëåíäèê ýòðàáûíäà { }x  ñàí 

ê«ïëþãèíèª bu nokatdan ba¦ga èª áîëìàíäà áèð ýëåìåíòè áàð áîëñà, îíäà 
ξ  íîêàäà { }x  ñàí ê«ïë¬ãèíèª ïðåäåë íîêàäû äèéèëé­ð. Ïðåäåë íîêàäûª 

{ }x  ñàí ê«ïë¬ãèíå äåãèøëè áîëìàçëûãû õåì ì¬ìêèí. 

Êåñãèòëåìå (Köşi) Ýãåð 0ε∀ >  ñàí ¬÷èí ( )δ δ ε=  ñàí òàïûëûï 

0 x a δ< − <   äåªñèçëèãè êàíàãàòëàíäûðéàí x∀  ¬÷èí ( )f x A ε− <  

äåªñèçëèê éåðèíå éåòñå, îíäà A ñàíà ( )f x  ôóíêöèéàíûª a íîêàòäàêû 

ïðåäåëè äèéèëé­ð.   
A ñàí ( )f x  ôóíêöèéàíûª a íîêàòäàêû ïðåäåëè äèéèëìåãè  

( )lim
x a

f x A
→

=  éa-da ( ) ( )f x A x a→ →   

éazgylar arkaly aªladyléar. 
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Áó éåðäåí àøàêäàêû íåòè©­íè àëàðûñ: ( )f x A−  òàïàâóò, x àðãóìåíò a 

ñàíà ûìòûëàíäà ò¬êåíèêñèç êè÷è óëóëûêäûð. Îíû ( )xα  áèëåí áåëãèë­ï,: 

( ) ( )f x A xα= +  deªligi alarys. Bó éåðäå x àðãóìåíò a ñàíà ûìòûëàíäà 

( ) 0.xα →   

Êåñãèòëåìå (Ãåéíå) Ýãåð a ñàíà éûãíànéàí èñëåíäèê { }nx  ûçûãèäåðëèê 

¬÷èí ( ){ }nf x   ûçûãèäåðëèê A ñàíà éûãíànéàí áîëñà, îíäà A ñàíà ( )f x     

ôóíêöèéàíûª a íîêàòäàêû (éà-äà x a→  áîëàíäà) ïðåäåëè äèéèëé­ð. 
Ôóíêöèéàíûÿ ïðåäåëèíèª Ãåéíå âå Êîøè êåñãèòëåìåëåðè áèðè- áèðèíå 
äåÿãþé÷ëþäèð. 

691. 1x →  bolanda ( ) 2 5f x x= +  ôóíêöèéàíûª ïðåäåëèíèª 7-­ äåª 

áîëéàíäûãûíû ñóáóò ýòìåëè. 
×«ç¬ëèøè. Ñóáóò ýòìåê ¬÷èí x àðãóìåíòèª àáñîëéóò óëóëûãû áîéóí÷à 

áèðäåí òàïàâóòëàíéàí õåììå áàõàëàðû ¬÷èí, øåéëå 0δ >  ñàí òàïûëûï, 

1x δ− <  äåÿñèçëèê éåðèíå éåòåíäå ( )2 5 7x ε+ − <  äåªñèçëèãèª éåðèíå 

éåòìåãè éåòåðëèêäèð. Áó éåðäå  

( )2 5 7 2 2 2 1x x x+ − = − = −
  

áîëéàíëûãû àíûêäûð. Øîªà ã«ð­-äå, ( )2 5 7x ε+ − <  äåªñèçëèê áîëìàãû ¬÷èí 

-1
2

x ε
<   äåÿñèçëèãèª éåðèíå éåòìåãè ãåðåêäèð. Äèéìåê, 

2
εδ =   ñàí àëñàê, 

øîíäà ( )2 5 7x+ −  òàïàâóò àáñîëéóò óëóëûãû áîéóí÷à ε − äaí àç 

òàïàâóòëàíéàð. 
692. Ñóáóò ýòìåëè 

0

sinlim 1.
x

x
x→

=  

        
 ×«ç¬ëèøè. Ñóáóò ýòìåê ¬÷èí ðàäèóñû 1-e äåÿ áîëàí t«werek àëàëûª. 

Áó t«werekde ÀÎC áóð÷óª 0
2

x π
< <  äåªñèçëèãè êàíàãàòëàíäûðéàí ðàäèàí 

«ë÷åãèíè x  áèëåí áåëãèë­ëèª  (36-í©y ÷yzgy). 
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36-njy ÷yzgy 

Áåðëåí ôóíêöèéà x-ň íoëà äåª áîëìàäûê áàõàëàðûíûª õåììåñè ¬÷èí 
êåñãèòëåíåíäèð. Ñóðàòäàí ã«ðí¬øè éàëû 

.AC CB AE EB AD DB+ < + < +  
Ýììà áó éåðäå sin ,AC CB x= =   tg .AD DB x= =   
Îída áó äåªñèçëèêëåðè àøàêäàêû g«rn¬øde éàçûï áîëàð: 

2sin 2 2tg ,x x x< <     sin tg .x x x< <  
Áó éåðäå sin 0x >  áîëàíû ¬÷èí ñîªêû äåíñèçëèêëåðèª õåììå 

àãçàëàðûíû sin x  á«ë¬ï òàïàðûñ: 

11
sin cos

x
x x

< <
 

          
éà-äà 

  
sin1 cos .x x

x
> >         

Èíäè áó äåªñèçëèãèª õåð áèð àãçàñûny áèðäåí àéûðàëûª; 
 
 

2sin0 1 1 cos 2sin 2sin 2 .
2 2 2

x x x xx x
x

< − < − = < < ⋅ =  

 
Áó éåðäåí òàïàðûñ: 

sin0 1 .x x
x

< − <                  (1) 
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Ìóíóª éàëû áàãëàíûøûãû àðãóìåíòèª 0
2

xπ
− < <  äåÿñèçëèêëåðè 

êàíàãàòëàíäûðéàí áàõàëàðû ¬÷èí õåì ã«ðêåçìåê êûí ä­ëäèð: 
sin0 1– .x x

x
< < −              (2) 

Øåéëåëèêäå, x àðãóìåíòèª èñëåíäèê áàõàëàðû ¬÷èí 0ε >  ñàí ¬÷èí, 
ýëìûäàìà, 0δ >  ñàí òàïûëûï ( 0)x xδ< ≠  äåªñèçëèê éåðèíå éåòåíäå, 

sin 1x
x

ε− < .  äåÿñèçëèê õåì éåðèíå éåòéúíäèð. Hakykatdanda,  

sin sin1 , 1 .x xx
x x

δ ε ε− < < = − <  

  
Äèéìåê, 

0

sinlim 1.
x

x
x→

=  

693. ( ) 1sinf x x
x

=
 
ôóíêöèéàíûª x = 0 íîêàòäàêû ïðåäåëèíèª íoëà 

äåªäèãèíè ã«ðêåçìåëè. 
×«ç¬ëèøè. Ýãåð ýðêèí 0ε >  ñàí ¬÷èí δ ε=  ñàíû àëñàê îíäà  
1sinx x
x
≤

 
áîëéàíäûãûíà ã«ð­, 0 x δ< <  áîëàíäà 

1sinx
x

ε<   

äåªñèçëèê éåðèíå éåòåð. Øîíóª ¬÷èí Êîøèíèª êåñãèòëåìåñèíèª ýñàñûíäà  

0

1lim sin 0.
x

x
x→
=  

694. 
24 2 3( )

3
x xf x

x
+ −

=
−

 ôóíêöèéàíûª x=0 íîêàòäàêû ïðåäåëèíè 

òàïìàëû. 
×«ç¬ëèøè. Ãîé, { }, ( 3)n nx x ≠  ýðêèí íoëà éûãíànéàí ûçûãèäåðëèê áîëñóí. 

Îíäà 

( ) ( )22 4 lim 2lim 34 2 3lim lim 1.
3 lim 3

n nn n
nn n

n n

x xx xf x
x x→∞ →∞

+ −+ −
= = =

− −
 

  Øîíóª ¬÷èí õåì Ãåéí­íèª êåñãèòëåìåñè ýñàñûíäà ( )
0

lim 1.
x

f x
→

=   

695. ( ) 1sinf x
x

=  ôóíêöèéàíûª x=0 íîêàòäàêû ïðåäåëèíè àíûêëàìàëû. 
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×«ç¬ëèøè. Áó ôóíêöèéà 0x ≠  íîêàòëàðûª õåììåñè ¬÷èí êåñãèòëåíåíäèð. 

Ãîé, ( )
2 0 1 2

2 1nx , n , , ,
nπ

= =
+

…   

áîëñóí. Îíäà lim 0nx =  ýììà ( ) ( )1 n
nf x = −  Øîíóª ¬÷èí õåì ( ){ }nf x   

ûçûãèäåðëèê õè÷ áèð ïðåäåëå ûìòûëìàéàð. Äèéìåê, ôóíêöèéàíûª x=0   
íîêàòäà ïðåäåëè éîêäóð. 

696. ( )
3 2

2

4 2 3
3

x x xg x
x x
+ −

=
−

 ôóíêöèéàíûª x=0 íîêàòäàêû ïðåäåëèíè 

òàïìàëû. 
×«ç¬ëèøè.  g(x) ôóíêöèéà x=0 íîêàòäà êåñãèòëåíåí ä­ëäèð. Ñåá­áè x=0     

áîëàíäà 0/0 êåñãèòñèçëèãè àëàðûñ. Ýììà 0x ≠  áîëàíäà ( ) ( )g x f x=  âå 

694–nji ìûñàëäà ( )
0

lim 1
x

f x
→

=  áîëéàíäûãûíû ã«ðêåçèïäèê. Øîíóÿ ¬÷èí 

( )
0

lim 1
x

g x
→

= . 

697. Ãåéíå êåñãèòëåìåñèíè óëàíûï, 

2

3 1 1lim
5 4 2x

x
x→

+
=

+
 áîëéàíäûãûíû ãîðêåçìåëè. 

×«ç¬ëèøè. Àøàêäàêû èêè øåðòè êàíàãàòëàíäûðéàí x-iª áàõàëàðû áîëàí 

ûçûãèäåðëèãå ãàðàëûª: 

1) 1 2 3, , ,...x x x  ñàíëàðûª ­õëèñè ( ) 3 1
5 4

xf x
x
+

=
+

 ôóíêöèéàíûª êåñãèòëåíèø 

îáëàñòûíà äåãèøëè áîëñóí. (éàãíû 
4
5nx ≠ − ) 

2) { }nx  ûçûãèäåðëèê 2-­ éûãíànéàí áîëñóí: lim 2.nn
x

→∞
=   

Øó ûçûãèäåðëèãå ôóíêöèéàíûª áàõàëàðûíûª ûçûãèäåðëèãè äåãèøëèäèð: 

1 2

1 2

3 1 3 1, ,...
5 4 5 4

x x
x x
+ +
+ +  

Îíäà 

( ) ( )
( )

lim 3 13 1 7 1lim lim .
5 4 lim 5 4 14 2

nn
nn n

n n

xxf x
x x→∞ →∞

++
= = = =

+ +  
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Øóíëóêäà, 2-­ éûãíànéàí { }kx  ûçûãèäåðëèãå áàãëû áîëìàçäàí 

4 ,
5nx = −  äåãèøëè ôóíêöèéàíûª áàõàëàðûíûª ( ) , 1,2,..nf x n =  ûçûãèäåðëèãè 

1/2 éûãíàëéàíäûð. Áó áîëñà êåñãèòëåìúíèª ýñàñûíäà 

2

3 1 1lim .
5 4 2x

x
x→

+
=

+  

698. Àøàêäàêû ïðåäåëëåðèª éîêäóãûíû ñóáóò ýòìåëè. 

   à) 
1

1limsin
1x x→ −
,       á)  limsin .

x
x

→∞
  

×«ç¬ëèøè. à) Ïðåäåëè 1-e äåª áîëàí èêè ûçûãèäåðëèãè àëàëûª: 
11nx

nπ
= + ,  

( )
21 , 1, 2,...

4 1
'
nx n

n π
= + =

+
       

'lim lim 1n nn n
x x

→∞ →∞
= =    

ôóíêöèéàíûª áàõàëàðûíûª dåãèøëè ûçûãèäåðëèãèíèª ïðåäåëèíå ãàðàëûª: 

( ) 1sin sin 0;11 1
nf x n

n

π

π

= = =
+ −

 

( )
( )

' 1 4 1sin sin sin 2 1.2 2 21 1
4 1

n
nf x n

n

ππ π

π

+ ⎛ ⎞= = = + =⎜ ⎟
⎝ ⎠+ −

+
 

 Øóíëóêäà, 

( ) ( )'

1 1
lim 0, lim 1.

n n
n nx x

f x f x
→ →

= =  

Éàãíû  ( ){ }nf x  âå ( ){ }'
nf x  ûçûãèäåðëèêëåð ä¬ðëè ïðåäåëëåðå ýéåäèðëåð.  

Äèéìåê, 
1

1limsin
1x x→ −
 ïðåäåë éîêäóð. 

á) 'lim limn nn n
x x

→∞ →∞
= = ∞  äåªëèãè êàíàãàòëàíäûðéàí nx nπ=  âå 

' 2 , 1,2,...
2nx n nππ= + =  ûçûãèäåðëèkleri àëàëûª.  

Îíäà lim sin lim sin 0nn n
x nπ

→∞ →∞
= =  âå 'lim sin lim sin 2 1

2nn n
x n ππ

→∞ →∞

⎛ ⎞= + =⎜ ⎟
⎝ ⎠
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Äèéìåê, sinlim n
n

x
→∞

 ïðåäåë éîêäóð. 

699. Êîøèíèª êåñãèòëåìåñèíè óëàíûï àøàêäàêû äåªëèêëåðè ñóáóò ýòìåëè: 

 à) 
5 1 5lim
3 9 3x

x
x→+∞

+
=

+
,    á) 

( )21

1lim .
1x x→

= +∞
−

  

×«ç¬ëèøè. à) Äåªëèãè ñóáóò ýòìåê ¬÷èí 0ε∀ >  ñàí ¬÷èí M > 0  ñàí 

òàïûëûï, x >M  áîëóï áàøëàíäà 
5 1 5
3 9 3

x
x

ε+
− <

+
    (*)   

äåªñèçëèãèª éåðèíå éåòé­íäèãèíè ã«ðêåçìåê éåòåðëèêäèð. Øó äåªñèçëèêäåí 
àëéàðûñ: 
 

5 1 5 14
3 9 3 3 9

x
x x

ε+
− = <

+ +
,  

14
3 9x

ε<
+

 

äåªñèçëèãè ÷«ç¬p taparys. 

14 – 9 14 9, .
3 3

x Mε ε
ε ε

−
> =  

Øóíëóêäà, ýðêèí 0ε >  ñàí ¬÷èí 
14 9

3
M ε

ε
−

=  ñàí òàïûëûï, x M>   

áîëóp bàøëàíäà (*) äåªñèçëèê éåðèíå éåòéúíäèð. Áó áîëñà 

5 1 5lim
3 9 3x

x
x→∞

+
=

+  

áîëéàíäûãûíû àªëàäéàð. Ãîé, 0,01ε =  áîëñóí. Îíäà 

14 0 09 2463 .
0 03 3

,M
,
−

= =  

á) Áó ìûñàëäà, ýðêèí K>0 ñàí ¬÷èí 0δ >   òàïûëûï, 1x δ− <             

bolanda  
( ) ( )2 2

1 1 ,
1 1

K
x x

= >
− −

 äåªñèçëèê éåðèíå éåòé­ð. Ýðêèí 0K >  

ñàíû àëûï 
( )

( )2
1

1
K

x
> ∗∗

−   äåªñèçëèãè ÷«çåëèª. Áó éåðäåí  

( )11 0 .x K
K

− < >  
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Øóíëóêäà, ýãåð 
1
K

δ =   áîëñà, îíäà 1x δ− <  áîëóï áàøëàíäà (**) 

äåªñèçëèê éåðèíå éåòé­ð. Îë áîëñà 
( )2

1lim
1- x

= +∞
 
äåªëèãèª äîãðóäûãûíû 

ã«ðêåçé­ð. 
700. Äåªëèãè ñóáóò ýòìåëè /èêèí©è à©àéûï ïðåäåë/ 

( )
1

0

1lim 1 lim 1 .
x

x
x x

x e
x→∞ →

⎛ ⎞+ = + =⎜ ⎟
⎝ ⎠  

  

701. 
1

0
lim2x
x→

 ïðåäåëèª éîêdóãûíû ñóáóò ýòìåëè. 

702. Êîøèíèª êåñãèòëåìåñèíè óëàíûï, àøàêäàêû äåªëèêëåðè ñóáóò ýòìåëè 

    à) ( )
1

lim 3 9 6
x

x
→

− = − ,      á) 
6

1lim sin .
2x

x
π

→
=   

703. lim cos
x

x
→∞

 ïðåäåëèª éîêdóãûíû ñóáóò ýòìåëè. 

704. Äåªëèêëåðè ñóáóò ýòìåëè 

   à) 2

1
lim 4
x

x
→

= ,        á) 
2

2lim 1.
1x

x
x→∞

=
+

  

705.   à) ( )
1

lim 2 1 3
x

x
→

− = ,       á) 
2

22

1 3lim ,
1 5x

x
x→

−
=

+
 

   ÷) 
1lim 1
2x

x
x→∞

−
=

+
,       ä) 

2 1lim .
2 2x

x
x→∞

−
=   

706. Êîøè êåñãèòëåìåñèíäåí ïåéäàëàíûï ïðåäåëëåðè ñóáóò ýòìåëè. 
   à) ( )

1
lim 3 2 1
x

x
→

− = ,         á) 
0

limsin 0,
x

x
→

=        

        ÷) 
1

1lim 2
1x

x
x→

−
=

−
,     ä) 

0
lim cos 1,
x

x
→

=       

å) 
2 1 2lim
3 2 3x

x
x→∞

−
=

+
         ô) 

sinlim 0.
x

x
x→∞

=   

¸ 7. Ïðåäåëè õàñàïëàìàãûª äþçãþíëåðè 

1. Ýãåð ( )lim
x a

f x
→

 âå ( )lim
x a

xϕ
→

 ïðåäåëëåð áàð áîëñà, îíäà 
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  1) ( ) ( ) ( ) ( )lim lim lim .
x a x a x a

f x x f x xϕ ϕ
→ → →

± = ±⎡ ⎤⎣ ⎦   

  2) 
( )
( )

( )
( ) ( )( )lim

lim , lim 0 .
lim
x a

x a x a
x a

f xf x
x

x x
ϕ

ϕ ϕ
→

→ →
→

= ≠   

  3) ( ) ( ) ( ) ( )lim lim lim .
x a x a x a

f x x f x xϕ ϕ
→ → →

= ⋅⎡ ⎤⎣ ⎦   

2. Úõëè ýñàñû ýëåìåíòàð ôóíêöèéàëàðûª áàðëûê îáëàñòûíäà àøàêäàêû 
äåªëèê äîãðóäûð: 

( ) ( ) ( )lim lim .
x a x a

f x f x f a
→ →

= =  

3. Ê«ïëåí÷ õàëàòëàðäà ïðåäåë õàñàïëàíûëàíäà àøàêäàêû  áåëëè 
ïðåäåëëåðäåí ïåéäàëàíéàðëàð: 

à) 
0

sinlim 1
x

x
x→

= ,     á) ( )
1

0

1lim 1 lim 1 2,7182,...
x

x

x x
x e

x→∞ →

⎛ ⎞+ = + = =⎜ ⎟
⎝ ⎠

 

÷) 
( ) ( )

0

log 1
lim log , 0, 1 ,a

ax

x
e a a

x→

+
= > ≠   

ä) 
( )

0

ln 1
lim 1
x

x
x→

+
= ,    ã) ( )

0

1lim ln , 0 .
x

x

a a a
x→

−
= >                   

707. Òàïìàëû 

à) ( )2

1
lim 5 6 7
x

x x
→

− + ,   á)  ( )
2

2
lim 3 x

x
x

→
,    ÷) 

2

lim sin .
x

x
π

→
  

×«ç¬ëèøè. 

( )2 2

1 1 1 1

2

1 1

a) lim 5 6 7 lim5 lim 6 lim 7

5lim 6lim 7 5 1 6 1 7 6.
x x x x

x x

x x x x

x x
→ → → →

→ →

− + = − + =

= − + = ⋅ − ⋅ + =
 

á) Bó éåðäå 
2

lim3 6
x

x
→

=  âå 2

2
lim 4.
x

x
→

=   

Øîíóª ¬÷èí 

( ) ( ) ( )
( )lim

lim lim x a
xx

x a x a
f x f x

ϕϕ
→

→ →
⎡ ⎤=⎡ ⎤⎣ ⎦ ⎣ ⎦  

ôîðìóëàíû óëàíûï, àëàðûñ: 

( )
2

4

2
lim 3 6 1296.x

x
x

→
= =  

÷) 
2 2

limsin sin lim sin 1.
2x x

x x
π π

π
→ →

⎛ ⎞
⎜ ⎟= = =
⎜ ⎟
⎝ ⎠
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708. Ïðåäålëerè òàïìàëû.  

à) 
( )( )( )

3

2 3 3 5 4 6
lim

3 1x

x x x
x x→∞

− + −
+ −

,    á)  
3 3

lim .
10x

x
x→∞ +

   

×«ç¬ëèøè.  

a) 
( )( )( )

3

2 3

3 5 62 3 42 3 3 5 4 6 2 3 4lim lim 8.1 13 1 33
x x

x x x x x x
x x

x x
→∞ →∞

⎛ ⎞⎛ ⎞⎛ ⎞− + −⎜ ⎟⎜ ⎟⎜ ⎟− + − ⋅ ⋅⎝ ⎠⎝ ⎠⎝ ⎠= = =
+ − + −

 

 á) 
3 3

3
3

1lim lim 1.
1010 1

x x

x
x

x

→∞ →∞
= =

+ +  
  

709. Ïðåäåëè òàïìàëû. 
2

22

4lim .
3 2x

x
x x→

−
− +

 

 
×«ç¬ëèøè. 

( )( )
( )( )

2

22 2 2

2 24 2lim lim lim 4.
3 2 2 1 1x x x

x xx x
x x x x x→ → →

− +− +
= = =

− + − − −
 

710. Ïðåäåëè òàïìàëû. 

1

1lim .
1x

x
x→

−
−

 

×«ç¬ëèøè.  

( )( )
( )( ) ( ) ( )1 1 1 1

1 11 1 1 1lim lim lim lim .
1 211 1 1 1x x x x

x xx x
x xx x x x→ → → →

− +− −
= = = =

− +− + − +

 
711. Ïðåäåëè òàïìàëû. 

38

8lim .
2x

x
x→

−
−

 

×«ç¬ëèøè. 

( )( )
( )( )

( ) ( )3 32 23 3

38 8 83 23 3

8 2 4 8 2 48lim lim lim
82 2 2 4x x x

x x x x x xx
xx x x x→ → →

− + + − + +−
= = =

−− − + +

 

   ( )3 2 23

8
lim 2 4 2 2 2 4 12.
x

x x
→

= + + = + ⋅ + =  
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712. Ïðåäåëè òàïìàëû. 

0

sin 5lim .
x

x
x→

 

×«ç¬ëèøè. 
 

0 0

sin 5 sin 5lim 5lim 5 1 5.
5x x

x x
x x→ →

= = ⋅ =  

 
713. Ïðåäåëè òàïìàëû.  

20

1 coslim .
x

x
x→

−
 

×«ç¬ëèøè. 

2

20 0 0 0

2sin sin sin1 cos 1 1 12 2 2lim lim lim lim 1 1 .
2 2 2

2 2
x x x x

x x x
x

x xx x x→ → → →

−
= = ⋅ = ⋅ =

⋅
 

714. A¦akdaky pðåäåëleri òàïìàëû.  
1

0

sin 2lim .
x

x

x
x

+

→

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

 
×«ç¬ëèøè. Áó éåðäå  

0 0

sin 2 sin 2lim 2lim 2 1 2
2x x

x x
x x→ →

= = ⋅ = ;     ( )
0

lim 1 1.
x

x
→

+ =   

Îíäà     
1

1

0

sin 2lim 2 2.
x

x

x
x

+

→

⎛ ⎞ = =⎜ ⎟
⎝ ⎠

  

715. 

2

1lim .
2 1

x

x

x
x→∞

+⎛ ⎞
⎜ ⎟+⎝ ⎠

  

×«ç¬ëèøè. 
111 1lim lim 12 1 22

x x

x x
x

x
→∞ →∞

++
= =

+ +
;  2lim .

x
x

→∞
= +∞    

Øîíóª ¬÷èí 
2

1lim 0.
2 1

x

x

x
x→∞

+⎛ ⎞ =⎜ ⎟+⎝ ⎠  
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716. 
1lim .
1

x

x

x
x→∞

−⎛ ⎞
⎜ ⎟+⎝ ⎠

  

 
×«ç¬ëèøè. 

2
lim 1

2
1 1

2
21 1 2lim lim 1 1 lim 1 .

1 1 1

x
xx

x
x xxx

x x x

x x e e
x x x

−
+→∞

−+ +
−

−

→∞ →∞ →∞

⎧ ⎫
− ⎡ − ⎤ ⎡ − ⎤⎪ ⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + − = + = =⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥+ + +⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦⎪ ⎪⎩ ⎭

 
Áó ïðåäåëè áàøãà÷à usul bilen hem tapmak bolar: 

1

1
2

11 lim 11
1lim lim .
1 1 11 lim 1

xx

x x

x xx x

x

xx ex e
x e

x x

−−

−→∞
−

→∞ →∞

→∞

⎡ ⎤⎛ ⎞⎛ ⎞ −⎢ ⎥⎜ ⎟−⎜ ⎟ ⎝ ⎠− ⎢ ⎥⎛ ⎞ ⎝ ⎠ ⎣ ⎦= = = =⎜ ⎟+⎝ ⎠ ⎛ ⎞ ⎛ ⎞+ +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 
Óìóìàí, 

lim 1 .
x

k

x

k e
x→∞

⎛ ⎞+ =⎜ ⎟
⎝ ⎠  

717.  à) 
31

2 2lim
26 3x

x
x→

−
+ −

,     á) 
0

1 1lim
k

x

x
x→

+ −
,  k–áèòèí ñàí  

÷) 
6

sin
6lim .

3 2cosx

x

xπ

π

→

⎛ ⎞−⎜ ⎟
⎝ ⎠
−

 

×«ç¬ëèøè. (îðíóíà ãîéìà óñóëû) 
à) Ãîé, 326 x z+ =  Îíäà 3 26x z= −  âå 1x → bolanda 3z →   

Øóíëóêäà,  

( ) ( ) ( )
23

2
31 3 3 3

2 3 3 92 2 2 54lim lim lim 2lim 3 9 54.
3 326 3x z z z

z z zx z z z
z zx→ → → →

− + +− −
= = = + + =

− −+ −
 

á) Ãîé 1 kx z+ =  áîëñóí. 1kx z= −  âå 0x →  bolanda 1z →   

Øóíëóêäà, 
0 1

1 1 1 1lim lim .
1

k

kx z

x z
x z k→ →

+ − −
= =

−
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÷) Ãîé –
6

x zπ
=  áîëñóí. Îíäà 

6
x z π
= +   âå 

6
x π
→

  
bolanda 

0.z →   

0 0
6

sin 2sin cossin6 2 2lim lim lim
3 2cos 3 3 cos sin3 2cos

6
z zx

z zx
z

x z zz
π

π

π→ →→

⎛ ⎞−⎜ ⎟
⎝ ⎠ = = =

⎛ ⎞− − +− +⎜ ⎟
⎝ ⎠  

0 02

2sin cos cos
2 2 2lim lim 1.

2 3 sin 2sin cos 3 sin cos
2 2 2 2 2

z z

z z z

z z z z z→ →
= = =

+ +
 

718. ( )ctg

0
lim 1 tg .x

x
x

→
+   

 
×«ç¬ëèøè. 

( )1tg , 0, tg 0 .
tg

c x x x
x

= → →  

 ( ) ( )
1

0 0
lim 1 tg lim 1 tg .ctg x

tg x
x x

x x e
→ →

+ = + =  

 Ïðåäåëleri òàïìàëû:      

719. ( )
2ctg2

0
lim 1 3tg .

x

x
x

→
+          720. 

2

4 23

3lim .
1x

x
x x→

−
+ +

     

721. 22

5lim .
3 7x

x
x x→−

+
+ +

          722.  ( )ig2

1
lim 2

x

x
x

→
 

723. 
3

3

lim arctg
x

x
→

.          724.  
2

22

5 6lim .
2x

x x
x x→

− +
−

  

 

725. 
2

2

2lim
10x

x x
x→∞

−
+

 .          726. 
3 2

3 21

2 2 1lim .
3 3x

x x x
x x x→

− + −
− + −

  

727. 
4 3

4 30
lim .

2x

x x
x x→

+
−

           728.  
2

20

1 1lim .
16 4x

x
x→

+ −

+ −
  

 

729.  ( )2lim 5 6
x

x x x
→∞

− + − .        730.  ( )2lim 1 .
x

x x x
→∞

+ −  
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731.  
31

1lim
1x

x
x→

−
−

.           732. 
4

3 5lim .
1 5x

x
x→

− +
− −

  

733.  
0

sin 5lim
sin 2x

x
x→
.           734. 20

1 cos 2lim .
x

x
x→

−
  

735. 
cos coslim

x a

x a
x a→

−
−

.          736.  
2lim 1 .

x

x x→∞

⎛ ⎞+⎜ ⎟
⎝ ⎠

 

737. 
21lim

3

x

x

x
x

+

→∞

−⎛ ⎞
⎜ ⎟+⎝ ⎠

.           738. 
71lim 1 .

x

x x→∞

⎛ ⎞+⎜ ⎟
⎝ ⎠

  

739.  2

1lim 1
x

x x→∞

⎛ ⎞+⎜ ⎟
⎝ ⎠

.          740. 
34lim 1 .

x

x x

+

→∞

⎛ ⎞+⎜ ⎟
⎝ ⎠  

 

741. 
 

( )
2

2

0
lim 1 3

ctg

x
tg x x

→
+ .     742. 

2 1lim .
2 1

x

x

x
x→∞

−⎛ ⎞
⎜ ⎟+⎝ ⎠

  

743. 
2

23

5 6lim
3 9x

x x
x x→

− +
−

.          744. 
0

lim .
5 5x

x
x x→ − − +

  

 

745. 32

1 12
lim 2 8x x x→−

⎛ ⎞−⎜ ⎟+ +⎝ ⎠
     

¸ 8. Äåÿãþé÷ëè ò¬êåíèêñèç êè÷è óëóëûêëàðûª óëàíûëûøû 

Ýãåð 0x →  bolanda ( ) 0xα →  bolsa, onda 

( )sin xα ~ ( ) ,xα
     

(1)     

( )tg xα  ~ ( ) ,xα
     

(2)  

       ( )arcsin xα ~ ( ) ,xα                     (3) 

( )arctg xα ~ ( ) ,xα                      (4) 
( ) 1xeα − ~ ( ) ,xα                        (5) 

( )( )ln 1 xα+ ~ ( ) ,xα                     (6)  
( ) 1xαα − ~ ( ) ln .xα α                     (7) 

Áàøãà÷à àéäàíûìûçäà, ïðåäåë òàïûëàí ìàõàëûíäà ò¬êåíèêñèç êè÷è 
ôóíêöèéàíû îë ôóíêöèéà äåÿãþé÷ëè áîëàí áàøãà ò¬êåíèêñèç êè÷è ôóíêöèéà 
áèëåí ÷àëøûðìàê àìàòëû áîëéàð. 
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746. Ïðåäåëè òàïìàëû  

( )
2

3

sin 3
.lim 4 3x

x
x x→

−
− +  

   
(1) äåÿãþé÷ëè äåÿëèãè óëàíàëûÿ 

( )sin 3x − ~ – 3.x  

Øóíëóê-äà, ò¬êåíèêñèç êè÷è ( )sin 3x −  ôóíêöèéàíû ýêâèâàëåíò 3x -   

ò¬êåíèêñèç êè÷è ôóíêöèéà áèëåí ÷àëøûðàíûìûçäà ãàòíàøûãûª ïðåäåëè 
¬éòãåìåé­ð. 

( )
( )( )23 3 3

sin 3 3 1 1 .lim lim lim4 3 3 1 1 2x x x

x x
x x x x x→ → →

− −
= = =

− + − − −  

747. 20

1 cos .lim
x

m x
x→

−
  

Ïðåäåëè òàïìàëû. 
×«ç¬ëèøè. Èëêè áèëåí òðèãîíîìåòðèéàíûª áåëëè ôîðìóëàñûíû óëàíàëûª:  

21 cos 2sin 0
2

m x- m x , x= →  

ìàõàëûíäà sin
2

m x
~

2
m x

 
 âå 2sin

2
m x

~
2

.
2

m x⎛ ⎞
⎜ ⎟
⎝ ⎠

  

Øîíóª ¬÷èí ñàíàâ©ûäàêû 1 cos m x−  ò¬êåíèêñèç êè÷è ôóíêöèéàíû 
2

2
2

m x⎛ ⎞
⎜ ⎟
⎝ ⎠

 ò¬êåíèêñèç êè÷è ôóíêöèéà áèëåí ÷àëøûðûï àëàðûñ: 

2

2
2

2 2 20 0 0

22sin1 cos 22 .lim lim lim 2x x x

m xm x
m x m

x x x→ → →

⎛ ⎞
⎜ ⎟− ⎝ ⎠= = =  

748.  
1

ln .lim1x

x
x→ −
  

Ïðåäåëè òàïìàëû. 
×«ç¬ëèøè. ( )( )ln ln 1 1x x -= +  Îíäà (6) ôîðìóëàíûÿ ýñàñûíäà 

( )( )ln 1 1x -+ ôóíêöèéàíû äåÿãþé÷ëè ò¬êåíèêñèç êè÷è 1x−  ôóíêöèéà áèëåí 

÷àëøûðàëûª: 
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1 1 1

ln ln(1 ( 1)) 1lim lim lim 1.
1 1 1x x x

x x x
x x x→ → →

+ − −
= = = −

− − −
 

   

749. 
2

0

arcsin
1lim .

ln(1 )x

x
x

x→

−
−

   

Ïðåäåëè òàïìàëû. 
×«ç¬ëèøè.  (6) âå (3) ôîðìóëàëàðû óëàíàëûª: 

2 2
arcsin ,

1 1
x x

x x− −
∼

 

( )( )ln (1 ) ln 1 .x x x− = + − −∼  

   Îíäà 

2 2

20 0 0

arcsin
11 1lim lim lim 1.

ln(1 ) 1x x x

x x
x x

x x x→ → →

− −= = − = −
− − −  

    

750. 20

7arctg
4lim .
1xx

x

e−→ −
  

Ïðåäåëè òàïìàëû. 
×«ç¬ëèøè. (4) âå (5) ôîðìóëàëàðûª ýñàñûíäà éàçûï áèëåðèñ: 

7 7arctg ,
4 4

x x∼
  

2 1 ( 2 ), 0.xe x x− − − →∼  

 Îíäà   

20 0

7 7arctg 74 4lim lim .
1 2 8xx x

x x

e x−→ →
= = −

− −   

751. 
1

lim( 1)tg .
2x

xx π
→

−             

Ïðåäåëè òàïìàëû. 
×«ç¬ëèøè. 1x t− =  îðíóíà ãîéìàíû óëàíàëûª. Îíäà 1x →   ìàõàëûíäà 
0.t →  Øîíóª ¬÷èí 
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1 0 0

( 1)lim( 1)tg lim tg lim tg
2 2 2 2x t t

x t tx t tπ π π π
→ → →

+ ⎛ ⎞− = − = − + =⎜ ⎟
⎝ ⎠

 

0 0 0

2lim ctg lim lim
2

2 2
t t t

t t tt t ttg

π
π π π→ → →

= = = =
 

752.  Ïðåäåëè òàïìàëû; 

2 2

0

sin 2 arcsin arctglim .
3x

x x x
x→

+ −
 

×«ç¬ëèøè. Ò¬êåíèêñèç êè÷è äåÿãþé÷ëè ôóíêöèéàëàðûª tablisasyny óëàíàëûª: 

2 2sin 2 arcsin arctg sin 2 2x x x x x+ − ∼ ∼  
 Îíäà 

2 2

0 0

sin 2 arcsin arctg 2 2lim lim .
3 3 3x x

x x x x
x x→ →

+ −
= =  

    
753. Ïðåäåëè òàïìàëû: 

( ) ( )3

3

20 5

sin ln(1 3 )lim .
arctg 1x x

x x

x e→

⋅ +

−  

×«ç¬ëèøè. 
3 3sin ,x x∼

  
ln(1 3 ) 3 ,x x+ ∼                            

arctg ,x x∼      
35 31 5 .xe x− ∼  

Îíäà 

( ) ( )3

3 3

3 30 05

sin ln(1 3 ) 3 3lim lim .
55arctg 1x xx

x x x x
x xx e→ →

⋅ +
= =

−  

Äåÿãþé÷ëè ò¬êåíèêñèç êè÷è ôóíêöèéàëàð áèëåí ÷àëøûðìàê ä¬çã¬íèíè 
óëàíûï, àøàêäàêû ïðåäåëëåðè òàïìàëû. 

754. 20

lncoslim .
x

x
x→

       755. 
3 3 4

0

2lim .
ln(1 2 )x

x x
x→

+
+
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756. 
2

sin( 2)lim .
4 8x

x
x→−

+
+

     757. 
0

sin( ) sin( )lim .
( ) ( )x

x x
tg x tg x

α α
α α→

+ − −
+ − −

   

758.  
0

2arcsinlim .
3x

x
x→

     759. 
240

ln coslim .
1 1x

x
x→ + −

   

 
 

¸ 9. Ôóíêöèéàíûª ¬çí¬êñèçëèãè. Þz¬lme 
íîêàòëàðy âå îëàðûª g«rn¬¦leri 

 
a ïðåäåë íîêàäà ýéå áîëàí ê­áèð { }E x=  ê«ïë¬êäå êåñãèòëåíåí  

( )f x
 
ôóíêöèéà ñåðåäåëèª. Goé a íîêàäûª «çè õåì ôóíêöèéàíûª kesgitleni¦ 

îáëàñòûíà dåãèøëè bolsun. Äèéìåê, x=a íîêàòäà ôóíêöèéàíûª ( )f a   
êåñãèòli áàõàñû áàðäûð. 

Kåñãèòëåìå. Ýãåð x àðãóìåíò a ñàíà ûìòûëàíäà ôóíêöèéàíûª ò¬êåíèêëè 
ïðåäåëè áàð áîëóï, øîë õåì ( )f x  ôóíêöèéàíûª a íîêàòäàêû áàõàñûíà äåª 
áîëñà, éàãíû 

lim ( ) ( ).
x a

f x f a
→

=                        (1) 

Îíäà ( )f x  ôóíêöèéà a íîêàòäà ¬çí¬êñèç ôóíêöèéà äèéèëé­ð. 
Ýãåð x x aΔ = −  âå ( ) ( ) ( ) ( )y f x f a f a x f aΔ = − = + Δ −  áèëåí 

äåãèøëèëèêäå àðãóìåíòèª âå ôóíêöèéàíûª a íîêàòäàêû àðòäûðìàëàðûíû 
áåëãèëåñåê, îíäà (1) äåªëèãè 

0 0
lim lim[ ( ) ( )] 0
x x

y f a x f a
Δ → Δ →

Δ = + Δ − =  

ã«ðí¬øäå éàçûï áîëàð. 
Ýãåð ( )f x  ôóíêöèéà ¬÷in a íîêàòäà 

0
( 0) lim ( ) ( )

x a
f a f x f a

→ +
+ = =   

deªlikler éerine éeté­n bolsa, îíäà ( )f x  ôóíêöèéà a íîêàòäà ñàãäàí 
¬çí¬êñèç ôóíêöèéà äèéèëé­ð. Ýãåð-äå, îë ôóíêöèéà a íîêàòäà  

0
( 0) lim ( ) ( )

x a
f a f x f a

→ −
− = =  

¦erti kanagatlandyrsa, îíäà ( )f x  ôóíêöèéà a íîêàòäà ÷åïäåí ¬çí¬êñèç 
ôóíêöèéà äèéèëé­ð. Ýãåð a íîêàòäà ôóíêöèéàíûª áèðòàðàïëàéûí 

0
lim ( ) ( 0),

x a
f x f a

→ −
= −     

0
lim ( ) ( 0)

x a
f x f a

→ +
= +        (2)   
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ïðåäåëëåðè áàð áîëóï, îëàðûª èª áîëìàíäà áèðèñè ôóíêöèéàíûÿ a  íîêàòäàêû 
( )f a  áàõàñûíà äåª áîëìàñà, a íîêàäà ( )f x  ôóíêöèéàíûª aéryléan 

¬ç¬lme íîêàäy  äèéèëé­ð.   
Ýãåð-äå (2) ïðåäåëëåð áàð áîëóï ( 0) ( 0)f a f a− ≠ +   áîëñà, îíäà a 

íîêàäà ( )f x
 

ôóíêöèéànyª áèðèíùè jynsly þçþlme íîêàäy äèéèëéúð, 
( 0) ( 0)f a f a− − +  òàïàâóäà áîëñà ôóíêöèéàíûÿ a íîêàòäàêû òîâóñìàñû 

äèéèëéúð. 
Ýãåð (2) ïðåäåëëåðèª èª áîëìàíäà áèðèñè éîê áîëñà éà-äà èª áîëìàíäà 

áèðèñè ò¬êåíèêñèç áîëñà, îíäà a íîêàäà ( )f x
 
ôóíêöèéàíûª èêèí©è ©ûíñëû 

¬ç¬lme íîêàäû äèéèëé­ð. 
760. Õåìèøåëèê ( )f x c=  ôóíêöèéà âå ( )f x x=

 
ôóíêöèéà ñàí 

îêóíäàêû èñëåíäèê a íîêàòäà ¬çí¬êñèç ôóíêöèéàëàðäûð. 
×«ç¬ëèøè. Õàêûêàòäàí-äà, 

lim ( ) ( ),
x a

f x c f a
→

= =   lim ( ) lim ( ).
x a x a

f x x a f a
→ →

= = =   

761. 
1( )f x
x

=
 
ôóíêöèéàíûª õåð áèð 0x ≠  íîêàòäà ¬çí¬êñèçäèãèíè 

ã«ðêåçìåëè. 

×«ç¬ëèøè. 
1 1( ) ( )

( )
xy f x x f x

x x x x x x
−Δ

Δ = + Δ − = − =
+ Δ + Δ

    

äåªëèãèª ýñàñûíäà 

0

0 0
0

lim1 1lim lim 0.
lim

x

x x
x

xxy
x x x x x x

Δ →

Δ → Δ →
Δ →

ΔΔ
Δ = − = − =

+ Δ + Δ  

Áó áîëñà ôóíêöèéàíûª 0x ≠  íîêàòäà ¬çí¬êñèçäèãèíè ã«ðêåçéúð. 
762. ( ) sinf x x=  ôóíêöèéàíûª ýðêèí x R∈  íîêàòäà ¬çí¬êñèçäèãèíè 

ã«ðêåçìåëè. 

×«ç¬ëèøè. Ýãåð 0
2

x π
< <  áîëñà | sin | | |x x≤  

 
Øîªà ã«ð­-äå 0 | |

2
x π

< <   

áîëàíäà | sin | sin | | | |x x x< ≤  äåªñèçëèê éåðèíå éåòé­ð. Øîíóª ¬÷èí õåì 

| |sin( ) sin 2sin cos 2 sin 2 | |
2 2 2 2
x x x xy x x x x xΔ Δ Δ Δ⎛ ⎞Δ = + Δ − = + ≤ ≤ = Δ⎜ ⎟

⎝ ⎠  

äåªñèçëèêäåí 
0

lim | | 0
x

y
Δ →

Δ =  ãåëèï ÷ûêéàð. Áó áîëñà ( ) sinf x x=  

ôóíêöèéàíûª ýðêèí x R∈  íîêàòäà ¬çí¬êñèçäèãèíè ã«ðêåçé­ð. 
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763. ( ) cosf x x=  ôóíêöèéàíûª ýðêèí x R∈  íîêàòäà ¬çíóêñèçäèãèíè 
ã«ðêåçìåëè. 

×«ç¬ëèøè. Áèç sin x  ôóíêöèéàíûª ¬çí¬êñèçäèãèíè áèëéúðèñ. Øîªà ã«ð­-äå 

2
x π
+  ôóíêöèéàíûª ¬çí¬êñèç áîëàíû ¬÷èí ÷ûëøûðûìëû ôóíêöèéàíûª õ­ñèéåòè 

ýñàñûíäà cos sin
2

x x π⎛ ⎞= +⎜ ⎟
⎝ ⎠

 ôóíêöèéà õåì «ç¬íèª kesgitlenen îáëàñòûíäà 

¬çí¬êñèçäèð. 
764. Êåñãèòëåìåäåí ïåéäàëàíûï 

4 3 2( ) 3 5 2 3 4f x x x x x= + + + +  
 ôóíêöèéàíûª ýðêèí x R∈  íîêàòäà ¬çí¬êñèçäèãèíè ã«ðêåçìåëè. 

×«ç¬ëèøè. Ãîé, 0x  ýðêèí íîêàò áîëñóí. Èëêè áèëåí 
0

lim ( )
x x

f x
→

  

õàñàïëàëûª: 

0 0

4 3 2 4 3 2
0 0 0 0lim ( ) lim(3 5 2 3 4) 3 5 2 3 4.

x x x x
f x x x x x x x x x

→ →
= + + + + = + + + +  

Ñîªðà ôóíêöèéàíûª 0x  íîêàòäàêû áàõàñûíû òàïàëûª: 

4 3 2
0 0 0 0 0( ) 3 5 2 3 4.f x x x x x= + + + +  

Øóíëuêäà, 

0
0lim ( ) ( ).

x x
f x f x

→
=      

Äèéìåê, áåðëåí ôóíêöèéà ýðêèí 0x R∈  íîêàòäà ¬çí¬êñèçäèð. 

765. Ýðêèí 0x ≥  ¬÷èí y x=  ôóíêöèéàíûª ¬çí¬êñèçäèãèíè 
ã«ðêåçìåëè. 

×«ç¬ëèøè. Ãîé, 0 0x ≥  ýðêèí íîêàò áîëñóí, yΔ  àðòäûðìàíû òàïàëûª  

0 0 .y x x xΔ = + Δ −  

Îíäà 
0

lim 0
x

y
Δ →

Δ =  áîëéàíäûãûíû ã«ðêåçìåê éåòåðëèêäèð. 

0 0
0 00 0 0 0

0 0 0 0

lim lim lim lim 0.
x x x x

x x x xy x x x
x x x x x xΔ → Δ → Δ → Δ →

+ Δ − Δ⎡ ⎤Δ = + Δ − = = =⎣ ⎦ + Δ + + Δ +
Áó áîëñà áåðëåí ôóíêöèéàíûª ¬çí¬êñèçäèãèíè ã«ðêåçé­ð. 

766. 
sin( ) xf x

x
=  ôóíêöèéàíû ¬çí¬êñèçëèãe derªemeli âå ¬ç¬lme 

íîêàtlarûíû òàïìàëû. 
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×«ç¬ëèøè. Áåëëè áîëøû éàëû sin x  âå x  ôóíêöèéàëàð ¬çí¬êñèç 
ôóíêöèéàëàðäûð. Îíäà îëàðûª ãàòíàøûãû 0x ≠  íîêàòäàí áàøãà íîêàòäà 
¬çí¬êñèçäèð. 0 0x =

 
íîêàòäà ôóíêöèéà êåñãèòëåíåí ä­ëäèð âå îë ¬ç¬lme 

íîêàòäûð. É«íå 
0

sinlim 1
x

x
x→

=  ïðåäåë áàðäûð. Øîíóª ¬÷èí îë aératy ¬ç¬lme 

nokatdyr. Ýãåð (0) 1f =  äèéñåê,  

sin , 0
( )

1 , 0

x x
xF x

x

⎧ ≠⎪= ⎨
⎪ =⎩

           

 fóíêöèéà 0x =  íîêàòäà õåì ¬çí¬êñèçäèð. 

767. 
1( ) sinf x
x

=  ôóíêöèéàíûª ¬çí¬lme íîêàäûíû àíûêëàìàëû. 

×«ç¬ëèøè. Áó ôóíêöèéàíûª 0x =
 
íîêàòäà ñàã ïðåäåëè õåì, ÷åï ïðåäåëè 

õåì éîêäóð. Õàêûêàòäàí-äà, íoëà ûìòûëéàí 
2 0, 0,1,...

(2 1)kx k
kπ

= > =
+

 

¬÷èí ( ) ( 1)k
kf x = −  áîëéàíëûãû ñåá­ïëè { ( )}kf x  ûçûãèäåðëèãèª ïðåäåëè 

éîêäóð. Äèéìåê, 
1( ) sinf x
x

=  ôóíêöèéàíûª 0x =  íîêàòäà ñàã ïðåäåëè 

éîêäóð. 
1 1sin sin

( )x x
= −

−
 áîëéàíëûãû ¬÷èí, ôóíêöèéàíûª 0x =  íîêàòäà 

÷åï ïðåäåëè õåì éîêäóð. Øîíóª ¬÷èí 0x =  íîêàò 
1( ) sinf x
x

=  

ôóíêöèéàíûª èêèí©è ©ûíñëû ¬ç¬lme íîêàäûäûð. 

768.  

2 , 1
1( )

1 , 1

x
xf x

x

⎧ >⎪ −= ⎨
⎪ <⎩

  

ôóíêöèéàíûª ¬ç¬lme íîêàäûíû àíûêëàìàëû. 
 

×«ç¬ëèøè. Áó ôóíêöèéà 1x ≠  íîêàòëàðäà ¬çí¬êñèç áîëóï 1x =   
íîêàòäà ôóíêöèéàíûª ñàã ïðåäåëè õåì, ÷åï ïðåäåëè õåì ò¬êåíèêñèçëèãå 
äåªäèð. Øîíóª ¬÷èí 1x =  íîêàò ôóíêöèéàíûª èêèíùè ©ûíñëû ¬ç¬lme 
íîêàäûäûð. 

769.  
1, 0

( )
1, 0

x
f x

x
>⎧

= ⎨− <⎩
 

ôóíêöèéàíûª ¬ç¬lme íîêàäûíû òàïìàëû. 
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×«ç¬ëèøè. Áó éåðäå 
0 0

lim ( ) 1, lim ( ) 1.
x x

f x f x
→ − → +

= − =   

0x =  íîêàäûª «ç¬íäå ( )f x  ôóíêöèéàíûª áåëëè áàõàñû éîêäóð. Øîíóª 
¬÷èí õåì 0x =  íîêàò ôóíêöèéàíûª áèðèí©è ©ûíñëû ¬ç¬lme íîêàäûäûð. 

770. 
2 , 0

( ) .
1, 0
x x

f x
x

⎧ >
= ⎨

<⎩
  

×«ç¬ëèøè. Áó éåðäå 
0 0

lim ( ) 0, lim ( ) 0 (0) 1
x x

f x f x f
→ − → +

= = =                  

áîëéàíëûãû ¬÷èí 0x =  íîêàò áèðèí©è ©ûíñëû ¬ç¬lme íîêàòäûð. 

771. 2

1( )
(1 )

f x
x

=
−

  

ôóíêöèéàíûª ¬ç¬lme íîêàäûíû àíûêëàìàëû. 

×«ç¬ëèøè. 2

1( )
(1 )

f x
x

=
−

 ôóíêöèéà 1x ≠  íîêàòäà ¬çí¬êñèçäèð. 1x =  

íîêàòäà áó ôóíêöèéà êåñãèòëåíåí ä­ëäèð. Øîíóª ¬÷èí (1)f  ñàíû í­õèëè 
àëàíûìûçäà-da ¬ñòè éåòèðëåí ôóíêöèéà 1x =  íîêàòäà ¬çí¬êëè áîëóï áèëìåç        
(37-í©è ÷yzgy). 

 

 

37-í©è ÷yzgy 

772. ( ) cosf x
x
π

=  ôóíêöèéàíûª ¬ç¬lme íîêàäûíû àíûêëàìàëû.  

×«ç¬ëèøè. ( ) cosf x
x
π

=  ôóíêöèéà 0x =  íîêàòäà èêèí©è ©ûíñëû ¬ç¬lme 

íîêàäà ýéåäèð. Ñåá­áè áó éåðäå 
0

lim cos
x x

π
→ −

 âå 
0

lim cos
x x

π
→ +

  áèðòàðàïëû 

ïðåäåëëåð éîêäóð. 
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773. 1
0 1( ) ...n n

nP x a x a x a−= + + +  áèòèí ðàöèîíàë ôóíêöèéàíûª ýðêèí  x 
áàõàëàðûíäà ¬çí¬êñèç ôóíêöèéàäûãûíû ñóáóò ýòìåëè. 

774. x-iª õàéñû áàõàëàðûíäà  à) tg x,  á) ctg x ôóíêöèéàëàð ¬çí¬êñèç?    
Ôóíêöèéàëàðûª ¬çí¬êñèçëèãèíè áàðëàìàëû: 

775. 
2

2
xy

x
=

−
.     776. 2

1 3 .
4

xy
x
+ −

=
−

    777. .
sin

xy
x

=   

778. 2y ax bx c= + +  ôóíêöèéàíûª ýðêèí x ¬÷èí ¬çí¬êñèçäèãèíè ñóáóò 
ýòìåëè. 

Ôóíêöèéàlarûª ¬ç¬lme íîêàòëàðûíû òàïìàëû: 

779.   à) 
2 ,

5
y

x
=

−
      á) 2

3 .
2 1

y
x x

=
− +

   

780. Ôóíêöèéàíû ¬çí¬êñèçëèãe derªemeli: 

1.
xey
x
−

=  

      
781. Ôóíêöèéàlarûª ¬ç¬lme íîêàòëàðûíû òàïìàëû âå òîâóñìàlarûíû 

àíûêëàìàëû: 

à) 2

4( ) ,
2 1

f x
x x

=
− +

    á) 
2( ) .

| 2 |
xf x x
x
+

= +
+

 

782. Ôóíêöèéàíûª ¬çí¬êñèçëèãèíè áàðëàìàëû âå ¬z¬lme íîêàäûíû 
òàïìàëû: 

1
1

1 .
1 2 x

y
−

=
+  

783. Ôóíêöèéàíûª ¬çí¬êñèçëèãèíè áàðëàìàëû âå ¬ç¬lme íîêàäûíû 
òàïìàëû:     

2 .
4

xy
x

=
−                                 

784. Ôóíêöèéàíûª ¬çí¬êñèçëèãèíè àíûêëàìàëû âå ¬ç¬lme íîêàäûíû 
òàïìàëû:    

à) 
tgxy
x

= ,      á) 
1

1

2 1 ,
2 1

x

x
y −
=

+
   

  ÷)   3

1 ,y
x x

=
−

      ä) 2

15 3 .
36

xy
x
+ −

=
−

  

785. ( ) | |f x x=  ôóíêöèéàíûª ¬çí¬êñèçëèãèíè ñóáóò ýòìåëè. 
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VII BÖLÜM 
‹ÍÞÌ ÂÅ ÄÈÔÔÅÐÅÍÖÈÀË 

¸ 1. É«íåêåé ôóíêöèéàëàðûª «í¬ìëåðè 

Goé, ( )y f x=  ôóíêöèéà x íîêàäûª k­bir  ( )xU  etrabynda 

kesgitlenen bolup, −x ¬étgeé­niª xΔ  artdyrmasy ¬÷in )(xUxx ∈Δ+  
bolsun. Eger 

( ) ( )
x

xfxxf
x
y

xx Δ
−Δ+

=
Δ
Δ

→Δ→Δ 00
limlim  

ò¬êåíèêëè ïðåäåë áîëñà, îíäà oªa )(xfy =  funksiéanyª x nokatdaky 
«n¬mi diéilé­r we )(xf ′  éa-da )(xy′  bilen belgilené­r. Áåðëåí )(xf  
ôóíêöèéàíûª )(xf ′  «í¬ìèíè òàïìàêëûãà áîëñà, áó ôóíêöèéàíûª 
äèôôåðåíöèðëåíèëèøè äèéèëé­ð. Áó õàëäà ôóíêöèéà áåðëåí íîêàòäà ¬çí¬êñèçäèð. 
Øó êåñãèòëåì­íè óëàíûï, àøàêäàêû éüíåêåé ôóíêöèéàëàðûª «í¬ìëåðèíèª 
tablisasyny éàçûï áèëåðèñ: 

1. ( ) 0, constC C′ = = ;                  

2. ( ) 0,,1
'

>∈=
′ − xpxpx pp R , ( ) R∈∈=

′ − xNnnxx nn ,,1 ; 

 3. ( ) ( ) xxxx eexaaaa =
′

∈≠<⋅=
′ ;,10,ln R ;          

    4. ( ) 0,10,
ln
1log >≠<=′ xa

ax
xa ,  

        ( ) 0,10,
ln
1log ≠≠<=′ xa

ax
xa ,  

        0,1)(ln >=′ x
x

x ; 

5. ( ) R∈=′ xxx ,cossin ;   

6. ( ) R∈−=′ xxx ,sincos ;                                         

7. 2

1(tg ) , ,
cos 2

x x n n Z
x

π π′ = ≠ + ∈ ; 

8. 2

1(ctg ) , ,
sin

x x n n Z
x

π′ = − ≠ ∈ ;             

9. ( ) 1,
1

1arcsin
2

<
−

=′ x
x

x ;       
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  10. ( ) 1,
1

1arccos
2

<
−

−=′ x
x

x ;       

 11. ( ) 2

1arctg ,
1

x x
x

′ = ∈
+

R ;                     

12. ( ) 2

1arcctg ,
1

x x
x

′ = − ∈
+

R ; 

13. R∈=′ xchxshx ,)( ;    
14. R∈=′ xshxchx ,)( ;  

15. R∈=′ x
xch

thx ,1)( 2 ;  

16. 0,1)( 2 ≠−=′ x
xsh

cthx .                  

Äèôåðåíöèðëåìåãèª ýñàñû ä¬çã¬íëåðè. Ýãåð )(xuu =  âå )(xϑϑ =  
ôóíêöèéàëàðûÿ «í¬ìëåðè áàð áîëñà, îíäà àøàêäàêû äåªëèêëåð äîãðóäûð: 

( ) ''' ϑϑ ±=± uu ; 

( )' 'cu c u= ⋅ ; 

( )' ' 'u u uϑ ϑ ϑ= + ; 
'

2

' 'u u uϑ ϑ
ϑ ϑ

−⎛ ⎞ =⎜ ⎟
⎝ ⎠

. 

786. 2xy =  ôóíêöèéàíûª xΔ  âå yΔ  àðòäûðìàëàðûíû òàïìàëû:  

   1) 11 =x  ,  22 =x ;   2) 11 =x ,  1,12 =x . 
×«ç¬ëèøè.             
   1) ,11212 =−=−=Δ xxx           31412 22 =−=−=Δ y . 

   2) 2 1 1,1 1 0,1,x x xΔ = − = − =         ( ) 21,0121,111,1 22 =−=−=Δ y . 

787. 324 35 −+−= xxxy  ôóíêöèéàíûª «í¬ìèíè òàïìàëû. 
×«ç¬ëèøè. 

 

788. 
2

335 2y x x−= +  ôóíêöèéàíûª «í¬ìèíè òàïìàëû. 
×«ç¬ëèøè.  

       

′

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=′ −33

2

25x xy 43
131

3
2 6

3
1032

3
25

xx
xx −=⋅−⋅= −−−

. 

( ) ( ) ( ) ( ) ( ) ( ) ( )
2.12 5 

2 4)3(24324 
2 4 

353 535 

+−=

=′ +
′ 

−
′

=′−′+
′

− 
′

=
′

−+−=′ 

xx 
xxxxxxxx x y 
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789. 101,01 x
x

xy ⋅++=  ôóíêöèéàíûª «í¬ìèíè òàïìàëû. 

×«ç¬ëiøè. Áåðëåí ôóíêöèéàíû 

102
1

2/1 1,0 xxxy ⋅++=
−

 
ã«ðí¬øäå éàçàëûª. Îíäà «n¬miª tablisasyndan peédalanyp àëàðûñ: 

        9
3

92
3

2
1

2

1
2

1101,0
2
1

2
1 x

xx
xxxy +−=⋅+−=′

−−
. 

790. ( )cos sinxy e x x= +  ôóíêöèéàíûª y′ «í¬ìèíè òàïìàëû. 

×«ç¬ëèøè. Ê«ïåëòìåê õàñûëûíäàí üíþì àëìàêëûãûÿ äþçãþíèíäåí 
ïåéäàëàíàëûÿ: 

( ) ' (cos sin ) (cos sin ) ' (cos sin ) ( sin cos )
2 cos .

x x x x

x

y e x x e x x e x x e x x
e x
= ⋅ + + + = + + − + =

=
 

791. 
2

ln
xy

x
=  ôóíêöèéàíûª 'y -«í¬ìèíè òàïìàëû.  

×«ç¬ëèøè. Paédan «n¬m almagyª d¬zg¬ninden peédalanyp, alarys: 

( ) ( )
( ) ( )

( )
( )22

2

2

222

ln
1ln2

ln

1ln2

ln
lnln

ln x
xx

x

x
x

xx

x
xxxx

x
xy −

=
−

=
⋅′−⋅

′
=

′

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=′ . 

Aøàêäàêû ôóíêöèéàëàðûª «í¬ìëåðèíè òàïìàëû. 

792. 2 41 1 0,5 .
4

y x x
x

= − + −    793. nnxxy 33n ++= , n – õåìèøåëèê ñàí. 

794. 2

2 3 .
5 5

xy
x x

+
=

− +
     795. .a bxy

c dx
+

=
+

 

796. ctg .y x x=      797. ln .y x x x= −  

798. ( )x sin cos .y e x x= −     799. x3 arcsin .y x=   

800. 2

arccos .
1

xy
x

=
+

     801. 2

arctg .
1

xy
x

=
+

 

802. 
3

.
2

x xy
x x
+

=
−

     803. 
cos .

1 sin
xy

x
=

−
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¸ 2. ×ûëøûðûìëû ôóíêöèéàëàðûª «í¬ìi 

Eger ( )u xϕ=  funksiéanyª x  nokatda, ( )y f u=  funksiéanyª u  
nokatda «n¬mi bar bolsa, onda ÷yl¦yrymly ( ))(xfy ϕ=  funksiéanyª x  
nokatda «n¬mi bardyr we ol «n¬m ¬÷in  

( ) ( )xux ufyxuufy ′⋅′=′′⋅′=′ ,)(  
formula dogrudyr. Aøàêäàêû ôóíêöèéàëàðûª «í¬ìëåðèíè òàïìàëû: 

1) 132 ++= xxy ,        2) ( )3234 125 −+−+= xxxxy . 

×«ç¬ëèøè. 1) 132 ++= xxu  ãîøìà÷à ôóíêöèéàíû ãèðèçåëèª: 

Îíäà uy = , áó éåðäå  132 ++= xxu  onda 

                  ( )32
2

1
+=′ x

u
y    

éà-äà 

                  
132

32
2 ++

+
=′

xx
xy . 

2) 3uy = ; 125 234 −+−+= xxxxu , 

  ( ) ( )1262033 23223 +−+=′⋅=
′

=′ xxxuuuuy  
éà-äà 

 
)12620()125(3])125[( 2322343234 +−+−+−+=′−+−+=′ xxxxxxxxxxxy . 

805. sin(8 7)y x= −  ôóíêöèéàíûª y′ «í¬ìèíè òàïìàëû. 

×«ç¬ëèøè. 8 7u x= −  âå siny u=  ôóíêöèéàëàðûª «í¬ìëåðèíèª 
áàðëûãûíäàí ïåéäàëàíûï, òàïàðûñ: 

( ) ( ) ( )sin 8 7 8cos 8 7u xy y u u x x′ ′′ ′ ′= ⋅ = − = − . 

Ýãåð )(xyy =  ôóíêöèéà 0),( =yxF  äåªëåìå àðêàëû àíûê ä­ë 

ã«ðí¬øäå áåðëåí áîëñà, îíäà ( )F x, y  ôóíêöèéà x óëóëûãà ã«ð­ ÷ûëøûðûìëû 

ôóíêöèéà õ«êì¬íäå ãàðàï, y = y' ( x ) «í¬ìè [ ] 0),( =′yxF  äåªëåìåäåí 
òàïìàê áîëàð. 

806. 0cos =+ yxy  äåªëåìå àðêàëû àíûê ä­ë ã«ðí¬øäå áåðëåí 

)(xyy =  ôóíêöèéàíûª ( )xy'y' =  «í¬ìèíè òàïìàëû. 

×«ç¬ëèøè. Äåªëåì­íèÿ ÷åï á«ëåãèíe x óëóëûãà ã«ð­ çylşyrymly 
ôóíêöèéà õ«êì¬íäå ãàðàï àëéàðûñ: 
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                   0sin =⋅+ y'yxy'-y             

ýа-dа 
            ( ) yyxy' −=− sin . 

Áó éåðäåí 

                          
y-x

yy'
sin

= . 

 
807. xy lntg=  ôóíêöèéàíûª y'   «í¬ìèíè òàïìàëû. 

×«ç¬ëèøè. tgu x=   áåëãèëåìúíè ãèðèçñåê, lny u=   ÷ûëøûðûìëû 
ôóíêöèéàäûð. 

      2

1 1 1 2 2' (ln ) '
tg cos 2sin cos sin 2

y u u
u x x x x x

′= = ⋅ = ⋅ = =  

808. ( )1sinlg 2 += xy  ôóíêöèéàíûª y'  «í¬ìèíè òàïìàëû. 

×«ç¬ëèøè.  Ýãåð 2 1u x= +  áîëñà, lg siny u=  ÷ûëøûðûìëû ôóíêöèéàäûð.  

            

( ) [ ]

( ) ( ) ( )2 2
2

1 1lg sin sin cos
sin sin

1 cos 1 2 2 ctg 1 .
sin 1

y' u ' u ' u u'
u u

x x x x
x

= = ⋅ = ⋅ ⋅ =

= ⋅ + ⋅ = ⋅ +
+

 

809. arctgxy e=  ôóíêöèéàíûª y'  «í¬ìèíè òàïìàëû.   

×«ç¬ëèøè. u arctgx=  áèëåí áåëãèë­ï, uy e=  ôóíêöèéàíû àëàðûñ: 

                   ( ) 21
1
x

eu'ey' arctgxu

+
⋅=⋅= . 

810. 5(3 2sin )y x= −  ôóíêöèéàíûÿ üíþìèíè òàïìàëû.  

×«ç¬ëèøè. 3 2sinu x= −  áèëåí áåëãèë­ï 5uy =  ôóíêöèéàíû àëàðûñ: 
   

( ) ( ) ( ) ( )
( ) .sin23cos10

cos2sin235sin23sin2355
4

444

xx

xxxxu'uy'

−−=

=−⋅−=′−⋅−=⋅=
 

811. Ýãåð 21 arctgy x x= +   áîëñà, y' -òàïìàëû. 
×«ç¬ëèøè. Ê«ïåëòìåê õàñûëûíûª «í¬ìiíè òàïìàêëûãûª ôîðìóëàñûíû 

óëàíûï,  àëéàðûñ: 

       2 2( 1 ) arctg 1 (arctg )y x x x x′ ′ ′= + + + . 
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21 x+  àªëàòìàäàí «í¬ì àëàíûìûçäà 21 x u+ =  áèëåí áåëãèë­ï 
òàïàðûñ:  

        ( ) ( )
22

2

1
2

12
1'

2
11

x
xx

x
u

u
ux

+
=⋅

+
==⋅=

′
=

′
+ . 

Øóíëóêäà,             

         2
22 2 2

1 1arctg 1 arctg
11 1 1

x xy' x x x
xx x x

= + + = +
++ + +

.  

Àøàêäàêû ôóíêöèéàëàðûª «í¬ìëåðèíè òàïìàëû. 

812. ( )421 3 5 .y x x= + +             813. sin 3 cos tg .
5
xy x x= + +  

814. arccos .y x=               815. ( ) ( )arctg ln ln arctg .y x x= +  

816. 3 3 .y a bx= +               817. ctg ctg .y x α= −  

818. 
1arctg .
1

xy
- x
+

=               819. 2 210 .xy x=  

820. 
2

5 .xy e−=                    821. 4cos .y x=  

822. ( )2arcsin .y x=                823. 
1 cos 2 .
1 cos 2

xy
x

+
=

−
  

824. ( )3 23 6 6 .-xy e x x x= + + +        825. 2cos .y x x=  

826. 
2 1 .

1
xy
x

+
=

+
              827. 4 21 1tg tg ln cos .

4 2
y x x x= − −       

¸ 3. Äþðëè ôóíêñèéàëàð 

Gå÷åí áüëþì÷åäúêè ãàðàï ãå÷åí ÷ûëøûðûìëû ôóíêöèéàëàðymyzäàí õàñ 
÷ûëøûðûìëû áîëàí ôóíêöèéàëàðûª «í¬ìëåðèíè òàïìàgyň birnäçe mysallaryna 
garap geçeliň. Ìûñàë ¬÷èí, 

                       )f(uy =  

ôóíêöèéàäà  )(ϑϕ=u   áîëóï, )(xg=ϑ    áîëñà, ÷ûëøûðûìëû áîëàí 

)))((())(( xgffy ϕϑϕ ==  
ôóíêöèéàíû àëàðûñ. Áó ãüðíþøäúêè ôóíêöèéàëàðäàí «í¬ì àëìàê ¬÷èí áîëñà, 
«ªäåí áåëëè áîëàí ä¬çã¬íëåðäåí âå ôîðìóëàëàðäàí ïåéäàëàíéàðëàð. 

828. Ýãåð ln arctgy x=    áîëñà, 'y  òàïìàëû. 

×«ç¬ëèøè.. arctgu x=  áèëåí áåëãèë­ï, àëàðûñ: 
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arctg
arctg

( x )'y'
x

= . 

arctg x  ôóíêöèéàäàí «í¬ì àëìàê ¬÷èí x  ôóíêöèéàíû ê«ìåê÷è 
ôóíêöèéà õ«êì¬íäå ãàðàï, òàïàðûñ: 

( ) ( )
( ) ( )2

1
12arctg

1 2 11

x xx
x x xx

′
′
= = =

+ ++
. 

     ( )arctg x
′
-ª áàõàñûíû, −y' àªëàòìàäà ãîéóï àëéàðûñ: 

1
2 (1 )arctg

y'
x x x

=
+ . 

829. 
1arctg lny
x

= ôóíêöèéàíûÿ y'  üíþìèíè òàïìàëû. 

×«ç¬ëèøè. u
x
=

1ln  áèëåí áåëãèë­ï, òàïàðûñ:                 

              22

1ln
(arctg ) .

1 11 ln

u' xy' u
u

x

′⎛ ⎞
⎜ ⎟
⎝ ⎠′= = =

+ ⎛ ⎞+ ⎜ ⎟
⎝ ⎠

 

Üç ãåçåãèíäå       
x

x

x
x

1
1

1
1ln −=

′
⎟
⎠
⎞

⎜
⎝
⎛

=
′
⎟
⎠
⎞

⎜
⎝
⎛ .         

Îíäà           
)ln1(

1

)1(ln1

1

2
2

'

xx
x

xy
+
−

=
+

−
= . 

830. Ýãåð  ( )4
arcsiny x=  áîëñà, y'  üíþìè òàïìàëû. 

×«ç¬ëèøè. arcsinu x=  áèëåí áåëãèë­ï, àëàðûñ:  

         ( ) ( )
xx

xu'u'.uuy'
−

=
′

=⋅⋅=
′

=
12

1arcsin4 34   

îíäà. 
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        ( ) ( )
3

3
3 arcsin2

12
1arcsin4

xx
x

xx
xy'

−
=

−
= . 

831. 
1ctg

3 xy =   áîëñà y′ üíþìè òàïìàëû. 

×«ç¬ëèøè. Ãîøìà÷à 
1u ctg
x

=   ôóíêöèéàíû ãèðèçåëèª. Îíäà 

                   ( )3 3 ln 3u uy u
′

′ ′= = ⋅ ⋅ , 

          
2 2 2

1 1 1 1ctg 1 1sin sin
u

x x x
x x

′ ′
⎛ ⎞ ⎛ ⎞′ = = − =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

. 

Øóíëóêäà, 

           
1ctg

2 2 2 2

1 13 ln 3 3 ln 31 1sin sin

u xy
x x

x x

′ = ⋅ = . 

832. ln sin 5y x=  ôóíêöèéàíûÿ y′ üíþìèíè  òàïìàëû. 
×«ç¬ëèøè. 

                   
1 cos5 5 5 ctg5

sin 5
y' x x

x
= ⋅ = ⋅ . 

833. Ýãåð 
2

arctg
1

xy
x

=
−

   áîëñà, 'y  üíþìè òàïìàëû. 

×«ç¬ëèøè.           
2

2

2 2 22 2

2 2

21
1 1 12 1

11 11 1
1 1

xx x
x xy'

x x xx x
x x

−
− −′

⎛ ⎞ −= ⋅ = ⋅ =⎜ ⎟ −− −⎝ ⎠+ +
− −

. 

Àøàêäàêû ôóíêöèéàëàðûª «í¬ìëåðèíè òàïìàëû: 

834. 
2

2

1 2 1ln .
3 1

x xy
x x
− +

=
+ +

        835. 
2a rctg 14 .xy −=  

836. 
1ln cos .xy

x
−

=             837. 
1arcsin
.xy e=  

838. arctg ln .y x=              839. 
1 sinln 2arctg sin .
1 sin

xy x
x

+
= +

−
 

840. 2

3sin .
1 2x

xy =
+

               841. 
2

arcsin( ).xy e=     
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842. ( )2ln 2 .y a x ax x= + + +    843. 2

1 2arctg ( 1 1).
2 1

xy x
x

= − < <
−

 

844. 22

2

x
ey

x−

=
 

ôóíêöèéàíyň 
2x2 −−=+′ eyyx  äåªëåì­íè 

êàíàãàòëàíäûðéàíäûãûíû ã«ðêåçìåëè. 
845. xy xe−=  ôóíêöèéàíûª (1 )xy x y′ = −  äåªëåì­íè êàíàãàòëàíäûðéàí-

äûãûíû ã«ðêåçìåëè. 
A¦akdaky funksiéalaryª «n¬mlerini tapmaly: 

846. 2ln arctg .
3
xy =           847. 

2 4ln sin .
1

xy
x
+

=
+

    

848. .y x x= +             849. 2ln arcsin 1 .xy e= −  

¸ 4. Ôóíêöèéàíûª ëîãàðèôìèê «í¬ìè 

Ãîé ( )f x  âå ( )xϕ  ôóíêöèéàëàðûÿ x íîêàòäà üíþìëåðè áàð áîëñóí, 
øåéëå õåì )(xf >0 bolanda 

                        [ ] )()( xxfy ϕ=    
ôóíêöèéà ãàðàëûÿ. Áó äåÿëèãèÿ èêè áüëåãèíè õåì ëîãàðèôìèðëúëèÿ: 

               )(ln)(ln xfxy ϕ= . 
ln y  ôóíêñèéà ÷ûëøûðûìëû ôóíêöèéà õüêìþíäå ãàðàï, îíäàí üíþì 

àëalyª: 

               
y
y′
= 

)(
)()()(ln)(

xf
xfxxfx

′
+′ ϕϕ : 

 
y
y′
 àÿëàòìà y  ôóíêñèéàíûÿ ëîãàðèôìèê üíþìè äèéèëéúð. Áó 

äåÿëèêäåí у′  üíþìè òàïûï áèëåðèñ:  

              [ ] )()( xxfy ϕ=′
( )( ) ln ( ) ( ) .
( )

f xx f x x
f x

ϕ ϕ
′⎛ ⎞′ +⎜ ⎟

⎝ ⎠
 

850. ( ) xxy sin2 1+=  ôóíêöèéàíûª «í¬ìèíè òàïìàëû. 
×«ç¬ëèøè. Ëîãàðèôìèê «í¬ìèª ôîðìóëàñû ýñàñûíäà  

                     2 sinln 1 .xy' (x )
y

′⎡ ⎤= +⎣ ⎦  

áîëàð. Éîêàðäàêû ãàðàëàí ä¬çã¬íëåðè óëàíûï, àëéàðûñ: 
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         2 2
2

2 sinsin ln 1 cos ln( 1)
1

x xx (x ) x x
x

′⎡ ⎤⋅ + = ⋅ + +⎣ ⎦ +
. 

 Îíäà áåðëåí ôóíêöèéàíûª «í¬ìè àøàêäàêû ãüðíþøäå áîëàð:  

            2 sin 2
2

2 sin( 1) cos ln ( 1) .
1

x x xy x x x
x

⎡ ⎤= + + +⎢ ⎥+⎣ ⎦
 

851. Ýãåð  
3

(ctgx)xy =  áîëñà, 'y  üíþìè òàïìàëû. 
×«ç¬ëèøè. Ëîãàðèôìèê «í¬ìèª ôîðìóëàñûíû 

                      3ln ln ctgy x x=  
ôóíêöèéà óëàíàëûª:  

     
3

3 2 2
2

1 3 ln ctg 3 ln ctg .
ctg sin sin cos

y' xx x x x x
y x x x x
= − + = −

⋅
 

Øóíëóêäà, 

            
3

3
2(ctg ) 3 ln ctg .

sin cos
x xy' x x x

x x
⎛ ⎞

= −⎜ ⎟
⎝ ⎠

 

852. (ln )xy x=  ôóíêñèéàíûÿ y′  «í¬ìèíè òàïìàëû. 
×«ç¬ëèøè. Ëîãàðèôìèê üíþìèÿ ôîðìóëàñûíû 
                    .lnlnln xxy ⋅=  

ôóíêöèéà óëàíàëûÿ 

                
x

x
y
y'

ln
1lnln += . 

Áó äåÿëèêäåí àëàðûñ: 

           [ ]xxxx
x

xy' xx lnlnln1)(ln)(ln
ln
1lnln 1 ⋅+=⎥⎦
⎤

⎢⎣
⎡ += − .    

853. Ýãåð 

             xx
x
xxy 233 2 cossin

1
1
+
−

=   áîëñà, y'  üíþìè òàïìàëû. 

×«ç¬ëèøè. 

              
x
x

xxxxy
y

cos
sin2cosx

sin
13

1
2

1
11

3
2'

−+
+
−

⋅
−

+= .   

Áó éåðäåí, òàïàðûñ 

      3 2 3 2
2

1 2 2sin cos 3ctg 2tg .
1 3 1

xy' x x x x x
x x x

− ⎛ ⎞= − + −⎜ ⎟+ −⎝ ⎠
 

854. Ýãåð (sin )xy x=  áîëñà, y′ üíþìè òàïìàëû. 
  ×«ç¬ëèøè. 
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             ln ln sin , ln sin ctgy'y x x x x x
y

= = + ⋅ . 

  oíäà sin ln sin ctgxy ( x) ( x x x)= + .  

855. Ôóíêöèéàíûª «í¬ìèíè òàïìàëû: 

                         3
5

23

5
1
x

)(xxy
−
+

= .  

×«ç¬ëèøè. Ëîãàðèôìirë­ï àëéàðûñ 

         
3 2

23
5

1 1 1ln ln ln ln( 1) ln(5 ),
3 155

x (x )y x x x
x
+

= = + + − −
−

 

  oíäà 

        
3 2

2 2

1 2 1 24 125 14 75
3 1 15 5 15 1 5

y' x x x x
y x (x ) ( x) x(x )( x)

− + − +
= + + =

+ − + −
.      

Ôóíêöèéàëàðûª «í¬ìèíè òàïìàëû:     

856 sin( cos ) .xy x=              857. 5
sin 3 .

1 sin 3
xy

x
=

−
 

858. 
24

3 2

3 1ln .
4

x xy
x
+ +

=
+

           859. 3tg arcsin .xy e x x=  

860. .xy x=                     861. arctg(cos ) .xy x=  

862. ( )2 3 .
x

y x= +                863. .x xy x=   

864. 
11 .

x

y
x

⎛ ⎞= +⎜ ⎟
⎝ ⎠

                865. (arctg ) .xy x=  

¸ 5. Ïàðàìåòðèê ã«ðí¬øäå áåðëåí ôóíêöèéàíûª «í¬ìè 

 
Ãîé, x âå y  óëóëûêëàð t ïàðàìåòðå ãüðú  

                  )(ty(t)x ψϕ ==  
ôóíêöèéàëàð ã«ðí¬øèíäå áåðëåí áîëñóí.. Îíäà ïàðàìåòðèê ã«ðí¬øäå áåðëåí 
ôóíêöèéàíûª xy′  «í¬ìè àøàêäàêû äåªëèê áèëåí òàïûëéàð 

                 ( ) t

t

y'y' x
x'

= ,     

dy
dy dt

dxdx
dt

= .  
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866. Ïàðàìåòðèê ã«ðí¬øäå áåðëåí 

            
2

= lnsin , = ln sin ,tx y t 0 t π≤ <    

ôóíêöèéàíûª ( )y' x  «í¬ìèíè òàïìàëû. 
×«ç¬ëèøè. Èëêè áåðëåí ôóíêöèéàëàðûª t  ïàðàìåòðå ã«ð­ «í¬ìëåðèíè 

òàïàëûª 

         
cos1 12( ) ctg

2 2 2sin
2

t
tx' t t= = ,  

cos( ) ctg
sin

ty' t t
t

= = . 

  Áó éåðäåí ã«ðí¬øè éàëû (0, )π  àðàëûêäà ( )x t  ôóíêöèéà ( ) 0x t′ ≠  
øåðòè  êàíàãàòëàíäûðéàíäûð. Øîíóª ¬÷èí ( )y x′  «í¬ìè òàïìàê áîëàð: 

                 
2cos sin2ctgt 2cos2( )

1 cosctg sin cos
2 2

tt ty' x t t tt
= = =

+
. 

867. Ýãåð 
             tax cos= ,  tay sin= ,  )( 222 ayx =+ . 

  áîëñà, )(xy'  «í¬ìè òàïìàëû. 
×«ç¬ëèøè. 

                 ta
dt
dyta

dt
dx cossin =−= . 

Øóíëóêäà, 

                 
cos( ) ctg
sin

a ty' x t
a t

= = −
−

. 

 
868. Ýãåð 

                    
⎩
⎨
⎧

−=
−=

)cos1(
)sin(
tay
ttax

 

áîëñà, y'(x) òàïìàëû.  
×«ç¬ëèøè. x âå y  ôóíêöèéàëàðûª t  ïàðàìåòðå ã«ð­ «í¬ìëåðèíè 

òàïìàëû: 
                 tay'tax' tt sin)cos1( =−= . 
Îíäà 

sin ctg ( 2 )
(1 cos ) 2
a t ty'(x) t k

a t
π= = ≠

−
. 

869. 
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2ln ctg
tg ctg

x t
y t t
=⎧

⎨ = +⎩             

ôóíêöèéàíûª '( )y x  «í¬ìèíè òàïìàëû. 
×«ç¬ëèøè. 

   
22cosec 4( )

ctg sin 2
tx' t

t t
−

= = − ,  2 2
2

4cos 2sec cosec
sin 2t

ty t t
t

′ = − = − ,  

   2

4cos 2 sin 2 ctg2 , .
4sin 2 2

dy t t kt t
dx t

π⎛ ⎞= = ≠⎜ ⎟
⎝ ⎠

 

870. Ýãåð 

                  3

2
t

x t
y te
=⎧

⎨
=⎩

 

áîëñà, '( )y x  «í¬ìè òàïìàëû. 
×«ç¬ëèøè. 
          )31(3'2' 333 teteeyx ttt

tt +=+== . 
Îíäà 

               
2

)31()(
3 texy'

t +
= . 

Àøàêäàêû ôóíêöèéàëàðûª y'(x) «í¬ìëåðèíè òàïìàëû. 
 

871.  
sin sin ,
cos cos .

x K t Kt
y K t Kt
= −⎧

⎨ = −⎩
          872.  

,
.

ct

ct

x e
y e−

⎧ =⎪
⎨

=⎪⎩
 

873.  3

2 1,
.

x t
y t
= −⎧

⎨
=⎩

                  874.  
2

2

2

2 ,
1

(1 ) .
1

atx
t

a ty
t

⎧ =⎪⎪ +
⎨

−⎪ =
⎪ +⎩

 

875.  
3

,

.

x t

y t

⎧ =⎪
⎨

=⎪⎩
                    876.  

2

2

cos ,
sin .

x a t
y b t

⎧ =⎪
⎨

=⎪⎩
 

 

877.  
( ln tg cos sin ),

2
(sin cos ).

tx a t t

y a t t

⎧ = + −⎪
⎨
⎪ = +⎩
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¸ 6. ‹í¬ìèª berlen nokatdaky áàõàñû 

‹í¬ìèª ãåîìåòðèêè âå ìåõàíèêè ìàíûñû 

1. Áèëøèìèç éàëû )(xfy =  ôóíêöèéàíûª «í¬ìè õåì x ã«ð­ 
ôóíêöèéàäûð. Ê«ïëåí÷ õàëàòëàðäà ôóíêöèéàíûª «í¬ìèíèª áåðëåí íîêàòäàêû 
áàõàñûíû òàïìàëû áîëéàðûñ. Ýãåð-äå ôóíêöèéàíûª «í¬ìèíèª àªëàòìàñûíäà 
àðãóìåíòèª áàõàñûíû ãîéàíûìûçäà îíóÿ ìàíûñû éîê áîëñà, îíäà áèç 
üíþìèÿ êåñãèòëåìåñèíäåí ïåéäàëàíìàëû áîëéàðûñ. Áó õàëäà ôóíêöèéàäàí 
«í¬ì àëìàãûª òåõíèêàñû óëàíûëìàéàð. 

878. Ýãåð 45)( 2 +−= xxxf  áîëñà, )0(f ′  òàïìàëû. 
×«ç¬ëèøè. ‹í¬ìè òàïàëûň: 

                    110)( −=′ xxf  
oíäà  

                   11010)0( −=−⋅=′f . 

879. Ýãåð 25)( xxarctgxf +=  áîëñà, ⎟
⎠
⎞

⎜
⎝
⎛′

5
1f  õàñàïëàìàëû. 

×«ç¬ëèøè. 

                 x
x

xx
x

xf 2
251
52)'(5

)(51
1)( 22 +

+
=+

+
=′        

oíäà 

                 
10
29

5
2

2
5

5
12

25
1251

5
5
1

=+=⋅+
⋅+

=⎟
⎠
⎞

⎜
⎝
⎛′f . 

880. Ýãåð,  xxxf arctg
2

arctg)( −=  áîëñà, onda (1)f ′  õàñàïëàìàëû.    

 ×«ç¬ëèøè.             
      

( ) ( )
( ) xxx

x
x

x
x

xf
+

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

−=
′

⋅
+

−
′
⎟
⎠
⎞

⎜
⎝
⎛⋅

⎟
⎠
⎞

⎜
⎝
⎛+

−=′
12

1

4
12

1

1

1
2

2
1

1)(
222  

                  
20
13

1)2(1
1

4
112

1(1) −=
+

−
⎟
⎠
⎞

⎜
⎝
⎛ +

−=′f .      
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881. Ýãåð 

           

2 1sin , 0,
( )

0, 0.

x x
f x x

x

⎧ ≠⎪= ⎨
⎪ =⎩

 

áîëñà, (0)f ′  õàñàïëàìàëû. 

×«ç¬ëèøè. 2 1sinx
x
 àªëàòìàíûª âå îíóª «í¬ìèíèª 0x =  áîëàíäà 

ìàíûñû éîêäóð. Øîíóª ¬÷èí (0)f ′  «í¬ìèª êåñãèòëåìåñèíèª ¬ñòè áèëåí 
õàñàïëàìàëû. Êåñãèòëåì­ ã«ð­  

h
xfhxfxf

h

)()(lim)(
0

−+
=′

→
, 

h – aðãóìåíòèª àðòäûðìàñû. 0x =  áîëàíäà 

h

f(0)h)f(0

0h
limf

−+

→
=′(0) . 

Áó éåðäå 2 1( ) sin , (0) 0f h f
h

= = . 

Øóíëóêäà,             

              01sinlim
01sin

lim(0)
0

2

0
==

−
=′

→→ h
h

h
h

h
f

hh
. 

882. Ýãåð 
x

xxf 161)( 3 2 +−=  áîëñà, 8)(−′f  õàñàïëàìàëû. 

883. Ýãåð 
sint1

cost)(
−

=tf  áîëñà '
2

f π⎛ ⎞
⎜ ⎟
⎝ ⎠

 õàñàïëàìàëû. 

884. Ýãåð 2312 xy +=  áîëñà, у′  «í¬ìèª (1,1)M  íîêàòäàêû áàõàñûíû 
õàñàïëàìàëû. 

885. Ýãåð xexf x 3cos)( −=  áîëñà, (0)f ′  õàñàïëàìàëû. 

886. Ýãåð ( ) ln(1 ) arcsin
2
xf x x= +  áîëñà, (1)f ′  õàñàïëàìàëû. 

887. Ýãåð  )2ln(1)( xxf +=  áîëñà, (2)f ′  õàñàïëàìàëû. 

888. Ýãåð xxxf cos3sin2)( +=  áîëñà, 
2

f π⎛ ⎞′⎜ ⎟
⎝ ⎠

 õàñàïëàìàëû. 
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889. Ýãåð 

                  
⎪⎩

⎪
⎨
⎧

=

≠
−

−
=

.1,0

,1,
1

1sin1)(
)(

2

x

x
x

x
xf  

áîëñà, (1)f ′  õàñàïëàìàëû.  
2. ‹í¬ìèª ãåîìåòðèêè ìàíûñû. Ãîé äåªëåìåñè ( )y f x=  áîëàí k­áèð 

ýãðè áåðëåí äèéåëèª. 1, 1( )M x y  íîêàò øîë ýãðèíèª ýðêèí íîêàäû áîëñóí:  

Ýãåð ( )y f x=  ôóíêöèéàíûª 0xx =  íîêàòäà «í¬ìè áàð áîëñà, onda 

îë ôóíêöèéàíûª grafigine 0 0( , )M x y  íîêàòäà gatnaşýan g«ni ÷yzyk 

ge÷irmek bolar âå gatnaşýan göni çyzygyň áóð÷ êîýôôèöèéåíòè 

0tg ( ).f xα ′=  Áàøãà÷à àéäàíûìûçäà, gatnaşýan göni çyzygyň Ox  îêóíà 
éàïãûòëyk α  áóð÷û 0arctg ( )f x′  äåªäèð, éàãíû 0arctg ( );f xα ′= ( )y f x=  

ôóíêöèéàíûª grafiginiÿ 0 0( , )M x y  íîêàäà ãå÷èðèëåí gatnaşýan göni 
çyzygyň áóð÷ êîýôôèöèéåíòèíèª )( 0xfk ′=  áîëéàíäûãû ¬÷èí, îë gatnaşýan 
göni çyzygyň äåªëåìåñè 

                       0 0 0( )(y y f x x x )′− = −  
ã«ðí¬øäå éàçûëéàð. 

                   

                  
38-í©i ÷ûzgy 

0, 0( )M x y  ãàëòàøìà íîêàòäà ýãð­ ãå÷èðèëåí ãàëòàøéàíà èíäåðèëåí        

ïåðïåíäèêóëéàðà íîðìàë äèéèëé­ð. Îíóª äåªëåìåñè àøàêäàêû ã«ðí¬øäåäèð: 

                      )(
)(

1
0

0
0 xx

xf
yy −

′
−=− . 

890. 12 −= xy  ýãðèíèª õàéñû íîêàäûíäà ãå÷èðèëåí ãàëòàøéàí:  

     a) Ox  îêà ïàðàëëåë; 
     á) Ox  îê áèëåí 450 áóð÷ ýìåëå ãåòèðé­ð.  
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×«ç¬ëèøè. a) Øåðòå ã«ð­ ã«íè ÷ûçûê Ox  îêà ïàðàëëåë, øîíóª ¬÷èí 00 
áóð÷û ýìåëå ãåòèðé­ð.  0tg '( )f xα =  «í¬ìè òàïàëûª ' 2 .y x=  

Îíäà 2 0x =  éàãíû 00 =x . Áó éåðäåí 10 −=y . Äèéìåê, (0, 1)M −
íîêàòäà ãå÷èðèëåí ãàëòàøéàí Ox  îêà ïàðàëëåë.  

 

 

39-í©y ÷ûzgy 

 
b) Øåðòå ã«ð­ ã«íè ÷ûçûê Ox  îêy áèëåí 450 áóð÷û ýìåëå ãåòèðé­ð.  

               
2
1,2,12'1,45tg 00

0 ==== xxxy                

¦óíëóêäà,  

                       
4
31

2
1 2

0 −=−⎟
⎠
⎞

⎜
⎝
⎛=y . 

Áó éåðäåí, ãàëòàøýàíyň  1 3,
2 4

⎛ ⎞−⎜ ⎟
⎝ ⎠

  íîêàt arkaly  ãå÷èï, Ox  îêû 

áèëåí 450 áóð÷û ýìåëå ãåòèðé­íäèãè ãåëèï ÷ûêéàð.  

891. 3xy =  ýãð­ ( 2, 8)M −  íîêàòäà ãå÷èðèëåí gatnaşýan g«ni 
÷yzygyª áóð÷ êîýôôèöèéåíòèíè òàïìàëû.  

×«ç¬ëèøè. 2x = −  íîêàòäà 3y x=  ôóíêöèéàíûª «í¬ìèíèª áàõàñûíû 
òàïàëûª 

           12.2)(32)(',3)'(' 223 =−⋅=−== yxxy   

Øóíëóêäà, 3y x=  ýãð­ ( 2, 8)D − −  nîêàòäà ãå÷èðëåí gatnaşýan g«ni 
÷yzygyª áóð÷ êîýôôèöèéåíòè 12-­ äåªäèð.  
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40-í©y ÷ûzgy 

892. 
4

2xy =  egrä )1,2(M  íîêàtäà ãå÷èðëåí gatnaşýan g«ni ÷yzygyª 

âå normalyª äåªëåìåñèíi éàçìàëû. 
(2 , 1)M  íîêàtäà ge÷irlen gatnaşýan g«ni ÷yzygyª óìóìû äåªëåìåñè 

                    2)('1 −=− xyy  

 g«rn¬¦dedir. 
2

' xy = .  2x =  bolanda 

                         1
2
2' === yk .    

Òàïûëàí 'y  «í¬ìèª õóñóñû áàõàñûíû galta¦ýan g«ni ÷yzygyª 

äåªëåìåsinäå îðíóíà ãoýuï,  
                 012),(1 =++−−=− yxxy  

deªlem­ni alarys. Ãatnaşýan g«ni ÷yzyk áèëåí íîðìàëûÿ áèðè-áèðèíå 
ïåðïåíäèêóëéàðäûãûíû íàçàðà àëñàê 

                 032),(1 =−+−−=− yxxy  
äåªëåìå íîðìàëûÿ äåªëåìåñè áîëàð. 

893. 21
1
x

y
+

=  ýãð­ ⎟
⎠
⎞

⎜
⎝
⎛

2
3,2  íîêàòäà ãå÷èðëåí gatnaşýan göni çyzygyň 

âå íîðìàëûÿ  äåªëåìåñèíè éàçìàëû. 

×«ç¬ëèøè. ⎟
⎠
⎞

⎜
⎝
⎛

2
3,2  íîêàò arkaly ãå÷é­í g«ni ÷yzyklar òîïëóìûíûª 

äåªëåìåñèíè éàçàëûª:  

                      2)(
5
1

−=− xky . 
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Ãalta¦ýan göni çyzygyň áóð÷ êîýôôèöèéåíòèíè òàïàëûª 

            2 2 2
2

2

1 2 4'(2)
1 (1 ) 25x

x

xk y
x x =

=

′
⎛ ⎞= = = − = −⎜ ⎟+ +⎝ ⎠

. 

Oíäà gatnaşýan göni çyzygyň âå íîðìàëûÿ äåªëåìåñè àøàêäàêû ã«ðí¬øäå 
áîëàð: 

           2)(
25
4

5
1

−−=− xy ,    024620125 =−− yx . 

894. 2 4y x= − +   ýãðè áåðëåí. Øó ýãð­ àáñöèñàñû 1x = −  áîëàí 
íîêàòäà gatnaşýan göni çyzyk ãå÷èðìåëè. 

×«ç¬ëèøè. Ãàëòàøìà íîêàäûíûª îðäèíàòàñûíû òàïàëûª 

                 341)(4)( 2

1

2
1

=+−−=+−=
−== xx

xy . 

Øóíëóêäà, ( 1 , 3)A −  íîêàò ãàëòàøìà íîêàäûäûð. A íîêàò àðêàëû 
ãå÷é­í ã«íiíèª óìóìû äåªëåìåñèíè éàçàëûª: 3 ( 1)y k x− = +  Îíäà ã«íiíèª 
ãàëòàøéàí áîëìàãû ¬÷èí / 1k y x′= =  áîëìàãû çåðóð âå éåòåðëèêäèð. k −
áóð÷ êîýôôèöèéåíòè òàïàëûª: 

               2.1)2)((',24)'(' 1
2 =−−==−=+−= −=xykxxy  

Øóíëóêäà, gatnaşýan göni çyzygyň äåªëåìåñè àøàêäàêû ã«ðí¬øäåäèð 
521),2(3 +=+=− xyxy . 

895. 
3

2

2
xy

a x
=

−
 ýãðè ÷ûçûãà ( , )a a  íîêàòäà ãå÷èðëåí gatnaşýan göni 

çyzygyň âå íîðìàëûÿ äåªëåìåñèíè éàçìàëû. 

896.  2
h hx y

a b
⎛ ⎞ ⎛ ⎞+ =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

  ýãðè ÷ûçûãa ( , )a b  íîêàòäàêû gatnaşýan göni 

çyzygyň äåªëåìåñèíèª 2=+
b
y

a
x

  áîëéàíäûãûíû ã«ðêåçìåëè. 

897. Ox  îêû áèëåí 45î áóð÷ ýìåëå ãåòèðèï, 2 20y x=  ïàðàáîëà 
ãàëòàøéàí göni çyzygyň äåªëåìåñèíè òàïìàëû. 

898. xxy 22 +=  ýãð­ (1, 3)M  íîêàòäà ãå÷èðëåí gatnaşýan göni 
çyzygyň âå íîðìàëûª äåªëåìåñèíè éàçìàëû. 

899. 152 −+= xxy  ýãð­ (1, 5)M  íîêàòäà ãå÷èðëåí gatnaşýan göni 
çyzygyň äåªëåìåñèíè éàçìàëû.  

900. 2 2 siny x=  ýãð­ ⎟
⎠
⎞

⎜
⎝
⎛ 2,

4
πM  íîêàòäà ãå÷èðëåí gatnaşýan göni 

çyzygyň âå íîðìàëûÿ äåªëåìåñèíè éàçìàëû. 
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901. 21
1

x
xy
+
−

=  ýãðèíèª àáñöèñàëàð îêóíû í­õèëè áóð÷ áèëåí êåñèï 

ãå÷é­íäèãèíè êåñãèòëåìåëè. 
902.  532 −+= xxy   ïàðàáîëàíûª õàéñû íîêàäûíäà ãå÷èðëåí 

gatnaşýan göni gyzyk 0357 =+− yx  ã«íè ÷ûçûãà ïàðàëëåëdir?  

903.  2xy =   âå 1y x= +  ýãðèëåð í­õèëè áóð÷ áèëåí êåñèøé­ðëåð?  
3. ‹í¬ìèª ìåõàíèêè ìàíûñû. ‹í¬ìèª ìåõàíèêè ìàíûñûíà èëêèí©è 

ãåçåê È. Íéuòîí òàðàïûíäàí ñåðåäèëäè. Îë õåðåêåò ýäé­í ìàòåðèàë íîêàäûª 
òèçëèãèíèª áåëëè áèð ïóðñàòäà, ãå÷èëåí éîëäàí âàãòà ã«ð­ àëíàí «í¬ìå 
äåªäèãèíè ã«ðêåçäè 

                            
dt
ds

=ϑ . 

Øóíëóêäà, ýãåð õåðåêåò ýäé­í ìàòåðèàë íîêàäûª äåªëåìåñè )(tfs =  
ã«ðí¬øäå áåðëåí áîëñà, áåëëè áèð ïóðñàòäà òèçëèãè òàïìàê ¬÷èí )('' tfs =  
«í¬ìè êåñãèòëåìåëè âå îíäà ò âàãòûª äåãèøëè õóñóñû áàõàñûíû ãîéìàëû. 
Êåñãèòëèëèê ¬÷èí ãå÷èëåí éîë ìåòð, âàãò áîëñà ñåêóíò áèëåí «ë÷åëé­ð äèéèï 
êàáóë ýäåëèª. 

904. Ìàòåðèàë íîêàäûª ãå÷åí éîëû âàãòà ã«ð­ 23 2 4s t t= − +  êàíóí 
áîþí÷à ¬éòãåé­í áîëñà, îíóª õåðåêåòèíèª 5-í©è ñåêóíäûíûª àõûðûíäàêû 
òèçëèãèíè êåñãèòëåìåëè. 

×«ç¬ëèøè: ‹í¬ìè òàïàëûÿ 

                   264)'2t(3
d
d 2 −=+−==′ tt

t
ss . 

Áó éåðäå ò=5 áîëñà, 
c
m

dt
ds 28256 =−⋅= . Øóíëóêäà,  

5

28
t

ds m
dt s

ϑ
=

= = . 

905. Éîêàðëûãûíà äèê çûªëàí ©èñèìèª éîêàðû ã«òåðèëèø áåéèêëèãè âàãòà 
ã«ð­ 2200 4,9h t t= −  êàíóí áîþí÷à ¬éòãåé­ð. Õåðåêåòèª 10-í©û 
ñåêóíäûíûª àõûðûíäà ©èñèìèª òèçëèãèíè êåñãèòëåìåëè. ‰èñèì í­÷å âàãò 
éîêàðëûãûíà õåðåêåò ýäåð âå îë õàéñû èª éîêàðû áåéèêëèãå ãàëàð?  

×«ç¬ëèøè: ‰èñèìèª òèçëèãè 
dt
dh

=ϑ  áèëåí êåñãèòëåíé­ð. Îíäà                

                     t
dt
dh 8,9200 −==ϑ . 

Áó éåðäå  10t =    áîëàíäà 102 /m sϑ = . 
‰èñèì èª éîêàðû áåéèêëèãå áàðàíäà îíóª òèçëèãè íoëà äåªäèð. Øóíëóêäà, 

øîë ïóðñàò ¬÷èí  

       09,8002 =−= t
dt
dh

.  
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Áó éåðäåí st 20,4
9,8
200

== .  

Øó áàõàíû õåðåêåòèª äåªëåìåñèíå ãîýuï, èª éîêàðû áåéèêëèãè òàïàðûñ: 
                2200 20,4 4,9 (20,4) 2040,8s m= ⋅ − ⋅ = .      

906. Ìàññàñû 8 kg áîëàí ©èñèì 22 3 1s t t= + −  êàíóíà ëàéûêëûêäà 
õåðåêåò ýäé­ð. Õåðåêåò áàøëàíàíäàí 3ñ ãå÷åíäåí ñîª ©èñèìèª êèíåòèêè 

ýíåðãèéàñûíû  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
2

2ϑm
 êåñãèòëåìåëè.  

×«ç¬ëèøè. Ýðêèí t âàãòäà õåðåêåò ýäé­í ©èñèìèª èñëåíäèê âàãò 

ïóðñàäûíäàêû òèçëèãèíè êåñãèòëúëèÿ 2(2 3 1) 4 3ds t t t
dt

ϑ ′= = + − = + .  

Âàãòûª 3t s=  ïóðñàäûíäà ©èñèìèª òèçëèãè t 3 4 3 3 15 m
s

ϑ = = ⋅ + =  áîëàð. 

Èíäè âàãòûª 3t s=  ïóðñàäûíäàêû êèíåòèêè ýíåðãèéàñûíû êåñãèòëåìåê 
àÿñàòäûð. 

907. Íîêàò 3 22 4s t t= + −  êàíóíà ëàéûêëûêäà  ã«íè÷ûçûêëû õåðåêåò 
ýäé­ð. Âàãòûª 4t s=  ïóðñàäûíäà îíóª òèçëèãèíè êåñãèòëåìåëè.                 

908. Ýãåð íîêàäûª õåðåêåòèíèª äåªëåìåñè 2 11t 30s t= + +  áîëñà, îíäà 
3-í©è ñåêóíäûª àõûðûíäà îíóª õåðåêåòèíèª òèçëèãèíè êåñãèòëåìåëè. 

909. Íîêàò 26s t t= −  êàíóíà ëàéûêëûêäà  ã«í¬÷ûçûêëû õåðåêåò 
ýäé­ð. Îíóª õåðåêåòèíèª òèçëèãè âàãòûª õàéñû ïóðñàäûíäà íoëà äåª áîëàð? 

×«ç¬ëèøè. ' 6 2 , 6 2 0, 3 .s t t t sϑ = = − − = =  

910. Èêè ©èñèìèª áèðè ttts 2723 −+=  êàíóíà ã«ð­ áåéëåêèñè áîëñà, 

12 += ts  êàíóíà ã«ð­ ã«í¬÷ûçûêëû õåðåêåò ýäé­ðëåð. Øó èêè ©èñèìëåðèª 
òèçëèêëåðèíèª âàãòûª õàéñû ïóðñàäûíäà äåª áîë©àêäûãûíû àíûêëàìàëû. 

911. Ìàññàñû 25 êã  áîëàí ©èñèì 23 1s t= −  êàíóíà ëàéûêëûêäà 
õåðåêåò ýäé­ð. Õåðåêåò áàøëàíàíäàí 4t sek=  ñîªðà îíóª êèíåòèêè 
ýíåðãèéàñûíû êåñãèòëåìåëè. 

¸ 7. Üí¬ìèª fèçèêàíûª ìåñåëåëåðèni ÷«çmekäå óëàíûëûøû  

Áåëëè áîëøû éàëû ãå÷èëåí éîëäàí âàãòà ã«ð­ àëíàí «í¬ì ã«í¬÷ûçûêëû 
õåðåêåòèª wagtyň k­bir ïóðñàòynäàêû òèçëèãèíè àªëàäéàð. ( )y f x=  ôóíêöèéà 

õàéñû áàãëàíøûãû àªëàòñà-äà, 
Δ
Δ

y
x
 ãàòíàøûê y óëóëûãûª x ã«ð­ 
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¬éòãåéøèíèª  îðòà òèçëèãèíè àÿëàäéàð, 0( )y x′  áîëñà y óëóëûãûª 0x x=  
áîëàíäàêû ïóðñàò òèçëèãèíè ã«ðêåçé­ð. 

Øóíóª ýñàñûíäà èñëåíäèê òåáèãû àêûì âå õàäûñà «âðåíèëåíäå «í¬ìèª 
ê«ìåãè áèëåí «çàðà áàãëàíûøûêëû óëóëûêëàðûª áèðèíèª áåéëåê­ ã«ð­ 
¬éòãåéèø òèçëèãèíè ã«ðêåçìåê áîëàð.  

1. Òîãóª ã¬é©è. Ãîé ( )q f t=  ôóíêöèéà ãå÷èðè©èíèª êåñå-êåñèãèíäåí 
ãå÷é­í ýëåêòðèk zaréadynyª ìóêäàðûíû àªëàäéàí áîëñóí. Îíäà 

( ) ( )q t t q t+ Δ −  òàïàâóò ãå÷èðè©èíèª êåñå-êåñèãèíäåí t  âàãòäàí t t+Δ  
âàãòà ÷åíëè àðàëûêäà ãå÷é­í ýëåêòðèk zaréadynyª ìóêäàðû áîëàð. 
Øóíëóêäà, ( ) /q t tΔ Δ  ãàòíàøûãà tΔ  âàãò äîâàìûíäàêû òîãóª îðòà ã¬é©è 
äèéèëé­ð. 

                       )(')(lim
0

tq
t
tq

t
=

Δ
Δ

→Δ
 

ïðåäåëå áîëñà òîãóª t  âàãò ïóðñàòûíäàêû ã¬é©è äèéèëé­ð âå J  áèëåí 
áåëãèëåíé­ð. Øåéëåëèêäå, ( ) '( )J t q t= , éàãíû ýëåêòðèk zaréadynyª 
ìóêäàðûíûª t -e ã«ð­ «í¬ìè øîë ïóðñàòäàêû òîãóª ã¬é©èíå äåªäèð. 

2. Ñòåðæåíèª äûêûçëûãû. Óçûíëûãû L áîëàí áèðõèëëè áîëìàäûê ñòåðæåíè 
àëàëûª. Îíóª x óçûíëûãûíûª ìàññàñûíû ( )m x  áèëåí áåëãèë­ëèª. 

Îíäà ( ) ( )m x x m x+ Δ −  òàïàâóò ñòåðæåíèª xΔ  óçûíëûêëû á«ëåãèíèª 
ìàññàñûäûð. Øóíëóêäà, 

                      
x

xmxxm
Δ

−Δ+ )()(
   

ãàòíàøûãà ñòåðæåíèª xΔ  óçûíëûêëû á«ëåãèíèª îðòà äûêûçëûãû äèéèëé­ð.  

             )(')()(lim
0

xm
x

xmxxm
x

=
Δ

−Δ+
→Δ

 

ïðåäåëå ñòåðæåíèª x íîêàòäàêû äûêûçëûãû äèéèëé­ð âå ( )xρ  áèëåí 
áåëãèëåíé­ð. ( ) ( )x m xρ ′= , éàãíû ìàññàíûª x ã«ð­ «í¬ìè ñòåðæåíèª øîë 
íîêàòäàêû äûêûçëûãûäûð. 

912. Ã«íèáóð÷ëóãûª a  we b  òàðàïëàðû (2 1) ,a t sm= +  (3 2)b t sm= +  
êàíóí áîéuí÷à ¬éòãåé­ð. Îíäà 4t s=  âàãò ïóðñàtûíäà ìåéäàíûª í­õèëè 
òèçëèê áèëåí ¬éòãåé­íäèãèíè êåñãèòëåìåëè. 

×«ç¬ëèøè. 

                 
7.122)'7(6

2,762)t)(31(2
2

2

+=++=′=

++=++==

ttts
tttabS

tϑ
 

Îíäà 4t s=  áîëàíäà 

                    12 4 7 55 /sm sϑ = ⋅ + = .    
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913. Ìàõîâèê t  âàãòäà 28 0,5t tϕ = −  ( −t ñåêóíò, ϕ – ðàäèàí) áóð÷à 
«âð¬ëé­ð. 3-í©è ñåêóíäûª àõûðûíäà àéëàíìàãûª ω  áóð÷ òèçëèãèíè âå 
õåðåêåòèª òîãòàéàí ïóðñàäûíû êåñãèòëåìåëè. 

×«ç¬ëèøè: Àéëàíìàãûª −ω áóð÷ òèçëèãè àéëàíìà áóð÷óíäàí t  âàãòà 
ã«ð­ àëíàí «í¬ìå äåªäèð: tω ϕ′= . Îíäà 2(8 0,5 ) 't t tω ϕ′= = − =

(8 ) / .t rad s= −      

Äèéìåê, 3/ 8 3 5 / ;t rad sω ϕ =′= = − =   

0ω =  áîëàíäà àéëàíìà õåðåêåòè òîãòàéàð. Îë áîëñà 8t s=  áîëàíäà 
áîëéàð. Ñåá­áè, 

                        8 0, 8 .t t sω = − = =  
914. Ãå÷èðè©èäåí ãå÷é­í ýëåêòðèk zaréadynyª ìóêäàðû 0t =  ïóðñàòäàí 

áàøëàï, 23 3 4Q t t= − +  êàíóí áîéuí÷à ¬éòãåé­í áîëñà, õåðåêåòèª 6-í©û 
ìèíóòûíûª àõûðûíäà òîãóª ã¬é©¬íè êåñãèòëåìåëè. 

×«ç¬ëèøè. Áåëëè áîëøû éàëû òîãóª I  ã¬é©è ýëåêòðèê zaréadynyª 
ìóêäàðûíäàí âàãòà ã«ð­ àëíàí «í¬ìå äåªäèð: tI Q′= .  

Îíäà  
                    36)43(3 −=′+−=′ tttQ tt .                      
Ìåñåë­íèª øåðòèíäåí àëàðûñ:  

              AIAtQI
tt

33,333363)(6
66

==−=−=′=
==

.  

915. Õàéñû õåì áîëñà áèð ìàääàíû 0-äàí T − ãðàäóñà ÷åíëè 
ãûçäûðëàíäà, îíóª àëéàí éûëûëûê ìóêäàðû  

                    2000002,01054,0 ttQ +=  

(Q − jîóëäà, −t kåëâèíäå) êàíóíà ã«ð­ ¬éòãåé­ð äèýåëèª. Îíäà 
100T K= áîëàíäà  ìàääàíûª àëéàí éûëûëûê ìóêäàðûíû êåñãèòëåìåëè. 
×«ç¬ëèøè. Éûëûëûê ìóêäàðûíû êåñãèòë­ëèª: 
                   .000004,01054,0 tQC ⋅+==  

Îíäà KT 100=  ãîéuï àëàðûñ: 

              ./1058,0100000004,01054,0
100

KIC
T

=⋅+=
=

 

916. ‰èñèìèª òåìïåðàòóðàñû 22,0 tT =  êàíóí áîþí÷à ¬éòãåé­í áîëñà, 
10t s=  âàãò ïóðñàtûíäà ©èñèìèª í­õèëè òèçëèê áèëåí ãûçéàíäûãûíû 

êåñãèòëåìåëè.  
×«ç¬ëèøè. ‰èñèìèª ãûçûø òèçëèãè Ò òåìïåðàòóðàäàí ò âàãòà ã«ð­ àëûíéàí 

«í¬ìå äåªäèð: 

                      2(0, 2 ) ' 0, 4dT t t
dt

= = . 
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Îíäà 10t c=  áîëàíäà ©èñèìèª ãûçûø òèçëèãè 

                 
10

0, 4 10 4 /
t

dt grad s
dt =

⎛ ⎞ = ⋅ =⎜ ⎟
⎝ ⎠

 áîëàð. 

917. Ìàññàñû 6 êã áîëàí ©èñèì 31)(1)ln(1 ++++−= tts  ( s − sm, )t s−  
êàíóíà ëàéûêëûêäà õåðåêåò ýäé­ð. Õåðåêåò áàøëàíàíäàí 1s  ãå÷åíäåí ñîª 
îíóª êèíåòèê ýíåðãèéàñûíû êåñãèòëåìåëè. 

×«ç¬ëèøè. Õåðåêåòèª òèçëèãè ãå÷èëåí éîëäàí âàãòà ã«ð­ àëíàí «í¬ìå 
äåªäèð:                  

Øîíóª ¬÷èí  

    . 
4
3468

2
112

2
6

2
,

2
11212

2
11)3(1

11
1(1)

22
2 Jm

=⎟
⎠
⎞

⎜
⎝
⎛==+=++

+
=

ϑϑ

 

918. Íîêàò  3 22 4s t t= + −  êàíóíà ã«ð­ ã«í¬÷ûçûêëû õåðåêåò ýäé­ð 
Îíäà 4t s=  âàãò ïóðñàtûíäà òèçëèãè âå òèçëåíì­íèª óëóëûãûíû 
êåñãèòëåìåëè. 

×«ç¬ëèøè. Íîêàäûª õåðåêåòèíèª èñëåíäèê t âàãò ïóðñàtûíäàêû òèçëèãèíè 
êåñãèòë­ëèª 

                     .26 2 tt
dt
ds

+==ϑ  

Èíäè áîëñà îíóª 4t s=  ïóðñàòäàêû áàõàñûíû êåñãèòë­ëèª. 

                
s
m1044246(4) 2 =⋅+⋅=ϑ . 

Íîêàäûª õåðåêåòèíèª èñëåíäèê t  âàãò ïóðñàòûíäàêû òèçëåíìåñè 

                     212 +== t
dt
da ϑ

. 

Òèçëåíì­íèª 4t s=  âàãò ïóðñàòûíäàêû áàõàñû 50a = . 
919. Ýðêèí íîêàòäa 50,20,3 2 −+= xxy  ôóíêöèéàíûª ¬éòãåéiø òèçëèãèíè 

êåñãèòëåìåëè. 
920. 6x =  áîëàíäà 12)( 2 −+= xxy  ôóíêöèéàûª ¬éòãåéèø òèçëèãèíè 

êåñãèòëåìåëè.     
921. 100 кг ìàññàëû ©èñèì 132 2 ++= tts  êàíóíà ëàéûêëûêäà ã«íè 

÷ûçûêëû õåðåêåò ýäé­í áîëñà, 5ñ ãå÷åíèíäåí ñîªðà îíóª êèíåòèê 
ýíåðãèéàñûíû êåñãèòëåìåëè. 

922. 100 кг ìàññàëû ©èñèì 25 2 −= ts  êàíóíà ã«ð­ ã«íè÷ûçûêëû 
õåðåêåò ýäé­í áîëñà, 2ñ  ãå÷åíäåí ñîª, îíóª êèíåòèê ýíåðãèéàñûíû 
êåñãèòëåìåëè. 

923. ‰èñèìèª ã«í¬÷ûçûêëû õåðåêåòèíèª òèçëèãè ãå÷èëåí éoëäàí àëíàí 
êâàäðàò ê«êå ïðîïîðöèîíàëäûð (ìåñåëåì ©èñèì ýðêèí ãà÷àíäà). Øîë 



228 
 

éàãäàéäà ©èñèìèª õåìèøåëèê ã¬é©¬ª ò­ñèðè àñòûíäà õåðåêåò ýäé­íäèãèíè 
ñóáóò ýòìåëè. 

924. Éåðèª ýìåëè õåìðàñû (ÉåÝÕ) ýеr øàðûíûª äàøûíäà ýëëèïòèê îðáèòà 
áîýuí÷à õåðåêåò ýäé­ð. Ýìåëè õåìðà áèëåí ýеr øàðûíûª ìåðêåçèíèª 
àðàëûãûíäàêû ð óçàêëûê âàãòà áàãëûëûêäà àøàêäàêû äåªëåìå áèëåí 
òàêìûíàí êåñãèòëåíèï áèëíåð: 

        ).(2,1)2(cos
2

cos1
2

nttMMMar −=⎥
⎦

⎤
⎢
⎣

⎡
−−−=

ρ
πεε  

Áó éåðäå , ,a ε ρ  âå −nt õåìèøåëèê ñàíëàð, a − îðáèòàíûª óëû îêû,ε −

ýêñåíòðèñèòåò,  ρ −ÉåÝÕ-íûª àéëàíìà ïåðèîäû nt  ÉåÝÕ-íûª ïåðèãåé 

áîþí÷à ãå÷é­í âàãòû (ïåðèãåé ÉåÝÕ-û áèëåí ýеr øàðûíûª àðàëûãûíäàêû èª 
éàêûí óçàêëûê). Îíäà éeð øàðûíûª ìåðêåçè áèëåí ÉåÝÕ-íûª àðàëûãûíäàêû 
r  àðàëûãûª ¬éòãåéøèíèª òèçëèãèíè êåñãèòëåìåëè. 

925 Ãå÷èðè©ède toguª ìóêäàðû sin(2 1)q t k= +  êàíóí boéun÷a        
¬éòãåé­í áîëñà, áó ôóíêöèéàíûª t  âàãòà ã«ð­ ¬éòãåéèø I  òèçëèãèíè 
êåñãèòëåìåëè ( I -àìïåðäå, ò-áîëñà ñåêóíòäà «ë÷åëé­ð). 

¸ 8. Ôóíêöèéàíûª äèôôåðåíöèàëû 

1. Äèôôåðåíöèàëûª kesgitleni¦i. )(xfy =  ôóíêöèéàíûª )(' xf  
«í¬ìèíèª áàãëàíøûêñûç ¬éòãåé­í x óëóëûãûª Δ x àðòäûðìàñûíà 
êöïåëòìåê õàñûëûíà áåðëåí ôóíêöèéàíûª dèôôåðåíöèàëû äèéèëé­ð âå 
àøàêäàêû éàëû éàçûëéàð 

                     xxfdy Δ)('= . 

Ýãåð xxfy == )(  áîëñà, xxxxdxdy ΔΔ1Δ' =⋅===  éàãíû, Δdx x= . 

Øóíëóêäà, äèôôåðåíöèðëåíé­í )(xfy = ôóíêöèéàíûª äèôôåðåíöèàëû øó 
àøàêäàêû ôîðìóëà áèëåí àªëàäûëéàð 

                       dxxfdy )('= .                       (1) 

Øó ôîðìóëàäàí ã«ðí¬øè éàëû ôóíêöèéàíûª äèôôåðåíöèàëûíû òàïìàê ¬÷èí 
îë ôóíêöèéàíûª «í¬ìèíè dx  ê«ïåëòìåê éåòåðëèêäèð. Øîíóª ¬÷èí 
äèôôåðåíöèàëû òàïìàê ¬÷èí «í¬ì òàïìàãûª ôîðìóëàëàðûíäàí ïåéäàëàíìàëû 
áîëéàðûñ. 

Äèôôåðåíöèrlemegiň ýñàñû ä¬çã¬íëåðè. Ýãåð c õåìèøåëèê ñàí áîëóï, 
«í¬ìëåðè áàð áîëàí ( )u u x=  âå ( )xϑ ϑ=  ôóíêöèéàëàð áîëñà, îíäà 
àøàêäàêû äåªëèêëåð äîãðóäûð 
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   (c) 0d = ,          (2)       duudud ϑϑϑ +=)( ,        (5)  

   ϑϑ dduud ±=± )( ,   (3)        2ϑ
ϑϑ

ϑ
ududud −

=⎟
⎠
⎞

⎜
⎝
⎛ .       (6) 

   cducud =)( ,        (4) 
×ûëøûðûìëû ôóíêöèéàíûª «í¬ìèíè òàïìàãûª ä¬çã¬íèíäåí ïåéäàëàíûï 

( )y f u=   ( )u xϕ=  ÷ûëøûðûìëû ôóíêöèéà ¬÷in 
                      dxuufdy ')(' ⋅=  

formulany alarys. Ýììà,    

            
dx
duu ='    âå  dx

dx
duufdy )('= . 

Øóíëóêäà, 
                      '( )dy f u du= .                    (7) 
926. ln siny x x=  ôóíêöèéàíûª äèôôåðåíöèàëûíû òàïìàëû. 
×«ç¬ëèøè. Äèôôåðåíöèðëåìåãèª ä¬çã¬íëåðèíäåí ïåéäàëàíûï àëàðûñ: 

ln (sin ) sin (ln ) ln (sin ) sin (ln )dy xd x xd x x x dx x x dx′ ′= + = + =  
1 sinln cos sin cos ln .xx xdx x dx x x dx
x x

⎛ ⎞= + = ⋅ +⎜ ⎟
⎝ ⎠

 

927. 23y x x= −  ôóíêöèéàíûª àðòäûðìàñûíû âå äèôôåðåíöèàëûíû 
òàïìàëû. 

×«ç¬ëèøè. 2 2Δ 3( Δ ) ( Δ ) 3y x x x x x x= + − + − +  
éà-äà  

                 ( )2Δ3Δ1)(6Δ xxxy +−= . 
Øóíëóêäà, kesgitlem­ g«r­   
                 .)16()16( dxxxxdy −=Δ−=  
Muny bàøãà÷à õåì òàïûï áîëàð: 
          dxxxydyxy 1)(6d'1,6' −==−= . 

928. 33 1y x x= + −  ôóíêöèéàíûª yΔ  àðòäûðìàñûíûÿ âå dy  
äèôôåðåíöèàëûíûª  1x =  âå 0,1xΔ =  áîëàíäàêû áàõàëàðûíû òàïìàëû. 

×«ç¬ëèøè. 
             xxxxxxy Δ+Δ⋅+Δ⋅+Δ⋅= 322 399Δ , 

                  1,)19( 2 =Δ+= dyxxdy , 

           093,11,01,031,0191,019 322 =+⋅+⋅⋅+⋅⋅=Δy . 

  929. xx ey 510 arctg)eln(1 −+=  ôóíêöèéàíûª äèôôåðåíöèàëûíûª 0x =  
âå 0,2dx =  áîëàíäàêû áàõàñûíû õàñàïëàìàëû. 

×«ç¬ëèøè. 
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( ) ( )dxeedx

e
e

e
edy x

xx

x

x

x

x

10

55

10

5

10

10

e1
125

1
)'(

1
1

+
−

=
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

+
−

+

′
+

= . 

 0x =  âå 0,2dx =  ãîéóï, àëàðûñ 

                   0,50,2
2
50,2

1
1)(25

010

0505

==
+

−⋅
= ⋅

⋅⋅

e
eedy . 

930.  Ýãåð 222 2 ayxyx =−+  áîëñà, dy  òàïìàëû. 
×«ç¬ëèøè. 02)(22 =−++ ydyxdyydxxdx  

Áó éåðäåí 

                  
x ydy dx
x y
+

= −
−

. 

931. Ýãåð  
x
yy e

−
=  áîëñà, dy  òàïìàëû. 

×«ç¬ëèøè. 

          

2 2

2

,

1 ,

x x x x
y y y y

x x
y y

x ydx xdy dx xdydy e d e e e
y y y y

x dxdy e e
y y

− − − −

− −

⎛ ⎞ ⎛ ⎞−
= − = − = − +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
⎛ ⎞
− = −⎜ ⎟⎜ ⎟

⎝ ⎠

 

         
2

2
2

: .

x x x
y y y

x
y

e dx y e x e dxdy y
y y

y e x

− − −

−

− −
= =

− ⋅

 

933. Ôóíêöèéàëàðûª äèôåðåíöèàëëàðûíû òàïìàëû: 

      a) 
x

xy
−

=
1

,  á) 
a
xy arctg= ,   ÷) 

x
xy

+
−

=
1
1ln .     

    
Ôóíêñèéàíûÿ äèôôåðåíñèàëûíû òàïìàëû.      

934. 5)(arcsin xy = .               935. 21 sin .y x= +  

936. 5 3 2ctg ( ).y x x= +              937. 1 arctg .y x= +  

938. 23 (2 cos ) .y x= +              939. xxy arctg)(1 2+= . 
 

2. Dèôôåðåíöèàëûª tàêìûí õàñàïëàìàäà óëàíûëûøû.  )(xfy =  
ôóíêöèéàíûª àðòäûðìàñûíûª xΔ − å ã«ð­ ba¦ ÷ûçûêëû á«ëåãèíå îíóª 
äèôôåðåíöèàëû äèéèëé­íäèãèíè áèëé­ðèñ. Áàøãà÷à àéäàíûìûçäà Δy  àðòäûðìà 
dy  äèôôåðåíöèàë áèëåí àøàêäàêû äåªëèê áèëåí áàãëàíûøéàíäûð: 
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            xxyy Δ+Δ=Δ ε'   éà-äà xdyy Δ+=Δ ε .  
Áó éåðäå 0,ε →  ýãåð 0→Δx . Øóíëóêäà, àðòäûðìà áèëåí 

äèôôåðåíöèàëûª òàïàâóäû éîêàðû òåðòèïëè ò¬êåíèêñèç êè÷è óëóëûêäûð. Øîíóª 
¬÷èí 0)(' ≠xf  áîëàíäà, 

                            1lim
0

=
Δ

→Δ dy
y

x
. 

Éàãíû ôóíêöèéàíûª àðòäûðìàñû áèëåí îíóª äèôôåðåíöèàëû äåÿãþé÷ëè 
ò¬êåíèêñèç êè÷è óëóëûêëàðäûð. Øîíóª ¬÷èí éåòåðëèê êè÷è ε  ¬÷èí 

y dxΔ =     éà-äà   ( ) ( ) '( )f x x f x f x x+ Δ − = Δ . 

Amalyýetde óëàíìàê ¬÷èí ê­áèð õàëëàðäà áó äåªëèãè 

xxfxfxxf Δ+≈Δ+ )(')()(                 (8) 

ã«ðí¬øäå éàçìàê àìàòëû áîëéàð. 

940. α)(1)( xxf +=  ôóíêöèéàíûª 0x =  íîêàäûª ýòàïûíäà 
éàêûíëàøàí áàõàñûíû òàïìàëû. 

×«ç¬ëèøè. (8) ôîðìóëàíû a¦akdaky ã«ðí¬øäå éàçàëûí  

                 ))((')()( 000 xxxfxfxf −+= .  

Îíäà øó ôîðìóëàíû α)(1)( xxf +=  ôóíêöèéà ¬÷èí óëàíûï, 00 =x  âå        
1'( ) (1 )f x x αα −= +  áîëéàíäûãûíäàí ïåéäàëàíûï  

                     (1 ) 1x xα α+ ≈ +                      (9) 
ôîðìóëàíû àëàðûñ. 

941. 3 27027,   àÿëàòìàíûª éàêûíëàøàí áàõàñûíû òàïìàëû. 

×«ç¬ëèøè. Èëêè áèëåí îíû 333 0.001132700.2727027, +=+=  

ã«ðí¬øäå éàçûï, ñîªðà 3/13 )00101(00101 ,, +=+  àÿëàòìàíû õàñàïëàëûª. 

Îíóª ¬÷èí (9) ôîðìóëàda 0,001=x  âå 
3
1

=α   ãîéuï àëàðûñ 

3,001.0,001)3(127,27,
3

3,0010,001
3
110,001)(1 3/133/1 =+==⋅+=+

 

942. 0sin 29 57 '  àªëàòìàíûª éàêûíëàøàí áàõàñûíû òàïìàëû. 
×«ç¬ëèøè. (8) ôîðìóëàdan peédalanyp, àëàðûñ 

              xxxxx Δ⋅+≈Δ+ 000 cossin)sin( . 
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Áó ôîðìóëàäà 0
0 30x =  âå 3'

3600
x π

Δ = − = −   goéup,          

0,499237.
7200

30,5

36002
3

2
1

3600
30cos30sin)

3600
sin(3057'29sin 0000

=−=

=⋅−=⋅−≈−=

π

πππ

       

943. Ýãåð αxxf =)(  áîëñà, îíäà 

                    xxxxx Δ⋅+≈Δ+ −1
000 )( ααα α . 

Ãîé,  
1
2

α =   äèéåëèª.  Îíäà  
0

00 2 x
xxxx Δ

+≈Δ+ . 

¦ó ôîðìóëàäàí ïåéäàëàíûï 9,0066  àªëàòìàíû òàêìûny õàñàïëàìàëû. 

     
6

0,00663
92

0,006690,006699,0066 +==+=+=  

éà-äà 

                  3,00119,0066 ≈ . 
Àªëàòìàlarûª éàêûíëàøàí áàõàlarûíû òàïìàëû: 

944.  4 16,64 ,   945. 0sin 29 ,   946. arcsin 0,54. 
947. Òàêìûí ôîðìóëàíû getirip ÷ûêàðìàëû: 

                  
3 2

33

3 x
xxxx Δ

+≈Δ+ . 

Øó ôîðìóëàíûª ê«ìåãè áèëåí 3 3 310, 70, 200  aªlatmalaryª 
òàêìûí áàõàëàðûíû òàïìàëû. 

948. Ôóíêöèéàlaryª òàêìûí áàõàëàðûíû òàïìàëû 

     a) 1,033,54 23 =++−= xxxxy ,   á) 0,2,1)( =+= xxxf . 

¸ 9. Éîêàðû òåðòèïëè «í¬ìëåð âå äèôôåðåíöèàëëàð  

Ãîé, ( )y f x=  ôóíêöèéàíûª ( )f x′  «í¬ìè x  óëóëûãà ã«ð­ ôóíêöèéà 
áîëñóí. Ýãåð øîë ôóíêöèéàíûª õåì «í¬ìè áàð áîëñà, îíäàí üíþì alyp 
ò­çå áèð ôóíêöèéàíû àëàðûñ. Ñîªêû àëíàí ôóíêöèéà áåðëåí ôóíêöèéàíûª 
«íþìèíèª «í¬ìè äèéèëé­ð éà-äà îªà áåðëåí ôóíêöèéàíûª èêèí©è òåðòèïëè 
«í¬ìè äèéèëé­ð âå  

         y ′′ , )(xf ′′  éà-äà  2

2

dx
yd
 g¤rn¥øde áåëãèëåíé­ð. 
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Áåðëåí ôóíêöèéàíûª èêèí©è òåðòèïëè «í¬ìèíäåí àëíàí «í¬ìå ¬÷¬í©è 
òåðòèïëè «í¬ì äèéèëé­ð âå ø. ì. Eger ( )y f x=  ôóíêöèéaíûª ( 1)n−  òåðòèïëè 
«í¬ìè áàð áîëñà, îíäà îëàð aøakdaky éaly bolar 

                            ( )[ ] .1)( ′
= −nn yy  

Èêè u  âå ϑ  ôóíêöèéàëàðûª ê«ïåëòìåê õàñûëûíäàí n  òåðòèïëè «í¬ì 
àøàêäàêû ôîðìóëà áèëåí òàïûëéàð 

         ( ) .
21

)1()( 21 (n))(n)(n(n)n u....''unn'nuuu ϑϑϑϑϑ ⋅++
⋅
−

++= −−         (1) 

Båëëè áîëøû éàëû ( )y f x=  ôóíêöèéàíûª äèôôåðåíöèàëû ( )idy f x dx=  
ã«ðí¬øäå éàçûëéàð âå îë x -e ã«ð­ ôóíêöèéàäûð. Îíäàí àëíàí äèôôåðåíöèàëà 
áîëñà èêèí©è òåðòèïëè äèôôåðåíöèàë äèéèëé­ð âå øåéëå éàçûëéàð: 2( ) .d dy d y=  

2d y  õàñàïëàíàí ìàõàëûíäà dy -i äèôôåðåíöèðëåìåëè áîëéàðûñ. Øîë ïðîöåñäå 
dx x= Δ  äèôôåðåíöèàë x -e  áàãëû ä­ëäèð. Éàãíû x -e ã«ð­ 
äèôôåðåíöèðëåíåíäå îë õåìèøåëèêäèð. Øóíëóêäà, 

                 2 2d y y dx′′= . 
Øåéëå õåì 

                 

.
..............
,'''

n)(

33

dxyyd

dxyyd

nn =

=
 

Eãåð áèðèí©è òåðòèïëè «í¬ì áèð hereketiª òèçëèãèíè àªëàäéàí áîëñà, îíäà 
èêèí©è òåðòèïëè «í¬ìèª ìåõàíèêè ìàíûñû øîë hereketiª òèçëåíìåñèíè 
àªëàäéàíäûð. 

949. Ýãåð 2cosy x=  áîëñà y ′′ -i òàïìàëû. 
×«ç¬ëèøè. Áèðèí©è òåðòèïëè «í¬ìè òàïàëûª 
                    xxxy 2sin)sin(cos2' −=−= . 
Êåñãèòëåì­ ã«ð­ èêèí©è òåðòèïëè «í¬ì áèðèí©è òåðòèïëè «í¬ìäåí àëíàí 

«í¬ìäèð 
                xxxy 2cos222cos)'2sin('' −=⋅−=−= . 

950. xy a=  ôóíêöèéàíûª n − í©è òåðòèïëè «í¬ìèíè òàïìàëû. 

×«ç¬ëèøè. −''','',' yyy «í¬ìëåðè òàïàëûª 

               2 3' ln , '' (ln ) , ''' (ln )x x xy a a y a a y a a= = = . 
Øó äåªëèêëåðäåí «í¬ìëåðèÿ ûçûãèäåðëèêëåðèíèª êàíóíà ëàéûêëûãû 

ã«ð¬íé­ð. Øîíóª ¬÷èí  
                   ( ) (ln )n x ny a a= . 

951. 3 xy x e=  áîëñà,  (4)y  òàïìàëû. 
×«ç¬ëèøè. Õåð áèð ê«ïåëäè©èäåí äåãèøëè «í¬ìëåðè òàïàëûª: 
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3 2 3 3 (4)

(4)

( ) ' 3 , ( ) '' 6 , ( ) ''' 6, ( ) 0, ( ) ' ( ) '',
( ) ''' ( ) ''' ( ) .

x x

x x x x

x x x x x x e e
e e e e
= = = = =

= = = =
 

Èíäè (1) ôîðìóëàíû 4n =  ¬÷èí éàçàëûª 

               (4) (4) (4)4 3( ) 4 ''' ' '' '' 4 ' ''' .
1 2

u u v u u u uϑ ϑ ϑ ϑ ϑ⋅
= + + + +

⋅
 

Øó ôîðìóëàäà xexu == ϑ,3  ãîéóï àëàðûñ 

          xxxx exexxeeexy 32(4)x3(4) 346664)( +⋅+⋅+⋅== . 
éà-äà 

                 xexxxy 24)3612( 23(4) +++= . 

952. 3 22 6 4s t t t= − +  êàíóíà ëàéûêëûêäà õåðåêåò ýäé­í ìàòåðèàë 
íîêàäûª õåðåêåòèíèª 3-í©è ñåêóíäûª àõûðûíäàêû òèçëåíìåñèíè êåñãèòëåìåëè. 

×«ç¬ëèøè. Àëàðûñ:  2' 6 12 4s t tϑ = = − + . 
Îíäà  ' '' 12 12a s tϑ= = = −      
Áó éåðäå 3t =  ãîéóï àëàðûñ 
                  212 3 12 24 /a m s= ⋅ − =  
953. Ýãåð-äå ©èñèì t  âàãò ïóðñàäûíäà õåðåêåòèª áàøëàíàí íîêàäûíäàí  

kmttts 234 164
4
1

++=  äàøëûêäà áîëñà, îíäà îíóª 2 ñàãàòäàí ñîªêû 

òèçëåíìåñèíè êåñãèòëåìåëè. 
×«ç¬ëèøè. Òàïàðûñ ,3212' 23 ttts ++==ϑ  32.243''' 2 ++=== ttsa ϑ     

Îíäà 2t =  ãîéóï àëàðûñ 2/923222443 sagkma =+⋅+⋅= . 

954. Ìàññàñû 30 êã áîëàí ©èñèì 24s t t= +  êàíóíà ëàéûêëûêäà 
ã«í¬÷ûçûêëû õåðåêåò ýäé­ð. ‰èñèìèª øîë õåðåêåòèíèª õåìèøåëèê ã¬é©èª ò­ñèðè 
àñòûíäà áîëéàíäûãûíû ñóáóò ýòìåëè. 

×«ç¬ëèøè. ' 8 1s t= + , '' 8s =  Øóíëóêäà, 2( ) 8 /a t m s= . Áó áîëñà áåðëåí 

êàíóíà ëàéûêëûêäà ©èñèìèª õåìèøåëèê 28 /m s  òèçëåíìå áèëåí õåðåêåò 
ýäé­íäèãèíè ã«ðêåçé­ð. Îíäà Íéóòîíûª èêèí©è êàíóíûíà ã«ð­ îªà ò­ñèð 
ýäé­í ã¬é÷ õåì õåìèøåëèêäèð 

                30 8 240 .F ma H= = ⋅ =  
955. 2y x=  ôóíêöèéaíûª 2d y  äèôôåðåíöèàëûíû òàïìàëû. 
×«ç¬ëèøè. ‹í¬ìè òàïàëûª 2y x′ = . Îíäà ,2' xdxdxydy ==    

222 2'' dxdxyyd == ,  ¦óíëóê-äà, .2 22 dxyd ⋅=  

956. Ýãåð  cos5y x=   áîëñà, 2d y  òàïìàëû. 

×«ç¬ëèøè.  .5cos25'' 222 dxxdxyyd ⋅−==   
957. Àøàêäàêû ôóíêöèéàëàðûª èêèí©è òåðòèïëè äèôôåðåíöèàëûíû òàïìàëû: 
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              1) xy 2lnsin2= ,     2) .xey −=  
×«ç¬ëèøè. 1) Áèðèí©è âå èêèí©è òåðòèïëè «í¬ìëåðè òàïàëûª: 

             ,2ctg422cos2sin2
2sin

1' 2 xxx
x

y =⋅⋅⋅=  

             2 2

4 8'' 2
sin 2 sin 2

y
x x

= − = − .         

Îíäà 

             .d
2sin

8'' 2
2

22 x
x

dxyyd −==  

            2)  ,'',' xx eyey −− =−=  

              .'' 222 dxedxyyd x−==  
958. cosy x=   ôóíêöèéàíûª  n-nji òåðòèïëè «í¬ìèíè òàïìàëû. 
×«ç¬ëèøè. Áó ôóíêöèéàíûª   n-nji òåðòèïëè «í¬ìè ¬÷èí 

                ⎟
⎠
⎞

⎜
⎝
⎛ +=

2
cos)(cos )( πnxx n                    (2) 

ôîðìóëàíûª äîãðóäûãûíû ã«ðêåçåëèª. 

                     ⎟
⎠
⎞

⎜
⎝
⎛ +=−=

2
cossin)'(cos πxxx  

äåªëèê (2) ôîðìóëàíûª 1n =  áîëàíäà äîãðóäûãûíû ã«ðêåçé­ð. Ãîé, îë 
ôîðìóëà ê­áèð n k=  ¬÷èí äîãðû áîëñóí. Îíäà 1n k= +  ¬÷èí 

  

( )( )( 1)(cos ) cos cos sin cos ( 1) .
2 2 2

kkx x x k x k x kπ π π+
′′ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎡ ⎤= = + = − + = + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

áîëàð. Áó áîëñà (2) ôîðìóëàíûª 1+= kn  áîëàíäà õåì äîãðóäûãûíû 
ã«ðåçé­ð. Øîíóª ¬÷èí, õåì ìàòåìàòèêè induksiéa óñóëûíûÿ ýñàñûíäà (2) 
ôîðìóëà erkin n  ¬÷èí õåì äîãðóäûð. 

959.  αxy =  ôóíêöèéàíûª n-nji òåðòèïëè «í¬ìèíè òàïìàëû. 
×«ç¬ëèøè. Áó ôóíêöèéàíûª n-nji òåðòèïëè «í¬ìèíèª 
               nn xnx −+−+= αα ααα 1)1)....(()( )(               (3) 

áîëéàíäûãûíû ã«ðêåçýëèÿ.. 1( ) 'x xα αα −=  äåªëèê (3) ôîðìóëàíûª 1n =  
áîëàíäà éåðèíå éåòé­íäèãèíè ã«ðêåçé­ð. Ãîé, îë ôîðìóëà n k=  áîëàíäà 
äîãðû áîëñóí. Îíäà 1+= kn  ¬÷èí 

( )( )( 1)( ) ( 1)...( 1)
kk kx x k xα α αα α α+ −
′ ′⎡ ⎤ ⎡ ⎤= = − − + =⎣ ⎦⎢ ⎥⎣ ⎦

 

( 1)( 1)...( 1)( ) kk k xαα α α α − += − − + −  
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áîëàð, éàãíû (∗3∗) ôîðìóëà 1n k= +  áîëàíäà õåì éåðèíå éåòé­ð. Øîíóª 
¬÷èí ìàòåìàòèêè induksiéa óñóëû ýñàñûíäà (3) ôîðìóëà erkin n  ¬÷èí õåì 
äîãðóäûð. 

960.  xxy cos3=    ôóíêöèéàíûª í-nji òåðòèïëè «í¬ìèíè òàïìàëû. 

×«ç¬ëèøè. Ãîé, xu cos=  âå 3x=ϑ  áîëñóí. Îíäà                 

0...,6''',6'',3',)
2

cos()(cos (5)(4)2)()( ======+== ϑϑϑϑϑπ xxnxxu nn

áîëéàíäûãû ¬÷èí Ëåéáíèö ôîðìóëàñûíäàí ïåéäàëàíûï òàïàðûñ 

   

.
2

3)(cos2)(1)(
2

2)(cos1)(3

2
1)(cos3)

2
cos(cosx)( 23(4)3

⎥⎦
⎤

⎢⎣
⎡ −+−−+⎥⎦

⎤
⎢⎣
⎡ −+−+

+⎥⎦
⎤

⎢⎣
⎡ ++++=

ππ

ππ

nxnnnnxxnn

nxnxnxxx
 

961. xnx ee =)()(  äåªëèãè ñóáóò ýòìåëè. 

962. ⎟
⎠
⎞

⎜
⎝
⎛ +=

2
sin)(sin )( πnxx n  ôîðìóëàíû ñóáóò ýòìåëè. 

963. Ýãåð-äå )(xuu =  âå ( )xϑ ϑ=  ôóíêöèéàëàðûª í-nji òåðòèïëè 
«í¬ìëåðè áàð áîëñà, àøàêäàêû äåªëèêëåðè ñóáóò ýòìåëè: 

                 ( )n n nd u d u dϑ ϑ± = ± , 

                 
0

( )n n n m m
m

n
d u c d u dϑ ϑ

∞
−

=

= ⋅∑ . 

964. Àøàêäàêû ôóíêöèéàëàðûª èêèí©è òåðòèïëè äèôôåðåíöèàëëàðûíû òàïìàëû: 
          ,3),2lntg2),lncos1) 32 xayxyxy ===  

              xy arccos)4 = ,    .arctg5) 2xy =  
965. Ôîðìóëàíû ñóáóò ýòìåëè: 

                     n
nn

x
nx 1)!(1)()(ln 1)( −

−= − . 

966. xxy 2cos5sin=  ôóíêöèéàíûª í-nji òåðòèïëè «í¬ìèíè òàïìàëû. 

967.  21 xxy +=  ôóíêöèéàíûª èêèí©è òåðòèïëè «í¬ìèíè òàïìàëy. 

968. Ýãåð 
2

4 xy −= áîëñà 2d y  òàïìàëû. 
969. Leébnis formulasyndan ïåéäàëàíûï äåãèøëè òåðòèïëè «í¬ìëåðè 

òàïìàëû: 
     a) xey x sin−=  áîëñà,  y ′′′ òàïìàëû. 

     xxy cos)(1b) 2−=  áîëñà, )(2ny  òàïìàëû. 
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¸ 10. Ïàðàìåòðèê ã«ðí¬øäå áåðëåí ôóíêöèéàëàðûª 

 éîêàðû òåðòèïëè «í¬ìëåðè 
 
                     )(,)( tytx ψϕ == .               (1) 

parametrli g«rn¬¦de berlen funksiéanyª xy′  «n¬mi 

                       
)('
)(':

t
t

dt
dx

dt
dy

dx
dy

ϕ
ψ

==                (2) 

formula boéun÷a tapyléar. 
Îíäà èêèí©è òåðòèïëè «í¬ìè, (2) ôóíêöèéàíû x ã«ð­ äèôôåðåíöèðëåìåê 

áèëåí àëûï áîëàð. Øåéëå õåì 

                         
( )2

''3

3 ' ,...x t

t

yd y
dx x

′
=  

970. Ïàðàìåòðèê ã«ðí¬øäå áåðëåí  

               π<<== ttytx 0,sinln,
2

sinln  

ôóíêöèéàíûª  −''
2xy «í¬ìèíè òàïìàëû. 

×«ç¬ëèøè. Áåëëè áîëøû éàëû ôóíêöèéàíûª  
dx
dy

 «í¬ìèíè òàïûïäûê. 

                   
t

t
t
t

dx
dy

cos1
cos2

2
cos

cos
2 +

== . 

Îíäà  
2

ctg
2
1' txt =  âå  

 
'

2

2 2 2

2

2 2

4 4 4

2cos
2sin (1 cos ) ( sin )2cos 1 2sin 21 cos : ctg1 (1 cos ) 2 2 (1 cos )ctg ctg

2 2 2

sin sin 2sin cossin 2 2 2 2 tg (1 tg ).
2 2cos ctg cos cos cos cos

2 2 2 2 2 2

t

t
d y t t t t t tt

t tdx t t

t t ttt t t
t t t t t t

⎛ ⎞
⎜ ⎟ − + − − −+⎝ ⎠= = = ⋅ =

+ +

− −−
= = = = − ⋅ +
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971. [ ],a a−  kesimde áåðëåí 2 2y a x= −  ôóíêöèéàíû ,
2 2
π π⎡ ⎤−⎢ ⎥⎣ ⎦

        

kesimde ïàðàìåòðèê ã«ðí¬øäå àªëàòìàëû âå ''
2xy  «í¬ìè òàïìàëû. 

×«ç¬ëèøè. Ãîé sinx a t=  áîëñóí. Îíäà 22 xay −=  äåªëèêäå x -ûÿ 
áàõàñûíû ãîéuï, òàïàðûñ 

             .cossin1sin 2222 tatataay =−=−=  
Øóíëóêäà, 

        ,taxt,ay sincos ==  ,tg
cos
sin t

ta
ta

dx
dy

−=
−

=  

           
2 22

2 2 3

1
(tg ) 1cos .
cos cos cos cos

'
ttd y at

dx a t a t a t t y
−

= = − = − = −    

972. Ýãåð 
                   )cos1()sin( tay,ttax −=−=  

áîëñà, −''
2xy òàïìàëû. 

×«ç¬ëèøè.  Fóíêöèéàíûª  
dy
dx

 «í¬ìèíè ýazalyň  

                   ),cos(1)2(,
2

ctg ' taxktt
dx
dy

t −=≠= π  

     

' 2
2 t

2
2 4

1

(ctg ) 2sin 1 12 2 .
(1 cos ) (1 cos ) 2 sin (1 cos ) 4 sin

2 2

t t
d y

t tdx a t a t a t a
= = − = − = −

− − −
 

973. Pàðàìåòðèê ã«ðí¬øäå áåðëåí funksiéalar ¬÷in 2

2

dx
yd
 «n¬mi 

òàïìàëû: 

         a)
3

3

cos
sin

x a t
y b t

⎧ =
⎨

=⎩
       b)

3

3

3 1
3 1

x t t
y t t

⎧ ⎫= + +
⎨ ⎬

= − +⎩ ⎭
 

×«ç¬ëèøè.  à) Èëêè áèëåí '
xy  òàïàëûª 

             2 23 sin cos 3 cos sindy b t tdt, dx a t tdt,= = −  

          
2

2

3 sin cos 2 1 .
3 cos sin 2

'
x

dy b t t by tgt, t ( k )
dx a t t a

π−
= = = − = +  
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−''
2xy «í¬ìè òàïàëûª 

              
( ) ( ) .

ta
by,

x
y

y '
t

'
x'

t

'
t

'
t''

x 2cos
2 −==  

Îíäà    

  à)  2

2 2
''

2 2 2 4x

d cos ,
d 3 cos t sin 3 cos sin

b
y ba ty

x a t a t t

−
= = =

−
      

         
á)  dt,tdx,dttdy )33()33( 22 +=−=  

               

( )

2

2

2 2

2 2 2 2

1
1

2 ( 1) 2 ( 1) 4 .
( 1) ( 1)

'
x

''
x t

dy ty ,
dx t

t t t t ty
t t

−
= =

+
+ − −

= =
+ +

 

Îíäà àëàðûñ 

                  
( )

2

22
''

2 2 3

4
1 4

3( 1) 3( 1)x

t

t ty
t t
+

= =
+ +

. 

974. Ýãåð 

       
⎩
⎨
⎧

=

=
3

ln
ty

tx
  áîëñà,  2

2

dx
yd
   òàïìàëû. 

×«ç¬ëèøè. Èëêè áèëåí '
xy  «í¬ìè òàïàëûª 

                .13 2 dt
t

dxdt,tdy ==  

Îíäà 

                 
2

33 31
'
x

dy t dty t
dx dt

t

= = = , 

             ( ) 3
2

2

2
2 91

99 t

t

t
dx

yd,ty '
t

'
x === . 

975.  
2

2

d y
dx

  «í¬ìè òàïìàëû: 
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          à) 3

arctg
,

ln(1 )
x t
y t
=⎧

⎨
= +⎩

       á) 
2

arcsin
.

1

x t

y t

=⎧⎪
⎨

= −⎪⎩
 

976.  
2

2

d y
dx

 «í¬ìè òàïìàëû:  

           à) 
3

3

cos
,

sin
x a t
y a t

⎧ =⎪
⎨

=⎪⎩
        á) 

(sin cos )
.

(cos cos )
x a t t t
y a t t t
= −⎧

⎨ = +⎩
       

977. Ýãåð 

              
cos ,
sin

x e t
y e t

′=⎧
⎨ ′=⎩

  áîëñà, onda 
2

2

d y
dx

 òàïìàëû. 

978. Ýãåð a  âå b  ñàíëàð õåìèøåëèê ñàíëàð áîëóï, x  âå y áîëñà t  

ïàðàìåòðå ã«ð­ 22,sin tt beaeytx −+==  äåªëèêëåð áèëåí êåñãèòëåíé­í 
áîëñà, îëàðûª 

                     ( ) y
dx
dyx

dx
ydx 21 2

2
2 =−−  

äèôôåðåíöèàë äåªëåì­íè êàíàãàòëàíäûðéàíëûãûíû ã«ðêåçìåëè. 

979. Ýãåð   3
,

tx e
y t

−⎧ =
⎨

=⎩   áîëñà  '''
3xy   òàïìàëû. 

×«ç¬ëèøè. Àëàðûñ  23' t '
t tx e , y t−= − = . 

Îíäà 
                     2 23 3 .' t t

xy t : e e t−= − = −  
Èêèí©è òåðòèïëè «í¬ìè òàïàëûª 

               
( ) ( ) ( ).2363 2

2

2 +=
−

+−
== − tte

e
tete

x
y

y t
t

tt

'
t

'

t
'
x''

x
 

Yzygiderli differensirlemek bilen ¬÷¬nji tertipli «n¬mi alarys 

( ) ( )2

3

2 2
''' 3 2

3 2 2 2 2
6 3 1 .

''' t
x tt

' tx
t

y e (t t) t
y e t t

x e−

⎡ ⎤+ + +⎣ ⎦= = = − + +
−

. 

980. 2 sin 5xy e x=  ôóíêöèéàíûª 4 29 0y'' y' y− + =  äåªëåì­íè 
êàíàãàòëàíäûðéàíëûãûíû ã«ðêåçìåëè. 

981.  Eger ,dt dtx e y e−= =  bolsa 
2

2

d y
dx

  «í¬ìè òàïìàëû.   



241 
 

982. Ýãåð 
ln ,
sin 2

x t
y t
=⎧

⎨ =⎩
 áîëñà  2

''
x

y  òàïìàëû.     

×«ç¬ëèøè. Áåðëåí äåªëèêëåðè  −t å ã«ð­ äèôôåðåíöèðë­ëèª: 

                 
1 , 2cos 2 .dx dt dy tdt
t

= =  

Áó éåðäåí 

                   t.t
dx
dy 2cos2=  

Èêèí©è òåðòèïëè «í¬ìè òàïàëûª 
   

2

2

(2 cos 2 )
(2 cos 2 ) (2 cos 2 ) 2cos 2 4 sin 2

1

2 cos 2 2 sin 2 .

d t t
d y d t t d t t dt t t tdt

dxdx dx dt dx
dt t

t( t t t)

−
= = = == =

= −

 

 

983.   

1 ,
1

1

x
t

ty
t

⎧ =⎪⎪ +
⎨
⎪ =
⎪ +⎩

    áîëñà,  2

2

dx
yd
  òàïìàëû. 

984.   
,

arcsin

tx e
y t

⎧ =
⎨

=⎩
  bolsa,  −2

2

dx
yd

òàïìàëû. 

                          

985.   Ýãåð  
⎩
⎨
⎧

+=
−=

)sin(cos
)cos(sin

tttay
tttax
  bolsa,  2

2

dx
yd
 òàïìàëû. 

¸ 11. Àíûê ä­ë ã«ðí¬øäå áåðëåí ôóíêöèéàëàðûª äèôôåðåíöèðëåíèëèøè 

Êåñãèòëåìå. Ýãåð  )(xyy =  ôóíêöèéà 
                   0.)( =y,xF                       (1) 

äåªëèê áèëåí áåðëåí áîëñà, y  ululyga x ã«ð­ àíûê ä­ë ôóíêöèéà äèéèëé­ð.  
)(xyy ′=′  «n¬mi 

                         [ ] .0),( =′yxF                 (2)  
deªlikden tapmak bolar 
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Èêèí©è òåðòèïëè «í¬ìè òàïìàê ¬÷èí (2) äåªëèãè éene bir gezek 
differensirl­p, alnan deªlemede birinji «n¬miª bahasyny goémaly. 

986.    0333 =−+ axyyx  áîëñà, '
xy  òàïìàëû. 

×«ç¬ëèøè.  
                  0)'(3'33 22 =+−+ xyyayyx . 
Áó éåðäåí òàïàðûñ 

                     
2

2' x ayy
ax y

−
=

−
. 

987. Ýãåð x y a+ =  áîëñà, '
xy -i òàïìàëû. 

×«ç¬ëèøè. Áåðëåí äåªëåì­íè x ã«ð­ äèôôåðåíöèðë­ëèª 
                     .0

2
'

2
1

=+
y

y
x

 

Áó äåªëåì­íè  −′y «í¬ìå ã«ð­ ÷«ç¬ï àëàðûñ 

                        .'
x
yy −=  

988. Ýãåð  0arctg =+− xyy   áîëñà xxy ′′   òàïìàëû. 

×«ç¬ëèøè. Áåðëåí äåªëèãè äèôôåðåíöèðë­ï  xy′  «í¬ìè òàïàëûª 

             0.1''',01'
1

' 22
2 =++−−=+−

+
yyyyyy

y
y

    

Áó éåðäåí àëàðûñ 

                      1.11' 22

2

+=
+

=
yy

yy  

−''y «í¬ìè òàïàëûª 

                     '.2'' 3 yyy −−=  

Øó äåªëèãèª ñàã á«ëåãèíäå 'y  «í¬ìèª áàõàñûíû ãîéóï àëàðûñ 

                .)2(112'' 5

2

2

2

3 y
y

y
y

y
y +

−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
−=  

989. Ýãåð 0,552 223 =−+− xyyxx  âå 1
1
=

=x
y  áîëñà, ''y  üí¬ìèª 

1=x   áîëàíäàêû áàõàñûíû òàïìàëû. 
×«ç¬ëèøè. Berlen deªlem­ni x ã«ð­ äèôôåðåíöèðë­ï òàïàðûñ 
                 .05443 222 =++−− y'yy'xxyx  

1x =  âå 1y =  ãîéóï, y′ «í¬ìèª 1x =  áîëàíäàêû áàõàñûíû òàïàðû. 
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              .
3
405443 ==++−− y',y'y'  

 Differensirlenip alnan de�ligi x ã«ð­ äèôôåðåíöèðë­ëèª 
           .0448846 2222 =+−−−−− y''yy''xy'xxy'xy'yx  

1=x , 1=y   âå  
3
4

=y'  ãîéóï, y''  «í¬ìèª 1=x  áîëàíäàêû  

áàõàñûíû òàïàðûñ 

            .
27
22803

9
64

3
6446 −==−−−− y'',y''  

990. Ýãåð 0cossin =− − xeye yx  áîëñà, 'y  òàïìàëû. 

991. Ýãåð 0625 22 =−+−++ yxyxyx  áîëñà, ''y  «í¬ìèª (1, 1) 
íîêàòäàêû áàõàñûíû òàïìàëû. 

A¦akdaky anyk d­l g«rn¬¦de berlen funksiéalaryª birinji tertipli 
«n¬mlerini tapmaly: 

992.  ,12

2

2

2

=+
b
y

a
x

                993. tg ,y xy=  

994. ln ,
y
xx e d

−
+ =                 995. .y xx y=  

996. Ýãåð 312 xyy +=  áîëñà, y'  «í¬ìèª (1, 1) íîêàòäàêû áàõàñûíû 
òàïìàëû. 

997. Ýãåð )(27)( 3 yxyx −=+  áîëñà, y'  «í¬ìèª 1=x  âå 1=y  
áîëàíäàêû áàõàñûíû òàïìàëû. 

998. Ýãåð 3 2 1 0xy y+ − =  áîëñà y''  òàïìàëû. 
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VIII  BÜLÜM 

ÄÈÔÔÅÐÅÍÖÈÐËÅÍÉÚÍ ÔÓÍÊÖÈÉÀËÀÐ ÕÀÊÛÍÄÀ  
ÝÑÀÑÛ ÒÅÎÐÅÌÀËÀÐ 

¸ 1. Ôóíêöèéàëàðûÿ àðàëûê áàõàëàðû õàêûíäàêû òåîðåìàëàð 

Ðîëë òåîðåìàñû. Goé ( )f x  ôóíêöèéà ],[ ba  êåñèìäå þçíþêñèç áîëóï, 
îíóÿ è÷êè íîêàòëàðûíäà differensirlené­n we )()( bfaf =  bolsun. Oíäà èÿ 
áîëìàíäà áèð ( , )a bξ ∈  nokat tapylyp, 

'( ) 0f ξ =  
deªlik éerine éeté­r.      

Ëàãðàíæ òåîðåìàñû. Goé ( )f x  ôóíêöèéà [ , ]a b  êåñèìäå þçíþêñèç 
áîëóï, onuª õåð áèð è÷êè íîêàäynda äèôôåðåíöèðëåíéúí áîëñun. Oíäà 

( , )a bξ ∈  nokat tapylyp,                     
                 ( ) ( ) '( )( )f b f a f b aξ− = −                  (1) 

deªlik éerine éeté­r. 
(1) formula Lagranæ formulasy diéilé­r.     
Êîøè òåîðåìàñû. Goé, [ , ]a b  êåñèìäå þçíþêñèç ( )f x  âå ( )xφ  

ôóíêöèéàëàð  onuª õåð áèð i÷ki íîêàäûíäà äèôôåðåíöèðëåíéúí áîëup, erkin 
),( bax∈  ¬÷in '( ) 0xφ ≠  áîëñun. Oíäà ( , )a bξ ∈  nokat bar bolup, 

                     
( ) ( ) '( )
( ) ( ) '( )

f b f a f
b a

ξ
ϕ ϕ ϕ ξ

−
=

−
                  (2) 

deªlik éerine éeté­r. 
(2) formula Ko¦i formulasy diéilé­r. 
Ýãåð ( )х хϕ =   áîëñà Ëàãðàíæ òåîðåìàñû Êîøè òåîðåìàñûíûÿ õóñóñû 

õàëû áîëéàð. Õûêûêàòäàí-äà, ( )x xϕ =  äèéèï àëñàê, îíäà 
( ) , ( ) , ( ) 1a a b b сϕ ϕ ϕ′= = = .  Øîÿà ãüðú-äå Êîøè ôîðìóëàñû àøàêäàêû 

ãüðíþøå åéå áîëàð 

        
( ) ( ) ( )

1
f b f f f

b a
ξ′−

=
−

  éà-äà ( ) ( ) '( )( ).f b f a f b aξ− = −  

Øåéëå õåì )()( bfaf =  áîëàíäà Ðîëë òåîðåìàñû Ëàãðàíæ 
òåîðåìàñûíûÿ õóñóñû õàëû áîëéàð. Õàêûêàòäàí-äà, 

))((')()( abfafbf −=− ξ  ôîðìóëàäà )()( bfaf =  äèéèï õàñàï ýòñåê, îíäà 

ba =  áîëìàãû þ÷èí 0)( =′ ξf  bolmaly. 
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999. 01 ≤≤− x   âå  10 ≤≤ x  êåñèìëåðäå 3)( xxxf −=  ôóíêöèéàíûÿ 
Ðîëë òåîðåìàñûíûÿ øåðòëåðèíè êàíàãàòëàíäàðéàíëûãûíû ãüðêåçìåëè âå ξ -íèÿ 
äåãèøëè áàõàëàðûíû òàïìàëû.  

×üçþëèøè. 3)( xxxf −=  ôóíêöèéà х -iÿ úõëè áàõàëàðûíäà þçíþêñèçäèð 
âå äèôôåðåíöèðëåíéúíäèð. 0)1()0()1( ===− fff . Øóíëóêäà, – 1≤ x 0≤  we 

0 х≤ ≤ 1 êåsèìëåðäå )(xf  fuhköèéà Ðîëë òåîðåìàñûíû óëàíûï áîëéàð 

031)( 2 =−=′ xxf . 

Áó éåðäåí  ).10,01(,
3
1,

3
1

2121 <<<<−=−= ξξξξ  

1000. Ãîé  )1()2()3()( −++= xxxxp  áîëñóí. Îíäà (- 1,3 ) àðàëûêäà 
0)(' =ξp  äåÿëåìúíèÿ êüêþíèÿ áàðäûãûíû ãüðêåçìåëè. 

×üçþëèøè. )(xp  êüïàãçà 1 2 33, 2, 1x x x= − = − =  íîêàòëàðäà íoëà  

üâðþëéúð. [ ]2,3 −−  âå [ ]1,2−  êåñèìëåðäå ( )p x  fuíêöèéà Ðîëë òåîðåìàñûíû 
óëàíûï áîëéàð. Ñåáúáè ( )p x  ôóíêöèéà х-iÿ úõëè áàõàëàðûíäà 
äèôôåðåíöèðëåíéúíäèð âå ( 3) ( 2) 0, ( 2) (1) 0.р р р р− = − = − = =  Øîíóÿ þ÷èí 

( )23 11 −<<− ξξ  âå ( )12 22 <<− ξξ  íîêàòëàð áàð áîëóï ( ) ( ) 021 =′=′ ξξ pp .  

1001. [ ]1,2−  êåñèìäå f ( х)=x– х 3  fóíêöèéàíûÿ Ëàãðàíæ òåîðåìàñûíûÿ 

øåðòëåðèíè êàíàãàòëàíäûðéàíäûãûíû ãüðêåçìåëè âå ξ -niÿ äåãèøëè áàõàñûíû 
òàïìàëû. 

×üçþëèøè. Ãüðíþøè éàëû f ( х)= х- х 3 ôóíêöèéà þçíþêñèçäèð âå x  úíëè 
áàõàëàðûíäà äèôôåðåíöèðëåíéúíäèð. 231)( xxf −=′ . Îíäà Ëàãðàíæ 

ôîðìóëàñûíûÿ ýñàñûíäà àëàðûñ [ ] )()2(160)2()1( ξfff ′−−=−=−−  éà-äà 

( ) 2−=′ ξf . Øóíëóêäà, 22 1 3 we 1ξ ξ− = − = + . Ãüðíþøè éàëû 1ξ = −  íîêàò 
Ëàãðàíæ òåîðåìàñûíûÿ øåðòèíè êàíàãàòëàíäûðéàíäûð. 

1002. [ ]1,1−  êåñèìäå ( ) arcsinf x = х ôóíêöèéàíûÿ Ëàãðàíæ 

òåîðåìàñûíûÿ øåðòèíè êàíàãàòëàíäûðéàíäûãûíû ãüðêåçìåëè âå (1) äåÿëèãè 
êàíàãàòëàíäûðéàí ξ − íèÿ áàõàñûíû òàïìàëû. 

×üçþëèøè. [ ]1,1−  êåñèìäå áåðëåí ôóíêöèéà þçíþêñèçäèð. )(xf ′ üíþìè 
òàïàëûÿ  

                     
2

1( ) .
1

f x
x

′ =
−

 

Üíþì )1,1(−  àðàëûêäà òþêåíèêëèäèð âå 1±=x  áîëàíäà áîëñà 
éîêäóð. Îë Ëàãðàíæ òåîðåìàñûíû óëàíìàêëûãà ïúñãåë áåðèï áèëìåéúð, (1) 
äåÿëèãè êàíàãàòëàíäûðéàí ξ  íîêàäû òàïàëûÿ: 
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)1(1

)1arcsin(1arcsin
−−

−−
 = 

2

1
1 ξ−

, 
2

( ) 12 2 .
2 1

π π

ξ

− −
=

−
 

Áó éåðäåí òàïàðûñ: 

               21 ξ−  = 
π
2
, 1,2 2

41 .ξ
π

= ± −  

Ãüðíþøè éàëû (1) äåÿëèê èêè íîêàòäà éåðèíå éåòéúð (41-nji ÷yzgy). 
 

 
41-nji ÷yzgy 

1003. 32)( 2 +−= xxxf  âå 5207)( 23 −+−= xxxxg  ôóíêöèéàëàðûÿ 

[ ]1, 4  êåñèìäå Êîøè òåîðåìàñûíûÿ øåðòëårèíè êàíàãàòëàíäûðéàídûãûíû 

ãüðêåçìåëè âå ξ − íèÿ äåãèøëè áàõàëàðûíû òàïìàëû. 

×üçþëèøè. ( )f x  âå ( )g x  ôóíêöèéàëàð [ ]1, 4  êåñèìäå þçíþêñèçäèðëåð âå 

îëàðûÿ 22)( −=′ xxf  âå 20143)( 2 +−=′ xxxg  üíþìëåðè òþêåíèêëèäèðëåð. 

Øåéëå íåì  g′ ( х) õè÷ áèð íîêàòäà íoëà üâðþëéúí  äúëäèð  (barlamaly). 
Øóíëóêäà, Êîøè ôîðìóëàñûíû áåðëåí ôóíêöèéàëàðà óëàíûï áîëéàíäûð. 

                       
)1()4(
)1()4(

gg
ff

−
−

 = 
)('
)('

ξ
ξ

g
f

 

éà-äà  

                  
20143

22
927
211

2 +−
−

=
−
−

ξξ
ξ

,  (1 < ξ  < 4) 

äåÿëåìúíè ÷üçþï òàïàðûñ 1 22, 4.ξ ξ= =  Øóíëóêäà, (3)  ôîðìóëàíû 

êàíàãàòëàíäûðéàí éåêå-òúê  2ξ =   íîêàò áàðäûð. 

1004. 08153 5 =−+ xx  äåÿëåìúíèÿ éåêå-òúê õàêûêû êüêþíèÿ 
áàðäûãûíû ñóáóò ýòìåëè. 

×üçþëèøè. Äåÿëåìúíèÿ  èÿ áîëìàíäà áèð êüêþíèÿ áàðëûãû  
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5( ) 3 15 8f x x x= + −  êüïàãçàíûÿ òúê äåðåùåëè êüïàãçàëûãûíäàí ãåëèï 
÷ûêéàð. Deªlem­niª hakyky küêþíèÿ éåêå-òúêëèãèíè òåðñèíäåí ñóáóò ýäåëèÿ. 
Ãîé, äåÿëåìúíèÿ 1 2х x<  èêè êüêè áàð äèéåëèÿ. Îíäà 5( ) 3 15 8f x x x= + −   

ôóíêñèéà [ ]1 2,x x  êåñèìäå Ðîëë òåîðåìàñûíûÿ úõëè øåðòëåèíè 

êàíàãàòëàíäûðéàíäûð. Îë þçíþêñèç áîëóï, ÷åòêè íîêàòëàðäà íoëà 
üâðþëéúíäèð âå õåð áèð íîêàòäà üíþìå åéåäèð. Îíäà 1 2х xξ< <  íîêàòäà 

( ) 0f ξ′ = . Åììà 4( ) 15( 1) 0f x x′ = + > . Áó áîëñà áåðëåí äåÿëåìúíèÿ éåêå-
òúê êüêþíèÿ áàðäûãûíû ãüðêåçéúð. 

1005. [ ]1, 4−  êåñèìäå 52)( 2 +−= xxxf  ôóíêñèéà þ÷èí Ëàãðàíæ 

òåîðåìàñûíû áàðëamaly. 
×üçþëèøè. 
           ,8521)1( =++=−f 135816)4( =+−=f , 

(4) ( 1) ( ) 2 2,
4 ( 1)

f f f c c− − ′= = −
− −

 1 2 2c= − , 
3
2

c = ,   ⎟
⎠
⎞

⎜
⎝
⎛ <<− 4

2
31 . 

1006.  =)(xf xln  ôóíêñèéà [ ]e,1  êåñèìäå Ëàãðàíæ ôîðìóëàñûíû 
óëàíìàëû âå ξ -nèÿ äåãèøëè áàõàñûíû òàïìàëû. 

1007. Àøàêäàêû ôóíêñèéàëàðûÿ degi¦li aralyklarda Ðîëë òåîðåìàñûíûÿ 
øåðòëåðèíè êàíàãàòëàíäûðéàíëûãûíû áàðëàìàëû:  

      à) f ( х) 3 2x= , [ ]1,1−  kesimde; 

      á) xxf sinln)( = ,  ⎥⎦
⎤

⎢⎣
⎡

6
5,

6
ππ

 êåñèìäå. 

1008. xexf =)(  âå 2

2

1
)(

õ
õxg
+

=   ôóíêñèéàlarûÿ [ ]3,3−  êåñèìäå 

Êîøè òåîðåìàñûíûÿ øåðòëåðèíè êàíàãàòëàíäûðéàídûãûíû áàðëàìàëû 

1009. ⎥⎦
⎤

⎢⎣
⎡−

2
,

2
ππ

 êåñèìäå xxf cos)( =  âå 3)( xx =ϕ  ôóíêñèéàëàð ¬÷in 

Êîøè òåîðåìàñûíû áàðëàìàëû. 

1010. ⎥⎦
⎤

⎢⎣
⎡ 2,
2
1

 êåñèìäå 
x

xxf 1)( +=  ôóíêñèéàíûÿ Ëàãðàíæ 

òåîðåìàñûíûÿ øåðòëåðèíè êàíàãàòëàíäûðéàídûãûíû áàðëàìàëû âå ξ -íèÿ 
äåãèøëè áàõàñûíû òàïìàëû. 

1011. ⎥⎦
⎤

⎢⎣
⎡

2
,0 π

 êåñèìäå xxf cos)( =  âå xx sin)( =ϕ  ôóíêñèéàëàðûÿ 

Êîøè òåîðåìàñûíûÿ øåðòëåðèíè êàíàãàòëàíäûðéàídûãûíû áàðëàìàëû âå ξ -nèÿ 
äåãèøëè áàõàëàðûíû òàïìàëû. 
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1012. Eger )3)(2)(1()( +++= xxxxxf  áîëña, oíäà 0)( =′ xf  
äåÿëåìúíèÿ þ÷ õàêûêû êüêèíèÿ áàðëaãûíû ãüðêåçìåëè. 

1013. ( ) tgf x x=  ôóíêñèéà þ÷èí [ ]π,0  êåñèìäå Ðîëë òåîðåìàñûíûÿ 
øåðòëåðèíè áàðëàìàëû. 

1014. Ëàãðàíæ òåîðåìàñûíû óëàíûï ξcossin)sin( hxhx =−+ , 

( )hxx +<<ξ    ôîðìóëàíû ñóáóò åòìåëè. 

1015. [ ]2,1  êåñèìäå 2)( 2 += xxf  âå 1)( 3 −= xxg  ôóíêñèéàëàðûÿ Êîøè 
òåîðåìàñûíûÿ øåðòëåðèíè êàíàãàòëàíäûðéàídûãûíû áàðëàìàëû âå  ξ -nèÿ 
äåãèøëè áàõàñûíû òàïìàëû. 

                
¸ 2. Òåéëîð ôîðìóëàñû 

 
Eger ( )f x funksiýanyň a  nokadyª k­bir etrapynda n +1 tertipli 

«n¬mi bar bolsa, onda etraba degişli islendik ax ≠  üçin a we x 
nokatlaryň arasynda şeýle ñ nokat tapylyp,  

           
( )

0

( )( ) ( ) ( )
!

kn
k

n
k

f af x x a r x
k=

= − +∑ , 

formula dogrudyr. Bu ýerde 

               
( 1)

1( )(x) ( ) .
( 1)!

n
n

n
f cr x a
n

+
+= −

+
 

 0a =  bolanda Teélor formulasyndan alynéan 
=)(xf (0) (0)f f x′+ + 2 3(0) (0) ...

2! 3!
f fx x
′′ ′′′

+ +

( 1) ( )
1(0) ( ) ,

( 1)! !

n n
n nf fx x

n n
ξ−

−+ +
−  
                    (ξ =θ х,  0 1θ< < ) 

formula Makloren formulasy diéilé­r.  
1016. 3 2( ) 2 3 5f x x x x= − + +   ê«ïàãçàíû 2х−  tapawudyª derejeleri 

boéun÷a äàãûòìàëû. 
×«ç¬ëèøè. 2( ) 3 4 3f x x x′ = − + ,  ( ) 6 4f x x′′ = − ,  

            ( ) 6f x′′′ = ,   4n ≥   áîëñà   ( ) ( ) 0nf x = .      
Îíäà  (2) 11, (2) 7, (2) 8, ( ) 6.f f f f x′ ′′ ′′′= = = =  

Øóíëóêäà, 

=++− 532 23 xxx +−+ )2(711 x
3

28 ( 2)( 2) 6
2! 3!

хх −
− +  
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éà-äà 
=++− 532 23 xxx +−+ )2(711 x 2 34( 2) ( 2) .х х− + −  

1017.  3221)( xxxxf +−+=  ê«ïàãçàíû 1х−  tapawudyª derejelerine 
ã«ðú Òåéëîð formulasy boéun÷a dagytmaly. 

×«ç¬ëèøè. Áåðëåí ôóíêöèéàäàí ¬÷ ãåçåê ûçûãèäåðëè «í¬ì àëàëûª: 
        ,322)( 2xxxf +−=′  ,62)( xxf +−=′′  6)( =′′′ xf . 
Èíäè áó äåÿëèêëåðäå 1х=  ãîéóï òàïàðûñ  ,31121)1( =+−+=f         
        ,3322)1( =+−=′f  ,4)1( =′′f  6)1( =′′′f    

Îíäà àëàðûñ: 2 3 2 31 2 3 3( 1) 2( 1) ( 1) .x x x x x x+ − + = + − + − + −  

1018. xexf =)(  ôóíêöèéàíû 1х+  aªlatmanyª derejeleri boéun÷a 

( )31+x  àãçàíû ñàêëàéàí ãîøóëû©à  ÷åíëè Òåéëîð ôîðìóëàñû áîéóí÷à 
äàãûòìàëû. 

×«ç¬ëèøè.  n∀  ¬÷èí 

               xn exf =)()( , 
e

f n 1)1()( =− . 

Îíäà 

          
2 3 41 1 ( 1) 1 ( 1) 1 ( 1)( 1)

2! 3! 4!
x х х хe х е

е е е е
ξ+ + +

= + + + + + , 

 
Áó éåðäå 1 ( 1) ,хξ θ= − + +  10 <<θ . 
1019. xxf sin)( =  ôóíêöèéàíû 0х=  íîêàäûª ýòðàáûíäà Òåéëîð 

ôîðìóëàñû áîéóí÷à äàãûòìàëû. 
×«ç¬ëèøè. Ôóíêöèéà ¬çí¬êñèçäèð âå ýðêèí äåðå©åëè üí¬ìëåðå ýéåäèð. 

Òåéëîð ôîðìóëàñûíäàêû 
( ) (0)

!

n

n
fа

n
=  êîýôôèöèéåíòëåðè òàïàëûª: 

                   ( ) ( ) sin( ).
2

nf x x nπ= +                   

áó éåðäå   

                   ).
2

0(sin)0()( πnf n +=  

Îíäà ýãåð 2 ( 0,1,...)n k k= =  ©¬á¬ò áîëñà 0sin)0()2( == πkf k . 
Øîíóª ¬÷in Òåéëîð ôîðìóëàñûíäà áó ôóíêöèéà ¬÷èí ©¬á¬ò áåëãèëè àãçàëàð 
éîêäóð. Ýãåð í ò­ê ñàí áîëñà, éàãíû 2 1 ( 1,2,3,...).n k k= − =  Onda       

                 .)1(
2

12sin)0( 1)12( −− −=
−

= kk kf π  
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   Áó áîëñà ò­ê áåëãèëè àãçàëàðûÿ àëàìàòëàðûíûª ãåçåêëåøèï 
÷àëûøéàíäûãûíû ã«ðêåçé­ð 

                1 1,а = 3 5 7
1 1 1, , , ...
3! 5! 7!

а а а= − = = −  

Øóíëóêäà, 

3 5 7 2 1 2
1sin ... ( 1) ( 1) sin ,

3! 5! 7! (2 1)! (2 )!

k k
k kx x x x xx x

k k
ξ

−
−= − + − + + − + −

−    

Øó éåðäå  θξ = x ,  10 <<θ . 

1020. f ( х) )1ln( x+=  ôóíêñèéàíû Ìàêëîðåí ôîðìóëàñû áîéóí÷à 
äàãûòìàëû. 

×«ç¬ëèøè. 01ln)0( ==f . Áåëëè áîëøû éàëû 

f =)()( xn 1 ( 1)!( 1)
(1 )

n
n

n
х

− −
−

+  

âå 
                 f =)0()(n 1( 1) ( 1)!n n−− − .  
Îíäà àëàðûñ 

        
2 3 9

1 1( 1)ln(1 ) ... ... ( 1) ,
2 3 9 ( 1)

n n
n nx x x xx x

n n
ξ− +−

+ = − + − + − + − +
+

   

                  xξ θ= ,  0 1θ< < .  
1021. 0,0001 takyklykda e  ñàíûª éàêûíëàøàí áàõàñûíû õàñàïëàìàëû. 

×«ç¬ëèøè. 0 1θ< <  âå 32 << e  áîëàíû ¬÷èí 
30

! !
е
n n

θ

< <  âå 

8! 30000.>  Îíäà  8=n  ãîéóï, àëéàðûñ  

                
3 3 1 0,0001.

8! 8! 30000 10000
еθ

< < = =  

Dèéìåê, 

              .
!!

)
)!1(

1...
!2

111(
nn

e
n

e εθ

<=
+

++++−  

Øóíëóêäà, éàëÿûøû 0,0001-äåí óëû áîëìàäûê e  ñàíûª êåìè áèëåí 
éàêûíëàøàí áàõàñû àøàêäàêû ã«ðí¬øäåäèð: 

               
!7

1...
!2

12 +++≈e     éà-äà  2,7182.e =  
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1022. 0,000004− takyklykda xxf sin)( =  ôóíêöèéàíûª O10х=  

áîëàíäàêû éàêûíëàøàí  áàõàñûíû õàñàïëàìàëû.   
×«ç¬ëèøè. Èëêè áèëåí ãðàäóñ «ë÷åãèíè äóãà «ë÷åãèíå ãå÷èðåëèÿ. 

    17,0
18

10
360
2

==⋅
ππ

  âå ( ) ( ) sin
2

nf x x nπ⎛ ⎞= +⎜ ⎟
⎝ ⎠

 áîëàíû ¬÷èí 

(0) 0f = ,  (0) 1f ′ ≈ ,  (0) 1f ′′′ = − ,  0)0( =′′f , 0)0()( =IVf  ñàíëàð øó 
òåðòèïäå ãàéòàëàíûï äóðéàíäûðëàð. Øîªà ã«ðúäå Ìàêëîðåíèª ôîðìóëàñûíäà 
éåðèíå ãîéóï àëàðûñ (1019 ìûñàëà ñåðåò): 

    
3 5 7 2 1 2 1

1sin ... ( 1) sin (2 1) .
3! 5! 7! (2 1)! (2 1)! 2

n n
nx x x x xx x x n

n n
πθ

− −
− ⎛ ⎞= − + − + + − + + +⎜ ⎟− + ⎝ ⎠

              

Áó éåðäå sin (2 1) 1
2

x n πθ⎛ ⎞+ + <⎜ ⎟
⎝ ⎠

 áîëàíû ¬÷èí àøàêäàêû äåªñèçëèê 

äîãðóäûð: 

    ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−++−+−−
−

−

)!12(
)1(...

!7!5!3
sin

12
1

753

n
xxxxxx

n
n .

)!12(

12

+
≤

+

n
x n

 

Òàëàï ýäèëé­í òàêûêëûê ¬÷èí 2=n  äèéèï òàïàðûñ: 

           
31sin

18 18 6 18
π π π⎛ ⎞⎛ ⎞− −⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

5

5(0,2)18
5! 5!

π⎛ ⎞
⎜ ⎟
⎝ ⎠≤ <  

(áó éåðäå ...17,0
18

=
π

   drobuª éåðèíå 0,2  àëíàíäûð) , éà-äà 

        
3 5

61 1 2sin 4 10 0,000004.
18 18 6 18 120 10
π π π −

⎛ ⎞⎛ ⎞ ⎛ ⎞− − < < ⋅ =⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
 

Ã«ðêåçèëåí òàêûêëûê áîéóí÷à òàïàðûñ: 

               .000886,0
186

1,174533,0
18

3

=⎟
⎠
⎞

⎜
⎝
⎛=
ππ

  

Òàïûëàíëàðû éåðèíå ãîéóï àëàðûñ: 

                     sin 0,173647.
18
π

=  

Øóíëóêäà, òàïûëàí éàêûíëàøàí áàõàíûª éàëªûøû 0,000004-äåí óëû 
ä­ëäèð. 
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1023. 
!4!2

1cos
42 xxx +−≈  éàêûíëàøàí ôîðìóëàäà x àðãóìåíòèª õàéñû 

áàõàëàðûíäà éàëªûøëûê 0,00005-äåí óëû ä­ëäèð? 
×«ç¬ëèøè. cos x  ôóíêöèéàíûª Òåéëîð ôîðìóëàñû áîéóí÷à äàãûòìàñûíûª 

4-nùè àãçà ÷åíëèñè áèëåí ÷­êëåíåëèª 

          
2 4 6

1 cos , 0 1.
2! 4! 6!
x x xсos x xθ θ≈ − + − < <  

Ã«ðíóøè éàëû, áó ìåñåëúíè ÷«çìåê ¬÷èí 00005,0
!6

)(
6

<≤
x

xrn  

äåªñèçëèãè ÷«çìåê éåòåðëèêäèð. Áó éåðäåí 575,0<x  àëûíéàð. 

1024. 
26

50

sin 1
lim
х

x x x
x→

− −
 ïðåäåëè òàïìàëû. 

×«ç¬ëèøè. Áó ïðåäåëè òàïìàê ¬÷èí ãàëûíäû àãçàíû Ïýàíîíûÿ 
ôîðìàñûíäà àªëàäûëàí Òåéëîðûª àøàêäàêû ôîðìóëàëàðûíäàí ïåéäàëàíàëûª: 

       
3 5 7 2 1

1 2 1sin ... ( 1) ( ).
3! 5! 7! (2 1)!

n
n nx x x xx x o x

n

−
− += − + − + + − +

−
 

2( 1) ( 1)...( 1)(1 ) 1 ... ( ).
2! !

m n nm m m m m nx m x x x o x
n

− − − +
+ = + + + + +      

Bu éerde ( )no x  bilen 0→x  bolanda nx  g«r­ t¬ken¬ksiz ki÷i funk-
siéa belgilenendir.  

                
3 5

5sin ( ).
3! 5!
x xx x o x= − + +  

1
2 2 2 4 4 3 5 56 6 1 5 1 51 (1 ) (1 ( )) ( ) ,

6 72 6 72
x x x x x x x o x x x x o x− = − = − − + = − − +

                 2 5 56 7sin 1 ( ).
90

x x x x o x− − = +  

 Øîíóª ¬÷èí  

5 5
6 2

5 50 0

7 ( )sin 1 790lim lim
90x x

x o xx x x
x x→ →

+− −
= = . 

1025. Ïðåäåëè òàïìàëû.  

.
cos11

lim 4

2

0 x
xx

x

+−
→
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×«ç¬ëèøè. Ñàíàâ©ûäàêû ôóíêöèéàëàðûª Òåéëîð ôîðìóëàñû áîéóí÷à 
äàãûòìàñûíûª 4 àãçàñûíà ÷åíëèñè áèëåí ÷­êëåíåëèª: 

1
2 2 2

4 400

1 1 cos 1 (1 ) coslim lim
xx

x x x x
x x→→

− + − +
= =  

= 

2 4
2 4 4 5

40

1 (1/ 2) ( 1/ 2)1 1 ( ) 1 ( )
2 2 2 24

lim
x

x xx x o x o x

x→

⎡ ⎤⋅ −⎡ ⎤− + + + − + +⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦ =  

=

4 4 4 4
4

4 40 0

1 1 1 ( ) 1 ( ) 14 8 24lim lim .
3 3x x

x x x o x o x
x x→ →

+ − + ⎡ ⎤
= + =⎢ ⎥

⎣ ⎦
 

1026. 122)( 2345 −+−+−= xxxxxxf  ê«ïàãçàíû 1−x  ikiagzanyª 
derejelerine ã«ðú Òåéëîð ôîðìóëàñû áîéóí÷à äàãûòìàëû. 

1027. 0,000001 takyklykda xxf cos)( =  ôóíêöèéàíûª o5=x  áîëàíäàêû 
éàêûíëàøàí áàõàñûíû õàñàïëàìàëû. 

1028. 510−  òàêûêëûê áèëåí osin 20  aªlatmanûÿ éàêûíëàøàí áàõàñûíû 
õàñàïëàìàëû. 

1029. 4 5( ) 2 7 4P x x x x= − + −  ê«ðàãçàíû 1x −  ikiagzanyª derejelerine 
ã«ð­ Òåéëîð  ôîðìóëàñû áîéóí÷à äàãûòìàëû. 

1030. 2 2( ) ( 2 3)P x x x= − +  ê«ïàãçàíû x -yÿ äåðå©åleri áîéóí÷à 
äàãûòìàëû. 

1031. xxexf =)(  ôóíêöèéàíû Ìàêëîðåí ôîðìóëàñû áîéóí÷à äàãûòìàëû. 

1032. xxf 2sin)( =  ôóíêöèéàíû Ìàêëîðåí ôîðìóëàñû áîéóí÷à  
äàãûòìàëû. 

1033. 0,01 takyklykda 
2
3
 ñàíûª éàêûíëàøàí áàõàñûíû õàñàïëàìàëû. 

1034. 
!4

1
!3

1
!2

12 +++≈e  ôîðìóëàíûª òàêûêëûãûíû àíûêëàìàëû. 

 Predelleri tapmaly:      

1035. 
3

20

1 3 1 2
lim .
x

x x
x→

+ − +
           1036. 20

2lim .
x x

x

e e
x

−

→

+ −
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¸ 3. Ëîïèòàëyª ä¬çã¬íè 

Êúõàëàòëàðäà   ôóíêöèéàëàðûí   ïðåäåëëåðè   òàïûëàíäà   àðãóìåíòèª 
ûìòûëéàí áàõàñûíû ôóíêöèéà ãîéàíûìûçäà  0 / 0, / , 0 , ,∞ ∞ ⋅∞ ∞−∞         

0 00 , , 1∞∞  ã«ðí¬øëåðä­êè êåñãèòñèç àªëàòìàëàðû àëéàðûñ. Øó éàãäàéëàðäà 
ôóíêöèéàíûª ïðåäåëèíè òàïìàêëûãà êåñãèòñèçëèãèª à÷ûëûøû äèéèëé­ð.  

1. 0/0 we ∞ ∞/  g«rn¬¦d­ki kegitsizlikleriª a÷yly¦y. 
Lopitalyª birinji d¬zg¬ni. Eger ( , )a b  aralykda kegitlenen we dif-

ferensirlené­n f  we g  funksiéalar  

1. ;0)(lim)(lim ==
→→

xgxf
axax

 

2. ),( bax∈∀  ¬÷in ;0)( ≠′ xg  

3. k
xg
xf

ax
=

′
′

→ )(
)(lim  predel bar. 

¦ertleri kanagatlandyréan bolsalar, onda 
)(
)(lim

xg
xf

 predel hem bardyr we        

                  
)(
)(lim

)(
)(lim

xg
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1040. Ëîïèòàë ä¬çã¬íèíè óëàíûï 
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Áèðèí©è ê«ïåëäè©èíè õàñàïëàìàê àªñàòäûð, èêèí©è ê«ïåëäè©è áîëñà 0 / 0 
ã«ðí¬øä­êè êåñãèòñèçëèêäèð. Îíóª ïðåäåëèíè Ëîïèòàëyª ä¬çã¬íè áîéóí÷à 
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1042. Ïðåäåëè òàïìàëû: 

           

2
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x
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−

+
. 

×«ç¬ëèøè. Bu éerde áó 0/0  ãüðíþøäúêè êåñãèòñèçëèê alynéar. Ãüðíþøè 
éàëû lopitalûÿ øåðòëåðè éåðèíå éåòé­íäèð. Øîíóª ¬÷èí 
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Øóíëóêäà, «í¬ìëåðèª ãàòíàøûãûíûª ïðåäåëè ∞ äåªäèð. Øîíóª ¬÷èí 
ïðåäåë õåì ∞ äåªäèð. 
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×«ç¬ëèøè.  Áó éåðäå ∞−∞ ã«ðí¬øä­êè êåñãèòñèçëèê àëûíéàð. Îíû 
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1057. Ïðåäåëè òàïìàëû: 
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3.  ∞∞0 00 , , 1  ã«ðí¬øä­êè êåñãèòñèçëèêëåðiª a÷yly¦y. 

Ãîé, )()]([ xxfy ϕ=  àªëàòìà x  àðãóìåíòèª a  äåª áîëàí õóñóñû 

áàõàñûíäà 0 00 , , 1∞∞  êåñãèòñèçëèêëåðèª áèð ã«ðí¬øèíè êàáóë ýäé­ð äèéåëèª. 
Îíäà áåðëåí ôóíêöèéàíû ëîãàðèôìèðëåìåê àðêàëû ln ( ) ln ( )y x f xϕ= ⋅  
ã«ðí¬øå ãåòèðìåê áîëàð. 

Áó áîëñà îçàë ñåðåäèëåí 0 ⋅∞  ã«ðí¬øä­êè êåñãèòñèçëèêäèð. Øîªà ã«ð­-äå, 
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1071. Ïðåäåëè òàïìàëû:       

         .1lim
sin

0

x

x x
⎟
⎠
⎞

⎜
⎝
⎛

→
 

×«ç¬ëèøè. Áó éerde 0∞   ã«ðí¬øä­êè  êåñãèòñèçëèêäèð. Ãîé 

     
x

x
y

sin1
⎟
⎠
⎞

⎜
⎝
⎛=   áîëñóí. Îíäà 

x
xy 1lnsinln ⋅=  we  

      

.0
cos

sinlim

sin
cos

1

lim

sin
1
lnlim1lnsinlimlnlim

2

0

2

0000
==

−

−
=

−
=⋅=

→→→→→ xx
x

x
x

x

x

x
x

xy
xxxxx

 

Øóíëóêäà,  .1lim 0

0
==

→
ey

x
    

     



262 
 

1072. Ïðåäåëè òàïìàëû. 
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− →→→→ x

x
x

x
x

x
xxxx

 

Øîíóª ýñàñûíäà 

.limlim 11
lnlim

1
ln

1
1

1

1
1 eeeex x

x
x

x

x
x

x
x ==== −−

→

−

→

→  

1074. Ïðåäåëè òàïìàëû: 

           .coslim
2

0

xctg

x
x

→
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×«ç¬ëèøè. Áó 1∞  ã«ðí¬øä­êè êåñãèòñèçëèêäèð. 
22

2 20 00

ln coslim cos limlim (ctg ln cos )
sin

0
lim cos x xx

xxx xctg x x
x

x e e → →→
⋅⋅

→
= = =

.2
1

cossin2

sin
cos

1

lim)(sin
)cos(lnlim1

0
20 −

⋅

⋅−

′
′

⋅

== →→ eee xx

x
x

x
x

xx

 
1075. Ïðåäåëè òàïìàëû: 

          .sinlim
2

1

0

x

x x
x
⎟
⎠
⎞

⎜
⎝
⎛

→
 

×«ç¬ëèøè. 

    20 0 0

sinsinln sinlim ln lim lim
2x x x

x xx
x xxy

x x→ → →

′
⎛ ⎞⋅⎜ ⎟
⎝ ⎠= = =  

2

2 20 0 0

cos sin
cos sin cos sin cossinlim lim lim

2 2 sin 4 sin 2 cosx x x

x x x x
x x x x x x xx x

x x x x x x x→ → →

−
⋅ − − −

= = = =
+

 

0

sin
1 1lim .sin 4 2 64 2cos

x

x
x

x x
x

→

−
= = − = −

++
 

Dèéìåê, 
2

1
1
6

0

sinlim .
x

x

x e
x

−

→

⎛ ⎞ =⎜ ⎟
⎝ ⎠

 

Ïðåäåëlerè òàïìàëû:  
1076. ln

1
lim(1 ) .x

x
x

→ −
−           1077. tg

0
lim .x

x
x

→ +
 

1078. 
cos

2
1

lim(1 ) .
x

x
x

π

→
−          1079. 

1

lim .x
x

x
→+∞

 

1080. 
1

lnlim (1 ) .x
x

x
→+∞

−            1081. 
1

0
lim[ln( )] .x
x

x e
→ +

+  

1082. 
2
1

2 tg

0
lim(1 sin ) .x

x
x

→
−         1083. 

1
sin

0

5lim .
2 9

x

x x→

⎛ ⎞
⎜ ⎟+ +⎝ ⎠

 

1084. 
tg

2
lim 2 .

x
a

x a

x
a

π

→

⎛ ⎞−⎜ ⎟
⎝ ⎠

         1085. 
2

0
lim (cos ) .

n
x

x
m x

→
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IX ÁÜËÞÌ 

ÄÈÔÔÅÐÅÍÖÈÀË ÕÀÑÀÏËÀÌÀLARÛß ÔÓÍÊÖÈÉÀÍÛ  

ÄÅÐßÅÌÅÊÄÅ ÓËÀÍÛËÛØÛ 

¸ 1. Funksiéanyª birsydyrgynlyk ny¦anlary  

Eger a  nokadyª k­bir etrabynda kesgitlenen f  funksiéa ¬÷in 0δ >  

tapylyp, δ<Δx  bolanda funksiéanyª a  nokatdaky ( ) ( )f f a x f aΔ = + Δ −  

artdyrmasy ¬÷in 
x
f o∂
>

∂
  0f

x
Δ⎛ ⎞<⎜ ⎟Δ⎝ ⎠

 bolsa, onda f  funksiéa a  nokatda 

artéan (kemelé­n) funksié­ diéilé­r.  
 1-nji teorema. Eger f  funksiéa a  nokatda differensirlené­n bolup, 

( )0)(0)( <′>′ afaf  bolsa, onda ol funksiéa a  nokatda artéar 
(kemelé­r). 

 2-nji teorema. ),( ba  aralykda differensirlené­n f  funksiéanyª ¦ol 
aralykda kemelmeé­n (artmaéan) bolmagy ¬÷in ( , )a b  aralykda 

( )0)(,0)( ≤′≥′ afaf  bolmagy zerur we éeterlikdir.     

 2. Funksiéanyª ekstremumy. Ãîé )(xf  ôóíêöèéà 0xx =  íîêàäû üç 
è÷èíå àëéàí êåñèìäå êåñãèòëåíèïäèð äèéåëèª. Îíäà 

1) Ýãåð ê­áèð 0>δ  ñàí ¬÷èí δ<Δx  äåªñèçëèãè êàíàãàòëàíäûðéàí 

õåììå xΔ − ëåð ¬÷èí 0)()( 00 <−Δ+ xfxxf  äåªñèçëèê éåðèíå éåòñå, îíäà 

0xx =  íîêàäà )(xf  ôóíêöèéàíûª ìàêñèìóì íîêàäû äèéèëé­ð.  

2) Ýãåð ê­áèð 0>δ  ñàí ó÷èí δ<Δx  äåíñèçëèãè êàíàãàòëàíäûðéàí 

õåììå −Δx ëåð þ÷èí 0)()( 00 >−Δ+ xfxxf  äåªñèçëèê éåðèíå éåòñå, 

îíäà 0xx =  íîêàäà )(xf  ôóíêöèéàíûª ìèíèìóì íîêàäû äèéèëé­ð. 

)(xf  ôóíêöèéàíûª ìàêñèìóì íîêàäûíäàêû áàõàñûíà )(xf  
ôóíêöèéàíûª ìàêñèìóìû, ìèíèìóì íîêàäûíäàêû áàõàñûíà áîëñà, 
ôóíêöèéàíûª ìèíèìóìû äèéèëé­ð. Ôóíêöèéàíûª ìàêñèìóì âå ìèíèìóì 
nokatlaryna onuª ýêñòðåìóì nokatlary äèéèëé­ð. 

Ýêñòðåìóìy òàïìàêëûãûÿ birií©è ä¬çã¬íè. )(xf  ôóíêöèéàíûª 
ekstremumyny òàïìàê ¬÷èí øîë ôóíêöèéàíûª «í¬ìèíè òàïûï, íoëà 
äåªëåìåëè. Ñîªðà, 0)( =′ xf  äåªëåì­íèª ê«êëåðè âå ôóíêöèéàíûª «í¬ìèíèª 
éok íîêàòëàðû òàïyléàr. Øîë íîêàòëàðûª õåììåñè )(xf  ôóíêöèéàíûª kritiki 

íîêàòëàðû áîëéàð. Ýãåð x  àðãóìåíò 0x  íîêàòäàí ãå÷åíäå ( )f x′  
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àëàìàòûíû go¦makdan aéyrmaga þéòãåòñå, îíäà áåðëåí )(xf  ôóíêöèéà 
kritiki íîêàòäà ìàêñèìóìà ýéåäèð, ýãåð )(xf ′  àëàìàòûíû aéyrmakdan 
go¦maga ¬éòãåòñå, îíäà )(xf  øîë kritiki íîêàòäà ìèíèìóìà ýéåäèð. Ýãåð 

x  àðãóìåíò 0x  íîêàòäàí ãå÷åíäå )(xf ′  àëàìàòûíû ¬éòãåòìåñå, îíäà  

øîë kritiki íîêàòäà )(xf  ôóíêöèéàíûª ýêñòðåìóìû éîêäóð. 

Ýêñòðåìóì òàïìàãûª ikií©è ä¬çã¬íè. Goé, 0x  íîêàòäà ( )f x  

ôóíêöèéàíûª èêèí©è òåðòèïëè «í¬ìè áàð áîëóï, ,0)( 0 =′ xf  0)( 0 ≠′′ xf  

áîëñun. Oíäà 0( ) 0f x′′ <  áîëàíäà 0x  nokat funskiéanyª ìàêñèìum 

0)( 0 >′′ xf  áîëàíäà bolsa ìèíèìóì nokadydyr. 

Ýêñòðåìóì òàïìàãûª ¬÷¬n©è ä¬çã¬íè. Goé, ( )f x  ôóíêöèéànyň 0x  
íîêàtäa −n í©è òåðòèïëè «í¬ìi bar bolup, 

,0)()()( 0
)1(

00 ===′′=′ − xfxfxf n… 0)( 0
)( ≠xf n  áîëñà, îíäà n  ò­ê ñàí 

áîëàíäà, )(xf  ôóíêöèéàíûª 0x  íîêàòäà ýêñòðåìóìû éîêäóð, ýãåð n  

©¬á¬ò ñàí áîëóï 0)( 0
)( <xf n  áîëñà, îíäà )(xf  ôóíêöèéà 0x  íîêàòäà 

ìàêñèìóìà, ýãåð-äå 0)( 0
)( >xf n  áîëñà, îíäà )(xf  ôóíêöèéà øîë íîêàòäà 

ìèíèìóìà ýéåäèð. 

1086. 35

3
1

5
1 xxy −=  ôóíêöèéàíûª àðòéàí we êåìåëé­í àðàëûêëàðûíû 

òàïìàëû. 
×«ç¬ëèøè. Ôóíêöèéàíûª «í¬ìèíè òàïàëûª: 
                        24 xxy −=′ . 

024 =− xx  äåªëåìúíè ÷«ç¬ï, üí¬ìèª íoëà üâð¬ëé­í íîêàòëàðûíû 
òàïéàðûñ: 1,0,1 321 ==−= xxx . Áåëëè áîëøû éàëû y′  «í¬ì àëàìàòûíû 
äèªå øó íîêàòëàðäàí ãå÷åíäå é¬òãåäèï áèëåð. Øóíëóêäà, áèç àøàêäàêû 
àðàëûêëàðû àëäûê: )1,0(),0,1(),1,( −−−∞  âå ),1( ∞+ . Ýãåð 2−=x  áîëñà, 

012)2( >=−′y  âå  ôóíêöèéà )1,( −−∞  àðàëûêäà àðòéàíäûð. Ýãåð 
2
1

−=x  

áîëñà 0<′y . Øåéëå õåì )1,1(−  àðàëûêäà 0<′y . Äèéìåê, )1,1(−  àðàëûêäà 
ôóíêöèéà êåìåëèï, ),1( ∞+  àðàëûêäà áîëñà àðòéàð.  

1087. 241 xxy −−=  ôóíêöèéàíûª àðòéàí we êåìåëé­í àðàëûêëàðûíû 
òàïìàëû. 

×«ç¬ëèøè. ‹í¬ìè òàïàëûª: 4 2 ;y x′ = − −  042 =−− x  äåªëåìúíè ÷«ç¬ï 
òàïàðûñ: 2.x = −  Øóíëóêäà, áèç ),2(),2,( ∞−−−∞  àðàëûklarû àëäûê: 
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)2,( −−∞  àðàëûêäà 0)( >′ xf  âå ôóíêöèéà aréandyr, ),2( ∞−  aralykda 
bolsa, funksiya êåìåëé­r. 

1088. 52)( 2 +−= xxxf  ôóíêöèéàíûª àðòéàí we êåìåëé­í 
àðàëûêëàðûíû òàïìàëû. 

×«ç¬ëèøè. ‹í¬ìè òàïàëûª: 
                       )1(222)( −=−=′ xxxf .                 
Áó éåðäå 1=x  áîëàíäà, 0)1( =′f .  Øóíëóêäà,  ñàí îêóíäà )1,(−∞  

âå  ),1( ∞+  àðàëûêëàðû àëäûê. 1<<∞− x  áîëàíäà 0)( <′ xf  âå ( ,1)−∞   
àðàëûêäà ôóíêöèéà êåìåëé­íäèð. Ýãåð ∞<< x1  áîëñà,  0)( >′ xf      âå 
áåðëåí    ôóíêöèéà ),1( ∞+ àðàëûêäà àðòéàíäûð (42-í©è ÷yzgy). 

                          

                    
42-í©è ÷yzgy 

 
1089. 13 23 +−= xxy  ôóíêöèéàíûª àðòéàí âå êåìåëé­í àðàëûêëàðûíû 

òàïìàëû. 
×«ç¬ëèøè. ‹í¬ìè òàïàëûª: ,63 2 xxy −=′  063 2 =− xx  äåªëåì­íè 

÷«ç¬ï, 2,0 21 == xx  nokatlary taparys. 
Øóíëóêäà, áèç ),2(),2,0(),0,( ∞−∞  àðàëûêëàðû àëäûê. Ã«ðí¬øè éàëû 

)0,(−∞  àðàëûêäà, ),2( ∞  àðàëûêäà, y′ «í¬ì íoëäàí óëûäûð. Äèéìåê, øó 

àðàëûêëàðäà ôóíêöèéà àðòéàð. )2,0(  àðàëûêäà áîëñà, )(xf ′  ôóíêöèéà íoëäàí 
êè÷èäèð. Äèéìåê, áó àðàëûêäà ôóíêöèéà êåìåëé­ð. 

1090. 
2

1
+

=
x

y  ôóíêöèéàíûª àðòéàíëûãûíû éà-äà êåìåëé­íëèãèíè 

êåñãèòëåìåëè. 
×«ç¬ëèøè. 2−=x  íîêàò ¬z¬lme íîêàòäûð âå 2x ≠ −  áîëñà   

.0
)2(

1
2 <+

−=′
x

y  

Øóíëóêäà, ( )2, −∞− , ( )∞− ,2  àðàëûêlaräà ôóíêöèéà êåìåëé­r. 
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1091. 3 2 2( ) 3f x x x= −  ôóíêöèéàíûª àðòéàí âå êåìåëé­í àðàëûêëàðûíû 
òàïìàëû. 

 ×«ç¬ëèøè. Áó ôóíêöèéà ¬÷èí 

                     ,12)(
3

⎟
⎠

⎞
⎜
⎝

⎛
−=′ x

x
xf  

               0)( =′ xf  éà-äà .012
3

=⎟
⎠

⎞
⎜
⎝

⎛ − x
x

 

Áó äåªëåì­íè ÷«z¬p, onuň 1±=x  köklerini alarys. Îíäàí áàøãàäà 
0=x  íîêàòäà )(xf ′  «í¬ì ò¬êåíèêñèçëèãå äåªäèð. Øóíëóêäà, áèç 

)1,0(),0,1(),1,( −−−∞  âå ),1( ∞  àðàëûêëàðû àëäûê. )1,( −−∞ , )1,0(  

àðàëûêlaräà 0)( >′ xf  áîëéàíëûãû ¬÷èí ôóíêöèéà àðòéàð. )0,1(− , ( )∞,1  
àðàëûêlaräà 0)( <′ xf  áîëéàíëûãû ¬÷èí ôóíêöèéà êåìåëé­ð.  

Ôóíêöèéàlarûª êåìåëé­í âå àðòéàí àðàëûêëàðûíû òàïìàëû. 
1092. 21 6 .y x x= − −           1093. 3( 4) .y x= +  

1094. .
2

xy
x

=
−

              1095 2 .
6 16
xy

x x
=

− −
 

1096. ln .y x x=               1097. 
2 42 .x xy e −=  

1098. 11232 23 +−+= xxxy  ôóíêöèéàíûª )1,2(−  àðàëûêäà êåìåëé­í 
ôóíêöèéàäûãûíû ã«ðêåçìåëè. 

1099. 22 xxy −=   ôóíêöèéàíûª )1,0(  àðàëûêäà àðòéàídûãûíû, )2,1(  
àðàëûêäà áîëñà êåìåëéúíäèãèíè ã«ðêåçìåëè. 

1100. arctgy x x= −  ôóíêöèéàíûª êåìåëé­í ôóíêöèéàäûãûíû 
ã«ðêåçìåëè. 

1101. 
x

xy sin
=  ôóíêöèéàíûª ⎟

⎠
⎞

⎜
⎝
⎛

2
,0 π

 àðàëûêäà êåìåëé­íäèãèíè 

ã«ðêåçìåëè. 

1102. 3
2

3
1

)2()1( −−= xxy  ôóíêöèéàíûª ýêñòðåìóì íîêàòëàðûíû òàïìàëû. 
×«ç¬ëèøè. Ôóíêöèéàíûª «í¬ìèíè òàïàëûª: 

2 2 1 1
3 3 3 31 2( ) ( 1) ( 2) ( 1) ( 2)

3 3
f x x x x x

− −
′ = − − + − − = +

−

−

3
2

3
2

)1(3

)2(

x

x
     

   =
−−

−+−
=

−

−
+

3
1

3
2

3
1

)2()1(3

)1(2)2(

)2(3

)1(2
3
1

xx

xx

x

x ,
)2()1(3

43

3
1

3
2

−−

−

xx

x
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                     .
)2()1(

3
4

)(
3
1

3
2

−−

−
=′

xx

x
xf    

Áó éåðäåí òàïàðûñ: 2,1.0
3
4

===⎟
⎠
⎞

⎜
⎝
⎛′ xxf  íîêàòëàðäà áîëñà áåðëåí 

ôóíêöèéàíûª «í¬ìè éîêäóð. Äèéìåê, áåðëåí )(xf  ôóíêöèéà ¬÷èí 

2,
3
4,1 321 === xxx  íîêàòëàð kritiki íîêàòëàðäûð.    

Gîé,  0ε >  ýðêèí  êè÷è ñàí äèéåëèª. Îíäà ,0)1( >−′ εf (1 ) 0f ε′ + <
.      

Äèéìåê, 1x =  íîêàò ( )f x  ôóíêöèéànyª maksimum nokadydyr.  

.0
3
4,0

3
4

<⎟
⎠
⎞

⎜
⎝
⎛ +′>⎟

⎠
⎞

⎜
⎝
⎛ −′ εε ff  Äèéìåê, 

3
4

=x  íîêàòäà )(xf  ôóíêöèéà 

ìàêñèìóìà ýéåäèð. 

(2 ) 0, (2 ) 0.f fε ε′ ′− < + >   

Øóíëóêäà, 2=x  íîêàòäà ôóíêöèéà ìèíèìóìà ýéåäèð (43-í©è ÷yzgy). 
 

 
43-í©è ÷yzgy 

1103. Ôóíêöèéàíûª ýêñòðåìóì íîêàòëàðûíû òàïìàëû 
                        .22 += xy  
×«ç¬ëèøè. Ôóíêöèéàíûª «í¬ìèíè òàïûï íoëà äåªë­ï, kritiki íîêàäû 

òàïàðûñ:                                                      
0,2 ==′ xxy . ‹í¬ìèª àëàìàòûíû 0=x  íîêàäûª ÷åïèíäå âå 

ñàãûíäà áàðëàï ã«ðåëèª. Mûñàë ¬÷èí 02)1(2)1(,1 <−=−⋅=−′−= yx . 

Ã«ðí¬øè éàëû 0x =  íîêàòäàí ãå÷èëåíäå «í¬ì àëàìàòûíû „–“ dan „+“-a 
¬éòãådé­ð. Äèéìåê, 0=x   áîëàíäà ôóíêöèéà ìèíèìóìà ýéåäèð (44-í©i 
÷yzgy).       
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                 .2)0(,02)1( =>=′ yy        

 
44-í©i ÷yzgy 

1104. 132
3
1 23 ++−= xxxy  ôóíêöèéàíûª ýêñòðåìóìûíû òàïìàëû. 

×«ç¬ëèøè. Ôóíêöèéàíûª «í¬ìèíè íoëà äåªë­ï, kritiki íîêàòëàðû òàïàëûª: 
     3,1,034,34 21

22 ===+−+−=′ xxxxxxy  
y′ ôóíêöèéàíû «çãåðäèï éàçàëûª: )3)(1( −−=′ xxy . 

Ýãåð  1<x  áîëñà, ( 0), 0x y′= > .  Ýãåð-äå, 31 << x  áîëñà ),2( =x  
0<′y . Äèéìåê, 1=x  íîêàòäà ôóíêöèéà ìàêñèìóìà ýéåäèð. Øåéëå õåì, 

3>x  áîëñà 0),4( >′= yx . Äèéìåê, 3=x  íîêàòäà ôóíêöèéà ìèíèìóìà 
ýéåäèð. Îëàðû òàïûï ôóíêöèéàíûª òàêìûíû grafigini ãóðàëûª:  

1)3(,
3
7)1( == yy  (45-í©è ÷yzgy).                       

 
45-í©è ÷yzgy 

 1105. Ôóíêöèéàíûª ýêñòðåìóì íîêàòëàðûíû òàïìàëû. 
( 5) xy x e= − . 

×«ç¬ëèøè. =−+=−′+′−=′ )5()5()()5( xeexeexy xxxx ),4( −xex   

4,04,0,0)4( ==−≠=− xxexe xx . Ã«ðí¬øè éàëû )4,( ∞−  
àðàëûêäà «í¬ì íoëäàí êè÷è áîëóï, ),4( ∞  àðàëûêäà áîëñà íoëäàí óëûäûð. 
Äèéìåê, 4=x  ôóíêöèéànyª ìèíèìóì nokadydyr. 

 1106. Ôóíêöèéàíûª ýêñòðåìóìyny òàïìàëû.    

                  .)2(1 5 4−−= xy  
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×«ç¬ëèøè. 
1
5

5

4 4( 2) .
5 5 2

y x
x

−
′ = − − = −

−
 

‹í¬ì õè÷ áèð íîêàòäà íoëà «âð¬ëìåé­ð. Îë äèªå 2=x  íîêàòäà 
éîêäóð. Øîë õåì kritiki íîêàòäûð. Ã«ðí¬øè éàëû, )2,( ∞−  àðàëûêäà «í¬ì 
íoëäàí óëuäûð, ),2( ∞  àðàëûêäà áîëñà «í¬ì íoëäàí êè÷èäèð. Äèéìåê, 

2=x  íîêàòäà ìàêñèìóìà ýéåäèð. .1)2( max == yy  
1107. Ôóíêöèéàíûª ýêñòðåìóì íîêàòëàðûíû òàïìàëû. 
                   .cossin)( xxxf +=  

×«ç¬ëèøè. xxxf sincos)( −=′ ; 0sincos =− xx  äåªëåìúíè ÷«çåëèª:  

1 tg 0, tg 1,x x− = =  .
4
π

=x   Ýãåð 
4

x π
< , ìûñàë ¬÷èí 0=x  áîëñà 

010sin0cos)0( >=−=′f . Ýãåð 
4
π

>x , ìûñàë ¬÷èí 
4
π

=x  áîëñà 

1 3cos sin 0
3 3 3 2 2

f π π π⎛ ⎞′ = − = − <⎜ ⎟
⎝ ⎠

. Äèéìåê, 
4
π

=x  ôóíêöèéànyª 

ìàêñèìóì nokadydyr. 
1108. Ôóíêöèéàíûª ýêñòðåìóì íîêàòëàðûíû òàïìàëû. 
                       xxey = . 

1109. ‹ë÷åãëåðè 224 24 sm×  áîëàí êàãûç áåðëåí. Îíóª õåð áèð 
áóð÷óíäàí äåª êâàäðàòëàðû êåñèï àéðûï, îíóª ãûðàëàðûíû ýïèï, êàãûç 
ãàáûíû éàñàìàëû. Êåñèëåí êâàäðàòëàð í­õèëè óëóëûêäà áîëàíûíäà ãàáûª 
ê«ï ñûãûìëû áîëéàíäûãûíû êåñãèòëåìåëè. 

×«ç¬ëèøè. Ìåñåë­íèª øåðòèíå ã«ð­ .24,24 smADsmAB ==  
Êåñèëåí êâàäðàòûª òàðàïëàðûíû x  áèëåí áåëãèëúëèª (46-í©y ÷yzgy).  

 
46-njy ÷yzgy 

Îíäà éàñàëàí ãàáûª áåéèêëèãè x , ýñàñûíûª òàðàïëàðû áîëñà, 24 2 x−  
áîëàð. Ãàáûª ã«âð¬ìè 
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                        2)224()( xxxV −=  
äåí áîëàð. Ãàáûª ê«ï ñûãûìëû áîëìàãûíû êåñãèòëåìåê ¬÷èí, øó )(xV  
ôóíêöèéàíûª èª óëû áàõàñûíû òàïìàëû. 

Áó ìåñåë­íè ìàòåìàòèêàíûª äèëèíäå øåéëå àéòìàê áîëàð. 
)(xV  ôóíêöèéàíûª [ ]12,0   êåñèìäå èª óëû áàõàñûíû òàïìàëû. Îíóª 

«í¬ìèíè íoëà ä¨ªëúï àëàðûñ: 
               .4,12,0)624()224()( ===−−=′ xxxxxV    

Ã«ðí¬øè éàëû 4=x  íîêàò [ ]12,0  êåñèìèª è÷èíäå éåðëåøé­ð. 
ôóíêöèéàíûí   12,4,0 === xxx íîêàòëàðäàêû áàõàëàðûíû òàïàëûª:  

                  0)12(,1024)4(,0)0( === VVV . 
Øóíëóêäà, êåñèëåí ãàáûª êîï ñûãûìëû áîëìàãû ¬÷èí, kwadratyª 

òàðàïû 4 sm  áîëìàëû. 
1110. Ñóâàðûø êàíàëûíûª äåªéàíëû òðàïåöèéà ìåªçåø ôîðìàñû áàð 

áîëñóí. Îíóª êè÷è ýñàñû áîëñà ãàïäàë òàðàïëàðûíà äåª äèéåëèí. Îíäà ãàïäàë 
òàðàïëàðû í­õèëè éàïãûò áîëàíëàðûíäà êàíàëûª êåñèãè èª óëû  ñûãûìà ýéå 
áîëàð? 

×«ç¬ëèøè. Òðàïåöèéàíûª êè÷è ýñàñûíû x  áèëåí, ìåéäàíûíû S  âå 
éàïãûòëûê áóð÷óíû áîëñà  α   áèëåí áåëãèë­ëèª (47-í©i ÷yzgy). 

 
47-nji ÷yzgy 

Ìåñåë­íèª øåðòèíå ã«ðú, xBCADAB === . BCKΔ -dan òàïàðûñ:  

cos .BK x α=  Îíäà 2 cos .CD x x α= +  

Òðàïåöèéàíûª áåéèêëèãè .sinαxCK =  Òðàïåöèéàíûª ìåéäàíûíû 

õàñàïëàëûª: 

 αααα sin)cos1(sin
2

cos2
2

2 +=
++

=⋅
+

= xxxxxCK
DCAB

S    

( )S S α=  ìåéäàíûª èª óëû áàõàñûíû òàïìàê ¬÷èí, îíóª 0,
2
π⎛ ⎞

⎜ ⎟
⎝ ⎠

 

àðàëûêäàêû kritiki íîêàäûíû òàïìàëû âå øó ôóíêöèéàíûª øîë íîêàòëàðäàêû 
áàõàëàðûíû âå êåñèìèª u÷laðûíäàêû áàõàëàðûíû òàïìàëû. ‹í¬ìè òàïàëûª: 
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[ ]2 2 2( ) (1 cos ) sin (1 cos ) (sin ) (2cos cos 1).S x xα α α α α α α′ ′ ′= + + + = + −  

‹í¬ìè íoëà äåªë­ï, äåíëåì­íè ÷«çåëèª: 

         2
1 2

12cos cos 1 0, cos , cos 1.
2

α α α α+ − = = = −  

Áó éåðäåí, àëéàðûñ:  .2,2
3 21 ππαππα nn +=+±=  

Ã«ðí¬øè éàëû 
31
πα =  íîêàò ⎟

⎠
⎞

⎜
⎝
⎛

2
,0 π

 aralyga äåãèøëèäèð. 

         2 2
1

3 3( ) 1 cos sin , (0) 0.
3 3 3 4

S S x x Sπ π πα ⎛ ⎞ ⎛ ⎞= = + = =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

2.
2

S xπ⎛ ⎞ =⎜ ⎟
⎝ ⎠

 Òàïûëàíëàðû äåªåøäèðèï, ( )S α  ôóíêöèéàíûª 
3
πα =  

áîëàíäà èª óëû áàõàíû àëéàíäûãûíû ã«ðé­ðèñ. Øóíëóêäà, éàïãûòëûê áóð÷û 
060  áîëàíäà êàíàëûª êåñèãèíèª ñûãûìû èª óëuäûð. 
 1111. Suw gämisiniň áèð gije-g¬ndizde éàêéàí éàíãûùû èêè á«ëåêäåí 

ûáàðàò. Îíóª áèð á«ëåãè õåìèøåëèê a  áîëñà, áåéëåêè á«ëåãè òèçëèãèª êóáóíà 
ïðîïîðöèîíàë áîëóï àðòéàð. Suw g­misiniň éàíãû©û õàñ òûãøûòëû ñàðï ýäé­í 
òèçëèãèíè êåñãèòëåìåëè. 

 ×«ç¬ëèøè. Ìåñåë­íèª øåðòèíå ã«ðú, áèð ãèùå-ãþíäèçäå ñàðï ýäèëé­í 
éàíãû÷ 3a kϑ+ . ( −k ïðîïîðöèîíàëëûê êîýôôèöèéåíòè). Øåéëå õåì áèð gije-
gündizde g­mi  ϑ⋅24  óçàêëûãû ãå÷åð. Îíäà km1  àðàëûãû ãå÷ìåê ¬÷èí 

                     
ϑ
ϑ

24

3kaP +
=  

éàíãû÷ ñàðï ýäèëé­ð. Áàøëàíãû÷ òèçëèêäå bu ôóíêöèéà ¬zn¬ksiz d­ldir. Îë 
áèçè ãûçûêëàíäûðìàéàð. ‹í¬ìè òàïàëûª: 

                    
3

2

2 .
24
k aP ϑ
ϑ
−′ =  

0=′P  äåªëåìýíè ÷«ç¬ï, «í¬ìèª íoëà «âð¬ëé­í íîêàäûíû òàïàëûª:        

                 3 32 0, .
2
ak a
k

ϑ ϑ− = =  

Øó íîêàäûª ÷åïèíäå «í¬ìèª áàõàñû íoëäàí êè÷è, ñàãûíäà áîëñà 
íoëäàí óëûäûð Äèéìåê, P  ôóíêöèéà øó íîêàòäà ìèíèìóìà ýéåäèð. 

Øóíëóêäà, gäminiň õàñ àìàòëû òèçëèãè 3

2k
a

=ϑ  äåªäèð. 

A¦akdaky funksiéalaryª ekstremum nokatlaryny tapmaly.       
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1112. 2 46 .y x x= −           1113. 3 22 3 1.y x x= − +    

1114. 3 22 6 18 1.y x x x= − − +   1115. 3 3 23 8.y x x= − +  

1116. 
2

1 3 .
4 5

xy
x

+
=

+
      1117. ln(1 ).y x x= − +    

1118. 2ln(1 ).y x x= − +       1119. 2 23( 2 ) ln 4 .
2

y x x x x x= − ⋅ − +        

1120. 
2
3 1 .

3
y x

x
=

+
       1121. 

3

.
( 2)( 3)

xy
x x

=
− +

 

1122. Áåðëåí êîíóñûª è÷èíäåí èª óëû ã«âð¬ìëè öèëèíäð ÷ûçìàëû. 
1123. Ã«âð¬ìè 332m  áîëàí áàññåéíèª ä¬éá¬íèª ôîðìàñû êâàäðàò 

áîëñà, îíóª ä¬éá¬íè âå ãàïäàëëàðûíû ìåðìåðëåìåê ¬÷èí èª àç ìermer 
ãåðåê áîëàð éàëû îíóª «ë÷åãëåðèíè êåñãèòëåìåëè. 

1124. K«ïåëòìåê õàñûëû èª óëû baha eée áîëàð éàëû 100 sany èêè 
ñàíûª ©åìè ã«ðí¬øèíäå éàçìàëû. 

1125. Òîãàëàê àãà÷äàí çûÿûíäûñû àç áîëàð éàëû ýäèï äüðòãûðàí ïþðñ 
êåñìåëè. 

¸ 2. Ã¬áåð÷åêëèãè áèëåí éîêàðëûãûíà âå àøàêëûãûíà  
ugrykdyrylan ýãðè ÷ûçûêëàð. Ýïèí íîêàòëàð 

Ãîé, 0xx =  íîêàòäà )( 0xf ′  «í¬ìè áàð áîëàí )(xf  ôóíêöèéà áåðëåí 

áîëñóí. Äèéìåê, øîë ýãðè ÷ûçûãà 0 0( , ( ))M x f x  íîêàòäà ãå÷èðèëåí ãàëòàøma 
áàðäûð. 

Ýãåð àáñèñàëàðû 0x  íîêàäûª [ ]δδ +− 00 , xx  ýòðàïûíäà áîëàí ýãðè 

÷ûçûãûª õåììå íîêàòëàðû øîë ýãðè ÷ûçûãà 0M  íîêàòäà ge÷irlen 
ãàëòàømaäàí éîêàðäà (àøàêäà) éåðëåøåí áîëñàëàð, îíäà ýãðè ÷ûçûãûª 
ã¬áåð÷åêëèãè àøàê (éîêàðûê) ugrukdyrylan äèéèëé­ð. 

Ýãåð ýãðè ÷ûçûê íîêàäûª ÷åïð­ãèíäå ã¬áåð÷åêëèãè áèëåí áèð òàðàïà 
é¬çëåíèï, ñàãðàãûíäà áåéëåêè òàðàïà é¬çëåíåí áîëñà, îíäà ))(,( 00 xfxM  
íîêàäà ýãðè ÷ûçûãûª ýïèí íîêàäû äèéèëé­ð. 

Ýãåð 0)( 0 >′′ xf  áîëñà, îíäà ýãðè ÷ûçûê «ç¬íèª ã¬áåð÷åêëèãè áèëåí 

àøàêëûãûíà é¬çëåíåí, ýãåð-äå 0( ) 0f x′′ <  áîëñà, îíäà ýãðè ÷ûçûê «ç¬íèª 
ã¬áåð÷åêëèãè áèëåí éîêàðëûãûíà é¬çëåíåíäèð. 

Ýãåð 0x  íîêàäûª ýòðàïûíäà )(xf ′′  «ç¬íèª õåìèøåëèê àëàìàòûíû 

ñàêëàìàñà, éàãíû ôóíêöèéàíûª èêèíùè «í¬ìè 0x  íîêàäûª ¬ñò¬íäåí ãå÷åíäå 
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àëàìàòûíû ¬éòãåòñå, îíäà ))(,( 00 xfxM  íîêàò )(xf  ôóíêöèéàíûª 

grafiginiň ýïèí íîêàäûäûð. 
1126. 3)( xxfy ==  ôóíêöèéàíûª ýïèí íîêàòëàðûíû âå ã¬áåð÷åêlik 

óãuðlaryíû êåñãèòëåìåëè. 
×«ç¬ëèøè. .6)(,3)( 2 xxfxxf =′′=′  Onda ,0)0( <−′′ εf  0)0( >+′′ εf . 

Diémek, 0=x  funksiéanyª ýïèí íîêàäû áîëóï, ôóíêöèéàíûª grafigi bu 
íîêàäûª ÷åïèíäå ã¬áåð÷åêëèãè éîêàðûê, ñàãûíäà áîëñà àøàêäûð. 

1127. 12)( 34 +−= xxxf  ôóíêöèéàíûª grafigini� ýïèí íîêàòëàðûíû âå 
ã¬áåð÷åêëik óãuðlaryíû êåñãèòëåìåëè. 

×«ç¬ëèøè. 
            ),1(121212)(,64)( 223 −=−=′′−=′ xxxxxfxxxf

    1,0,0)( 21 ===′′ xxxf . 

Èíäè øó íîêàòëàðûª éåòåðëèê ãîëàéûíäà )(xf ′′  «í¬ìèª àëàìàòûíû 
áàðëàëûª: 

          0)1(,0)1(,0)0(,0)0( >+′′<−′′<+′′>−′′ εεεε ffff  
Äèéìåê, áó íîêàòëàð funksiéanyª ýïèí íîêàòëàðûäûð, 0=x  íîêàäûª 

÷åïèíäå ýãðè ÷ûçûãûª ã¬áåð÷åêëèãè àøàêäûð, ñàãûíäà áîëñà éîêàðûêäûð. 
1=x  íîêàäûª ÷åïèíäå ã¬áåð÷åêëèê éîêàðûê, ñàãûíäà áîëñà àøàêäûð.  
1128. xxf sin)( =  ôóíêöèéàíûª ã¬áåð÷åêëèê àðàëûêëàðûíû êåñãèòëåìåëè. 
×«ç¬ëèøè. xxfxxf sin)(,cos)( −=′′=′  áîëéàíäûãû ¬÷èí 

),)12(,2( ππ +kk  ( )...2,1=k  àðàëûêäà 0)( <′′ xf  âå )2,)12(( ππ kk −  
àðàëûêäà áîëñà 0)( >′′ xf . Äèéìåê, øîë àðàëûêlaräà ôóíêöèéàíûª grafigi 
äåãèøëèëèêäå éîêàðûê âå àøàê ã¬áåð÷åêäèð. 

1129.  3 2+= xy  ôóíêöèéàíûª grafigini� ýïèí íîêàäûíû òàïìàëû. 
×«ç¬ëèøè. 

            .
)2(9

2)2(
9
2,)2(

3
1

3 5
3
5

3
2

+

−
=+−=′′+=′

−−

x
xyxy  

Ã«ðí¬øè éàëû, y′′  «í¬ì õè÷ áèð íîêàòäà íoëà «âð¬ëmeé­ð. 2x = −  
íîêàòäà y′′  «í¬ì éîêäóð. 2−<x  áîëàíäà, 0,y′′ >  2−>x  áîëàíäà 

0<′′y . Øîíóª ¬÷èí 2−=x  íîêàò ýïèí íîêàäûäûð (48-í©è ÷yzgy). 



275 
 

 
48-nji ÷yzgy 

Ôóíêöèéàíûª grafiginiň ýïèí íîêàòëàðûíû òàïìàëû âå ã¬áåð÷åêëik 
óãuðlaryíû êåñãèòëåìåëè. 

1130. 4( 1) .y x= −                   1131. 
1 .

3
y

x
=

+
 

1132. 3 26 2 1.y x x x= − + −            1133. 3 2 205 .
3

y x x x⎛ ⎞= − +⎜ ⎟
⎝ ⎠

  

1134. 3 23 9 11.y x x x= − − +           1135. 4.y x=    

1136. 5.y x=   
Ôóíêöèéàíûª ýïèí íîêàäûíû òàïìàëû. 

1137. 
2

2 , ( 0).
3

xy a
x a

= >
+

         1138. 3( ) .y x b= −  

1139. 2 1( 1) .y x −= +                  1140. tg .y x=  

1141. 3 .y a x b= − −                 1142. .xy x e−=  

¸ 3. Ýãðè ÷ûçûãûª àñèìïòîòaëàðû âå îëàðûª òàïûëûøû 

Ýãåð )(xfy =  ôóíêöèéàíû  

0)(lim),( =++=
∞→

xxbkxy
x

αα
        

ã«ðí¬øäå aªladyp áîëéàí áîëñà, oíäà bkxy +=  ã«íè ÷ûçûãà )(xfy =  
funksiéanyª grafiginiň éapgyt àñèìïòîòasû äèéèëé­ð. 

Ýãåð ∞=
+→

)(lim
0

xf
ax

 éà-äà ∞=
−→

)(lim
0

xf
ax

 áîëñà, ax =  ÷yzyga 

)(xfy =  funksiéanyª grafiginiň dik asimptotasy diéilé­r. 

Ýãåð axf
x

=
±∞→

)(lim  áîëñà, îíäà ax =  ã«íè ÷ûçûga )(xfy =  

funksiéanyª grafiginiň kese asimptotasy diéilé­r.   
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1143. 
1
12

+
+

=
x
xy  ýãðè ÷ûçûãûª àñèìïòîòaëàðûíû òàïìàëû. 

×«ç¬ëèøè. Áåðëåí ýãðè ÷ûçûãûª äåªëåìåñèíè àøàêäàêû ã«ðí¬øäå éàçàëûª: 

            
1

2)1(
1

2
1
1

1
21

1
1 222

+
+−=

+
+

+
−

=
−
+−

=
+
+

=
x

x
xx

x
x

x
x
xy  

éà-äà 

                     .
1

2)1(
+

+−=
x

xy  

Äèéìåê, êåñãèòëåì­ ã«ð­ 1−= xy  ã«íè ÷ûçûê áåðëåí ýãðè ÷ûçûãûª 
éàïãûò àñèìïòîòasûíûª äåªëåìåñèäèð (49-í©y ÷yzgy).  

 

 
49-í©y ÷yzgy  

 1144. Ýãðèíèª àñèìïòîòaëàðûíû òàïìàëû 

      
15 3а) , b) 3 , c) .

3 1
xx xy y x y xe

x x
= = + =

− −
 

×«ç¬ëèøè. 

             .
3

5limlim
0330

±∞=
−

=
±→+±→ x

xy
xx

 

Øîíóª ¬÷èí 3=x  g«ni ÷yzyk dik àñèìïòîòäûð. 

                  .5
3

5limlim =
−

=
±∞→∞±→ x

xy
xx

 

Onda 5=x  g«ni ÷yzyk funksiéanyª grafigini� kese asimptotasydyr. 
Øóíëóêäà, áåðëåí ýãðè ÷ûçûê dik  we  kese àñèìïòîòëàðà ýéåäèð. 

b) 
1 0 1 0

3lim lim ( 3 ) .
1x x

xy x
x→ − → +

= + = +∞
−

 

Øîíóª ¬÷èí 1=x  ã«íè kese àñèìïòîòasyäûð. 
Éàïãûò àñèìïòîòaëàðû òàïàëûª: 
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3)3
1

3(limlim =+
−

==
∞±→∞±→ xx

yk
xx

,  

.3)33
1

3(lim)(lim =−+
−

=−=
∞±→∞±→

xx
x

xkxyb
xx

 

Øóíëóêäà, 33 += xy  ã«íè ÷ûçûê áåðëåí ýãðè ÷ûçûãûª éàïãûò 
àñèìïòîòasûäûð (50-í©è ÷yzgy). 

 

                 
50-nji ÷yzgy 

ä) .limlimlim
1

1

00
+∞===

∞→=→→ t
eexy

t

x
t

x
xx

 

Øîíóª ¬÷èí 0=x  dik àñèìïòîòasyäûð. 
Éàïãûò àñèìïòîòaëàðû òàïàëûª: 

               1limlim 0
1

====
∞±→∞±→

ee
x
yk x

xx
 

        .11lim
1

1lim)(lim
01

1
1

=
−

=
−

=−=
→=∞±→∞±→ z

e

x

exxeb
z

z
x

x

x
x

x
 

Øóíëóêäà, 1+= xy  ã«íè ÷ûçûê áåðëåí ýãðè ÷ûçûãûª éàïãûò 
àñèìïòîtasûäûð (51-í©è ÷yzgy).  
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51-í©è ÷yzgy 

 1145. 
x

xxy 122 −+
=  eãðèíèª àñèìïòîòaëàðûíû òàïìàëû 

×«ç¬ëèøè. 0+→x  áîëàíäà −∞→y , 0−→x  áîëàíäà áîëñà +∞→y . 
Äèéìåê, 0=x  g«ni ýãðèíèª äèê àñèìïòîòasûäûð. 

Éàïãûò àñèìïòîòaëàðû òàïàëûª:  

            .1121lim12limlim 22

2

=⎥⎦
⎤

⎢⎣
⎡ −+=

−+
==

±∞→∞±→∞±→ xxx
xx

x
yk

xxx
        

.212lim12lim12lim][lim
222

=⎥⎦
⎤

⎢⎣
⎡ −=⎥

⎦

⎤
⎢
⎣

⎡ −−+
=⎥

⎦

⎤
⎢
⎣

⎡
−

−+
=−=

∞±→∞±→∞±→∞±→ xx
xxxx

x
xxxyb

xxxx

 
Øóíëóêäà, 2+= xy   ã«íè ÷ûçûê áåðëåí ýãðèíèª éàïãûò àñèìïòîòasûäûð 

(52-í©è ÷yzgy).  

              
52-nji ÷yzgy 

1146. Ýãðèíèª àñèìïòîòaëàðûíû òàïìàëû 
                  sin .xy e x x−= ⋅ +  
 ×«ç¬ëèøè. Ã«ðí¬øè éàëû ýãðèíèª äèê àñèìïòîòasû éîêäóð. Ýãðèíèª 

éàïãûò àñèìïòîòaëàðûíû òàïàëûª: 
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sin sinlim lim lim 1 1,

x x

x x x

y e x x e xk
x x x

− −

→±∞ →∞ →∞

⎡ ⎤+
= = = + =⎢ ⎥

⎣ ⎦
 

      .0sinlim]sin[lim ==−+= −

∞+→

−

∞+→
xexxxeb x

x

x

x
 

Øóíëóêäà, +∞→x  áîëàíäà xy =  ã«íè ÷ûçûê áåðëåí ýãðè ÷ûçûãûª 
éàïãûò àñèìïòîòasûäûð. 

Áåðëåí ýãðèíèª  x → −∞  áîëàíäà éàïãûò àñèìïòîòasû éîêäóð. 

Õàêûêàòäàíäà, áó éàãäàéäà 
x
y

x −∞→
lim  ïðåäåë éîêäóð. 

                       1sin +=
−

x
x

e
x
y x

 

äåªëèãèª ñàã á«ëåãèíä­êè áèðèí©è ãîøóëû©û −∞→x  áîëàíäà ÷­êñèç àðòéàð. 
Äèéìåê, ïðåäåë éîêäóð. 

1147. xy ln=  ýãðèíèª àñèìïòîòaëàðûíû òàïìàëû. 

×«ç¬ëèøè. xy ln=   ôóíêöèéà ( )∞,0  aralykda êåñãèòëåíåíäèð. 

            .lnlim
0

−∞=
+→

x
x

 

Äèéìåê, 0=x  dik  àñèìïòîòasyäûð. 

     01lim)(lnlimlnlim ==
′
′

==
∞+→∞+→∞+→ xx

x
x
xk

xxx
 .]0[lnlim ∞+=⋅−=

∞+→
xxb

x
 

Øóíëóêäà, x →+ ∞  bolanda áåðëåí ýãðèíèª éàïãûò âå  kese 
àñèìïòîòaëàðû éîêäóð. 

Ýãðèíèª àñèìïòîòaëàðûíû òàïìàëû. 

1148. 2

1 .
( 2)

y
x

=
+

       1149. 
1

1.xy e= −  

1150. 
2

2 .
(2 )

xy
a x

=
−

       1151. 2 2 2( 2 ) .y x a x a− = −  

1152. .
4 3
xy

x x
=

+ +
     1153. 2 1.y x= −  

1154. 
1 .

1 xy
e

=
−

        1155. 
3 1ln( ).
2 3
xy e

x
= −  

1156. 2 11 sin .y x
x

= + ⋅      1157. 
22 .

1
y x

x
= +

−
 

1158. 
sin .xy

x
=  
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¸ 4. Ôóíêöèéàíûª grafigini  ãóðìàê 

Ôóíêöèéàëàðûª grafigini ãóðìàê ¬÷èí õåð áåðëåí ôóíêöèéàíûª «ç¬íå 
äåãèøëè àøàêäàêû ìàãëóìàòëàðû áàðëàï ã«ðìåëè: 

1. Ôóíêöèéàíûª kesgitlenen îáëàñòûíû òàïìàëû; 
2. Ôóíêöèéàíûª õàéñû àðàëûêäà àðòéàíëûãûíû (êåìåëé­íëèãèíè) 

êåñãèòëåìåëè; 
3. Ôóíêöèéàíûª ò­êëèãèíè, ©¬á¬òëèãèíè, ïåðèîäèêëèãèíè àíûêëàìàëû; 
4. Ôóíêöèéàíûª ìàêñèìóì âå ìèíèìóì nokatlaryny kesgitlemeli we 

ekstremumyny tapmaly; 
5. Ýãðè ÷ûçûãûª õàéñû àðàëûêäà ã¬áåð÷åêëèãè éîêàðûêäûãûíû 
(àøàêäûãûíû) áèëìåëè; 
6. Ýãðè ÷ûçûãûª ýïèí íîêàòëàðûíû òàïìàëû; 
7. Ýãðè ÷ûçûãûª àñèìïòîòaëàðûny tapmaly. 

1159. 
2xey −= ôóíêöèéàíûª grafigini ãóðìàëû.     

×«ç¬ëèøè. Ôóíêöèéàíûª kesgitleni¦ îáëàñòû ­hli hakyky sanlar k«pl¬gi. 
Ôóíêöèéàíyň  grafiginiň Oy  îêà ñèììåòðèê éåðëåøåíäèãè îíóª áåðëèøèíäåí 
ã«ð¬íé­ð. Áåðëåí ôóíêöèéàíûª 1-íùè âå 2-í©è òåðòèïëè «í¬ìëåðèíè òàïàëûª: 

                  
2

2 xxey −−=′ ,  .)12(2
22 xexy −−−=′′  

0=x  áîëàíäà ôóíêöèéàíûª áèðå äåª áîëàí ìàêñèìóìû áàðäûð âå øîë 
ìàêñèìóì ôóíêöèéàíûª èª óëû áàõàñûäûð. x  àðãóìåíòèª otrisatel 
áàõàëàðûíäà ôóíêöèéàíûª áèðèí©è òåðòèïëè «í¬ìè íoëäàí óëûäûð. Îíäà 0=x  
íîêàòäàí ÷åïäå ôóíêöèéà àðòéàð. x  àðãóìåíòèª poloæitel ( 0)x >  
áàõàëàðûíäà ôóíêöèéàíûª áèðèí©è òåðòèïëè «í¬ìè otrisateldir. Äèéìåê, 0=x  
íîêàòäàí ñàãäà ôóíêöèéà êåìåëé­ð. Áóëàðäàí áàøãàäà ±∞→x  boëàíäà 
îðäèíàòà ýëìûäàìà poloæitel áîëóï íoëà ûìòûëéàíäûð, éàãíû Ox  îêû 
áåðëåí ýãðè ÷ûçûãûª àñèìïòîòasûäûð. Èíäè ôóíêöèéàíûª ýïèí íîêàòëàðûíû 
òàïìàê ¬÷èí èêèíùè òåðòèïëè «í¬ìè íoëà äåªë­ëèª: 

.0)12(2
22 =−−=′′ −xexy     

Áó éåðäå 02
2

≠−xe , îíäà 012 2 =−x . Áó éåðäåí òàïàðûñ: 

             .
2

1,
2

1
21 =−= xx  

Áó òàïûëàí íîêàòëàð ýãðè ÷ûçûãûª ýïèí íîêàòëàðûäûð. x  àðãóìåíòèª        

⎥⎦

⎤
⎢⎣

⎡−
2

1,
2

1
 êåñèìå äåãèøëè áàõàëàðûíäà 0<′′y  áîëàíû ¬÷èí øîë êåñèìäå 

ýãðè ÷ûçûãûª ã¬áåð÷åêëèãè éîêàðûê ugrukdyrylan. Øîë àðàëûãûª äàøûíäà  
0>′′y  áîëàíû ¬÷èí ýãðè ÷ûçûãûª ã¬áåð÷åêëèãè àøàê ugrukdyrylan. 
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Áó àëíàí ìàãëóìàòëàðäàí ïåéäàëàíûï áåðëåí ôóíêöèéàíûª grafigini 
àøàêäàêû ã«ðí¬øäå àëàðûñ (53-í©è ÷yzgy).                                          

 

               
53-í©è ÷yzgy 

1160. 
12

2

−
−=

x
xy  ôóíêöèéàíûª grafigini ãóðìàëû. 

×«ç¬ëèøè. Ôóíêöèéàíûª kesgitleni¦ îáëàñòû 1,1 −== xx íîêàòëàðäàí 
áàøãà Ox  îêóª õåììå íîêàòëàðûäûð. 1−=x  âå 1=x  íîêàòëàðûª 
ãîëàéûíäà áåðëåí ôóíêöèéà àáñîëéóò óëóëûãû áîéóí÷à ÷­êñèç àðòéàíäûð. 
Øîªà ã«rä-de 1−=x  âå 1=x   ã«íè ÷ûçûêëàð áåðëåí ýãðè ÷ûçûãûª 
àñèìïòîòëàðû áîëóï õûçìàò ýäé­íäèðëåð. Ýãðè ÷ûçûk Oy  îêà ñèììåòðèê 
éåðëåøåíäèð. 

Áåðëåí ôóíêöèéàíûª áèðèí©è âå èêèí©è òåðòèïëè «í¬ìëåðèíè òàïàëûª: 

            ,
)1(

2
22 −

−=′
x

xy  .
)1(

62
32

2

−
+

−=′′
x

xy  

0=′y  äåªëåì­íèª ê«êè 0=x . Øîë ê«êè èêèíùè òåðòèïëè «í¬ìäå ãîéóï 
òàïàðûñ: 2=′′y . Äèéìåê, 0=x  íîêàòäà ôóíêöèéàíûª íoëà äåª 
ìàêñèìóìû áàðäûð.  

x  àðãóìåíòèª ( )1,1−  aralyga äåãèøëè áàõàëàðûíäà 0<′′y . Äèéìåê, 
øîë aralykda ôóíêöèéàíûª ã¬áåð÷åêëèãè éîêàðûê é¬çëåíåí, x  àðãóìåíòèª 
( )1,−∞−  âå ( )+∞,1  aralyklara äåãèøëè áàõàëàðûíäà 0y′′ > . Äèéìåê, øîë 
aralyklarda ýãðè ÷ûçûãûª ã¬áåð÷åêëèãè àøàê é¬çëåíåí. y ′′  õè÷ éåðäå íoëà 
äåÿ ä­ëäèð: 0≠′′y  øîíóª ¬÷èí ýãðè ÷ûçûãûª ýïèí íîêàäû éîêäóð. 

Àøàêäàêû ãåðåê áîë©àê ïðåäåëè éàçàëûª: 

                   .1
1

lim 2

2

=
−±∞→ x

x
x

 

Äèéìåê, 1=y  ã«íè ÷ûçûê ýãðè ÷ûçûãûª àñèìïòîòûäûð âå àðãóìåíòèª 

1,1 >−< xx  áàõàëàðûíäà 1
12

2

>
−

=
x

xy  éàãíû x  àðãóìåíòèª øîë 

áàõàëàðûíäà ôóíêöèéàíûª ÷yzgysy 1=y  àñèìïòîòaäàí éîêàðäà éåðëåøé­ð. 
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Éîêàðäà áåðëåí ìàãëóìàòëàðäàí ïåéäàëàíûï, àøàêäàêû ÷yzgyny 
÷ûçàëûª (54-í©i ÷yzgy).   

 

                 
54-í©i ÷yzgy 

1161. 533 246 −+−= xxxy  ôóíêöèéàíû äåðªåìåëè âå îíóª grafigini 
ãóðìàëû. 

×«ç¬ëèøè. Ôóíêöèéà Ox  îêóª ­õëè íîêàòëàðûíäà êåñãèòëåíåíäèð âå 
¬çí¬êñèçäèð. Øîíóª ¬÷èí îíóª dik àñèìïòîòëàðû éîêäóð. ( ) ( )f x f x− =  
áîëéàíëûãû ¬÷èí îë ©¬á¬ò ôóíêöèéàäûð. Îë áîëñà îíóª grafiginiň Oy  îêà 
ã«ð­ ñèììåòðèêäèãèíè àªäëàäéàð. Øóíëóêäà, áåðëåí ôóíêöèéàíû [ )∞,0  
àðàëûêäà äåðªåìåê éåòåðëèêäèð.  

Ôóíêöèéàíûª éàïãûò àñèìïòîòëàðû õåì éîêäóð. 
Áèðèí©è òåðòèïëè «í¬ìè òàïàëûª: 

,)1(6)12(66126 222435 −=+−=+−= xxxxxxxxy   

,0)1(6,0 22 =−=′ xxy  

  1,0,1 321 ==−= xxx  íîêàòëàð kritiki íîêàòëàðäûð. 

Ãüðí¬øè éàëû  [ )∞,0   àðàëûêäà 0>′y  âå áåðëåí ôóíêöèéà  
àðòéàíäûð. 

Èêèí©è òåðòèïëè «í¬ìè àëàëûª: 
 ),165(663630 2424 +−=+−=′′ xxxxy  ,0)165(6,0 24 =+−⋅=′′ xxy  

                    ,
5

1
1 =x  ,12 =x   yy ′′′ ,   

Hasaba alyp bèçè ãûçûêëàíäûðéàí íîêàòëàðû àðòéàí òåðòèïäå éåðëåøäèðèï, 
àøàêäàêû tablisany ä¬çåëèª:  
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Øó tablisany óëàíìàê áèëåí áåðëåí ôóíêöèéàíyň  grafigini ãóðóï 

áèëåðèñ (55-í©è ÷yzgy). 
 

 
55-íùè ÷yzgy 

1162 xxy cos2sin
2
1

+=  ôóíêöèéàíû äåðªåìåëè âå оnуň  grafigini 

ãóðìàëû.  
×«ç¬ëèøè. Ôóíêöèéà (-∞, ∞) ñàíàðàëûêäà êåñãèòëåíåíäèð. Îë π2  ïåðèîäëû 

ïåðèîäèêè ôóíêöèéàäûð. Õàêûêàòäàí-äà, 

.2cos2sin
2
1)2cos()2(2sin

2
1 xxxx +=+++ ππ

 

Øîíóª ¬÷èí îíóª grafigini ýðêèí π2=T  óçûíëûãû áîëàí êåñèìäå 
ãóðìàê ýåòåðëèêäèð. Îë êåñèì õ«êì¬íäå [ ]ππ ,−  êåñèìè àëàëûª.  Êåñèìèª 
àõûðëàðûíäà ôóíêöèéàíûª áàõàëàðûíû òàïàëûª: 

               .12cos2sin
2
1

−=+== −== ππππ xx yy  

Ôóíêöèéàíûª grafigi )1,(),1,( −−− ππ BA  íîêàòëàð àðêàëû ãå÷é­ð.  
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Ôóíêöèéàíûª grafiginiň êîîðäèíàòà îêëàðû áèëåí êåñèøìå íîêàòëàðûíû 
òàïàëûª. Ýãåð 0=x  áîëñà, 1=y  âå )1,0(C . Ýãåð 0=y  áîëñà, îíäà 

                ,0cos2sin
2
1

=+ xx  

            ),sin1(coscos2sin
2
1 xxxx +=+      

             ,0cos,0)sin1(cos ==+ xxx  

             ,...2,1,0),12(
2

±±=+= kkxk
π

 

Øó äåªëåì­íèª ê«êëåðèíèª  [ ]ππ ,−  êåñèìäå éàòéàíëàðûíû àëàëûª: 

        ).0(
2

),1(,
2 21 ===−= kxkx ππ

 

1sin =x  éà-äà 0cos =x . Øîíóª ¬÷èí áó äåªëåìýíèª ê«êè 0cos =x  
äåªëåìýíèª ê«êëåðèíèª è÷èíäå áîëar. Øóíëóêdà, ôóíêöèéàíûª grafigi Ox  

îêû ⎟
⎠
⎞

⎜
⎝
⎛− 0,

2
πD  âå ⎟

⎠
⎞

⎜
⎝
⎛ 0,

2
πE  íîêàòëàðäà êåñé­ð. 

‹í¬ìëåðèª ê«ìåãè áèëåí ôóíêöèéàíû äåðª­ëèª: 
          ,sin2cos xxy −=′ .0sin2cos =− xx  
Dåªëåì­íè ÷«ç¬ï, kritiki íîêàòëàðû òàïàëûª: 

          
2 2 2

2

2 cos sin 1 2sin ,
1 2sin sin 0, sin ,
сos x x x x

x x x t
= − = −

− − = =
          

           2
1 2

12 1 0, 1, .
2

t t t t+ − = = − =  

1sin −=x  âå 
2
1sin =x . Øó äåªëåìåëåðèª ê«êëåðèíèª [ ]ππ ,−  êåñèìå 

dåãèøëèëåðèíè àëàëûª: 

                 .
6

5,
6

,
2 321

πππ
==−= xxx  

Èêèí©è òåðòèïëè «í¬ìè òàïàëûª: 
              ,cos2sin2)sin2(cos xxxxy −−=′−=′′  

             ,0
2

cos)sin(2
2

=⎟
⎠
⎞

⎜
⎝
⎛−−−−=⎟

⎠
⎞

⎜
⎝
⎛−′′

πππy  

             ,0
2

33
6

cos
3

sin2
6

<−=−−=⎟
⎠
⎞

⎜
⎝
⎛′′ πππy  
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             .0
2

33
6

5cos
3

10sin2
6

5
>=−−=⎟

⎠
⎞

⎜
⎝
⎛′′ πππy  

2 6
x π
=  íîêàòäà ôóíêöèéà ìàêñèìóìà, 

6
5

3
π

=x  íîêàòäà áîëñà, ìèíèìóìà 

ýéåäèð. Øó íîêàòëàðäàêû ôóíêöèéàíûÿ áàõàëàðûíû òàïàëûª: 

          ,3,1
4

33
6

cos
3

sin
2
1

6max ≈=+=⎟
⎠
⎞

⎜
⎝
⎛=

πππyy  

          .3,1
4

33
6

5cos
6

10sin
2
1

6
5

min −≈−=+=⎟
⎠
⎞

⎜
⎝
⎛=

πππyy      

21
π

−=x   íîêàòäà ¬÷¬í©è òåðòèïëè  y ′′′  «í¬ìèª áàõàñû áèëåí ôóíêöèéàíû 

äåðª­ëèª:              ,sin2cos4 xxy +−=′′′    

               .03)
2

sin()cos(4
2

≠=−+−−=⎟
⎠
⎞

⎜
⎝
⎛′′′ πππy          

Áó áîëñà øó íîêàòäà ôóíêöèéàíûª ýêñòðåêìóìûíûª éîêäóãûíû 
ã«ðêåçé­ð. 

Øó áàðëàãëàðûª ýñàñûíäà ôóíêöèéàíûª grafigini ãóðàëûª (56-í©y ÷yzgy). 
  

 
56-njy ÷yzgy 

1163. Ôóíêöèéàíû äåðªåìåëè âå îíóª grafigini ãóðìàëû. 
     a) 2 5;y x x= + +              á) 2(2 ) ;y x x= −       

     ÷) 2

1 ;
1

y
x

=
−

                d) sin ;y x x= +  

     e) 
1 2 ;xy
x

=                  f) 3 3 3 .y x x= −  

     g) 
22 ;x xy e −=  
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X BÜLÞM 

ÊÅÑÃÈÒÑÈÇ ÈÍÒÅÃÐÀË 

¸ 1. Èíòåãðèðëåìå 

Ýãåð [ ]ba ,  êåñèìèÿ õåð áèð x  íîêàäû ¬÷èí )()( xfxF =′  äåªëèê 
éåðèíå éåòñå, îíäà ( )F x  ôóíêöèéà øîë êåñèìäå )(xf  ôóíêöèéàíûª àñûë 
ôóíêöèéàñû äèéèëé­ð. Ýãåð )(xF  ôóíêöèéà ( )f x  ¬÷èí àñûë ôóíêöèéà áîësa, 
îíäà ( )F x C+  ( −C õåèìøåëèê ñàí) hem øîë ôóíêöèéànyň àñûë 
ôóíêöèéàsydyr. 

Úhli añûë ôóíêöèéàëàðûª òîïëóìûíà )(xf  ôóíêöèéàäàí àëíàí êåñãèòñèç 
èíòåãðàë äèéèëé­ð âå  

( )f x dx∫  
 

ã«ðí¬øäå éàçûëéàð. Øó éåðäå ( )f x  èíòåãðàë àøàãûíäàêû ôóíêöèéà, ( )f x dx  
aňlatma bolsa èíòåãðàë àøàãûíäàêû àªëàòìà diéilé­r, ∫ áåëãè áîëñà èíòåãðàë 

áåëãèñèäèð. Øóíëóêäà, 

.)()(∫ += CxFdxxf
 

Õàéñû õåì áîëñà áèð ôóíêöèéàíûª êåñãèòñèç èíòåãðàëûíû òàïìàêëûãà 
èíòåãðèðëåìåê äèéèëé­ð. )(xF  õàéñû õåì áîëñà )(xf  ¬÷èí àñûë ôóíêöèéà 
áîëñà, îíäà 

( ) ( )F x f x′ =     
éà-äà 

.)()( dxxfxdF =                           
Áó éåðäåí àøàêäàêû äåªëèêëåð ãåëèï ÷ûêéàð: 

             ,)()(∫ += CxFxdF                  (1) 

             .)()(∫ = dxxfdxxfd                  (2) 

Äèôôåðåíöèðëåìåãèª âå èíòåãðèðëåìåãèª áèðè-áèðèíå òåðñ àìàëëàðäûãû (1)        
âå (2) äåíëèêëåðäåí ã«ð¬íé­ð. Áó áîëñà àøàêäàêû êåñãèòñèç èíòåãðàëûª 
tablisasyny éàçìàêëûãà éàðäàì ýäé­ð: 
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1. 
1

, const, 1;
1

n
n xx dx C n n

n

+

= + = ≠ −
+∫  

2. ln , 0;dx x C x
x
= + ≠∫       

3. ;Cedxe xx +=∫  

4. , 0, 1;
ln

x
x aa dx C a a

a
= + > ≠∫  

5. ,sincos Cxdxx +=∫       

6. ;cossin Cxdxx +−=∫  

7. 
2

tg , cos 0;
cos

dx x C x
x
= + ≠∫     

8. 
2

ctg , sin 0;
sin

dx x C x
x
= − + ≠∫  

9. 
2 2

1 arctg ; 0dx x C a
a x a a

= + ≠
+∫   

10. ;)(,arcsin
22∫ <<−+=

−
axaC

a
x

xa
dx

 

11. 2

2

2

2
ln ,dx x a x C

x a
= + + +

+
∫    

12. ;22
22∫ +±±=

±
Cxa

xa
xdx

       

13. ;arcsin
2

2
2222∫ ++−=− C

a
xaxa

a
xdxxa      

14. .ln
2

22
2

2222∫ +±+±±=± Caxxaax
a
xdxax           

Êåñãèòñèç èíòåãðàëûí àøàêäàêû é«íåêåé èêè õ­ñèéåòèíè áåëë­ï ãå÷åëèª: 
1. Õåìèøåëèê ê«ïåëäè©èíè èíòåãðàë áåëãèñèíèª äàøûíà ÷ûêàðìàê áîëàð éà-

äà êåñãèòñèç èíòåãðàë áåëãèñèíèª àøàãûíà ãèðèçìåê áîëéàð: 
                  ( ) ( ) .af x dx a f x dx=∫ ∫                                  
2. Iki funksiéanyª jeminiª (tapawudynyª) integraly ¦ol go¦ulyjylardan 

alnan integrallaryª jemine (tapawudyna) deªdir: 
            [ ( ) ( )] ( ) ( ) .f x x dx f x dx x dxϕ ϕ± = ±∫ ∫ ∫  
Éîêàðäàêû tablisanyň âå ä¬çã¬íëåðèª ê«ìåãè áèëåí èíòåãðèðëåìåãèª 

áèðí­÷å ìûñàëëàðûíà ãàðàëûª. 
1164. 2(6 8 3) .x x dx+ +∫  
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×«ç¬ëèøè. Kesgitsiz integralyň õ­ñèéåòëåðinäåí âå èíòåãðèðëåìåãèª 
tablisasyndan ïåéäàëàíûï àëéàðûñ: 

    2(6 8 3)x x dx+ +∫ = 26x dx +∫ 8 3xdx dx+∫ ∫ = 

   
3 2

3 26 8 3 2 4 3 .
3 2
x x x C x x x C= + + + = + + +  

1165. 
2

3

32 3 5 .x xdx
x

+ +
∫  

×«ç¬ëèøè. Èíòåãðèðëåíéúí ôóíêñèéàäà àãçàìà-àãçà á«ëìúíè àìàëà àøûðûï 

âå (1), (2) ôîðìóëàëàðû óëàíûï àëàðûñ:    
2

3

32 3 5x xdx
x

+ +
∫

3 1
253

62

5 1
6

2 3 5 2 3 5ln3 51 1
2 6

dx x xx dx x dx x C
x

− +
− −

− +

= + + = + + + =
− + − +

∫ ∫ ∫  

64 18 5ln .x x C
x

= − + + +  

1166. .
72∫ +x

dx
      

×«ç¬ëèøè. Èíòåãðèðëåíéúí ôóíêöèéàíû integralyň tablisasyny óëàíàð éàëû 
ã«ðí¬øäå éàçûï, àëàðûñ: 

( ) .
77

1
77 222 Cxarctg

x

dx
x

dx
+=

+
=

+ ∫∫       

1167. .
cossin 22∫ xx

dx
                      

×«ç¬ëèøè. Èíòåãðèðëåíé­í ôóíêöèéàíûª ñàíàâ©ûñûíäàêû áèðëèãè 
2 21 cos sinx x= +  áèëåí ÷àëøûðûï, integrirlemegiň tablisasyny óëàíàëûª: 

   2 2sin cos
dx
x x

=∫
2 2
2 2

cos sin
sin cos

x xdxx x
+∫ 2sin

dx
x

= +∫ 2
.cos

dx ctgx tgx Cx = − + +∫   

1168. .
1 2

2

∫ +
dx

x
x

 

×«ç¬ëèøè.  Èíòåãðèðëåíé­í  2

2

1 x
x
+

  ôóíêöèéàíûª ñàíàâ©ûñûíà 1 ãîøóï 

âå àéûðûï, integrirlemegiň  tablisasyny óëàíûï, àëéàðûñ: 

    =
+∫ dx

x
x

2

2

1 ∫ +
−+ dx

x
x

2

2

1
11

∫ −= dx =
+∫ 21 x
dx arctg .x x C− +  
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Integrallary topmaly. 

1169. 2(2 5 1) .x x dx− +∫    1170. 
2 5 1 .

3
x x dx

x
+ +
+∫  

1171. 
3

4

2 1 .x x dx
x

− +
∫    1172. 

2

2

2 .
1
x dx

x
+
+∫  

1172. 
1 .
1

x dx
x
−
−∫        1173. 

2

2

3 5 .
5

x dx
x

− +
+∫  

1174. 
2

2

2 sin 1 .
sin

x x dx
x
+

∫     1175. 
21 cos .

1 cos 2
x dx
x

+
+∫  

1176. 
3sin 2 cos .

cos
x x x x dx

x x
+

∫   1177. 2cos .
2
x dx∫        

¸ 2. Îðíóíà ãîéìàê áèëåí èíòåãðèðëåìåê 

Ãîé, )(xf  ¬çí¬êñèç ôóíêöèéàäàí ( )f x dx∫  êåñãèòñèç èíòåãðàëû 

õàñàïëàìàê ãåðåê áîëñóí. Ýãåð )(tx ϕ=  îðíóíà ãîéìàíû óëàíñàê, 

êåñãèòñèç èíòåãðàëûª äåðåãèíå ( ( )) ( )f t t dtϕ ϕ′∫  èíòåãðàëû õàñàïëàìàê 

ýåòåðëèêäèð. Äèéìåê,  
                    

                    =∫ dxxf )( ( ( )) ( ) .f t t dtϕ ϕ′∫    

   
1178. Èíòåãðàëû õàñàïëàìàëû 

.ln2

∫ dx
x

x
 

×«ç¬ëèøè.  xu ln=  îðíóíà ãîéìàíû óëàíàëûª. Îíäà 

=∫ dx
x

x2ln ,
3

ln
3

)(lnln
33

22∫ ∫ +=+== CxCuduuxxd    

.2∫ ++
+ dx

qpxx
NMx

 

×«ç¬ëèøè. Èíòåãðèðëåíé­n 
qpxx

NMx
++

+
2  ôóíêöèéàíûª ìàéäàëàâ©ûñûíäàí 

äîëû êâàäðàòû á«ë¬ï àëàëûª: 



290 
 

     .
4

,)
2

(
4

)
2

(
2

222
2

22
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=±±+=−++=++

pqaapxpqpxqpxx  

tpx =+
2

 diéip bell­p alarys: 

      .
2

)
2

(,
2

, MpNMtNptMNMxptxdtdx −+=+−=+−==  

Îíäà: 

=
++

+
∫ dx

qpxx
NMx

2 =
±

⎟
⎠
⎞

⎜
⎝
⎛ −+

∫ dt
at

MpNMt

22
2

∫ ∫ =
±

⎟
⎠
⎞

⎜
⎝
⎛ −+

± 2222 2
2

2 at
dtMpN

at
tdtM

 

2 2 2
2 2

2

ln ln
2 2 2
2 2arctg

24

M Mp dt Mt a N x px q
t a

N Mp x p C
p q

⎛ ⎞= ± + − = + + +⎜ ⎟ ±⎝ ⎠
− +

+ +
−

∫
 

(åãåð-äå 
2

2pq − >0 áîëñà) éàäà 

          
2

2
2 2 2

2 42ln ln
2 4 2 4

x p q pMx N M N Mpdx x px q C
x px q p q x p q p

+ − −+ −
= + + + +

+ + − + + −
∫  

(åãåð-äå 0
2

2

<−
pq  áîëñà). 

 

1179. 
3

2

arctg
.

1
x

dx
x+∫      

×üçþëèøè. 2arctg , .
1

dxu x du
x

= =
+

    

3

2

arctg
1

x
dx

x
=

+∫
4
3

33 arctg (arctg ) 4
3

uxd x udu C= = + =∫ ∫
4
33 (arctg ) .

4
x C+  

1180. .
1

1
2

dx
xx

x
∫ ++

+
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×«ç¬ëèøè. Èíòåãðèðëåíé­í ôóíêöèéàíûª ìàéäàëàâ©ûñûíäàí äîëû êâàäðàòû 
á«ë¬ï àëàëûª: 

       .
4
3)

2
1(

4
11)

2
1(1 222 ++=−++=++ xxxx  

   tx =+
2
1

 diéip bell­p alarys: dtdx =  we 

.
2
11

2
11 +=+⎟
⎠
⎞

⎜
⎝
⎛ −=+ ttx   

Îíäà 

        =
++

+
∫ dx

xx
x

1
1

2
dt

t

t
∫

+

+

4
3

2
1

2 2

1
2 3

4

dt

t
= +

+
∫  

  

       .
4
3

4
3ln

2
1

4
3

2
2
1 22

2

Cttt
t

tdt
+++++=

+
+ ∫  

Àëíàí íåòè©åäå t -íèª îðíóíà 
2
1

+x  ãîéóï òàïàðûñ: 

       =
++

+
∫ dx

xx
x

1
1

2
.11

2
1ln

2
1 22 Cxxxxx ++++++++  

Ê­õàëàòëàðäà )(xf  ôóíêöèéà ¬÷èí àñûë ôóíêöèéà áåëëè áîëóï, )(axf  
ôóíêöèéàíûª àñûë ôóíêöèéàñûíû òàïìàê ãåðåê áîëéàð. Ìûñàë ¬÷èí, ãîé 

∫ += CxFdxxf )()(  áåëëè äèéåëèÿ. Îíäà 0≠a  äèéèï tax =  îðíóíà 

ãîéìàíû óëàíûï òàïàðûñ:  

      .)(1)(1)(1)(,1
∫ ∫ +=+=== CaxF

a
CtF

a
dttf

a
dxaxfdt

a
dx  

Øóíóª ýñàñûíäà àøàêäàêû äåªëèêëåðè éàçûï áèëåðèñ: 

            ∫ +−= ,)cos(1)sin( Cax
a

dxax  

            ∫ += ,)sin(1)cos( Cax
a

dxax  

            2 1sec ( ) tg( ) ,ax dx ax C
a

= +∫   

1181. сos cos3 cos5 .x x xdx∫   
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×«ç¬ëèøè. 

[ ]++=+= xxxxxxxx 6cos4cos
4
15cos)3cos(cos

2
15cos)2cos(cos          

        [ ].8cos2cos
4
1 xx ++   

Øóíëóêäà, 

=∫ xdxxx 5cos3coscos [ ]=+++∫ ∫ ∫ ∫ xdxxdxxdxxdx 8cos6cos4cos2cos
4
1

 

 

      .8sin
32
16sin

24
14sin

16
12sin

8
1 Cxxxx ++++=  

1182. .
cossin 2222∫ + xbxa

dx
   

       
×«ç¬ëèøè. 

        ∫ + xbxa
dx

2222 cossin
.

cos1

11
2

2
2

22 x
dx

xtg
b
ab

⋅
+

= ∫  

  ttgx
b
a

=  îðíóíà ãîéìàíû óëàíàëûÿ. 
x

dx
b
adt 2cos

= .  Îíäà àëàðûñ: 

          ∫ + xbxa
dx

2222 cossin ab
1

= 2

1 arctg .
1

dt t C
t ab
= +

+∫  

Àëíàí íåòè©åäå t-íèª îðíóíà tga x
b

  ãîéóï àëàðûñ: 

          =
+∫ xbxa
dx

2222 cossin
1 arctg( tg ) .a x C
ab b

+  

Integrallary tapmaly. 

1183. 
2

cos .
sin

x dx
x∫             1184. 

2

2 1 .
1

x dx
x x
−

− +
∫  

1185. .
sin cos

dx
x x∫            1186. 

2 4 2 ( 2) .x xe x dx+ + +∫  

1187. 
2

3 23
.

(3 2)
x dx
x −

∫        1188. 
2

2

1 .x dx
x
+

∫        

1189. 
2

.
1

dx
x x −
∫             1190. .

1
xdx
x +∫  
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1191. 
2 2

.x a dx
x
−

∫           1192. 
2 2

.
4
dx

x x−
∫  

1193. .
(1 )
dx

x x−∫       1194. 2 2 .a x dx+∫  

¸ 3. Á«ëåêëåéèí èíòåãðèðëåìåê 

Ýãåð  )(xu ϕ=   âå (xϑ ψ= )  äèôôåðåíöèðëåíé­í ôóíêöèéàëàð áîëñà, 
îíäà 

                      .∫ ∫−= duuud ϑϑϑ                 (1) 

Integrallary tapmaly. 

1195. ln .x xdx∫  

×«ç¬ëèøè. Áó éåðäå xdxdxu == ϑ,ln  áèëåí áåëãèë­ëèª. Îíäà    

 
2

,
2x

x
dxdu == ϑ  âå (1)  ôîðìóëàíû óëàíàëûÿ: 

           ∫ xdxx ln .
4

ln
22

ln
2

2222

∫ +−=⋅−= Cxxx
x
dxxxx

 

1196. 2 ln .x xdx∫        1197. cos .xe xdx∫   

×«ç¬ëèøè. xxdxddxedueu xx sin,cos, ==== ϑϑ . Îíäà 

cosxe xdx∫ xex sin= ∫− xdxex sin . 

, , sin , cos .x xu e du e dx d xdx xϑ ϑ= = = = −  

Onda cos sin cos cos .x x x xe xdx e x e x e xdx= + −∫ ∫  

Øóíëóêäà 

            =∫ xdxex cos )cos(sin xxex + .cos∫− xdxex  

 Áó éåðäåí 

            ∫ xdxex cos = .)cos(sin
2

Cxxex

++=  

1198. .n xx e dx∫          1199. sin .xe xdx∫  

1200. ln .xdx∫          1201. arctg .xdx∫   

1202 à) ∫ xdxxcos ,     1203. 2 .x adx+∫  

b) sin .x xdx∫      
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×üçþëèøè. 

        =+∫ dxax2 ∫ ∫ ∫ =
+

+
+

=
+

+ dx
ax

xx
ax

dxadx
ax

ax
222

2

 

      ∫ =
+

+++= dx
ax

xxaxxa
2

2ln +++ axxa 2ln  

       + axx +2 dxax∫ +− 2 ,  

        .,,, 2

2
axddu

ax
xdxdxu +==
+

== ϑϑϑ  

Äåªëèãèª ñàã á«ëåãèíä­êè èíòåãðàëû îíóª ÷åï á«ëåãèíå ãå÷èðèï, àëàðûñ: 

             =+∫ dxax2 .ln
22

22 Caxxaaxx
+++++  

1204. 2 2 .a x dx−∫   1205. 2 2 .
( )n

dx
x a+∫  

×«ç¬ëèøè. 

,,
)(

1,
)(

)( 2222∫ =
+

=
+

= dxd
ax

u
ax

dxxI nnn ϑ  

.,
)(

2
122 xdx

ax
nxdu n =

+
−

= + ϑ  

 (1)-í©è ôîðìóëàíû óëàíàëûª:                
      

.
)(

2
)(

2
)()(

2

)()(
2

)()(

122
2

2222122

222

22122

2

2222

∫ ∫∫

∫∫

++

+

+
+

+
+

+
=

+
−+

+

+
+

=
+

+
+

=
+

nnnn

nnnn

ax
dxna

ax
dxn

ax
xdx

ax
aaxn

ax
x

ax
dxxn

ax
x

ax
dx

   

Ñîÿêû èíòåãðàëû äåÿëèãèÿ ÷åï áüëåãèíå, áåðëåí èíòåãðàëû áîëñà ñàã 
áüëåãèíå ãå÷èðèï, àëàðûñ: 

            ∫ ∫ +
−

+
+

⋅=
+ + 2222222122 )(2

12
)(2

1
)( ax

dx
na
n

ax
x

naax
dx

nn   

 éà-äà  

       =+ )(1 xIn  ⋅22
1
na

).(
2

12
)( 222 xI

na
n

ax
x

nn
−

+
+

                (2) 

Áó ôîðìóëà gaéäûìëû ôîðìóëà äèéèëé­ð. Ýãåð 1=n  áîëñà, îíäà 

                1 2 2

1 arctg .dx xI
x a a a

= =
+∫  
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Èíäè (2)-í©è ôîðìóëàäàí ïåéäàëàíûï  ∫ + 222 )( ax
dx

, ∫ + 322 )( ax
dx

 âå 

ø.ì. èíòåãðàëëàðû àªñàòëûê áèëåí òàïûï áèëåðèñ: 

         ∫ +
= 2222 )( ax

dxI 2 2 2 2

1 1 arctg
2 2

x x C
a x a a a

= ⋅ + +
+

 

        ∫ +
=

3223
)( ax

dxI ∫ =
+

+
+

⋅= 22222222 )(4
3

)(4
1

ax
dx

aax
x

a
 

        2 2 2 2 4 2 2 5

1 3 3 arctg .
4 ( ) 8 8

x x x C
a x a a x a a a

= ⋅ + ⋅ + +
+ +

 

        

1206. sin(ln ) .x dx∫          1207. 2 .
sin

x dx
x∫  

1208. 3

cos .
sin
x xdx

x∫             1209. 2arctg3 .x xdx∫  

1210. 
2

2
.

9
x dx

x−
∫            1211.  

2sin .x

x dx
e∫   

1212. 5 cos 4 .xe xdx∫            1213. 2 2(1 ) cos .x xdx+∫  

1214. 2( 2 1)sin 3 .x x xdx+ −∫     1215. 3arctg .x xdx∫     

1216. 2ln( 1 ) .x x dx+ +∫  

¸ 4. Êâàäðàò þ÷àãçàíû ñàêëàéàí, é«íåêåé èíòåãðàëëàð 

1) dx
cbxax

nmx
∫ ++

+
2  ã«ðí¬øä­êè èíòåãðàëëàð.  

Øó ã«ðí¬øä­êè èíòåãðàëëàðû integrirlemeklik cbxax ++2  êâàäðàò 
¬÷àãçàäàí äîëû êâàäðàòû á«ë¬ï àëìàêëûãà ýñàñëàíàíäûð. 

             =++ cbxax2 ,)( 2 lkxa ++  ( )constkla =,, .         (1)    

Ýãåð 0=m  áîëñà, êâàäðàò ¬÷àãçàäàí äîëû êâàäðàòû á«ë¬ï àëûï, 
tablisa áîéóí÷à òàïûëéàí èíòåãðàëëàðû àëéàðûñ. 

Integrallary tapmaly. 

1217. ∫ +− 752 2 xx
dx
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×«ç¬ëèøè.  

=
+−∫ 752 2 xx

dx
=

−++−
∫

)
16
25

2
7()

16
25

4
52(2

1
2 xx

dx
∫ =

+−

−

16
31)

4
5(

)
4
5(

2
1

2x

xd
 

           

5
1 1 1 4 34arctg arctg .
2 31 31 31 31

4 4

x xC C
− −

= + = +  

1218. .
522∫ ++ xx

dx
 

×«ç¬ëèøè. 522 ++ xx  êâàäðàò ¬÷àãçàäàí äîëû êâàäðàòû á«ë¬ï àëûï, 
òàïàðûñ: 

            522 ++ xx ,2)1(4)1( 222 ++=++= xx  

     =
++∫ 522 xx

dx
∫ ++ 22 2)1(x

dx
 ∫ ++

+
= 22 2)1(

)1(
x

xd 1 1arctg .
2 2

x C+
= +  

1219. 2 .
3 1

dx
x x− +∫      1220. 2 .

2
dx

x x+∫  

Ýãåð 0≠m   áîëñà, îíäà ñàíàâ©ûäà ìàéäàëàâ©ûäàêû êâàäðàò 
¬÷àãçàíûÿ «í¬ìè áîëàí  bax +2 ê«ïåëäè©èíè á«ë¬ï àëéàðëàð: 

   =
++

+
∫ dx

cbxax
nmx

2 +++=
++

−++

∫ cbxax
a

mdx
cbxax

a
mbnbax

a
m

2
2 ln

2

)
2

()2(
2  

   .)
2

( 2∫ ++
−+

cbxax
dx

a
mbn  

1221. .
1

1
2∫ −−

− dx
xx

x
 

×«ç¬ëèøè. 

                ,
4
5

2
11

2
2 −⎟

⎠
⎞

⎜
⎝
⎛ −=−− xxx      

  ∫ −−
− dx
xx

x
1

1
2

2
2

2

1 1 1(2 1) ( )1 12 2 2ln 1 1 51 2 2 ( )
2 4

x d x
dx x x

x x x

− − −
= = − − − =

− − − −
∫ ∫   
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52

11ln
2
1 2 −−−= xx .

512
512ln C

x
x

+
+−
−−

 

1222. 2

3 2 .
4 5

x dx
x x

−
− +∫

  
1223. 2 .

2 3 1
xdx

x x+ +∫  

1224. 2 .
2 3 2

xdx
x x− −∫      1225. 2

3 1 .
1

x dx
x x

−
− +∫  

1226. 2

4 8 .
3 2 5

x dx
x x

+
+ +∫    1227. 2

5 .
2 2 3

x dx
x x

+
+ +∫   

1228. 2

5 7 .
8 1

x dx
x x

−
+ +∫      1229. 2 .

7 13
xdx

x x+ +∫  

     

2. ∫ ><−
++

+ 1,0
4

,
2

2
nqpdx

qpxx
NMx

 ã«ðª¬øä­êè èíòåãðàëëàð. 

Áó ã«ðí¬øä­êè èíòåãðàëëàðûª èíòåãðèðëåíèëèøè éîêàðäàêû ãàðàï ãå÷åí 
èíòåãðàëëàðûª èíòåãðèðëåíèëèøèíå ìeªçåøäèð. Ýãåð 0a >  áîëñà, tablisanyª 11-
í©è ôîëðìóëàñûíû óëàíûï, ýãåð 0a <  áîëñà tablisanyª 10-í©û ôîðìóëàñûíû 
óëàíûï èíòåãðèðëåíèëé­íäèð. 

1230. .
2∫ ++ qpxx

dx
 

×«ç¬ëèøè. 2x px q+ +  êâàäðàò ¬÷àãçàäàí äîëû êâàäðàòû á«ë¬ï àëàëûª: 

                qpxx ++2 .
42

22 pqpx −+⎟
⎠
⎞

⎜
⎝
⎛ +=  

Îíäà 

   =
++

∫ qpxx
dx

2 ∫ =

−++
2

)
2

(
2

2 pqpx

dx
∫ =

−++

+

2
)

2
(

)
2

(

2
2 pqpx

pxd
                 

    .
2

ln 2 Cqpxxpx +++++=   

1231.   .
232 2∫ −+ xx

dx
 

×«ç¬ëèøè. 2232 xx −+  êâàäðàò ¬÷àãçàäàí äîëû êâàäðàòû á«ë¬ï àëàëûª: 

      .)
4
3(

16
252232 22

⎥⎦
⎤

⎢⎣
⎡ +−−=−+ xxx  
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 Îíäà 

=
−+

∫ 2232 xx
dx .

5
34arcsin

2
1

)
4
3(

16
252

1
2

∫ +
−

=
−−

Cx

x

dx
 

1232. .
22

3
2∫ ++

+ dx
xx

x
 

×«ç¬ëèøè. 

       ∫
++

+ dx
xx

x
22

3
2 ∫ ∫ =

++
+

++

+
=

1)1(
2

22
22

2
1

22 x
dxdx

xx
x

 

       .)221ln(222 22 Cxxxxx ++++++++=   

1233. 
2

.
2 3

dx
x x− +

∫          1234. 
2
.

5 2 3
dx
x x− −

∫   

 

1235. 
2

.
4 5

xdx
x x+ +

∫     1236. 
2

.
5 3 2

dx
x x+ +

∫  

1237. 
2

( 4) .
2 3 5

x
x x

+

− +
∫        1238. 

2

(4 7) .
3 2

x dx
x x
+

− −
∫  

       

3. 
2( )

dx
mx n ax bx c+ + +

∫  ã«ðí¬øä­êè èíòåãðàëëàð. 

Áó ã«ðí¬øä­êè èíòåãðàëëàð t
nmx
=

+
1

 îðíóíà ãîéìàíû óëàíûï, 2-nji 

áüëþì÷åäúêè ãàðàï ãå÷åí èíòåãðàëëàðûìûçà ãåòèðèëé­ð.           

1239. .
2)1( 2∫ −− xx

dx
 

×«ç¬ëèøè. 
t

x 11=−  îðíóíà ãîéìàíû óëàíàëûª: 2t
dtdx −= . Îíäà 

          
2( 1) 2

dx
x x

=
− −∫ 2

2

1arcsin
1 1 2( 1) 2

dt
tt C

t t

− −
= − + =

+ −∫
 

2arcsin
2( 1)

x C
x
−

= − +
−
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1240. 
2

.
2 5 3

dx
x x x− +
∫     1241. 

2
.

7 2 5
dx

x x x+ +
∫  

1242. 
2

.
( 1) 2

dx
x x x+ +

∫     1243. 
2

.
1

dx
x x x+ +
∫  

 

4. dxcbxax∫ ++2  ã«ðí¬øä­êè èíòåãðàëëàð. 

Áó ã«ðí¬øä­êè èíòåãðàëëàðû èíòåãðèðëåìåê ¬÷èí èëêè áèëåí êâàäðàò 
¬÷àãçàäàí äîëû êâàäðàòû á«ë¬ï àëìàëû, ñîªðà áîëñà àøàêäàêû ýñàñû 
èíòåãðàëëàðäàí ïåéäàëàíìàëû: 

           ,arcsin
22

2
2222∫ ++−=− C

a
xaxaxdxxa  

           .ln
22

222 CAxxAAxxdxAx +++++=+∫  

1244. 22 .x x dx− −∫  

×«ç¬ëèøè. 

=−−∫ dxxx 22 +−−
+

=++−∫ 222 2
4

12)
2
1()

2
1()

2
3( xxxxdx

.
3

12arcsin
8
9 Cx

+
+

+  

1245. .522 dxxx∫ ++  

×«ç¬ëèøè. =++∫ dxxx 522 +++
+

=+++∫ 52
2

1)1(4)1( 22 xxxxdx   

          .)521ln( 2 Cxxx ++++++  

1246. 2 .x x dx−∫         1247. 21 2 .x x dx− −∫  

1248. 24 .x x dx−∫  

¸ 5. É«íåêåé äðîáëàðûª èíòåãðèðëåíèëèøè 

Ýãåð )(xP  âå )(xQ  õàêûêû êîýôôèöèåíòëè ê«ïàãçà áîëñà, îíäà 

                
)(
)()(

xQ
xPxR =  
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ã«ðí¬øä­êè ôóíêöèéàëàðà ðàñèîíàë äðîáëàð äèéèëé­ð. Ýãåð ñàíàâ©ûäàêû 
ê«ïàãçàíûÿ äåðå©åñè ìàéäàëàâ©ûäàêû ê«ïàãçàíûª äåðå©åñèíäåí êè÷è áîëñà, 
îíäà îªà äîãðû ðàñèîíàë äðîá äèéèëé­ð. 

Õåð áèð ðàñèîíàë äðîáû àøàêäàêû éàëû ò¬êåíèêëè é«íåêåé äðîáëàðûí 
©åìè ã«ðí¬øèíäå éàçûï áîëéàíäûð: 

         2 2 2, , , ,
( ) ( )n

A A Mx N Mx N
x a x a x px q x px q

+ +
− − + + + +

 

øó åðäå n íàòóðàë ñàí áîëóï, n>1, qpxx ++2  köpagzanyň ê«êëåðè áîëñà 
õûéàëû ñàíëàðäûð. 

1249. .dx
ax

A
∫ −

 

×«ç¬ëèøè. 

 =
−∫ dx

ax
A .ln)(

∫ +−=
−
− Cax
ax
axdA   

1250. .
)(

dx
ax

A
n∫ −

 

×«ç¬ëèøè. 

             .
))(1(

1
)(
)(

)( 1∫∫ +
−−

−=
−
−

=
− − C

axnax
axdAdx

ax
A

nnn  

1251. .
17

dx
x −∫       1252. .

1 5
dx

x+∫  

1253. 2 .
(4 3 )

dx
x−∫

  
1254. 3 .

(5 1)
dz

z +∫  

 

1255. .
( )( )

dx
x a x b+ +∫     1256. .

( 1)( 2)( 3)
dx

x x x− + +∫             

 

1. 0
4

,
2

2 <−
++

+
∫ qpdx

qpxx
NMx

 integrallar.  

Bu ã«ðí¬øä­êè èíòåãðàëëàðû èíòåãðèðëåìåê ¬÷èí èëêè áèëåí 
ìàéäàëàâ©ûäàí äîëû êâàäðàòû á«ë¬ï àëìàëû 

.
42442

2
2222

22
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+⎟

⎠
⎞

⎜
⎝
⎛ +=+−++=++

pqpxqppxpxqpxx  
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Ñîªðà 
42

2pqtpx −=+  îðíóíà ãîéìàíû óëàíûï, îë àøàêäàêû 

ã«ðí¬øå ãåòèðèëé­ð: 

            .
111 2222 ∫∫∫∫ +

+
+

=
+
+

=
++

+
t

dtB
t
tdtAdt

t
BAtdx

qpxx
NMx

 

1257. .
522∫ ++ xx

dx
  

×«ç¬ëèøè. 

=
++∫ 522 xx

dx
∫ =

++ 22 2)1(x
dx

2 2

( 1) 1 1arctg .
( 1) 2 2 2

d x x C
x

+ +
= +

+ +∫  

1258.  .
1

13
2 dx

xx
x

∫ +−
−

 

×«ç¬ëèøè. Áó éåðäå 2 1x x− +  êâàäðàò ¬÷àãçàíûª õàêûêû ê«êëåðè 
éîêäóð. 

               
2 2( 1) 1 0.

4 4
p q −

− = − <  

Øóíëóêäà, îë áèçèª ãàðàéàí èíòåãðàëëàðûìûçà äåãèøëèäèð. 

    =+− 12 xx .
4
3

2
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4
1

4
1

2
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2
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⎠
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⎜
⎝
⎛ −=+−+− xxx   

Îíäà 
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−
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x

1
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4
3)

2
1(
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2

∫
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−
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Îðíóíà ãîéìàíû óëàíàëûª: 

             ;
2
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2
13,

2
3

2
1 dtdxtxtx =

+
==−  

    =
+−

−
∫ dx

xx
x

1
13

2 ∫ ∫ ∫ =
+

+
+

=
+

−
+

13
1

1
3

)1(
4
3

2
3)1

2
133(
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2 t
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t
tdtdt
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2 23 1 3 4 1 2 1ln 1 arctgt ln ( 1) arctg

2 2 33 3 3
xt C x x C−

= + + + = − + + + =  

    23 1 2 1ln( 1) arctg .
2 3 3

xx x C−
= − + + +  
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1259. 2

3 2 .
4 5

x dx
x x

−
− +∫  

×«ç¬ëèøè. Ã«ðí¬øè éàëû  

          ,015
4

)4(
4

22

<−=−
−

=− qp
 .1)2(54 22 +−=+− xxx  

Îíäà àëàðûñ: 

          dx
xx

x
∫ +−

−
54

23
2 .

1)2(
23

2 dx
x

x
∫ +−

−
=  

 
Îðíóíà ãîéìàíû óëàíàëûª: 

      dtdxtxttx =+==
−

−=− ,2,
4
)4(52

2

, ;4323 +=− tx     

=
+−

−
∫ dx

xx
x

54
23

2
2

2 2 2

3 4 33 4 ln 1 4arctgt
1 1 1 2

t tdt dtdt t C
t t t
+

= + = + + + =
+ + +∫ ∫ ∫           

   23 ln 4 5 4arctg( 2) .
2

x x x C= − + + − +  

 

1260. 2 .
7 13
xdx

x x− +∫        1261. 2

4 8 .
3 2 5

x dx
x x

+
+ +∫  

1262. 2

5 7 .
8 1

x dx
x x

−
+ +∫       1263. 2

5 .
2 2 3

x dx
x x

+
+ +∫  

2. 1,0
4

,
)(

2

2 ><−
++

+
∫ nqpdx

qpxx
NMx

n  ã«ðí¬øä­êè èíòåãðàëëàðû.  

Bu iíòåãðàëëàðû õàñàïëàìàê õåì éîêàðäàêû ãàðàï ãå÷åí õàëûìûçûÿ 
õàñàïëàíûëûøûíà ìåªçåøäèð. Èëêè áèëåí  qpxx ++2  êâàäðàò ¬÷àãçàäàí 
äîëû êâàäðàòû á«ë¬ï àëìàëû 

               qpxx ++2 .
42

22 pqpx −+⎟
⎠
⎞

⎜
⎝
⎛ +=  

Ñîªðà 
2 2

2 4
p px q⎛ ⎞+ = ± −⎜ ⎟

⎝ ⎠
 îðíóíà ãîéìàíû óëàíûï àøàêäàêû  

äåªëèãè àëàðûñ: 

               2 2 2 ,
( 1) ( 1) ( 1)n n n

At B tdt dtdt A B
t t t

+
= +

+ + +∫ ∫ ∫  

áó éåðäå A âå B  õåìèøåëèê ñàíëàðäûð. Áó äåªëèãèª ñàã á«ëåãèíäúêè 
èíòåãðàëëàðûª áèðèí©èñè àªñàò òàïûëéàíäûð, èêèí©èñè áîëñà ãàéäûìëû 
ôîðìóëàëàðûª ê«ìåãè áèëåí òàïûëéàð. 
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1264. .
)32(

1
22∫ ++

− dx
xx
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×«ç¬ëèøè. Áó ìûñàëäà 031
4

2

<−=− qp
 âå .2)1(32 22 ++=++ xxx  

Îíäà 

              ,2,12,21 dtdxtxtx =−==+  
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∫ dx

xx
x

22 )32(
1

∫ ∫∫ =
+

−
+
+

=
+
−

2222

2

22 )1(2
2

)1(
)1(

4
12

)1(4
22

t
dt
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2
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t

dt
t

 

Àøàêäàêû äåªëèê äîãðóäûð: 

    ∫ ∫ =
+

+
+
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+ 12

1
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Øóíëóêäà, 

   2 2 2 2

1 1 2 2 arctgt
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x tdx C
x x t t

−
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+ + + +∫      

   +
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−=
)1(4

12
2t
t 2 arctgt

4
C+ = - −

++
+

)32(2
2

2 xx
x 2 1arctg .

4 2
x C+
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1265. 2 2

3 5 .
( 2 2)

x dx
x x

+
+ +∫     1266. 2 2

3 2 .
( 3 5)

x dx
x x

+
− +∫  

¸ 6. Ðàñèîíàë äðîáëàðûÿ èíòåãðèðëåíèëèøè 

Ðàñèîíàë äðîáëàðû èíòåãðèðëåìåãèª òåðòèáè. Ýãåð )(xP  âå )(xQ  
õàêûêû êîýôôèöèéåíòëè ê«ïàãçàëàð áîëñà, îíäà 

                        
)(
)()(

xQ
xPxR =                 

ðàöèîíàë äðîáû èíòåãðèðëåìåê ¬÷èí àøàêäàêû ¬÷ äþçãþíè àìàëà àøûðìàëû:               
à) Ýãåð äðîá í­äîãðû bolsa îíäà ñàíàâ©ûíû ìàéäàëàâ©à á«ë¬ï, îíóª 

ãàëûíäûñûíäà äîãðû äðîá àëìàëû: 

                 .
)(
)()(

)(
)( 1

xQ
xPxM

xQ
xP

+=  
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b) Ãàëûíäûäàêû 
)(
)(1

xQ
xP

 äîãðû äðîáû é«íåêåé äðîáëàðûª ©åìè 

ã«ðí¬øèíäå éàçìàëû. Îíóª ¬÷èí 0)( =xQ  äåªëåì­íè ÷«ç¬ï, îíû áèðèí©è 
âå èêèí©è òåðòèïëè ê«ïåëäè©èëåðå äàðãàdéàðëàð: 

         .)()...()()()( 22 nnlk srxxqpxxbxaxxQ ++++−−=  

Øóíëóêäà  
)(
)(1

xQ
xP

  äðîá àøàêäàêû áèðí­÷å é«íåêåé äðîáëàðûª ùåìè 

ã«ðí¬øèíäå éàçûëéàð: 

=
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)(1

xQ
xP

+
−

++
−

+
−

+
−

++
−

+
− l

l
kk

k

ax
B

ax
B

ax
B

ax
A

ax
A

ax
A

)(
...

)()(
...

)(
21

2
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qpxx

NxM
++

+
+ 2

11  + ++
++

+ ...
)( 22

22

qpxx
NxM .

)( 2 m
mm

qpxx
NxM
++

+
 

áó éåðäå ⋅⋅⋅⋅⋅⋅ ,,,,, 1111 MNBA  òàïìàêëûãà äåãèøëè í­áåëëè êîýôôèöèéåíòëåðäèð. 
÷) Áèòèí á«ëåêä­êè äîãðû äðîáëàðûª èíòåãðàëëàðûíû òàïìàëû. 
2. Äðîáûª ìàéäàëàâ©ûñû ãàéòàëàíìàéàí áèðèí©è òåðòèïëè ê«ïàãçàëàðûÿ 

ê«ïåëòìåê õàñûëû ã«ðí¬øèíäå áåðëèï áèëíåð. 
3. Äðîáûª ìàéäàëàâ©ûñû áèðí­÷å ãåçåê ãàéòàëàíéàí áèðèí©è òåðòèïëè 

ê«ïàãçàëàðûÿ ê«ïåëòìåê õàñûëû ã«ðí¬øèíäå áåðëèï áèëíåð. 
4. Äðîáûª ìàéäàëàâ©ûñû ãàéòàëàíìàéàí áèðèí©è âå èêèí©è òåðòèïëè 

ê«ïàãçàëàðûÿ ê«ïåëòìåê õàñûëû ã«ðí¬øèíäå áåðëèï áèëíåð. 
5. Äðîáûª ìàéäàëàâ©ûñûíäà èêèí©è òåðòèïëè ê«ïàãçàëàðûÿ 

ãàéòàëàíéàíëàðû áîëóï áèëåð. 

1267. .
2

233
23

24

dx
xxx

xxx
∫ −−

−−−
 

×«ç¬ëèøè.  
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í­äîãðû äðîáäûð. Îíóª áèòèí á«ëåãèíè á«ë¬ï àëàëûª: 

               
xxx
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−−−
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−+
xxx

xx  

Øóíëóêäà, 
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∫ −−
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−+= dx
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Èíäè  
)2(

2
2 −−
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1270. 
3 2

3

5 9 22 8 .
4

x x x dx
x x

+ − −
−∫   1271. 

5 4

3

8 .
4

x x dx
x x
+ −
−∫  
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Áó éåðäåí 
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×«ç¬ëèøè. Èíòåãðèðëåíé­í ôóíêöèéàíûª ìàéäàëàâ©ûñûíäàêû êâàäðàò  
¬÷àãçàíûÿ õûéàëû ê«êëåðè áàðäûð. Èíòåãðèðëåíé­í ôóíêöèéàíû  é«íåêåé 
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Øóíëóêäà, 

   ∫ +++
++++ dx

xxx
xxxx
)1()32(

812114
22

234

.1ln
1)32(

1
22 Kx

x
dxdx

xx
x

++=
+

+
++

−
= ∫ ∫  

Èíäè 

                    ∫ ++
−

= dx
xx

xK 22 )32(
1
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ãîéìàíû óëàíàëûª: 
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¸ 7. Èððàöèîíàë àªëàòìàëàðûª èíòåãðèðëåíèëèøè 

 
Èððàöèîíàë àªëàòìàëàðûª èíòåãðèðëåíèëèøèíèª áèðí­÷å ã«ðí¬øèíå ãàðàï 

ãå÷åëèª. 

Ι . dx
bxa
baxxR m ),(

11
∫ +

+
 ã«ðí¬øä­êè èíòåãðàëëàð.  

Bu èíòåãðàëëàð mt
bxa
bax
=

+
+

11

 îðíóíà ãîéìàíû óëàíìàê áèëåí ðàöèîíàë 

ôóíêöèÿëàðûª èíòåãðèðëåíèëèøèíå ãåòèðèëé­íäèð. 
Õóñóñû õàëëàðà ãàðàëûª. 
1. Ãîé 1,0 11 == ba  áîëñóí. Áó õàëäà mtbax =+  îðíóíà ãîéìàíû 

óëàíìàê áèëåí ðàöèîíàë ôóíêöèéàëàðäàí èíòåãðèðëåìåêëèãå ãåòèðèëé­íäèð. 
2. ,0,1 == ba  1,0 11 == ba  áîëñà, mtx =  îðíóíà ãîéìà 

óëàíylìàëû. 
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Óìóìû ã«ðí¬øä­êè 
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èíòåãðàëëàðà ãàðàëûª (áó éåðäå ã«ðêåçè©èëåð ðàöèîíàë ñàí áîëìàëûäûð). Áó 
ãüðíþøäúêè èíòåãðàëëàðû Ι  ãüðí¬øå ãåòèðìåê ¬÷èí ,..., sr  ðàöèîíàë äðîáëàðû 

óìóìû m  ìàéäàëàâ©à ãåòèðèï áèð ê«ê ã«ðí¬øèíäå, éàãíû  m
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II. ∫ ++ dxcbxaxxR ),( 2  ã«ðí¬øä­êè èíòåãðàëëàð. 

1. Ýãåð 0>a  áîëñà xatcbxax −=++2  îðíóíà ãîéìà óëàíyléàð. 

2. Ýãåð 0>c  áîëñà, îíäà cxtcbxax +=++2  (áó åðäå àéûðìàê 
àëàìàòûíû õåì óëàíìàê áîëéàð) îðóíà ãîéìà óëàíyléàð. 

3. Ýãåð cbxax ++2  êâàäðàò ¬÷àãçàíûÿ ê«êëåðè õàêûêû âå ä¬ðëè 
áîëñàëàð, ìûñàë ¬÷èí áèð ê«êè α , áåéëåêè ê«êè β  áîëàíäà, îíäà êâàäðàò 
¬÷àãçàíû ê«ïåëäè©èëåðå äàãûäûï 
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A B D E= = − = − = − .      

Øóíëóêäà, 

=
+−+

∫ 12 xxx
dx

2 2

1 33
2 1 ( 1) 2 1

dt dt dt dt
t t t t
− − − =

− + +∫ ∫ ∫ ∫
2 1 12ln x x

x
− + +

−  

 
2

2

1 1 1 3ln 1
2 1 1

x x
x x x

x

− + +
− − + −

− + +
.111ln

2
3 2

C
x
xx

++
++−

 

¸ 8. Òðèãîíîìåòðèê aňlatmalaryň èíòåãðèðëåíèëèøè 

1. (sin ,cos )R x x dx∫   ã«ðí¬øä­êè èíòåãðàëëàð.  

Áó ãüðíþøäúêè èíòåãðàëëàðû èíòåãðèðëåìåê ¬÷èí txtg =
2

 îðíóíà ãîéìà 

óëàíyléàð. Õàêûêàòäàí-äà, 

      

2
2

2 2 2
2 2

2tg 1 tg2 1 22 2sin , cos , .
1 1 11 tg 1 tg

2 2

x x
t t dtx x dxx xt t t

− −
= = = = =

+ + ++ +
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Áåðëåí èíòåãðàëäà òàïûëàíëàðû îðíóíà ãîéóï àëéàðûñ: 

              ∫ dxxxR )cos,(sin
2

2 2 2

2 1 2( , ) .
1 1 1

t t dtR
t t t

−
=

+ + +∫  

tg
2
x t=  îðíóíà ãîéìà kúbir éagdaélarda ÷ûëøûðûìëû hàñàïëàìàëàðà 

ãåòèðé­ð. Øîíóª ¬÷èí àøàêäàêû õóñóñû îðíóíà ãîéìàëàð èíòåãðàë 
àøàãûíäàêû ôóíêöèéàíû ðàöèîíàëëàøäûðìàê ¬÷èí àìàòëûäûð: 

a) Ýãåð )cos,(sin xxR  ôóíêöèéà ñèíóñà ã«ð­ ò­ê ôóíêöèéà áîëñà, 
éàãíû 

                  )cos,(sin)cos,sin( xxRxxR −=−  
bolsa, îíäà tx =cos  îðíóíà ãîéìàíû óëàíyléàð. 

b) Ýãåð (sin ,cos )R x x  ôóíêöèéà êîñèíóñà ã«ðý ò­ê ôóíêöèéà áîëñà, 
éàãíû 

                 )cos,(sin)cos,(sin xxRxxR −=−         
bolsa, îíäà sin x t=  îðíóíà ãîéìàíû óëàíýarëéàð. 

Ýãåð )cos,(sin xxR  ôóíêöèéà ñèíóñà âå êîñèíóñà ã«ð­ ©¬á¬ò ôóíêöèéà 
áîëñà, 

                 )cos,(sin)cos,sin( xxRxxR =−−  
bolsa, îíäà tgx t=  îðíóíà ãîéìàíû óëàíéàðëàð. 

1304. .
sin∫ x
dx

 

×«ç¬ëèøè. tg
2
x t=  îðíóíà ãîéìàíû óëàíàëûª: 

                 22 1
2

1
2sin

t
dtdx

t
tx

+
=

+
=  

oíäà àëàðûñ: 

        =∫ x
dx

sin

2

2

2
1 ln ln tg .2 2
1

dt
dt xt t C Ct t

t

+ = = + = +

+

∫ ∫  

1305. .
cos∫ x
dx

 

      
×«ç¬ëèøè. 

         =∫ x
dx

cos ∫ =
+ )

2
sin( x

dx
π

( )
2 ln tg( ) .

4 2sin( )
2

d x x C
x

π
π

π

+
= + +

+
∫  
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1306. .
5 4sin

dx
x+∫  

×«ç¬ëèøè. tg
2
x t=   îðíóíà ãîéìàíû óëàíûï àëàðûñ: 

∫ + x
dx
sin45 ∫ ∫∫ =

++
=

++
=

+
+

+=
222

2

2

)
5
3()

5
4(5

2

1
5
85

2

1
245

1
2

t

dt

tt

dt

t
t

t
dt

  

       

4 5 42 25 2arctg arctg .33 3 3
5

xt tg
C C

+ +
= + = +  

1307. ∫ − x
dx
cos35

.  1308. dx
x
x

∫ +
−

cos2
sin2

.    1309. ∫ +− xx
dx

cos3sin45
. 

1310. ∫ + x
dx
cos53

.  1311. .
sin cos

dx
x x+∫                     

1312. 
3sin .

cos 3
x dx

x −∫   

×«ç¬ëèøè. Áó ìûñàëäà èíòåãðèðëåíé­í ôóíêöèéà ñèíóñà ã«ð­ ò­ê 
ôóíêöèéàäûð: 

                    
3cos
)sin( 3

−
−

x
x .

3cos
sin3

−
−=

x
x

 

Øîíóª ¬÷èí  tx =cos  îðíóíà ãîéìàíû óëàíàëûª: 

            .
1

,arccos,1sin
2

2

t
dtdxtxtx
−

−==−=  

Øóíëóêäà, 

∫ −
dx

x
x
3cos

sin3

∫ ∫ ∫ =
−
+−

=
−
−

=
−−

−
−= dt

t
tdt

t
t

t
dt

t
t

3
89

3
1

13
)1( 22

2

32

 

++=+−++=
−

++= ∫ ∫ xxCttt
t
dtdtt cos3

2
cos3ln83

23
8)3(

22

 

8ln cos 3 .x C+ − +  

1313. .
cos
sin

4

3

dx
x
x

∫  
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×«ç¬ëèøè. 

,
1

,1sin,cos
2

2

t
dtdxtxtx
−

−=−==  

dx
x
x

∫ 4

3

cos
sin

∫ ∫ ∫ ∫ =−=
−

−=
−

−
−= 424

2

24

32 1
1

)1(
t
dt

t
dtdt

t
t

t
dt

t
t

 

   x3cos3
1

= .
cos

1 C
x
+−  

       

1314. 3 2sin cos .x xdx∫      1315. 5sin .xdx∫   1316. 4 3cos sin .x xdx∫  

1317. 
3

2

sin .
1 cos

x dx
x+∫      1318. 

3

4

cos .
sin

xdx
x∫  

 
×«ç¬ëèøè. Áó ìûñàëäà èíòåãðèðëåíé­í ôóíêöèéà êîñèíóñà ã«ð­ ò­ê  

ôóíêöèéàäûð: 

                .
sin
cos

sin
)cos(

4

3

4

3

x
x

x
x

−=
−

 

Øîíóª ¬÷èí sin x t=   îðíóíà ãîéìàíû óëàíéàðûñ: 

              ,
1

,arcsin,1cos
2

2

t
dtdxtxtx
−

==−=  

=∫ dx
x
x

4

3

sin
cos

∫ ∫ ∫ ∫ =++−=−=
−

=
−

− C
ttt

dt
t
dtdt

t
t

t
dt

t
t 1

3
11

1
)1(

2244

2

24

32

   

   .
sin

1
sin3

1
2 C

xx
++−=  

        

1319. 5 2cos sin .x xdx∫  

×«ç¬ëèøè. Áó ìûñàëäà èíòåãðèðëåíé­í ôóíêöèéà êîñèíóñà ã«ð­ ò­ê 
ôóíêöèéàäûð 

            
2

2

1
,1cos,sin

t
dtdxtxtx
−

=−== . 

     =∫ xdxx 25 sincos ∫ − 252 )1( tt =
− 21 t
dt

−=− ∫∫ dttdttt 2222 )1(  

   .sin
7
1sin

5
2

3
sin

75
2

3
2 75

37
5

3
64 CxxxCtttdttdtt ++−=++−=+− ∫ ∫  
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1320. 
3

4

sin .
cos

x dx
x∫    1321. 

3

2

cos .
4sin 1

xdx
x −∫   

2. sin cosax bxdx∫ , sin sinax bxdx∫ , cos cosax bxdx∫  ã«ðí¬øä­êè 
èíòåãðàëëàð. 

Bu integrallar àøàêäàêû ôîðìóëàëàðäàí ïåéäàëàíûï èíòåãðèðëåíé­ðëåð: 

           bxaxcossin [ ];)sin()sin(
2
1 xbaxba −++=     

           bxaxsinsin [ ];)cos()cos(
2
1 xbaxba +−−=   

           bxaxcoscos [ ].)cos()cos(
2
1 xbaxba −++=       

1322.   cos7 cos3 .x xdx∫  

×«ç¬ëèøè. 

=∫ xdxx 3cos7cos .4sin
8
110sin

20
1)4cos10(cos

2
1 Cxxdxxx ++=+∫  

1323. .5sin7sin∫ xdxx  

×«ç¬ëèøè. 

   =∫ xdxx 5sin7sin .12sin
24
12sin

4
1)12cos2(cos

2
1 Cxxdxxx +−=−∫  

1324. .2cos3sin∫ xdxx  

×«ç¬ëèøè. 

sin 3 cos 2x xdx∫ .cos
2
15cos

10
1)sin5(sin

2
1 Cxxdxxx +−−=+= ∫  

1325. sin 3 cos5 .x xdx∫    1326. 
2sin cos .

3 3
x x dx∫  

1327. sin10 sin15 .x xdx∫      1328. sin sin( ) .t t dtω ω φ+∫  

1329. cos cos .
2 3
x x dx∫    1330. 2cos cos 3 .x xdx∫  

     

3. ∫ xdxx nm cossin  ã«ðí¬øä­êè èíòåãðàëëàðûª õàñàïëàíûëûøû. Ãîé, m  

éà-äà n ñàíëàðûª õàéñû õåì áîëñà áèðèñè ò­ê ñàí áîëñóí. 

1331. 
4

3

cos .
sin

xdx
x∫  

×«ç¬ëèøè. Áó ìûñàëäà m  ò­ê ñàíäûð. 
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                    dtxdxtx =−= sin,cos  
îðíóíà ãîéìàíû óëàíûï àëaðûñ: 

                =∫ dx
x
x

3

4

sin
cos .

)1(sin
sincos

22

4

4

4

∫∫ −
−=

t
dttdx

x
xx

  

Áó éåðäå á«ëåêëåð áîþí÷à èíòåãðèðëåìåê àìàòëûäûð: 

          ,
)1(2

1,3,
)1(

, 2
2

22
3

t
dttdu

t
tdtdtu

−
==

−
== ϑϑ  

     dx
x
x

∫ 3

4

sin
cos 4 3 2 3

2 2 2 2 2

3
(1 ) 2(1 ) 2 1 2(1 )

t dt t t dt t
t t t t

= − = − + = − +
− − − −∫ ∫  

 

     

2 3 3

2 2 2

3 1 1 3 3 1 cosln
2 1 2(1 ) 2 4 1 2sin
3 3 1 coscos ln .
2 4 1 cos

t t t xdt t C
t t t x

xx C
x

− + +
+ = − − + + = − −

− − −

+
− + +

−

∫
 

     

1332. 5 4sin cos .x xdx∫     1333. 5 3sin cos .x x dx∫  

1334. 
3

3 2

sin .
cos

x dx
x∫        1335. 3sin .xdx∫  

1336. 2

cos .
9 sin

x dx
x+∫          

×«ç¬ëèøè. Áó ìûñàëäà n  ò­ê ñàíäûð. Øîíóª ¬÷èí ,sin tx =  
dtxdx =cos  îðíóíà ãîéìàíû óëàíàëûª: 

      dx
x

xdx
∫ + 2sin9

cos
2

1 1 sinarctg arctg .
9 3 3 3 3

dt t xC C
t

= = + = +
+∫  

1337. dxx∫ 3cos           1338. 
2 2

cos .
sin
axdx dx

a ax+
∫     

Ýãåð nm +  otrisatel ©¬á¬ò ñàí áîëñà, îíäà tgx t=  îðíóíà ãîìàíû 
óëàíéàðëàð. 

1339. .
sincos7∫ xx

dx
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×«ç¬ëèøè. 4
2
1

2
7

−=−−=+ nm . Îíäà tgx t=  îðíóíà ãîéìàíû 

óëàíàëàûª: 

    =∫ xx
dx

sincos7

2

48

sec (tg )
cos tg tgcos

dx dx xd x
x x xxtgx

= = =∫ ∫ ∫  

     =
3 1 5 12

52 2 2 21 2 22 tg 2 tg .
5 5

t dt t dx t dt t t C x x C
t

−+
= + = + + = + +∫ ∫ ∫  

1340. 
3

.
sin cos

dx
x x∫    1341. 

3 54
.

sin cos
dx
x x∫  

6. m , n  položitel ©¬á¬ò ñàíëàð. Îíäà ∫ xdxx nm cossin  
èíòåãðàëû õàñàïëàìàê ¬÷èí 

            .
2

2cos1cos,
2

2cos1sin 22 xxxx +
=

−
=  

ôîðìóëàëàðäàí ïåéäàëàíéàðëàð. 

1342. .cossin 42∫ xdxx  

×«ç¬ëèøè. 

2 4 21sin cos (1 cos 2 )(1 cos 2 )
8

x xdx x x dx= − + =∫ ∫
2 31 (1 cos 2 cos 2 cos 2 )

8
x x x dx= + − − =∫  

∫∫ −−+=
+

−
+

−+= xxdxxxxx 4cos2cos1(
16
1)2cos

2
4cos1

2
4cos12cos1(

8
1

cos4 cos 2 ) .x x dx−  

øó éåðäå 
              xxxx 6cos

2
12cos

2
12cos4cos +=  

ôîðìóëàíû óëàíàëûª: 

    ∫∫ =⎟
⎠
⎞

⎜
⎝
⎛ −−+= dxxxxxdxx 6cos

2
14cos2cos

2
11

16
1cossin 42

 

   .
192

6sin
64

4sin
64

2sin
16

Cxxxx
+−−+=  

      

1343. 4 2sin cos .x xdx∫       1344. 6cos .xdx∫  
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¸ 9. Êåñãèòñèç èíòåãðàëûª óëàíûëûøû 

1345. ‹í¬ìè 263 2 +−=′ xxy   áîëàí y  ôóíêöèéàíû òàïìàëû. 

×«ç¬ëèøè. Øåðòå ã«ð­ 263 2 +−=′ xxy  éà-äà  263 2 +−= xx
dx
dy

 

 ( )dxxxdy 263 2 +−= . Øó äåªëèãèª èêè á«ëåãèíè õåì èíòåãðèðë­ëèª:  

               ,12 CCC −= Cxxxy ++−= 23 23  
1346. ‹í¬ìè 32 −=′ xy  áîëóï, 2=x  áîëàíäà áàõàñû 6 áîëàí 

ôóíêöèéàíû òàïìàëû. 

×«ç¬ëèøè. Øåðòå ã«ð­ 32 −=′ xy , 32 −= x
dx
dy

, dxxdy )32( −= . Áó 

äåªëèãè èíòåãðèðë­ï àëàðûñ: 

                 2(2 3) , 3 .dy x dx y x x C= − = − +∫ ∫  

Ìåñåë­íèª øåðòèíå ã«ð­ x=2 áîëàíäà y=6. Äèéìåê, 
8,2326 2 =+⋅−= CC . Øóíëóê-äà, ìåñåë­íèª øåðòèíè êàíàãàòëàíäûðéàí 

ôóíêöèéà àøàêäàêû ã«ðí¬øäåäèð: 
                           .832 +−= xxy  
1347. Ýãðèíèª ýðêèí  ),( yx   íîêàäûíäà ãå÷èðèëåí ãàëòàøéàíûª áóð÷ 

êîýôôèöèåíòè x2  áîëñà, îíóª äåªëåìåñèíè éazmaly. 
×«ç¬ëèøè. Øåðòå ã«ð­  

             22 , tg 2 , .dyk x k x y x C
dx

α= = = = = +  

−C íèª ýðêèí ñàíëûãûíà ã«ð­, ýãðèíèª ýðêèí íîêàäûíäà ãå÷èðèëåí 
ãàëòàøéàíûª áóð÷ êîýôôèöèåíòè x2  áîëàí ýãðèëåð òîïëóìûíû àëäûê. Îë 
ýãðèëåð áèðè-áèðè áèëåí õåìèøåëèê ñàí áèëåí òàïàâóòëàíéàíäûðëàð. 0=C  
áîëñà, äåïåñè êîîðäèíàòàëàð áàøëàíãû©ûíäà áîëàí 2xy =  ïàðàáîëàíû, 1=C  
áîëñà, äåïåñè (0, 1) íîêàòäà áîëàí 12 += xy  ïàðàáîëàíû, 2−=C  áîëñà, 
äåïåñè (0,-2) íîêàòäà áîëàí ïàðàáîëàíû àëàðûñ. Øó ïðîöåñè ò¬êåíèêsiz 
äîâàì ýòäèðèï áîëàð. 

1348. Ýðêèí íîêàtäà áóð÷ êîýôôèöèåíòè 
x
y
 áîëàí ýãðèíèª äåªëåìåñèíè 

òàïìàëû. 

×«ç¬ëèøè. Øåðòå ã«ð­ 
dx
dyk

x
yk == ,  âå 

x
dx

y
dy

x
y

dx
dy

== , . Áó 

äåªëèãè èíòåãðèðë­ï àëàðûñ:  

            .,lnlnln, CxyCxy
x
dx

y
dy

=+== ∫∫  
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1349. Ýðêèí ),( yx  íîêàòäà áóð÷ êîýôôèöèåíòè xx 22 −  áîëàí, (3,4)  
nokàäûª ¬ñòóíäåí ãå÷é­í ýãðèíèª äåªëåìåñèíè éàçìàëû.   

×«ç¬ëèøè. Áåëëè áîëøû éàëû tg dyk
dx

α= = . Øåðòå ã«ð­ 

    =
dx
dy xx 22 − , .

3
1)2(,)2( 2322 ∫ +−=−=−= Cxxdxxxydxxxdy  

Èíäè øó ýãðèëåðèª òîïëóìûíäàí (3,4) íîêàäûª ¬ñò¬íäåí ãå÷é­íèíè 
òàïàëûª: 

                    2 214 3 3 , 4.
3

С C= − + =  

Îíäà 4
3
1 23 +−= xxy  ýãðè ìåñåë­íèª øåðòèíè êàíàãàòëàíäûðéàíäûð. 

1350. Ýãðèíèª ýðêèí ),( yx  íîêàäûíäà ãå÷èðèëåí ãàëòàøéàíûª áóð÷ 
êîýôôèöèåíòè 1) ,3x−  2) 2+x  áîëñà, îíóª äåªëåìåñèíè éàçìàëû. 

1351 )3,1(M  íîêàäûª ¬ñò¬íäåí ãå÷é­í ýãðèíèª ýðêèí ),( yx  

íîêàäûíäà ãå÷èðèëåí ãàëòàøéàíûª áóð÷ êîýôôèöèýåíòè 12 −x  áîëñà, îíóª 
äåíëåìåñèíè éàçìàëû. 

1352. Ýðêèí ),( yx  íîêàäûíäà áóð÷ êîýôôèöèýåíòè 23x  ôóíêöèéà äåª 
áîëàí  íîêàòäàí ãå÷é­í ýãðèíèª äåªëåìåñèíè éàçìàëû. 

1353. Ýãåð, 

 1) .)62()2,324 3 dxxdyxxy +=+−=′        
áîëñà, )(xy  ôóíêöèéàíû òàïìàëû. 

1354. π=x  áîëàíäà àñûë ôóíêöèéàñû 4-e äåª áîëñà, 

                ∫ + dxxx )cos3(sin  

òàïìàëû. 
1355. Íîêàäûª ã«íè÷ûçûêëû õåðåêåòèíèª òèçëèãè tt 23 2 −=ϑ äåªëåìå 

áèëåí êåñãèòëåíåí áîëñà, îíäà îíóª õåðåêåòèíèª äåªëåìåñèíè éàçìàëû. 
×«ç¬ëèøè. Áåëëè áîëøû éàëû íîêàäûª ãîíè÷ûçûêëû õåðåêåòèíèª òèçëèãè 

ãå÷èëåí s éîëäàí t  âàãòà ã«ð­ àëíàí «í¬ìäèð: 

             2 23 2 , (3 2 ) .dS t t dS t t dt
dt

ϑ = = − = −  

Èíòåãðèðë­ï àëÿðûñ: 

              dtttdS∫ ∫ −= )23( 2 , 3 2 .S t t C= − +  

1356 Íîêàäûª ã«íè÷ûçûêëû õåðåêåòèíèª òèçëèãè 43 2 += tϑ êàíóí 
áîéóí÷à ¬éòãåé­ð. Ýãåð 2=t  ñåêóíòäà íîêàò 20m àðàëûãû ãå÷åí áîëñà, 
îíóª õåðåêåòèíèª êàíóíûíû êåñãèòëåìåëè. 
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×«ç¬ëèøè. 

               2 23 4, (3 4) .ds t dS t dt
dt

ϑ = = + = +  

Èíòåãðèðë­ï òàïàðûñ: 

               2 3(3 4) , 4 .dS t dt S t t C= + = + +∫ ∫                

Áàøëàíãû÷ øåðòè óëàíûï, õåìèøåëèê C ñàíû êåñãèòë­ëèª: 
320 2 4 2 , 4С C= + ⋅ + =  Øóíëóêäà, íîêàäûª õåðåêåòèíèª äåªëåìåñè 

àøàêäàêû ã«ðí¬øäåäèð: 3 4 4S t t= + + . 
1357. Áàøëàíãû÷ ïóðñàòäà äûí÷ëûêäà äóðàí ©èñèì õåìiøåëèê g  òèçëåíìå 

áèëåí àøàê ãà÷éàð. Îíóª õåðåêåò êàíóíûíû òàïìàëû. 
×«ç¬ëèøè. Áåëëè áîëøû ©èñèìèª ã«íè÷ûçûêëû õåðåêåòèíèª a  òèçëåíìåñè 

ãå÷èëåí s éîëäàí t âàãòà ã«ð­ àëíàí èêèí©è òåðòèïëè «í¬ìäèð. 

          
2

2 , ,d S d da g d gdt
dt dt dt

ϑ ϑ ϑ= = = = , 1Cgt +=ϑ  

Áàøëàíãû÷ øåðòè óëàíàëûª: 0,00,0,0 11 =+⋅=== CCgt ϑ . Øóíëóê-
äà, ©èñèìèª õåðåêåòèíèª òèçëèãè gt=ϑ  êàíóí áîéóí÷à ¬éòãåé­ð. 

Èíäè ©èñèìèª õåðåêåòèíèª êàíóíûíû òàïàëûª: 

              , , .dS dS gt dS gtdt
dt dt

ϑ = = =  

Èíòåãðèðë­ï àëàðûñ: 

                       
2

2.2
gtS C= +  

Øåðòå ã«ð­ 0=t  áîëàíäà 
2

2 2
00, 0 , 0
2

S g C C= = + = . Øóíëóêäà, 

ýðêèí ãà÷éàí ©èñèìèª õåðåêåòèíèª äåªëåìåñè àøàêäàêû ã«ðí¬øäåäèð: 
2

2gtS =  

 1358. ‰èñèì cmta /)1( 2 +=  òèçëåíìå áèëåí õåðåêåò ýäé­ð. Ýãåð st 1=  

ïóðñàòäà ùèñèìèÿ 2 /m sϑ =  òèçëèê áèëåí ãå÷åí éîëû 4S sm=  áîëñà, îíäà 

©èñèìèª õåðåêåò äåªëåìåñèíè òàïìàëû. 

 ×«ç¬ëèøè. )(ta ϑ′=  áîëàíëûãû ¬÷èí èëêè áèëåí )(tϑ  êåñãèòë­ï, ñîªðà 

áîëñà                                                 

 ( )S t  òàïàëûÿ: 

             .
3

,)1(
3

2 Cttdttadtd ++=+== ϑϑ  
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Øåðòå ã«ð­ st 1=  áîëàíäà 2=ϑ . Îíäà 1 1
1 22 1 , .
3 3

С C= + + = .  

Øóíëóêäà, 

 
3
2

3

3

++= ttϑ .   
3 32 2, ,
3 3 3 3

dS t tdS t dt S t dt
dt

ϑ
⎛ ⎞ ⎛ ⎞

= = + + = + + =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∫  

 .
3
2

212 2

24

Cttt
+++=  

Áó éåðäå 1=t  áîëàíäà, 4=S . Äèéìåê, 2 2
1 1 2 114 , .

12 2 3 4
С C= + + + =  

Øóíëóêäà, 

                     4 21 1 2 11.
12 2 3 4

S t t t= + + +  

1359. Íîêàäûª ã«íè÷ûçûêëû õåðåêåòèíèª òèçëèãè àøàêäàêû äåªëèê áèëåí 
êåñãèòëåíé­ð: 

1) .34)2,28 22 tttt −=+−= ϑϑ  
Îíóª õåðåêåòèíèª äåªëåìåñèíè êåñãèòëåìåëè. 
1360. ‰èñèì 824 2 += ta  òèçëåíìå áèëåí õåðåêåò ýäé­ð. Ýãåð ùèñèì 
st 1=  ïóðñàòäà sm /10=ϑ  òèçëèê áèëåí 12S m=  éîëû ãå÷åí áîëñà, ©èñèìèª 

õåðåêåò äåªëåìåñèíè éàçìàëû. 
1361. Íîêàò 126 −= ta  òèçëåíìå áèëåí ã«íè÷ûçûêëû õåðåêåò ýäé­ð. 

Áàøëàíãû÷ 0=t  ïóðñàòäà  m90 =ϑ /s òèçëèê áèëåí ãå÷èëåí éîë  áîëñà, 1) 
íîêàäûª õåðåêåò êàíóíûíû âý òèçëèãèíè êåñãèòëåìåëè, 2) st 1=  âàãòäàí 
ñîª ãå÷èëåí éîëû, òèçëèãè, òèçëèíì­íèª áàõàñûíû êåñãèòëåìåëè. 3) òèçëèãèª 
õàéñû âàãòäà èª êè÷è áàõàíû àëéàíëûãûíû àíûêëàìàëû. 

1362. ‰èñèì 0ϑ  áàøëàíãû÷ òèçëèê áèëåí äèê éîêàðëûãûíà çûªûëàí áîëñà, 
îíóª õåðåêåò êàíóíûíû òàïìàëû (õîâàíûª ãàðøûëûãûíû õàñàáà àëìàçäàí). 
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XI BÜLÞM 

ÊÅÑÃÈÒËÈ  ÈÍÒÅÃÐÀËËÀÐ 

¸ 1. Êåñãèòëè èíòåãðàëûª êåñãèòëåìåñè. Íéóòîí-Ëåéáíèö formulasy 

Ãîé,  )(xf    ôóíêöèéà [ , ]a b   êåñèìäå   kesgitlenen we ÷úklenen 

bolsun.  ],[ ba  kesimi  0 1a x x= < < 1 ..... i i nx x x b−< < < < =    nokatlar 
bilen n b«lege b«leliª we 

             )(,)(
1

1 ii

n

i
iii xxxf ≤≤Δ=∑

=
− ξξσ                 (1) 

jeme garalyª. Áó ©åìå èíòåãðàë ©åì äèéèëé­ð. Áó ©åìèª óëóëûãû ( )f x  

ôóíêöèéàäàí áàøãàäà, ],[ ba  êåñèìèÿ á«ë¬íèøèíå âå ii x,ξ  íîêàòëàðûª 

àëíûøûíà áàãëûäûð. 1[ , ]i ix x−  êåñèìëåðèÿ èª óëûñûíûª óçûíëûãûíû λ   áèëåí 

áåëãèë­ëèª: max 0ixλ = Δ →  bolanda (1) ©åìèª ïðåäåëèíè (ýãåð îë áàð 

áîëñà)  I   áèëåí áåëãèë­ëèª:  

                       ∑
=

→
Δ=

n

i
ii xfI

00
.)(lim ξ

λ
 

Ýãåð òþêåíèêëè  I   ñàí áàð áîëñà, îíäà îªà )(xf  ôóíêöèéàíûª 
],[ ba  kesimdúki êåñãèòëè èíòåãðàëû äèéèëé­ð âå   

∫
b

a

dxxf )( ,  a,b – sanlar integralyň çäkleri ãüðíþøäå éàçûëéàð. Øóíëóêäà, 

                 ∑
=

→
=Δ

n

i
ii xf

00
)(lim ξ

λ
.)(∫

b

a

dxxf                (2) 

Eger )(xf  funksiéa ],[ ba  kesimde þznþksiz bolsa, onda ol 
funksiéa øol kesimde integrirlenéúndir, onuª asyl funksiéasy bardyr we 

)(xF  asyl funksiéasy þ÷in 

∫
b

a

dxxf )( ( ) ( ) ( ) b

a
F b F a F x= − =                (3) 

formula dogrudyr. 
(3) deªlige Íéóòîí-Ëåéáíèö ôîðìóëàñû diéiléúr. 
Íéóòîí-Ëåéáíèö ôîðìóëàñûny ulanyp integraly hasaplamaly.  
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1363.                      .)12(
1

1
∫
−

+ dxx  

×«ç¬ëèøè. 

            .2)1)1(()11()()12( 221

1
2

1

1

=−−−+=+=+
−

−
∫ xxdxx  

1364. .cos
4

0
∫
π

dxx  

×«ç¬ëèøè. 

           .
2
20sin

4
sinsincos 4

0

4

0

=−==∫
ππ

π

xdxx     

1365.  .2∫
b

a x
dx

 

×«ç¬ëèøè. 

            =∫
b

a x
dx

2 .111
bax

b

a

−=−   

1366.  .
)(ln11

2∫ −

e

xx
dx

 

×«ç¬ëèøè.  

12 2
1 1

ln arcsin ln arcsin ln sin(ln1)
1 (ln ) 1 (ln )

1arcsin arcsin 0 .
2 6

e e
edx d x x e аrс

x x x
π

= = = − =
− −

= − =

∫ ∫
     

Èíòåãðàëëàðû õàñàïëàìàëû. 

1367.  
2 3

2
1

( 1) .x dx
x
−

∫                1368.  
3

0

.
25 3

dx
x

−

+∫  

1369.  
1

2
0

.
1

x

x

e dx
e+∫                 1370.  

1 5

1

.
2

y dy
y− +∫  

1371.  
1 2

6
0

.
4

y dy
y +

∫                  1372.  
2

2

0

cos .d

π

α α∫                         
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1373.  
2

3

0

sin .d

π

ϕ ϕ∫                 1374.  
4

2
1

1 .x dx
x
+

∫    

1375.  
1

2 2
1

.
( 1)

xdx
x− +∫                 1376.  

1

2
0

.
4 5
dx

x x+ +∫          

1377.  
1

0

1 .xdx+∫   

¸ 2. Êåñãèòëè èíòåãðàëäà îðíóíà ãîéìà óñóëû 

Êåñãèòëè  èíòåãðàëëàðy  õàñàïëàmakda   kesgitsiz èíòåãðàëëàðû 
õàñàïëàìàê  ¬÷èí áåëëè áîëàí  ­õëè óñóëëàðû óëàíìàê  áîëàð.  

Teorema. Goý, y=f(x) funksiéa [ ]ba ,  kesimde kesgitlenen hem-de 
þznþksiz bolsun we x=ϕ (t) funksiéa aşakdaky şertleri kanagatlandyrsyn:  
1)[ ],α β  kesimde kesgitlenen we þznþksiz differensirlenéúr,  

2) ( ) ( ),a bϕ α ϕ β= =  bolsa we erkin [ ],t a b∈  üçin ( ) .a t bϕ≤ ≤ Onda 

               [ ]( ) ( ) ( ) (1)
b

a

f x dx f t t dt
β

α

ϕ ϕ′=∫ ∫  

formula dogrudyr.           

1378. 12 −= tx  îðíóíà ãîéìàíû óëàíûï, ∫ +
3

1

1dxx  èíòåãðàëû 

üçãåðòìåëè. 
×üçþëèøè: 12 −= tx  îðíóíà ãîéìàäàí àëàðûñ: dtdx 2= . Åãåð 1=x             

áîëñà 1=t  âå  3=x   áîëñà .2=t  Øóíëóêäà,  

=+∫
3

1

1dxx 2222
2

1

=⋅∫ dtt .
2

1

dtt∫
         

1379. ∫ +

4

0 1 x
dx

 èíòåãðàëû õàñàïëàìàëû. 

×üçþëèøè:  2x t=  îðíóíà ãîéìàíû óëàíàëûÿ. tdtdx 2= . Åãåð 0=x   
áîëñà 0=t  âå  4=x  áîëñà 2=t  (1) ôîðìóëàíûÿ åñàñûíäà òàïàðûñ:  

4 2 2
2

0
0 0 0

2 12 (1 ) 2 ln 1 4 2ln 3.
1 11

dx tdt dt t t
t tx

⎡ ⎤= = − = − + = −⎣ ⎦+ ++∫ ∫ ∫  
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1380. ∫ −
a

dxxa
0

22  èíòåãðàëû hasaïlaìàëû. 

×üçþëèøè.  Ãîé, sinх a t=  áîëñóí. Îíäà cos .dx a tdt=  Òúçå èíòåãðàëûÿ 
ïðåäåëëåðèíè òàïìàê þ÷èí áåðëåí èíòåðàëûÿ çäklerini ãþìàí ýäåí 
äåÿëèãèìèçå ãîéóï òàïàðûñ: 

tax sin=  îðíóíà ãîéìàäà 0=x  áîëàíäà axt == ,0  áîëàíäà 

.
2
π

=t  Îíäà  

2

2

0

22 adxxa
a

=−∫ .
4

)2cos1(
2

0

2

∫ =+

π

πadtt
 

1381.  ∫ +−

2

0
2sinsin56

cos
π

xx
xdx

 iíòåãðàëû  õàñàïëàìàëû.  

                        
×üçþëèøè.  tx =sin  îðíóíà ãîéìàíû óëàíàëûÿ. Ýãåð 0=x  áîëñà 0t =   

âå  
2

x π
=   áîëñà  .1=t  

Äèéìåê, 

        =
+−∫

2

0
2sinsin56

cos
π

xx
xdx .

3
4ln

2
3ln

56

1

0

1

0
2 =

−
−

=
+−∫ t

t
tt

dt
 

        
Èíòåãðàëëàðû õàñàïëàìàëû. 

1382. 
9

4

.
1

xdx
x −∫                 1383. 

1
2 2

0

1 .x x dx−∫   

1384. 
2

0

.
1 sin cos

dx
x x

π

+ +∫        1385. 
3 2

2
1

1 .x dx
x
+

∫  

1386. 
1

2
0

ln(1 ) , ( tg ).
1

x dx x t
x
+

=
+∫   

1387. tx sin=  îðíóíà ãîéìàíû óëàíûï, 
1

4
1
2

1
dx

x−
∫  èíòåãðàëû 

üçãåðòìåëè. 
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1388. arctgx t=  îðíóíà ãîéìàíû óëàíûï, ∫
2

0

)(

π

dxxf  èíòåãðàëû 

üçãåðòìåëè. 
Aøakdaky iíòåãðàëlarû õàñàïëàìàëû. 

1389. 
ln 2

2

0

1 , 1 .x xe dx e t− − =∫         1390.  
2

0

.
5 3cos

dx
x

π

−∫    

1391. 
5

0

.
2 3 1

dx
x x+ +∫       

¸ 3. Áüëåêëåéèí èíòåãðèðëåìåê 

Ýãåð )(xu  âå ( )xϑ  ôóíêñèéàëàð [ ]ba,   êåñèìäå þçíþêñèç áîëóï, 
þçíþêñèç üíþìëåðå ýéå áîëñàëàð, îíäà àøàêäàêû äåÿëèê àäàëàòëûäûð: 

               ]b

a

b

a

xxudxxvxu )()([)()( ϑ∫ = ∫−
b

a

xdux )()(ϑ  

éà-äà 

                      .
b b

b
a

a a

ud u duϑ ϑ ϑ= −∫ ∫                    (1) 

Áó éåðäå  b
auϑ  áåëãèëåìå  )()()()( aaubbu ϑϑ −  òàïàâóäû àÿëàäéàð. 

 
Integrallary hasaplamaly    

1392. 
2

1

ln .x xdx∫     

×üçþëèøè.  Áó éåðäå  xdxdux == ϑ,ln  õàñàï åäèï, (1) ôîðìóëàíû 
óëàíûï àëàðûñ:  

      
∫∫∫ =−⎥

⎦

⎤
⎢
⎣

⎡
=−⎥

⎦

⎤
⎢
⎣

⎡
⋅=

2

1

2

1

22

1

22

1

22

1 2
1ln

22
1

2
lnln xdxxx

x
dxxxxxdxx

 
                                     

( )
22

1

1 1 32ln 2 2ln 2 4 1 2ln 2 .
2 2 4 4

x
= − = − − = −  
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1393. 
1

0

.xxe dx∫  

×üçþëèøè: Åãåð  , xx u e dx dϑ= = diések, oíäà , xdu dx eϑ= =  âå       

             .11

0

1

0

1

0

1

0
=−=−= ∫∫ xxx eedxeexdxxe x  

1394.  
2

2

0

cos .xe xdx
π

∫  

×üçþëèøè. Åãåð  ϑdxdxue x == cos,2  áîëñà, .sin,2 2 xdxedu x == ϑ  
(1) ôîðìóëàíû óëàíûï òàïàðûñ:    

   
∫∫∫ =−=−=

2/

0

2/

0

22
2/

0

2 sin2sin2sincos 22/
0

ππ
π

π
π xdxeexdxexexdxe xxxx

 
/2

2

0

2 sin . (2)xe e xdx
π

π= − ∫  

(2) äåÿëèãèÿ ñàã áüëåãèíäúêè èíòåãðàëû áüëåêëåéèí èíòåãðèðëúëèÿ: 

     ,sin,2 ϑdxdxue x ==  .cos,2 2 xdxedu x −== ϑ  

    xdxe x sin2 2
2

0
∫
π

= 2 2

0
cos 2xe x

π

− − ∫
2

0

2 cos

π

xdxe x = 21+ ∫
2

0

2 cos

π

xdxe x , 

    =∫
2

0

2 cos
π

xdxe x 21(2 +−πe =∫ )cos
2

0

2

π

xdxe x 42 −−xe ∫
2

0

2 cos

π

xdxe x . 

Áó éåðäåí òàïàðûñ: 

     =∫
2

0

2 cos5
π

xdxe x ,2−πe    ∫
2

0

2 cos

π

xdxe x .
5

2−
=

πe
 

1395. 
1

0

.xxe dx−∫                    1396. 

1
2

0

arcsin .xdx∫   

1397. 
0

3 sin .x xdx
π
∫               1398. 

1

ln .xdx
e
∫  
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1399. 
0

cos .axe bx dx
∞

−∫        1400. 
1

3ln .
e

xdx∫  

1401. 

2

4

0

sin .xdx
π

∫            1402. 
1

0

arcsin .
1

xdx
x+∫    

¸ 4. Êåñãèòëè èíòåãðàëûÿ éàêûíëàøàí áàõàñûíû òàïìàê  

Åãåð áåðëåí ( )
b

a

f x dx∫  êåñãèòëè èíòåãðàëûÿ èðòåãðèðëåíéúí )(xf  

ôóíêñèéàñûíûÿ )(xF  àñûë ôóíêñèéàñûíû òàïìàê êûí áîëñà, éà-äà )(xf  
ôóíêñèéà þ÷èí )(xF  ôóíêñèéà éîê áîëñà, îíäà êåñãèòëè èíòåãðàëûÿ 
éàêûíëàøàí áàõàñûíû òàïìàãà ãå÷èëéúð. Êåñãèòëè èíòåãðàëûÿ éàêûíëàøàí 
áàõàñûíû òàïìàê áîëñà àøàêäàêû óñóëëàðûÿ êüìåãè áèëåí àìàëà àøûðûëéàð.      

1. Ãüíþáóð÷ëóêëàð óñóëû. 

],[ ba  êåñèìè  bxxxxa n =<<<= ...210  íîêàòëàð áèëåí üçàðà äåÿ n  

áüëåêëåðå áüëåëèÿ âå nyyyyy n ,,...,, 1210 −  áèëåí áîëñà, )(xfy =  ôóíêöèéàíûÿ 
äåãèøëè áàõàëàðûíû áåëãèëúëèÿ. Òàêìûí äåÿëèãè éàçàëûÿ: 

1

1( ) , ( 1,..., )
xk

k

k kf x dx y x k n
x −

−≈ Δ =∫                (1) 

 øó éåðäå 

.,1 n
abkax

n
abxxx kkk k

−
+=

−
=−=Δ −

 
 

 
57-nji ÷yzgy 
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 Áó áîëñà ýãðè÷ûçûêëû aABb  òðàïåöèéàíûÿ õåð áèð böleginiň 
ìåéäàíûíûÿ áåéèêëèãè 1kу −  áîëàí, ýñàñû kxΔ  (57-íùè ÷yzgy) áîëàí 
ãüíþáóð÷ëóê áèëåí ÷àëøûðûëéàíäûãûíû ãüðêåçéúð. (1) äåÿëèãè úõëè 

nk ,...,3,2,1=  bahalar áîéóí÷à ùåìëúï, ãüíþáóð÷ëóêëàð ôîðìóëàñûíû àëàðûñ: 

     0 1 1( ) ( ... )
b

n

b af x dx y y y
na

−

−
≈ + + +∫             (2) 

Ýãåð  )(xf ′  üíþì áàð áîëóï, [ ]ba,  êåñèìäå ÷úêëåíåí áîëñà, îíäà 
(2) ôîðìóëàíûÿ  éàëÿûøëûãû þ÷èí àøàêäàêû äåÿñèçëèê äîãðóäûð: 

,
2

)()(
2

1

1
1 n

abMxy
a

dxxf k

n

k
kn

b −
≤Δ−= ∑∫

=
−δ          (3) 

bó éåðäå 
[ ]a,b

max ( ) .M f x′=  

2. Òðàïåöèéàëàð  óñóëû  
      
Ãüíþáóð÷ëóêëàð ôîðìóëàñûíäàêû éàëû êåñèìè äåÿ n  áüëåêëåðå  áüëþï, 

òàêìûíû äåÿëèãè éàçàëûÿ:  

         
1

1( ) .
2

k

k

k k
k

x y yf x dx x
x −

− +
≈ Δ∫                   (4) 

Áó áîëñà aABb  òðàïåñèéàíû áüëåêëåðå áüëåíèìèçäå îíóÿ õåð áèð 
çîëàãûíûÿ ìåéäàíû òàêìûíàí äåãèøëè òðàïåñèéàíûÿ ìåéäàíû áèëåí 
÷àëøûðûëéàíëûãûíû ãüðêåçéúð. Äåãèøëèëèêäå nk ,...,2,1=  áàõàëàðû áåðèï 
òðàïåñèéàëàð ôîðìóëàñûíû àëéàðûñ: 

1

1

( )
2

b n
k k

k
ka

y yf x dx x−

=

+
≈ Δ =∑∫ 0 1 2 1( 2 2 .. 2

2 n
b a y y y y

n −

−
+ + + + )ny =

0
2 3 1( ... ).

2
n

n
y yb a y y y

n −

+−
= + + + +         (5) 

 
58-íùè ÷yzgy 
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Åãåð )(xf ′  áàð áîëóï ],[ ba  êåñèìäå ÷úêëåíåí áîëñà, îíäà (5) 
ôîðìóëàíûÿ éàëÿûøëûãû þ÷èí àøàêäàêû äåÿñèçëèê äîãðóäûð: 

     ,
12

)(
2

)( 2

3
2

1

1

n
abMxyydxxf

n

k
k

kk
b

a
n

−
≤Δ

+
−= ∑∫

=

−δ              (6)        

bó éåðäå  
[ ]2 a,b

max ( )M f x′= . 

3. Ñèìïñîí óñóëû 

[ ],a b  êåñèìè <<<= ...10 xax bxxx nnn =<< −− 21222  íîêàòëàðûÿ êüìåãè  

áèëåí  äåÿ n2   áüëåêëåðå áüëåëèÿ âå  
                   nnn yyyyyy 21222210 ,,...,,,, −−  

áèëåí )(xfy =  ôóíêñèéàíûÿ äåãèøëè áàõàëàðûíû áåëãèëúëèÿ (59-íùy ÷yzgy). 
Èíäè òðàïåñèéàíûÿ ìåéäàíûíû ïàðàáîëà çîëàãûíûÿ ìåéäàíû áèëåí 

÷àëøûðàëûÿ. Îíäà aABb   òðàïåöèéàíûÿ ìåéäàíûíû  òàêìûíàí  
õàñàïëàìàãûÿ  ôîðìóëàñûíû  éàçûï  áèëåðèñ: 

2 2 2 1 2
1

( ) ( 4 )
b n

k k k
ka

b af x dx y y y
n − −

=

−
≈ + + =∑∫  

[

]
0 1 3 5 2 1

2 4 6 2 2

( 2 ) 4( ... )

2( ... ) .

n n

n

b a y y y y y y
n

y y y y

−

−

−
= + + + + + + +

+ + + + +
  (7)   

 

59-njy ÷yzgy 

Áó ôîðìóëà Ñèìïñîí ôîðìóëàñû äèéèëéúð. 
Ýãåð [ ]ba,  êåñèìäå )()( xf IV  üíþì áàð áîëóï, ÷úêëåíåí áîëñà, îíäà 

(7) ôîðìóëàíûÿ éàëÿûøëûãû þ÷èí àøàêäàêû äåÿñèçëèê äîãðóäûð: 

4

5
4

1
21222 )2(180

)()4(
2

)(
n
abMyyy

n
abdxxf

b

a

n

k
kkkn ⋅

−
≤++

−
−= ∫ ∑

=
−−δ        (8)        

áó éåðäå 
[ ]4 a,b

max ( )M f x′= . 
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1403.  Ãüíþáóð÷ëóêëàð  ôîðìóëàñûíû  óëàíûï, ∫ +

1

0
21 x

dx
 ( )10=n  

èíòåãðàëûÿ éàêûíëàøàí áàõàñûíû òàïìàëû âå îíóÿ éàëÿûøëûãûíû 
êåñãèòëåìåëè.  

×üçþëèøè. Èëêè áèëåí èíòåãðàëûÿ òàêûê áàõàñûíû éàçàëûÿ: 

                       arctg1 0,785.
4
π

= ≈  

).10,...,2,1,0(,1,01,00,1,0
10

01
=⋅=⋅+=

−
+==

−
=

−
=Δ kkk

n
abkax

n
abx k

Ôóíêöèéàíûÿ áàõàëàðûíû õàñàïëàëûÿ: 

0 1 2

11, 0.990,
1 (0.1)

y y= = ≈
+

  

,862.0,917.0,962.0
)2.0(1

1
4322 ≈=≈

+
= yyy  

,671.0,735.0,8.0 765 ≈≈= yyy   .5,0,552.0,610.0 1098 =≈≈ yyy  
Îíäà  
     

2

1

0
0,1 (1 0,990 0,962 0,917 0,862 0,8 0,735 0,671

1
0,610 0,552) 0,810.

dx
x

= ⋅ + + + + + + + +
+

+ + ≈

∫  

Èíäè ãüéáåðèëåí éàëÿûøëûãû òàïàëûÿ: 

                222 )1(
2

1
1)(

x
x

x
xf

+
−=

′
⎟
⎠
⎞

⎜
⎝
⎛
+

=′  

îíäà 22 )1(
2)(

x
xxf

+
=′  ôóíêñèéà ]1,0[  êåñèìäå ìîíîòîí êåìåëéúð. Øîíóÿ 

þ÷èí      1 2[0,1]
2 1 2max ( ) (1) 0,5.

(1 1) 4x
M f x f

∈

⋅′ ′= = = = =
+

 

             .25,0
2,0
5,0

1,02
)01(5,0 2

==
⋅
−⋅

≤nδ  

Øóíëóêäà, 

1

2
0

0,810 0.25.
1

dx
x

= ±
+∫

  
alarys. 
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1404. Òðàïåñèéàëàð ôîðìóëàñû áîéóí÷à 10=n  áîëàíäà  

                           ∫ +

1

0 1 x
dx

 

 èíòåãðàëûÿ éàêûíëàøàí áàõàñûíû òàïìàëû. 

×üçþëèøè. 
10
1

10
,1,0 =

−
==

abba . Èíäè èíòåãðàë àøàãûíäàêû 

ôóíêñèéàíûÿ áàõàëàðûíû òàïàëûÿ: 

00 =x ,  1
01

1
0 =

+
=y , 1 0,1,x =  .9091,0

1,1
1

1,01
1

0 ==
+

=y  

,7143,0,7992,0,833,0 432 === yyy        

,5882,0,6250,0,667,0 765 === yyy  

.5000,0,5263,0,5556,0 498 === yyy  
Îíäà òðàïåñèéàëàð ôîðìóëàñû áîéóí÷à àëàðûñ: 

  

1

0

1 1.0000 0,5000( 0,9091
1 10 2
dx

x
+

≈ + +
+∫ ++++ 6667,07143,07692,08333,0  

   .6938,069377,09377,6
10
1)5263,05556,05882,06250,0 ≈=⋅=++++  

Øó òàêìûí õàñàïëàìàíûÿ éàëÿûøëûãûíû àíûêëàëûÿ: 

              ,
)1(

1)( 2x
xf

+
−=′   .

)1(
2)( 3x

xf
+

=′′   

Åãåð 10 ≤≤ x  áîëñà,  2)( ≤′′ xf .  Øîíóÿ þ÷èí 22 =M  dèéèï àëìàê 

áîëàð. 

                    2

2 1 1 0,0017.
12 10 600nδ

⋅
≤ = <

⋅
  

1405. Ñèìïñîí ôîðìóëàñûíû óëàíûï òàêûêëûãû 0,0001 ÷åíëè éàêûíëûê 
áèëåí 

                     dxe x∫ −
1

0

2
 

èíòåãðàëûÿ éàêûíëàøàí áàõàñûíû õàñàïëàìàëû. 
×üçþëèøè. ]1,0[  êåñèìè äåÿ 10 áüëåãå áüëåëèÿ: 

0 1 2 100, 0.1, 0.2,..., 1,0.x x x x= = = =  Áóëàðà äåãèøëè ôóíêöèéàíûÿ 

áàõàëàðûíû òàïàëûÿ. Øîíäà òàêûêëûê  0001,0  ÷åíëè áîëàíëûãû þ÷èí 
õàñàïëàìàíû îòóðäàí ñîÿ áúø áåëãú ÷åíëè àëûï, îíû äüðò áåëãú äîãðóëàï 
àëàðûñ: 



335 
 

2

2

0
0 0

0,12
1 1

0, 1,

0,1, 0,99005,

x y e

x y e

−

−

= = =

= = =
 

2 20,2, 0,96079,x y= =  

3 30,3, 0,91393,x y= =  

4 40,4, 0,85214,x y= =  

5 50,5, 0,77680,x y= =  

6 60,6, 0,69768,x y= =  

7 70,7, 0,61263,x y= =  

8 80,8, 0,52729,x y= =  

9 90,9, 0,44486,x y= =  

10 101,0, 0,36788.x y= =  
Bu éerden: 

 0 10 1,36788.y y+ =  

         
.07580,603790,32)(2

,96108,1474027,34)(4

8642

97531

=⋅=+++
=⋅=++++

yyyy
yyyyy

 

Ìåñåëúíèÿ øåðòèíå ãüðú ðóñãàò áåðèëéúí íúòàêûêëûê 0,0001 -dåí 
ãå÷ìåëè äúë. Øîíóÿ þ÷èí ]1,0[  êåñèìè n2  áüëåêëåðå áüëìåêëèê àøàêäàêû 
äåÿñèçëèêäåí òàïûëéàð: 

   

5
4

4

( ) 0,0001.
180(2 )

M b a
n
−

<  

1=− ab  áîëàíû þ÷èí 4M  òàïìàëû. 

 

2

2

2

2

2

3

( ) 4 2

( ) 2 ,

( ) 2(2 1) ,

( ) 4(2 3 ) ,

( ) 4(4 12 3) ,

x

x

x

IV x

f x xe

f x x e

f x x x e

f x x x e

−

−

−

−

′ = −

′′ = − ⋅

′′′ = − − ⋅

= − + ⋅

 

         ( ) ( ) ( )20 20(0) 12, (1) , (1) 12.IV IV IVf f f
e e

= = − = <  

Øóíëóêäà, 

             

( ) ( )
4

4
4

max ( ) (0) 12,

12 1250,0001, , 3.
180 (2 ) 3

IV IVM f x f

n n
n

= = =

< > ≥
⋅
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Õàñàïëàìàê þ÷èí  5=n   àëéàðûñ. Øîíäà íúòàêûêëûê 0,0001-äeí 
ãå÷ìåéúð. 

.7468,0
56

86108,1407580,636788,11

0

2

≈
⋅

++
=−∫ dxxe

 
1406. Ãüíþáóð÷ëóêëàð ôîðìóëàñûíû óëàíûï, 

2

0

sin , ( 12)x xdx n
π

=∫  

èíòåãðàëûÿ éàêûíëàøàí áàõàñûíû òàïìàëû.       

1407. Ãüíþáóð÷ëóêëàð ôîðìóëàñûíû óëàíûï, 

∫ =
2

1

)10(, n
x

dx

 
èíòåãðàëûÿ éàêûíëàøàí áàõàñûíû òàïìàëû. 

1408.  Òðàïåöèéàëàð ôîðìóëàñûíû óëàíûï, 

    
∫ =

+

1

0

)8(,
1

n
x

dx

 
èíòåãðàëûÿ éàêûíëàøàí áàõàñûíû òàïìàëû. 

1409. 10=n  äèéèï ∫
4

2

2dxx  êåñãèòëåíåí èíòåãðàëûÿ éàêûíëàøàí áàõàñûíû 

òàïìàëû. 

1410. Ñèìïñîí ôîðìóëàñûíû óëàíûï,  

∫ =
1

0

2 )10(, ndxx
 

èíòåãðàëûÿ éàêûíëàøàí áàõàñûíû òàïìàëû. 
1411. Ñèìïñîí ôîðìóëàñûíû óëàíûï, 001,0  òàêûêëûê áèëåí 

∫
5

2 ln x
dx

 

èíòåãðàëûÿ éàêûíëàøàí áàõàñûíû òàïìàëû. 
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¸ 5. Hususy äúë èíòåãðàëëàð 

1. ×úêëåíìåäèê ôóíêñèéàíûÿ èíòåãðàëû 
 
Ãîé, )(xf  ôóíêñèéà ],[ ba  êåñèìèÿ а íîêàäûíäàí áàøãà íîêàòëàðäà 

êåñãèòëåíåí áîëñóí. Åãåð, )(xf  ôóíêñèéà õåð áèð [ , ]a bε+ , 
)0,0( <+> εε a  êåñèìäå èíòåãðèðëåíéúí bolup 0→ε   bolanda   

∫
+

→
=

b

a

Idxxf
ε

ε
)(lim

0          (1) 

ïðåäåë áàð áîëñà, øîë ïðåäåëå [ ]ba ,  kesimde )(xf  ôóíêöèéàäàí àëíàí 
hususy äúë èíòåãðàë äèéèëéúð âå àøàêäàêû éàëû éàçûëéàð: 

         .)(∫=
b

a

dxxfI
    

       (2) 

Øó õàëäà (2) hususy äúë èíòåãðàë áàð äèéèëéúð âå øîë èíòåãðàëà 
éûãíànéàí èíòåãðàë äèéèëéúð. Òåðñèíå áîëàí õàëäà áîëñà hususy äúë 
èíòåãðàëa äàðãàéàí èíòåãðàë äèéèëéúð. 

Øåéëå õåì, ýãåð b  íîêàòäà )(xf  ôóíêöèéà ÷úêëåíìåäèê áîëñà, 

∫=
b

a

dxxfI )(
 

hususy äúë èíòåãðàë êåñãèòëåíèï áèëíåð, 
Ãîé, èíäè )(xf  ôóíêöèéà [ ]ba,  êåñèìèÿ ( )с a c b< <  íîêàäûíäà 

÷úêëåíìåäèê áîëñóí. Îíäà [ ]ba,  êåñèìè [ )ca,   âå ( ]ac,   áüëåêëåðå 
áüëþï, alarys: 

.)()()( ∫ ∫∫ +=
c

a

b

c

b

a

dxxfdxxfdxxf
 

Åãåð-äå )(xf  ôóíêñèéà [ ],a с ε−  âå [ ],с bε−   êåñèìëåðäå 

èíòåãðèðëåíéúí bolup, 0→ε  bolanda tþkenþkli   

10
)(lim Idxxf

c

a

=∫
−

→

ε

ε
,  20

)(lim Idxxf
b

c

=∫
+

→
ε

ε
 

ïðåäåëëåð áàð áîëñà, ∫
b

a

dxxf )(  èíòåãðàëà )(xf  ôóíêñèéàäàí [ ]ba ,  kesim 

boéun÷a àëíàí hususy äúë èíòåãðàë äèéèëéúð. 
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Åãåð-äå ( )f x  ôóíêñèéà [ ],a b  êåñèìèÿ ,a b  âå c íîêàòëàðûíäà 

÷úêëåíìåäèê áîëñà, îíäà ýðêèí  0ε >  ñàíû àëìàê áèëåí  [ ],a b  êåñèìè    

[ ] [ ] [ ] [ ]εεεε −+−+ bkkccdda ,,,,,,,     
êåñèìëåðå b«lþp,  

( ) ( ) ( ) ( ) ( )
b d c k b

a a d c k

f x dx f x dx f x dx f x dx f x dx
ε ε

ε ε

− −

+ +

= + + +∫ ∫ ∫ ∫ ∫  

äåÿëèêäå 0→ε  bolanda ïðåäåëå ãå÷èï [ ]ba,  êåñèìäå )(xf  ôóíêñèéàäàí 

àëíàí hususy äúë èíòåãðàëû êåñãèòëúï áîëàð.  

Êüïëåí÷ õàëàòëàðäà ÷úêëåíìåäèê ôóíêöèéàäàí hususy äúë èíòåãðàëëàðûÿ   

éûãíànéàíäûãûíû àíûêëàìàê þ÷èí àøàêäàêû íûøàíëàðäàí ïåéäàëàíéàðëàð: 

Ãîé, òàêûêëûê þ÷èí )(xf  ôóíêöèéà ax =  íîêàòäà ÷úêëåíìåäèê 

áîëñóí. Îíäà ∫
b

a

dxxf )(  èíòåãðàë: 

a) max
Mxf

)(
)(

−
≤    âå  1<m   áîëñà éûãíànéàð; 

b) max
Mxf

)(
)(

−
≥    âå  1≥m   áîëñà äàðãàéàð. 

        

1412. ∫=
1

0 x
dxI  èíòåãðàëû õàñàïëàìàëû. 

×üçþëèøè. Êåñãèòëåìú ãüðú I  hususy èíòåãðàë áàðäûð âå 0=x  

íîêàòäà 
x

1
  ôóíêöèéà ÷úêëåíìåäèêäèð. Îíäà àëàðûñ: 

1

0

2 2 .dx
xε

ε
+

= −∫  

Äèéìåê, 

  
.2)22lim

1

0

=−=∫ ε
x

dx
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1413. )10(,
)1(

1

0

<<
−∫ x

xx
dx

 èíòåãðàëû õàñàïëàìàëû. 

×üçþëèøè. )10(,
)1(

1)( <<
−

= x
xx

xf  ôóíêöèéà 0=x  âå 1=x  

íîêàòëàðäà ÷úêëåíìåäèê ôóíêöèéàäûð. Øó ôóíêöèéàäàí àëíàí hususy äúë 
èíòåãðàëû òàïìàê þ÷èí 

1/2

0
lim ,

(1 )
dx

x xε
ε

→ −∫    

1

0
1/2

lim
(1 )
dx

x x

ε

ε

−

→ −∫  

ïðåäåëëåðè òàïìàëû áîëéàðûñ: 
1/2 1/2

0 0
lim lim 2arcsin

(1 )
dx x

x xε ε εε
→ →

= =
−∫

 

0

12 lim arcsin arcsin 2 0 ,
4 22ε

π πε
→

⎡ ⎤= − = ⋅ − =⎢ ⎥⎣ ⎦

1
2

1 1

0 0 01/2

1lim 2lim arcsin 2lim arcsin 1 arcsin
(1 ) 2

12 arcsin1 arcsin 2 .
2 4 22

dx x
x x

ε ε

ε ε ε
ε

π π π

− −

→ → →

⎡ ⎤= = − − =⎢ ⎥− ⎣ ⎦

⎡ ⎤ ⎛ ⎞= − = − =⎜ ⎟⎢ ⎥ ⎝ ⎠⎣ ⎦

∫
 

Øóíëóêäà, 

1 1/2 1

0 0
0 1/2

lim lim .
2 2(1 ) (1 )

dx dx
x x x x

ε

ε ε
ε

π π π
−

→ →

⎛ ⎞
= + = + =⎜ ⎟

− −⎝ ⎠
∫ ∫ ∫   

1414. ∫ −

2

0
24 x

dx
 hususy äúë èíòåãðàëû õàñàïëàìàëû. 

×üçþëèøè.  Èíòåãðàë àøàãûíäàêû 
24

1)(
x

xf
−

=  ôóíêöèéà 2=x   

íîêàòäà tþêåíèêñèçëèãå üâðþëéúð. Îë èíòåãðèðëåìå àðàëûãûÿ  ãàëàí 

íîêàòëàðûíäà þçíþêñèç ôóíêöèéàäûð. Øîÿà ãüðú 
24

1)(
x

xf
−

=  funksiéa 

èñëåíäèê [ ]ε−2,0  àðàëûêäà èíòåãðèðëåíéúí ôóíêsèéàäûð. Øóíëóê áèëåí 
êåñãèòëåìú ãüðú àëàðûñ: 
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22 2

2 20 0 0
00 0

2 0lim limarcsin lim arcsin arcsin .
2 2 2 24 4

dx dx x
x x

εε

ε ε ε

ε π−−

→ → →

−⎛ ⎞= = = − =⎜ ⎟
⎝ ⎠− −

∫ ∫
  

  
1415. 0>α  ãüðêåçèùèíèÿ õàéñû áàõàëàðûíäà  

1

0

dx
xα∫  

 hususy äúë èíòåãðàë éûãíàíéàð âå õàéñû áàõàëàðûíäà äàðãàéàð? 

×üçþëèøè. 
αx

xf 1)( =  ôóíêöèéà 0, 0xα > =  íîêàòäà òþêåíèêñèçëèãå 

üâðþëéúð âå èíòåãðèðëåìå êåñèìèÿ ãàëàí íîêàòëàðûíäà þçíþêñèçäèð. Øîÿà 
ãüðú [ ], 1ε  ( )10 << ε  êåñèìäå èíòåãðèðëåíéúí ôóíêöèéàäûð. Èëêè áèëåí 

1≠α  äèéèï, êåñãèòëåìú ãüðú éàçûï áèëåðèñ:   

        
1

0

dx
xα∫ 0

lim
→

=
ε ∫

1

ε
αx

dx
0

lim
→

=
ε

1
11

1
x α

εα
−⎛ ⎞

⎜ ⎟−⎝ ⎠
).1(lim

1
1 1

0

α

ε
ε

α
−

→
−

−
=  

Áó éåðäå èêè õàëûÿ áîëìàãû ìþìêèí: 

1) 1α <  îíäà 0lim 1

0
=−

→

α

ε
ε  âå 

1

0

1 .
1

dx
xα α

=
−∫  

Áó õàëäà hususy dúl inòåãðàë éûãíànéàð. 

2) 1>α  îíäà  
0

lim
→ε

=−αε 1 ∞  âå .
0
∫
∞

+∞=αx
dx

 

Áó õàëäà hususy äúë èíòåãðàë äàðãàéàð. 
Ýãåð 1=α  áîëñà, îíäà 

∫ =
1

0 x
dx

0
lim
→ε ∫

1

ε x
dx

0
lim
→

=
ε

1

0
ln x

0
lim
→

=
ε

−=− )ln1(ln ε
0

lim
→ε

.ln +∞=ε  

Hususy äúë èíòåãðàë áó õàëäà õåì äàðãàéàð. 
Berlen integrallaryň  ýygnanýandygyny ýa-da dargaýandygyny 

görkezmeli.       

1416. .cos5

0
∫ dx

x
x

 

×üçþëèøè. 
сosx

x
 ôóíêöèéà 0=x  íîêàòäà òþêåíèêñèçëèãå üâðþëéúð. Ãàëàí 

íîêàòëàðäà áîëñà þçíþêñèçäèð. 0>x  áîëàíäà 
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,1cos
xx

x
<

 

 áó éåðäå 1=M  we 1
2
1
<=m . Éûãíànìà íûøàíû ýñàñûíäà èíòåãðàë 

éûãíànéàð. 

 1417. .
1

)1ln(2

0
sin

5 3

∫ −
+ dx

e
x

x  

 
 ×üçþëèøè. Èíòåãðèðëåíéúí ôóíêöèéà 

.
1

)1ln()( sin

5 3

−
+

= xe
xxf

 

0=x  íîêàòäà êåñãèòëåíåí äúëäèð. Èíòåãðèðëåìå àðàëûãûíûÿ ãàëàí 
íîêàòëàðûíäà áîëñà ôóíêöèéà þçíþêñèçäèð. Äåÿãþé÷ëè  òþêåíèêñèç êè÷è 
óëóëûêëàðû éàçàëûÿ: 

           1sin −xe ∼ xsin ∼ x ,   ( )5 31ln x+ ∼ 5 3 ,x    .0→x  
Îíäà 

5 3

sin

ln(1 )
1x

x
e
+
−

∼
5 3

2
5

1 .x
x x

=  

Áó éåðäå .1we1
5
2

=<= Mm  Äèéìåê, èíòåãðàë éûãíànéàð. 

1418.  .
)1(

sin22

0
2∫ −

+ dx
x

x
 

×üçþëèøè. Èíòåãðàë àøàãûíäàêû ôóíêöèéà 

2

2 sin( )
( 1)

xf x
x
+

=
−  

èíòåãðèðëåìå àðàëûãûÿ è÷êè 1x =  íîêàäûíäà òþêåíèêñèçëèãå üâðþëéúð. Øîÿà 
ãüðú-äå èíòåãðàëû èêè èíòåãðàëûÿ ùåìè ãüðíþøèíäå éàçûï, îëàðûÿ õåð 
õàéñûñûíû àéðàòûíëûêäà äåðÿúëèÿ: 

            =
−

+ dx
x

x
2)1(

sin2
+

−
+

∫ dx
x

x1

0
2)1(

sin2 .
)1(

sin22

1
2 dx

x
x

∫ −
+

 

Úõëè −x ëàð þ÷èí 2 sin 0x+ > . Øîÿà ãüðú 
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.
)1(

1
)1(

sin2
22 −

≥
−
+

xx
x

 

Áó éåðäå 12,1 >== mM . Øîíóÿ þ÷èí èêè èíòåãðàë õåì äàðãàéàíäûð. 
Äèéìåê, áåðëåí èíòåãðàë äàðãàéàð. 

Èíòåãðàlëarû õàñàïëàìàëû 
      

1419. 
1

2
1

.
(4 ) 1

dx
x x− − −

∫            1420. 
1

2
0,5

.
1
xdx

x−
∫  

1421. 
3

1

.
ln

e dx
x x∫      1422. 

2

0

.
cos

dx
x

π

∫  

1423. 
2

2
1

.
4 3

dx
x x− −

∫           1424. 
2

0

ctg .xdx

π

∫   

1425. 
3

2
0

.
( 1)

dx
x −∫      1426. 

6

3
3

.
7 10
dx

x x− +∫  

1427. 
4

3 2
0

sin .x dx
x∫  

 
2. Òþêåíèêñèç ïðåäåëëè hususy äúë èíòåãðàëëàð 

        
Ãîé, )(xf  ôóíêöèéà ax >  þ÷èí êåñãèòëåíåí âå bxa ≤≤  àðàëûêäà 

áåðëèï øîë àðàëûãûÿ èñëåíäèê áüëåãèíäå èíòåãðèðëåíéúí áîëóï, ∞→b  
bolanda 

  
lim ( ) , ( )

b

b
a

f x dx I b a
→∞

= >∫
  

ïðåäåë áàð áîëñà, øîë ïðåäåëå )(xf  ôóíêöèéàäàí a-dàí ∞  ÷åíëè àëíàí 
hususy äúë èíòåãðàë äèéèëéúð âå àøàêäàêû éàëû áåëãèëåíéúð: 

.)(∫
∞

=
a

dxxfI
 

Ýãåð-äå øó ïðåäåë òþêåíèêñèçëèãå äåÿ áîëñà éà-äà éîê áîëñà, hususy 
äúë èíòåãðàëà äàðãàéàí èíòåãðàë äèéèëéúð. Òåðñèíå áîëàí õàëäà áîëñà hususy 
äúë èíòåãðàëà éûãíànéàí èíòåãðàë äèéèëéúð. 
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∫
∞−

b

dxxf )(  hususy äúë èíòåãðàë hem edil øoªa meªzeølikde êåñãèòëåíéúð: 

( ) lim
b

а
f x dx

→−∞
−∞

=∫ .)(∫
b

a

dxxf  

Øåéëå õåì ),( ∞−∞  àðàëûêäà hususy äúë èíòåãðàë êåñãèòëåíèï áèëíåð: 

.)(lim)( ∫∫
→∞
−∞→

∞

∞−

=
b

ab
a

dxxfdxxf
 

Øó ãüðíþøäúêè hususy äúë èíòåãðàëëàðûÿ éûãíànéàíäûãûíû éà-äà 
äàðãàéàíäûãûíû êüïëåí÷ õàëàòëàðäà àøàêäàêû íûøàíëàðûÿ êüìåãè áèëåí 
êåñãèòëåíèëéúð: 

     ( ) , ( 0).
а

f x dx а
∞

>∫   

Èíòåãðàë:  

    a) mx
Mxf ≤)(   âå  1>m   áîëñà éûãíànéàð; 

    b) mx
Mxf ≥)(   âå  1≤m   áîëñà äàðãàéàð. 

M  âå m  õåìèøåëèê ñàíëàðäûð. 
   1428. Èíòåãðàëû õàñàïëàìàëû: 

          
2 , ( 1)

а

dx а
x

∞

>∫
 

×üçþëèøè. Èíòåãðàë àøàãûíäàêû ôóíêñèéàíûÿ 0,1)( 2 == x
x

xf  

íîêàòäàí áåéëåêè nîêàòëàðäà þçíþêñèç áîëàíû ñåáúïëè, øîë ôóíêñèéàíûÿ 
[ ) )0(,, >+∞ aa  êåñèìäúêè èíòåãðàëûíà ãàðàëûÿ:  

.111lim1limlim 22 abaxx
dx

x
dx

b

b

a
b

b

aà
b

=⎟
⎠
⎞

⎜
⎝
⎛ −=⎟

⎠
⎞

⎜
⎝
⎛−==

→∞→∞

∞

→∞∫∫
 

1429. 21
1)(
x

xf
+

=  ôóíêöèéàíûÿ ( )∞∞− , aralykda hususy äúë 

èíòåãðàëûíû õàñàïëàìàëû. 
×üçþëèøè. ( )∞∞− ,  aralygy ( ) ),0(0, ∞∞− we  aralyklara áüëþï, 

àëàðûñ: 
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           =
+

=
+ ∫∫

∞

∞→

b

b x
dx

x
dx

0
2

0
2 1

lim
1

lim(arctg arctg0) ,
2b

b π
→∞

− =  

           =
+

=
+ ∫∫

∞−
−∞→

0

2

0

2 1
lim

1 a
a x

dx
x

dx
lim (arctg0 arctg ) .

2a
a π

→−∞
− =  

Øóíëóêäà, 

=
+∫

∞

∞−
21 x

dx
∫
∞− +

0

21 x
dx

=
+

+ ∫
∞

0
21 x

dx 0

2lim
1a

a

dx
x→−∞

+
+∫ =

+∫∞→

b

b x
dx

0
21

lim .
22

πππ
=+  

1430. ∫
∞

0

sin xdxx  hususy äúë èíòåãðàëû õàñàïëàìàëû. 

         
×üçþëèøè. Êåñãèòëåìåäåí ïåéäàëàíàëûÿ: 

0

sin lim
b

x xdx
∞

→∞
=∫

0

sin .
b

x xdx∫  

Áüëåêëåéèí èíòåãðèðëåìúíè óëàíàëûÿ: 
            , sin , , cos ,u x d xdx du dx xϑ ϑ= = = = −  

∞→b
lim ∫

b

xdxx
0

sin =
∞→b

lim
0

0

cos cos
b

bx x xdx
⎛ ⎞
− + =⎜ ⎟
⎝ ⎠

∫ ∞→b
lim ).sincos( bbb +−   

Øó ïðåäåëèÿ éîêëóãûíà ãüðú èíòåãðàë äàðãàéàð. 
Íûøàíëàðû óëàíûï, aşakdaky èíòåãðàëlarûÿ éûãíànéàíäûãûíû éà-äà 

äàðãàéàíäûãûíû áàðëàìàëû. 

1431. .cos

1
3∫

∞

dx
x

x
 

×üçþëèøè. Áåëëè áîëøû éàëû 1cos ≤x . Îíäà èíòåãðèðëåíéúí 3

cos)(
x

xxf =  

ôóíêñèéà þ÷èí 

33
1cos
xx

x
≤

       
äåÿñèçëèê äîãðóäûð. 

Áó éåðäå 1=M  âå .13 >=m  Äèéìåê, èíòåãðàë éûãíànéàð. 

1432. .
1

1arcsin3

2
∫
∞

+

+
dx

xx
x  

×üçþëèøè. Úõëè 2≥x  þ÷èí àëàðûñ: 
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1 10 arcsin arcsin 1,

2 6x
π

< ≤ = <  .1 xxxx >+  

Áó éåðäåí  

.4
1

1arcsin3

2
3

x
xx

x <
+

+

 

.4we1
2
3

=>= Mm  Äèéìåê, èíòåãðàë éûãíanéàð. 

1433.  
0

.ахе dx
∞

−∫                1434.  2
0

arctg .
1
xdx

x

∞

+∫  

1435.  
2 3

2

.
( 3)

xdx
x

∞

−
∫            1436.  2 2

2

.
( 1)

dx
x

∞

−∫  

1437.  2 .
2 5
dx

x x

∞

−∞ + +∫           1438.  
0

sin .xe xdx
∞

−∫  

1439.  
1

1tg
.

1
x dx

x x

∞

+∫            1440.  
1

arctg .x dx
x

∞

∫   

1441.  2

2

2 sin .x dx
xπ

∞ +
∫            1442.  

2

.
1

dx
x

∞

+∫  

1443.  
2

0

.
1

xdx
x

∞

+
∫           

¸ 6. Òåêèç øåêèëèÿ ìåéäàíûíû õàñàïëàìàê 

Äåÿëåìåñè )(xfy =  áîëàí þçíþêñèç ýãðè ÷ûçûê, àáñèññà îêû âå 
,ax =  bx =  ãüíþëåð áèëåí ÷úêëåíåí øåêèëèÿ ìåéäàíû (60-íùy ÷yzgy) 

         ∫=
b

a

dxxfS )(        (1) 

ôîðìóëà áèëåí òàïûëéàð. 



346 
 

Ýãåðäå øåêèë  àøàêäàí )(11 xfy = , éîêàðäàí áîëñà )(22 xfy =  þçíþêñèç 

ýãðè ÷ûçûêëàð áèëåí ( )bxa ≤≤  ÷úêëåíåí áîëñà, (61-íùi ÷yzgy), îë øåêèëèÿ 
ìåéäàíûíy òàïìàklyãûÿ ôîðìóëàñû àøàêäàêû ãüðíþøäåäèð 

  [ ]
12 2 1( ) ( ) ( ) .

b b

a a

S y y dx f x f x dx= − = −∫ ∫            (2) 

 

 
      60-nùy ÷yzgy      61-íùi ÷yzgy 

1444. xy 5=  ãüíè ÷ûçûê, Ox  îêû âå 2=x  ãüíè ÷ûçûê áèëåí 
÷úêëåíåí òåêèç øåêèëèÿ ìåéäàíûíû òàïìàëû. 

×üçþëèøè. xy 5=  âå 2=x  ãüíè çyzyklary ãóðóï (62-íùè ÷yzgy) 
þ÷áóð÷ëóãû àëàðûñ:  

       
.10

2
55

2

0

2

0

2

∫ ==
xxdx

      

 
62-nji ÷yzgy 

1445. 22 xxy −=  ïàðàáîëà âå xy −=  ãüíè ÷ûçûê áèëåí ÷úêëåíåí 
øåêèëèÿ ìåéäàíûíû òàïìàëû. 

×üçþëèøè. Áåðëåí ïàðàáîëàíû âå ãüíè ÷ûçûãû ãóðàëûÿ (63-íùè ÷yzgy). 
Áó äåÿëåìåëåðè áèëåëèêäå ÷üçþï kesişme íîêàòëàðûÿ êîîðäèíàòàëàðûíû 
òàïàðûñ. 
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63-íùè ÷yzgy 

2
2

1 2

2
, 3 0,

(3 ) 0, 0, 3.

y x x
x x

y x
x x x x

⎧ = −
− =⎨

= −⎩
− = = =

 

Îíäà òàïàðûñ: 
3 3

2 2

0 0
2 3

3
0

(2 ) ( ) (3 )

3 9( ) .
2 3 2

S x x x dx x x dx

x x

⎡ ⎤= − − − = − =⎣ ⎦

= − =

∫ ∫

 

1446. xy =3  ýãðè 1=y  ãüíè çyzyk âå 8=x  äèê ãüíè ÷ûçûê áèëåí 
÷úêëåíåí øåêèëèÿ ìåéäàíûíû òàïìàëû. 

 ×üçþëèøè. Ôóíêöèéàëàðûª grafigini ãóðóï øåêèëè òàïàëûÿ (64-íùi ÷yzgy). 
           

 
64-nji ÷yzgy 

2 2
3 2 2

1 1
1

15 18 8 8 4 . .
4 4 4
yS y dy y kw bir⎡ ⎤= − = ⋅ − = − =⎣ ⎦∫  

1447. xy 92 =  ýãðè ÷ûçûê âå xy 3=  ãüíè ÷ûçûê áèëåí ÷úêëåíåí 
øåêèëèÿ ìåéäàíûíû òàïìàëû. 
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×üçþëèøè. xy 92 =  âå xy 3=  ÷ûçûêëàðû ãóðàëûÿ (65-íùè ÷yzgy). Èëêè 
áèëåí áåðëåí ÷ûçûêëàðûÿ êåñèøìå íîêàòëàðûíû òàïàëûÿ. Îíóÿ þ÷èí 

⎩
⎨
⎧

=
=

xy
xy

3
92

 

sistemanyň ÷üçþâèíè òàïàëûÿ. .3,1,0,0 2211 ==== yxyx  Îíäà àëàðûñ: 

1 1 1 11
2

1 2
0 0 0 0

9 3 3 3S S S xdx xdx x dx xdx= − = − = − =∫ ∫ ∫ ∫  

1
3

122

0

0

3 13 3 2 . .3 2 2 2
2

x x kw bir= − = − =    

 
65-íùi ÷yzgy 

1448. xy ln=  ýãðè, Ox  ok we  x e=  ãüíè áèëåí ÷úêëåíåí øåêèëèÿ 
ìåéäàíûíû òàïìàëû. 

1449. pyxpxy 2we2 22 ==  ïàðàáîëàëàð áèëåí ÷úêëåíåí øåêèëèÿ 
ìåéäàíûíû òàïìàëû. 

1450. 3xy =  ýãðè ÷ûçûê., 8=y  ãüíè ÷ûçûê âå Ox  îê áèëåí 
÷úêëåíåí øåêèëèÿ ìåéäàíûíû òàïìàëû. 

1451. 232 we2 xyxy =−=  ýãðèëåð áèëåí ÷úêëåíåí øåêèëèÿ 
ìåéäàíûíû òàïìàëû. 

1452. 12

2

2

2

=−
b
y

a
x

 ãèïåðáîëà áèëåí âå ax 2=  ãüíè ÷ûçûê áèëåí 

÷úêëåíåí øåêèëèÿ ìåéäàíûíû òàïìàëû. 
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1453. xx eyey −== ,  ýãðèëåð áèëåí âå 1=x  ãüíè ÷ûçûê áèëåí 
÷úêëåíåí øåêèëèÿ ìåéäàíûíû òàïìàëû. 

1454. 22 31,2 yxyx −=−=  ïàðàáîëàëàð áèëåí ÷úêëåíåí øåêèëèÿ 
ìåéäàíûíû òàïìàëû. 

 
2. Äåÿëåìåñè ïàðàìåòðèê ãüðíþøäå áåðëåí ýãðè ÷ûçûê 

áèëåí ÷úêëåíåí şekiliň ìåéäàíû õàñàïëàìàê 
 
Ãîé, ýãðèíèÿ äåÿëåìåñè ïàðàìåòðèê ãüðíþøäå áåðëåí áîëñóí ( ) ,x tϕ=  

( ).y tψ=  Îíäà ok, ,Ox x a x b= =  äèê ãüíè ÷ûçûêëàð âå áåðëåí ýãðè 
÷ûçûê áèëåí ÷úêëåíåí ýãðè÷ûçûêëû òðàïåñèéàíûÿ ìåéäàíû àøàêäàêû 
ôîðìóëàëàðûÿ áèðè áèëåí òàïûëéàð: 

        ,)()(1 dttxtyS ∫ ′−=
β

α

,)()(2 dttytxS ∫ ′=
β

α

        (2) 

     ,)(
2
1 dtxyyxS ∫ ′−′=

β

α

        (3) 

áó éåðäå weα β , sanlar t  ïàðàìåòðèÿ þétgeéún aralygy. 
1455. )20(sin,cos π≤≤== ttbytax  ýëëèïñ áèëåí ÷úêëåíåí 

ìåéäàíû òàïìàëû. 
×üçþëèøè. Áó éåðäå (3) ôîðìóëàäàí ïåéäàëàíìàê àìàòëûäûð. 

,sin,cos taxtby −=′=′  .sinsincoscos abttabttbaxyyx =+=′−′  
Îíäà 

               
2 2

0 0

1 1( ) .
2 2

S xy yx dt abdt ab
π π

π′ ′= − = =∫ ∫  

1456. 
( sin )
(1 cos )

x a t t
y a t
= −⎧

⎨ = −⎩
 

egriniň áèð øàõàñû âå Ox  îê áèëåí ÷úêëåíåí øåêèëèÿ ìåéäàíûíû òàïìàëû 
(66-íùy ÷yzgy). 

 
66-íùy ÷yzgy 
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×üçþëèøè. 
Áó éåðäå (2)-íùè ôîðìóëàíû óëàíìàê àìàòëûäûð. 

[ ]
2 2 2

2 2 2

0 0 0

2 2 2
0

1 cos 2(1 cos ) ( sin ) (1 cos ) (1 2cos )
2

3 1( 2sin sin 2 ) 3 .
2 4

tS a t a t t dt a t dt a t dt

a t t t a

π π π

π π

+′= − − = − = − + =

= − + =

∫ ∫ ∫
     

1457. Äåÿëåìåñè 

2 2
3 3 3 31 ( cos , sin ,x y x a t y a t

a a
⎛ ⎞ ⎛ ⎞+ = = =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

0 2 )t π≤ ≤  

áîëàí àñòðîèäà bilen çäklenen şekiliň ìåéäàíûíû òàïìàëû.     
1458. )2sinsin2(),2coscos2( ttayttax −=−=  êàðäîèäà áèëåí 

÷úêëåíåí şekiliň ìåéäàíûny òàïìàëû. 
1459. Äåÿëåìåñè ïàðàìåòðèê ãüðíþøäå áåðëåí ),sin(cos tttax +=
(sin cos ), (0 2 ), , 0y a t t t t x a yπ= − ≤ ≤ = ≤  éàïûê ýãðè áèëåí ÷úêëåíåí 

şekiliň ìåéäàíûny tàïìàëû. 
 1460. Äåÿëåìåñè ïàðàìåòðèê ãüðíþøäå áåðëåí cos ,x a t=

2siny b tсos t=  ýãðè áèëåí ÷úêëåíåí şekiliň ìåéäàíûny òàïìàëû. 
 

3. Deÿëåìåñè ïîëéàð êîîðäèíàòàëàð sistemasynda áåðëåí ýãðè 
÷ûçûê áèëåí ÷úêëåíåí şekiliň ìåéäàíynûÿ õàñàïëàíûëûøû 

 
Äåÿëåìåñè ( )xρ ρ=  áîëàí þçíþêñèç ýãðè ÷ûçûê ïîëéàð êîîðäèíàòàëàð 

sistemasynda áåðëåí áîëñóí. Îíäà ( )xρ ρ=  ýãðè, 1 2weϕ α ϕ β= =  
øüõëåëåð áèëåí ÷úêëåíåí ñåêòîðûÿ ìåéäàíû 

   
21 ( )

2
S d

β

α

ρ ϕ ϕ= ∫  

ôîðìóëà áèëåí òàïûëéàð      
1461. Ïîëéàð äåÿëåìåñè 2 22 2а сosρ ϕ=  áîëàí ( −a õåìèøåëèê ñàí) åãðè 

÷ûçûê áèëåí ÷úêëåíåí øåêèëèÿ ìåéäàíûíû òàïìàëû. Áó øåêèëå Áåðíóëëè 

ëåìíèñêàòàñû äèéèëéúð (67-íùè ÷yzgy). 

×üçþëèøè.        
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67-íùè ÷yzgy 

Ëåìíèñêàòàíûÿ ìåéäàíûíû Ñ áèëåí áåëãèëúï, îíóÿ äüðòäåí áèðèíèÿ 

ìåéäàíûíû òàïàëûÿ. Øîë áüëåêäå ϕ  áóð÷ −0 äàí 
4
π
 ÷åíëè þéòãåéúð. 

Øîíóÿ þ÷èí 

      
4 42 2 2 2

00

1 1 1 1 1cos 2 sin 2 , .
4 2 2 2 4

S a d a a S a

π π

ϕ ϕ ϕ⎡ ⎤= = = =⎢ ⎥⎣ ⎦∫  

1462. Äåÿëåìåñè r aϕ=  áîëàí Àðõèìåä ñïèðàëûíûÿ áèð àéëàâû âå 
ïîëéàð îêû áèëåí ÷úêëåíåí şekiliň ìåéäàíûny òàïìàëû (68-íùi ÷yzgy). 

 

 
68-íùi ÷yzgy 

 
×üçþëèøè. 
        

22
2 3 2

0

4 .
2 3
aS d a

π

ϕ ϕ π= =∫  

1463. Äåÿëåìåñè cos3r a ϕ=  ýãðè áèëåí ÷úêëåíåí ìåéäàíû òàïìàëû. 
Áó øåêèëå þ÷ýapràêëû áúãþë äèéèëéúð (69-íùy ÷yzgy). 



352 
 

×üçþëèøè. 

 
69-njy ÷yzgy 

Úõëè øåêèëèÿ àëòûäàí áèð áüëåãèíèÿ ìåéäàíû 
6

2 2

0

1 cos 3
2

a d

π

ϕ ϕ∫  äåÿäèð. 

Øîíóÿ þ÷èí 

             
26 2

2 2 2 2

0 0

3 cos 3 cos .
4
aS a d a d

π π

πϕ ϕ ψ ψ= = =∫ ∫  

1464. sin 3r a ϕ=  ýãðè áèëåí ÷úêëåíåí şekiliň ìåéäàíûny òàïìàëû. 
1465. (1 cos )aρ ϕ= +  êàðäiîèäà áèëåí ÷úêëåíåí şekiliň ìåéäàíûny 

òàïìàëû (70-íùè ÷yzgy). 

 
70-íùè ÷yzgy 

1466. Äåÿëåìåñè 24sinρ ϕ=  áîëàí ýãðè áèëåí ÷úêëåíåí şekiliň 
ìåéäàíynûÿ áèð áüëåãèíè òàïìàëû (71-íùè ÷yzgy). 

         
71-íùi ÷yzgy 
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1467. (1 cos )aρ ϕ= −  êàðäiîèäà âå aρ =  òüâåðåê áèëåí ÷úêëåíåí 
şekiliň ìåéäàíûny òàïìàëû. 

¸ 7. Äóãàíûÿ óçûíëûãûíûÿ õàñàïëàíûëûøû 

  Äåÿëåìåñè )(xfу =  ãüðíþøäå áåðëåí ýãðè ÷ûçûãà ãàðàëûÿ. Îíäà áó 
ýãðèíèÿ ( , ( )) we ( , ( ))A a f a B b f b  íîêàòëàðûíû áèðèêäèðéúí äóãàñûíûÿ 
óçûíëûãû àøàêäàêû ôîðìóëà áèëåí òàïûëéàð: 

[ ]21 '( )
b

a

L f x dx= +∫
2

1 .
b

a

dy dx
dx
⎡ ⎤= + ⎢ ⎥⎣ ⎦∫              (1) 

Ýãåð-äå, ýãðè ÷ûçûê üçþíèÿ ïàðàìåòðèê äåÿëåìåñè áèëåí áåðëåí áîëña, 
éàãíû 0( ), ( ) ( )x t y t t t Tϕ ψ= = ≤ ≤  (áó éåðäå ( ) we ( )t tϕ ψ  

ôóíêöèéàëàð [ ]Tt ,0  êåñèìäå þçíþêñèç ( ) we '( )t tϕ ψ′  üíþìëåðå ýéåäèðëåð), 
oíäà ýãðèíèÿ äóãàñûíûÿ óçûíëûãû àøàêäàêû formula áèëåí òàïûëéàð: 

[ ] [ ]
00

2 2
2 2'( ) '( ) .

T T

t t

dx dyL dt t t dt
dt dt

ϕ ψ⎛ ⎞ ⎛ ⎞= + = +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∫ ∫     (2) 

Ãîé, ýãðè üçþíèÿ ïîëéàð êîîðäèíàòàëàð sistemasyndaky äåÿëåìåñè áèëåí 
áåðëåí áîëñóí: 

             ( ), ,ρ ρ ϕ α ϕ β= ≤ ≤  

Áó õàëäà ýãðèíèÿ äóãàñûíûÿ óçûíëûãû àøàêäàêû ôîðìóëà áèëåí 
òàïûëéàð: 

         2 2'L d
β

α

ρ ρ ϕ= + =∫
2

2 . (3)d d
d

β

α

ρρ ϕ
ϕ

⎛ ⎞
+ ⎜ ⎟
⎝ ⎠

∫         

   

1468. Tüâåðåãèÿ óçûíëûãûíû õàñàïëàìàëû. 

×üçþëèøè. 222 Ryx =+  òüâåðåãèÿ äåÿëåìåñèíäåí àëàðûñ. 

   
2

2 2 2 2 2 2
2 22 2

, , ' , ' .x xy R x y R x y y
R xR x

= − = − = − =
−−
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(1) ôîðìóëàäàí ïåéäàëàíûï, òàïàðûñ: 

       

2

2 2 2 2
2 1 2 2 arcsin 2 .

RR R

R R R

x dx xL dx R R R
R x RR x

π
− − −

⎡ ⎤= + = = =⎢ ⎥− ⎣ ⎦−
∫ ∫

 

1469. 32 xy =  éàðûìêóá ãüðíþøëè ïàðàáîëàíûÿ êîîðäèíàòàëàð 
áàøëàíãûùû áèëåí (4 , 8)B  íîêàäû áèðëåøäèðéúí äóãàñûíûÿ óçyíëûãûíû 
õàñàïëàìàëû. 

×üçþëèøè.  2
1

2
3

2
3', yyxy ==  (1) ôîðìóëàäàí ïåéäàëàíàëûÿ: 

.
4
91

4

0

dxxL ∫ +=
 

Ãîé, tx =+
4
91  áîëñóí. .

9
4 dtdx =  Ýãåð 0=x  áîëñà 1t =  âå 4=x  

áîëñà 10=t . 
Øîíóÿ þ÷èí 

             ( )
10

3
10 1 2

2

1

1

4 4 8 10 10 1 .39 9 27
2

tL t dt= = = −∫       

1470. 13/23/2 =+ yx  àñòðîèäàíûÿ óçûíëûãûíû õàñàïëàìàëû. 
×üçþëèøè. Àñòðîèäàíûÿ ïàðàìåòðèê  äåÿëåìåñèíè éàçàëûÿ: 

        tytx 33 sin,cos == ,   ( π20 ≤≤ t ). 

Áó éåðäåí 

              

2 2

2

2

3cos sin , 3sin cos ,
3sin cos' tg .
3cos sin

dx t tdt dy t tdt
t ty t
t t

= − =

= = −
−

       

(1)-íùè ôîðìóëàäàí ïåéäàëàíàëûÿ: 

0 0 2 2
2 2

0
2 2

sin4 1 tg ( 3)cos sin 12 sin cos 12 6.
2

tL t t tdt t tdt

π

π π

⎡ ⎤
= + − = − = =⎢ ⎥

⎣ ⎦
∫ ∫       

1471. )cos1(),sin( tayttax −=−=  parametrli deňlemesi bilen berlen 
egri çyzygyň áèð øàõàñûíûÿ óçûíëûãûíû õàñàïëàìàëû. 
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×üçþëèøè. Àëàðûñ: 

   .sin)('),cos1()(' tatytatx =−=  
 (2)-íùè ôîðìóëàäàí ïåéäàëàíàëûÿ: 

     
2 2

2 2

0 0

(1 cos ) sin 2 sin 8 .
2
tL a t tdt a dt a

π π

= − + = =∫ ∫  

1472. atztrytrx === ,sin,cos  âèíòëè ÷ûçûãûň 1 2-dent t  
aralykdaky äóãàñûíûÿ óçûíëûãûíû õàñàïëàìàëû. 

×üçþëèøè. Àëàðûñ: aztrytrx ==−= ',cos',sin' . Îíäà 

          '2 '2 '2 2 2 2 2 2 2 2sin cos .t t tx y z r t r t a r a+ + = + + = +  

Øóíëóêäà, 

            ( ).
2

1

12
222'2'2'∫ −+=++=

t

t
ttt ttardtzyxL   

1473. ttytx −==
3

,
3

2  ýãðèíèÿ Ox  îê áèëåí êåñèøéúí íîêàòëàðûíûÿ 

àðàëûãûíäàêû äóãàñûíûÿ óçûíëûãûíû õàñàïëàìàëû. 
×üçþëèøè. Èíòåãðèðëåìåãèÿ ïðåäåëëåðèíè àíûêëàëûÿ.  

,0bolsa0 == tx 3,0,0)3(
3

bolsa0 2 ±===−= tttty .  

Aëàðûñ: .1',2' 2 −== tytx  
(2)-íùè ôîðìóëàäàí ïåéäàëàíàëûÿ: 

∫ =−+=
3

0

222 )1()2( dtttL ∫ =+
3

0

22 )1( dtt 3

0

3

0

3

3
tt

+ .323
3

33
=+=  

1474.  3sin
3

r a ϕ
=   ýãðèíèÿ óçûíëûãûíû õàñàïëàìàëû (72-íùè ÷yzgy). 

×üçþëèøè. 

 
72-íùè ÷yzgy 

 
Áó éåðäå ϕ  áóð÷ −0 äàí π3 -e ÷åíëè þéòãåéúð: 
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2' sin cos .
2 3

r a ϕ ϕ
=  

(3) fîðìóëàíûÿ ýñàñûíäà àëàðûñ: 

3
2 6 2 4 2

0

sin sin cos
3 3 3

L a a d
π ϕ ϕ ϕ ϕ= + =∫

3
2

0

3sin .
3 2

aa d
π ϕ πϕ =∫  

1475. (1 cos ),aρ ϕ= + 0, 0 2 )a ϕ π> ≤ ≤   êàðäiîèäàíûÿ äóãàñûíûÿ 
óçûíëûãûíû òàïìàëû. 

×üçþëèøè.  
2 2 2 2 2 2' sin , ' (1 cos ) sina a aρ ϕ ρ ρ ϕ ϕ= − + = + + =

2 24 cos 2 cos
2 2

a aϕ ϕ
= =  

2 cos , 0 .
2

2 cos , 2 .
2

a

a

ϕ ϕ π

ϕ π ϕ π

⎧ ≤ ≤⎪⎪= ⎨
⎪− ≤ ≤
⎪⎩

 

Áó ôóíêöèéàíûÿ grafiginiň ñèììåòðèêäèãèíå ãüðú 
2

0 0

2 cos 4 cos 8 .
2 2

L a d a d a
π πϕ ϕϕ ϕ= = =∫ ∫  

1476. pxy 22 =  ïàðàáîëàíûÿ äåïåñèíäåí ),( yx  íîêàäà ÷åíëè 

äóãàñûíûÿ óçûíëûãûíû õàñàïëàìàëû .,
2

2

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
== ty

p
tx    

1477. xey =  ýãðèíèÿ )1,0(  âå )2,1(  íîêàòëàðû áèðëåøäèðéúí 
äóãàñûíûÿ óçûíëûãûíû õàñàïëàìàëû.  

1478. yyx ln
2
1

4
1 2 −=  egriniň 21 1 1, 1 we ,

4 4 2
e e⎛ ⎞ ⎛ ⎞−⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 nokatlary 

birleşdirýän dugasynyň uzynlygyny tapmaly. 
 

1479. xy ln=   ýãðèíèÿ 8den3 =−= xx  ÷åíëè äóãàñûíûÿ 
óçûíëûãûíû òàïìàëû. 

1480. [ ])1ln(1
2
1 22 ++−−= xxxxу  ýãðèíèÿ 1den1 +=−= axx  

÷åíëè äóãàñûíûÿ óçûíëûãûíû õàñàïëàìàëû. 
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1481. ttrytrx tgsin2,sin2 22 ==  ñèññîèäàíûÿ −0 äàí t  ÷åíëè 
äóãàñûíûÿ óçûíëûãûíû òàïìàëû. 

1482. taytax 2sin,sin24 ==   éàïûê ýãðèíèÿ óçûíëûãûíû 
õàñàïëàìàëû. 

1483.  
⎩
⎨
⎧

−=
−=

)2sinsin2(
)2coscos2(

ttay
ttax
 

ýãðèíèÿ óçûíëûãûíû õàñàïëàìàëû. 
1484. r aϕ=  Àðõèìåä ñïèðàëûíûÿ áèð àéëàâûíûÿ óçûíëûãûíû 

õàñàïëàìàëû 

1485. 2sin
2

r a ϕ
=  ýãðèíèÿ äóãàñûíûÿ óçûíëûãûíû òàïìàëû. 

1486. 4sin
2

r a ϕ
=   éàïûê ýãðèíèÿ óçûíëûãûíû õàñàïëàìàëû. 

1487. 
1 1
2

r
r

ϕ ⎛ ⎞= +⎜ ⎟
⎝ ⎠

 ýãðèíèÿ 4den2 =−= rr  ÷åíëè äóãàñûíûÿ 

óçûíëûãûíû õàñàïëàìàëû. 

¸ 8. Àéëàíìà ùèñèìèÿ ãüâðþìè. Àéëàíìà þñòþÿ ìåéäàíû 

1. Ýãåð äåÿëåìåñè )(xfy =  áîëàí þçíþêñèç ýãðè ÷ûçûê, Ox   îê, 
ax = , bx =  ãüíþëåð áèëåí ÷úêëåíåí ýãðè÷ûçûêëû òðàïåñèéàíû Ox  îêóÿ 

äàøûíäà àéëañàê, îíäà ýìåëå ãåëåí ùèñèìèÿ ãüâðþìè àøàêäàêû ôîðìóëà 
áèëåí òàïûëéàð: 

2
b

x
a

V y dxπ= =∫ 2 ( ) .
b

a

f x dxπ ∫      (1) 

Ýãåð-äå ýãðè÷ûçûêëû òðàïåñèéà àøàêäàí )(11 xfy =  éîêàðäàí )(22 xfy =  
þçíþêñèç ýãðè÷ûçûêëàð áèëåí ÷úêëåíåí áîëñà, îíäà bu trapesiéanyª Ox  
îêóÿ äàøûíäà àéëàíìàãûíäàí ýìåëå ãåëåí ùèñèìèÿ ãüâðþìè àøàêäàêû 
äåÿëèê áèëåí òàïûëéàð: 

∫ =−=
b

a

dxyyV )( 2
1

2
2π [ ] .))(())(( 2

1
2

2∫ −
b

a

dxxfxfπ             (2) 

Øåéëå õåì ( )x yϕ=  þçíþêñèç ýãðè ÷ûçûê, Oy  îê, ,y c y d= =  ãüíþëåð 
áèëåí ÷úêëåíåí ýãðè÷ûçûêëû òðàïåñèéàíûÿ Oy   îêóÿ äàøûíäà àéëàíìàãûíäàí 
åìåëå ãåëåí ùèñèìèÿ ãüâðþìè àøàêäàêû ôîðìóëà áèëåí òàïûëéàð: 

2
d

y
c

V x dyπ= =∫ 2 ( ) .
d

c

y dyπ ϕ∫             (3) 
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1488. yxxy == 22 ,  åãðè ÷ûçûêëàð áèëåí ÷úêëåíåí òåêèç øåêèëèÿ Ox  
îêóÿ äàøûíäàn àéëàíìàãûíäàí ýìýëå ãåëåí ùèñèìèÿ ãüâðþìèíè òàïìàëû. 

×üçþëèøè. 
        .1,0,0,,, 21

44222 ===−=== yyyyyxyxyx  
(2)-íùè ôîðìóëàíû óëàíûï òàïàðûñ; 

ππππ 3,0
5
1

2
1

5
1

2
1)(

1

0

52
1

0

4 =⎟
⎠
⎞

⎜
⎝
⎛ −=⎟

⎠
⎞

⎜
⎝
⎛ −=−= ∫ xxdxxxV  êóá. áèðëèê.  

1489. 12

2

2

2

=+
b
y

a
x

 ýëëèïñèÿ óëû îêóíûÿ äàøûíäà aéëàíìàãûíäàí ýìåëå 

ãåëåí ýëëèïñîèäàíûÿ ãüâðþìèíè òàïìàëû. 

×üçþëèøè. Ýëëèïñèÿ äåÿëåìåñèíäåí òàïàðûñ: ( )
2

2 2 2
2 ,by a x

a
= −

( ).a x a− ≤ ≤  

=−= ∫
−

dxxa
a
bV

a

a

)( 22
2

2

π 232
2

2

3
4

3
1 baxxa

a
b

a

a

ππ
=⎟

⎠
⎞

⎜
⎝
⎛ −

−

 êób áèðëèê. 

Ýãåð-äå ba =  áîëñà ãüâðþìè 3

3
4 аπ  áîëàí øàðû àëàðûñ. 

1490. 12

2

2

2

=+
b
y

a
x

 ýëëèïñèÿ Oy  îêóÿ äàøûíäà aéëàíìàãûíäàí ýìåëå 

ãåëåí ãüâðþìè õàñàïëàìàëû. 
×üçþëèøè. Áu éåðäå (3) ôîðìóëàäàí ïåéäàëàíìàê àìàòëûäûð: 

2
2 2

2 ( )
b

b

bV a x dy
a

π
−

= −∫ =
2

2 3 2
2

1 4
3 3

b

b

a b y y a b
b
π π

−

⎛ ⎞− =⎜ ⎟
⎝ ⎠

 êóá. áèðëèê. 

1491.  
⎩
⎨
⎧

−=
−=

)cos1(
)sin(
tay
ttax

 ïàðàìåòðèê äåÿëåìå bilen berlen şekiliň áèð 

àðêàñûíûÿ Ox  okuň daşynda àéëàíìàãûíäàí ýìåëå ãåëåí şekiliň 
ãüâðþìèni òàïìàëû. 

×üçþëèøè. Berlen şekiliň áèð àðêàñû ò ïàðàìåòð 0-äàí π2  ÷åíëè 
þéòãúíäå eìåëå ãåëéúíäèð. Øóíëóêäà, 

=−−= ∫ dttataV )cos1()cos1(
2

0

22
π

π
2

3 2 3

0

(1 3cos 3cos cos )a t t t dt
π

π − + − =∫  

  }
2 2 2

3 2

0 0 0

3(1 3cos ) (1 cos 2 ) (1 sin ) (sin )
2

а t dt t dt t d t
π π π

π
⎧

= − + + − − =⎨
⎩
∫ ∫ ∫  
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  = 32
2

0

33 5sin
3
1sin2sin

4
3

2
3sin3 attttttа ππ

π

=⎟
⎠
⎞

⎜
⎝
⎛ +−++−  êóá. áèðëèê. 

    
1492. Ìåðêåçè ),( ba  íîêàòäà, ðàäèóñû a áîëàí òüâåðåãèÿ üç îêóíûÿ äàøûíäà 

àéëàíìàãûíäàí ýìåëå ãåëåí ùèñèìèÿ ãüâðþìèíè òàïìàëû (73-íùè ÷yzgy). 
  ×üçþëèøè.     

 
73-nji ÷yzgy 

Àéëàíéàí òüâåðåãèÿ äåÿëåìåñèíè éàçàëûÿ: 
2 2 2 2 2( ) , ,x y b a y b a x+ − = = − −  

∫ ∫
− −

=−−−−+=
а

а

a

a

dxxabdxxabV 222222 )()( ππ
 

[ ] .8)()(2
0 0

22222222∫ ∫ −=−−−−+=
π

ππ
a

dxxabdxxabxab
         

Áó éåðäå tax sin=  îðíóíà ãîéìàíû óëàíûï, òàïàðûñ: 

∫ ==
2

0

22 cos8

π

π tdtbaV .2
4

8
2

2cos18
2

0

2222 ∫ ==
+

π

ππππ babadttba  

1493. Ýñàñûíûÿ ìåéäàíû ,Q  áåéèêëèãè H  áîëàí ïèðàìèäàíûÿ 
ãüâðþìèíè èíòåãðèðëåìåãèÿ êüìåãè áèëåí òàïìàëû. 

1494. Àáñèññà îêû âå 22 xxy −=  ïàðàáîëà áèëåí ÷úêëåíåí òåêèç 
øåêèëèÿ àáññèñà îêóÿ äàøûíäà àéëàíìàãûíäàí ýìåëå ãåëåí figuranyÿ 
ãüâðþìè òàïìàëû. 

1495. 0=x  we π=x áîëàíäà xy 2sin=  ýãðèíèÿ Ox  îêóÿ äàøûíäà 
àéëàíìàãûíäàí ýìåëå ãåëåí ùèñèìèÿ ãüâðþìèíè òàïìàëû. 

1496. 225,0 2 += xy  ïàðàáîëà âå 01485 =+− yx  ãüíè ÷ûçûê áèëåí 
÷úêëåíåí øåêèëèÿ Ox  îêóÿ äàøûíäà àéëàíìàãûíäàí ýìåëå ãåëåí ùèñèìèÿ 
ãüâðþìèíè õàñàïëàìàëû. 



360 
 

1497. 
2 2

2 2 1x y
a b

− =  ãèïåðáîëà âå byby −== ,  ãüíè ÷ûçûêëàð áèëåí 

÷úêëåíåí øåêèëèÿ Oy  îêóÿ äàøûíäà àéëàíìàãûíäàí ýìýëå ãåëåí ùèñèìèÿ 
ãüâðþìèíè òàïìàëû. 

 
2. Àéëàíìà þñòþÿ ìåéäàíy 

       
)(xfy =  ýãðè áèëåí âå bxax == ,  ãüíè ÷ûçûêëàð áèëåí ÷úêëåíåí 

øåêèëèÿ Ox  îêóÿ äàøûíäà àéëàíìàãûíäàí ýìåëå ãåëåí þñòþÿ ìåéäàíû 
àøàêäàêû ôîðìóëà áèëåí òàïûëéàð: 

      2
b

a

S ydsπ= =∫
2

2 1 .
b

a

dyy dx
dx

π ⎛ ⎞+ ⎜ ⎟
⎝ ⎠∫                 (4) 

Ýãåð ýãðè üçþíèÿ ïàðàìåòðèê äåÿëåìåñè áèëåí áåðëåí áîëñà, éàãíû 
              ).(),(),( 21 ttttyytxx ≤≤==  

îíäà àøàêäàêû ôîðìóëà äîãðóäûð: 

  
2

1

2 2

2 ( ) .
t

t

dx dyS y t dt
dt dt

π ⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∫                 (5) 

1498. )(,12

2

2

2

ba
b
y

a
x

>=+  ýëëèïñèÿ Ox  îêóÿ äàøûíäà àéëàíìàãûíäàí 

ýìåëå ãåëåí ýëëèïñîèäàíûÿ þñòþíèÿ ìåéäàíûíû õàñàïëàìàëû. 
×üçþëèøè. Ýëëèïñèÿ äåÿëåìåñèíäåí àëàðûñ: 

            ,22 xa
a
by −=   ,'

22 xa
x

a
by

−
−=  

            22 )(1'1
dx
dyy +=+ .

)(
)(

222

2224

xaa
xbaa

−
−−

=  

(4) ôîðìóëàíû óëàíûï, àëàðûñ: 

222 xa
a
bS

a

a

−= ∫
−

π
)(
)(

222

2224

xaa
xbaa

−
−−

=−= ∫ dxxa
a
bdx

a

0

2224 επ
 

.arcsin12 2 ⎟
⎠
⎞

⎜
⎝
⎛ +−=

ε
εεπab  

áó éåðäå 
a
c

a
bа

=
−

= 2

22

ε  ýëëèïñèÿ ýêññåíòðèñèòåòèäèð. 
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1499. π20),cos1(),sin( ≤≤−=−= ttayttax  parametrik deňleme 
bilen berlen egri çyzygyň  Ox  îêóÿ äàøûíäà àéëàíìàãûíäàí ýìåëå 
ãåëåí şekiliň þñòþniÿ ìåéäàíûíû tapmaly. 

×üçþëèøè. 

.
2

sin2)()( 22 dttadt
dt
dy

dt
dxds =+=

 
(5) ôîðìóëàíû óëàíàëûÿ: 

2 2
2 3

0 0

2 (1 cos )2 sin 8 sin
2 2
t tS a t a dt a dt

π π

π π= − = =∫ ∫
2

2 2

0

8 (1 cos )sin
2 2
t ta dt

π

π − =∫  

2 3 2 2 2
0

2 2 2 648 ( 2 cos cos ) 8 (2 2 )
2 3 2 3 3 3
t ta a a aππ π π= − + = − + − = êâ.áèðëèê. 

1500. taytax 33 sin,cos ==  àñòðîèäàíûÿ àáñèñsàëàð îêóíûÿ äàøûíäà 
àéöëàíìàãûíäàí ýìåëå ãåëåí þñòþÿ ìåéäàíûíû òàïìàëû. 

1501. Äåÿëåìåñè 22 )3(9 xxy −=  áîëàí ñûðòìàãûÿ Ox  îêóÿ äàøûíäà 
àéëàíìàãûíäàí ýìåëå ãåëåí þñòþÿ ìåéäàíûíû õàñàïëàìàëû (74-íùi ÷yzgy). 

×üçþëèøè. 

                    

74-íùi ÷yzgy 

Ãüðíþøè éàëû 30 ≤≤ x . Îíäà 

  
.

2
1,)3(

3
1 dx

x
xdsxxy +

=−=
 

(4) ôîðìóëàíû óëàíàëûÿ: 

  
.3

2
1)3(

3
12

3

0
∫ =

+
−= ππ dx

x
xxxS

 

1502. tgxy =  òàíãåíñîèäàíûÿ 
2

we0 π
== xx  àðàëûêäàêû áüëåãèíèÿ 

Ox îêóÿ äàøûíäà àéëàíìàãûíäàí ýìåëå ãåëåí þñòþÿ ìåéäàíûíû 
õàñàïëàìàëû. 

1503. Äåÿëåìåñè 44 22 =+ yx  áîëàí ýëëèïñèÿ Oy  îêóÿ äàøûíäà 
àéëàíìàãûíäàí ýìåëå ãåëåí þñòþÿ ìåéäàíûíû õàñàïëàìàëû. 
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XII ÁÜËÞÌ 

HATARLAR 

¸ 1. San õàòàðëàðy âå îëàðûÿ éûãíànìàãû 

1. Ýñàñû äþøþíùåëåð. Ãîé, 
                       ,...,...,,, 321 naaaa  

òþêåíèêñèç ñàí ûçûãèäåðëèãè áåðëåí áîëñóí. Áó ûçûãèäåðëèãèÿ àãçàëàðûíäàí 
äþçþëåí  

           ∑
∞

=

=+++++
1

321 ......
n

nn aaaaa               (1) 

àÿëàtìà ñàí õàòàðû äèéèëéúð. na  ñàíà õàòàðûÿ n -íùè àãçàñû éa-da hataryň 
umumy àãçàñû äèéèëéúð:  

                1 2 3
1

...
n

n n i
i

S a a a a a
=

= + + + + =∑               (2) 

ùåìå õàòàðûÿ n -íùè áüëåê ùåìè äèéèëéúð. Ýãåð b«lek jeminiª 
yzygiderliginiň ∞→n  bolanda òþêåíèêëè nn

SS
∞→

= lim  ïðåäåëi áàð áîëñà, 

îíäà (1) õàòàðà éûãíàíéàí õàòàð, òåðñèíå áîëàí õàëäà áîëñà õàòàðà 
äàðãàéàí õàòàð äèéèëéúð. Ýãåð (1) õàòàð éûãíàíéàí áîëñà, nn

SS
∞→

= lim  ñàíà 

õàòàðûÿ ùåìè, 
                   ...321 +++=−= +++ nnnnn aaaSSr  

òàïàâóäà áîëñà õàòàðûÿ ãàëûíäûñû äèéèëéúð. 
1504. Õàòàðûÿ na  óìóìû àãçàñû áîéóí÷à õàòàðû éàçìàëû âå îíóÿ 

ùåìèíè òàïìàëû .
)1(

1
+

=
nn

an  

×üçþëèøè. n  ñàíà ûçûãèäåðëè ,...3,2,1  áàõàëàðû áåðèï, àëéàðûñ  

               ...,
43

1,
32

1,
21

1
321 ⋅
=

⋅
=

⋅
= aaa   

Îíäà õàòàð àøàêäàêû ãüðíþøäåäèð 

                .
)1(

1...
)1(

1...
43

1
32

1
21

1
1
∑
∞

= +
=+

+
++

⋅
+

⋅
+

⋅ n nnnn
   

Øó õàòàðûÿ n -íùè áüëåê ùåìèíè éàçàëûÿ 

               .
)1(

1
)1(

1...
43

1
32

1
21

1
1
∑
= +

=
+

++
⋅

+
⋅

+
⋅

=
n

i
n iinn

S  
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Áó áüëåê ùåìèÿ ∞→n  áîëàíäà ïðåäåëèíè òàïìàê þ÷èí, îíû àøàêäàêû 
ãüðíþøäå éàçàëûÿ 

             ⎟
⎠
⎞

⎜
⎝
⎛

+
−++⎟

⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −=

1
11...

4
1

3
1

3
1

2
1

2
11

nn
Sn  

éà-äà 

                          .
1

11
+

−=
n

Sn  

Îíäà 

                  .1
1

11limlim =⎟
⎠
⎞

⎜
⎝
⎛

+
−==

∞→∞→ n
SS

nnn
 

Äèéìåê, áåðëåí õàòàð éûãíàíéàí õàòàðäûð âå îíóÿ ùåìè 1-e äåÿäèð. 

   1505. ∑
∞

=

+++++=
1

...1...
3

1
2

111
n nn

       

õàòàðûÿ äàðãàéàíäûãûíû ãüðêåçìåëè. 
×üçþëèøè. Õàòàðûÿ nS  áüëåê ùåìèíè éazalyª:  

.1...
3

1
2

11
n

Sn ++++=  

Áó äåÿëèãèÿ ñàã áüëåãèíäúêè õåð áèð ãîøóëûùûíû 
n

1
  áèëåí ÷àëøûðûï, 

àëàðûñ: 

   ,11...111 nn
nnnnn

Sn ==++++>  nSn > , ýðêèí n  þ÷èí. 

Áó éåðäåí ãüðíþøè éàëû n -èÿ ÷úêñèç àðòìàãû áèëåí nS  õåì ÷úêñèç 

àðòéàíäûð. Øîÿà ãüðú-äå, ∞→n  áîëàíäà nS  ùåì òþêåíèêñèçëèãå 
ûìòûëéàíäûð: 

                           .lim ∞==
∞→n

S  

Øóíëóêäà, êåñãèòëåìúíèÿ ýñàñûíäà áåðëåí õàòàð äàðãàéàndyr. 

1506.            ...1...
3
1

2
11 +++++

n
                      (3) 

ãàðìîíèêè õàòàðûÿ äàðãàéàíäûãûíû ãüðêåçìåëè. 
×üçþëèøè. Üÿäåí áåëëè áîëàí äåÿëèãè éàçàëûÿ:  

                     
11 .lim

n

n
e

n→∞

⎛ ⎞+ =⎜ ⎟
⎝ ⎠
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Øó éåðäå 
n

n
⎟
⎠
⎞

⎜
⎝
⎛ +

11  óëóëyê àðòéàí óëóëûêäûð. Äèéìåê, −n èÿ èñëåíäèê 

áàõàñûíäà 

                     .11 e
n

n

<⎟
⎠
⎞

⎜
⎝
⎛ +  

Äåÿñèçëèãèÿ èêè áüëåãèíè õåì å ýñàñà ãüðú ëîãàðèôìèðëúï, àëàðûñ:       

                  ,1ln11ln =<⎟
⎠
⎞

⎜
⎝
⎛ + e

n
n  

                    .1ln)1ln(
n

nn <−+  

−n å n...,,3,2,1  áàõàëàðû áåðåëèÿ:  

                  

;
2
12ln3ln

;
1
11ln2ln

<−

<−
  

                  

..;....................

;
3
13ln4ln <−

  

                  

.1ln)1ln(

;
1

1)1ln(ln

n
nn

n
nn

<−+

−
<−−

 

Áó äåÿñèçëèêëåðè ûçûãèäåðëè àãçàìà-àãçà ãîøóï, àëàðûñ:  

                 .1...
3
1

2
111ln)1ln(

n
n ++++<−+  

Äåÿëèãèÿ ñàã áüëåãèíäúêè ùåì áåðëåí õàòàðûÿ n -íùè áüëåê ùåìèäèð âå 
.01ln =  Øóíëóêäà, 

                    ).1ln( +> nSn   

Øó éåðäåí ãüðíþøè éàëû n  ñàíûÿ ÷úêñèç àðòìàãû áèëåí )1ln( +n  

÷úêñèç àðòéàð âå øîíóÿ áèëåí áèðëèêäå nS  õåì ÷úêñèç àðòéàð, éàãíû 

                       .lim ∞=
∞→ nn

S    

Äèéìåê, áåðëåí õàòàð äàðãàéàí õàòàðäûð. 

1507.   2

0

... ...n n

n

aq a aq aq aq
∞

=

= + + + + +∑         (4) 

õàòàðûÿ éûãíàíéàíäûãûíû éàäà äàðãàéàíäûãûíû àíûêëàìàëû. 
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×üçþëèøè. Õàòàðûÿ −n íùè áüëåê ùåìèíå ãàðàëûÿ 

             2 ...
1

n
n

n
a aqS a aq aq aq

q
−

= + + + + =
−

        

éà-äà 

                   .
1 1

n

n
a aqS

q q
= −

− −
 

Øó éåðäå áèðíú÷å õàëëàðûÿ áîëìàãû ìþìêèí. 

1. Ãîé, 1>q , îíäà )0(,1 >+= λλq  âå .1)1( λλ nq nn +>+=  

∞→n  áîëàíäà äåÿñèçëèãèÿ ñàã áüëåãè ÷úêñèç àðòéàíäûð, øîÿà ãüðú-äå 
;lim ∞==

∞→n
S  

2. Ãîé, 10 << q , îíäà 
b

q 1
=  )1( >b  âå 

            
1 1lim lim 0, ( 1).

limn n nn n
n

q b
b b→∞ →∞

→∞

= = = >  

Èíäè õàòàðûÿ áüëåê ùåìèíèÿ òþêåíèêëè ïðåäåëå, òþêåíèêñèç ïðåäåëå âå 
õè÷ õèëè ïðåäåëå ýéå áîëìàéàí õàëlarûíà ãàðàëûÿ. Øó õàëëàðûÿ õåð 
õàéñûñûíà àéðàòûíëûêäà ãàðàï ãå÷åëèÿ. 

1. 1<q  äèéåëèÿ. Îíäà éîêàðäàêû áåëëèê ýñàñûíäà 0lim =
→∞

n

n
q , éàãíû 

              .
111

limlim
q

a
q

aq
q

aSS
n

nnn −
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

−
−

==
∞→∞→

 

Äèéìåê, áó õàëäà õàòàð éûãíàíéàíäûð. 
2. 1>q , îíäà éîêàðäàêû áåëëèê ýñàñûíäà ∞=

∞→

n

n
qlim . Äèéìåê, 

              .
11

limlim ∞=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
−

==
∞→∞→ q

q
q

aaSS
n

nnn
 

Áó õàëäà õàòàð äàðãàéàíäûð. 
3. 1−=q . Îíäà 

1 ( 1)... ( 1) ,
2 2

n
n

n
a aS a a a a a− −

= − + − + + − = −  

),)1(1(
2

n
n

aS −−=  ( )lim lim 1 ( 1) .
2

n
nn n

aS
→∞ →∞

= − −  

Øóíëóêäà, 

, 2 1,
lim

0, 2 .nn

a n k
S

n k→∞

= +⎧
= ⎨ =⎩  
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Äèéìåê, áó áüëåê ùåìèÿ ïðåäåëè éîêäóð. Êåñãèòëåìú ãüðú õàòàð 

äàðãàéàíäûð. 
 
4. 1=q . Îíäà ,... naaaaaSn =++++=  

        .limlim ∞===
∞→∞→
naSS

nnn
 

Êåñãèòëåìú ãüðú õàòàð áó õàëäà õåì äàðãàéàð. Øóíëóêäà, àøàêäàêû 
íåòèùúíè àëäûê. Berlen õàòàð 1<q  áîëàíäà éûãíàíyp ãàëàí õàëëàðûÿ 

úõëèñèíäå äàðãàéàndyr. 
   1508. Ýãåð 

....
7
1

5
1

3
11 ++++  

õàòàð áåðëåí áîëñà, îíóÿ -n íùè àãçàñûíû éàçìàëû. 
×üçþëèøè. 

          1 2 3 4
1 1 1 1, , , ,...

2 1 1 2 2 1 2 3 1 2 4 1
a a a a= = = =

⋅ − ⋅ − ⋅ − ⋅ −
 

 
Øóíëóêäà, 

.
12

1
−⋅

=
n

an  

1509. Õàòàðûÿ ùåìèíè òàïìàëû. 

...
)2(

1...
53

1
42

1
31

1
+

+
++

⋅
+

⋅
+

⋅ nn
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Ãüðíþøè éàëû õàòàðûÿ éûãíàíìàãûíûÿ çåðóðëûê øåðòè éåðèíå éåòìåéúð. 
Äèéìåê, õàòàð äàðãàéàð. 
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Êîøè éûãíàíìà íûøàíûíû óëàíûï, õàòàðëàðû éygnanmaklyga äåðÿåìåëè.  
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Àøàêäàêû õàòàðëàðûň éygnanéandygyny éa-da dargaéandygyny 
barlamaly. 
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1563. ...
2
13...

24
10

8
7

2
4

+
⋅

+
++++

nn
n

 

4. Éûãíàíìàãûÿ èíòåãðàë íûøàíû. Ãîé, 

∑
∞

=

+++++=
1

321 ......
n

nn uuuuu     

õàòàð áåðëåí áîëñóí. Ýãåð 1≥x  àðãóìåíòèÿ õåììå áàõàëàðû þ÷èí 
àðòìàéàí þçíþêñèç )(xf  ôóíêöèéà áàð áîëóï, nunf =)(  äåÿëèê éåðèíå 

éåòñå, îíäà ∫
∞

1

)( dxxf  hususy äúë èíòåãðàëûÿ éygnanmagy õàòàðûÿ 

éûãíàíìàãûíûÿ çåðóð âå éåòåðëèê øåðòèäèð. 

1564. Éûãíàíìàãûÿ èíòåãðàë íûøàíûíû óëàíûï, ∑
∞

=1

1
n

pn
 õàòàðû 

äåðÿåìåëè. 
               

×üçþëèøè. Áó éåðäå 1,1)( ≥= x
x

xf p  äèéèï àëàëûÿ. Èíòåãðàëû 

õàñàïëàëûÿ: 

1 1

1 1 1

1( ) .
1 1 1

bb b p p

p

dx x bf x dx
x p p p

− + −

= = = −
− + − −∫ ∫

 

1p >  äèéåëèÿ. Îíäà 1 0p− <  âå ∞→b  áîëàíäà 1 0pb − →  âå 

1

lim ( )
b

b
f x dx

→∞
=∫

1

lim
b

pb

dx
x→∞

=∫
1 1 1lim .

1 1 1

p

b

b
p p p

−

→∞

⎛ ⎞
− =⎜ ⎟− − −⎝ ⎠  

Äèéìåê, áó õàëäà 

                   ).0(,
1

1)(
1 1

>
−

==∫ ∫
∞ ∞

p
px

dxdxxf p  

Éàãíû hususy äúë èíòåãðàë éûãíàíéàð. Îíäà áåðëåí õàòàð õåì 
éûãíàíéàð. 
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2) 1<p  äèéåëèÿ. Îíäà ∞→>− bp we01  áîëàíäà ∞→−pb1  
áîëéàð, éàãíû 

                     ∫ =
∞→

b

b
dxxf

1

)(lim .lim
1

∞=∫∞→

b

pb x
dx

 

Äèéìåê, õàòàð äàðãàéàð.     
3) Ýãåð 1=p  áîëñà, áåðëåí õàtàð äàðãàéàí ãàðìîíèê õàòàðà 

üâðþëéúð. 

1565. ...
)(ln

1...
)4(ln4

1
)3(ln3

1
)2(ln2

1
2222 +++++

nn
 õàòàðûÿ 

éûãíàíéàíäûãûíû ãüðêåçìåëè. 

×üçþëèøè. Ãîé, 2)(ln
1)(
xx

xf =  áîëñóí. 2x ≥  áîëàíäà )(xf  ôóíêöèéà 

þçíþêñèçäèð âå x -iÿ àðòìàãû áèëåí êåìåëéúíäèð. Hususy äúë èíòåãðàëû 
õàñàïëàëûÿ. 

     =∫∞→

b

b
dxxf

2

)(lim ∫→∞

b

b xx
dx

2
2)(ln

lim ∫∞→
=

b

b x
xd

2
2)(ln
)(lnlim =⎟

⎠
⎞

⎜
⎝
⎛−=

→∞

b

b x 2ln
1lim  

,
2ln

1
2ln

1
ln
1lim =⎟

⎠
⎞

⎜
⎝
⎛ +=

∞→ bb
 

=∫
∞

2

)( dxxf
.

2ln
1

 

Ãüðíþøè éàëû hususy äúë èíòåãðàë áàðäûð, øîÿà ãüðú-äå áåðëåí õàòàð 
éûãíàíéàð.  

1566. ∑
∞

=2 ln
1

í nn
 õàòàðûÿ äàðãàéàíäûãûíû ãüðêåçìåëè.  

×üçþëèøè. 
xx

xf
ln
1)( =  ôóíêöèéà êåìåëéúí þçíþêñèç ôóíêöèéàäûð. 

,2lnlnlnlnlnln
ln

)(
2 2

2∫ ∫ −===
b b

b bx
xx

dxdxxf
 

          
.)(lim

2

∞=∫∞→

b

b
dxxf

 
Îíäà hususy äúë èíòåãðàëûÿ äàðãàéàíäûãûíà ãüðú áåðëåí õàòàð õåì 

äàðãàéàð.  
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Õàòàðlary éygnanmaklyga derªemeli. 

1567. 
1 1 1 ...

2 ln 2 ln ln 2 3ln 3ln ln 3 4 ln 4 ln ln 4
+ + +  

      

1568. 
1 1 1 1... ...

ln(2!) ln(3!) ln(4!) ln( !)n
+ + + + +  

      

1569. ...
13

1...
10
1

7
1

2
1

+
+

++++
n

  

 

1570. 
1 1 1 1... ...

1 3 3 5 5 7 (2 1)(2 3)n n
+ + + + +

⋅ ⋅ ⋅ + +
 

1571. 2

1 1 1 1... ...
2 5 10 1 n
+ + + + +

+
    

      

1572. ......
321

321

+++++
−−−−

n
eeee n

  

¸ 3. Àáñîëéóò éûãíàíéàí õàòàðëàð. Àëàìàòû gezekleøéún õàòàðëàð. 

Ëåéáíèö òåîðåìàñû  
 
Ãîé, èñëåíäèê àëàìàòû áîëàí ñàí õàòàðy áåðëåí áîëñóí:  
                      ......321 +++++ naaaa                 (1) 
Èíäè øó õàòàðûÿ àáñîëéóò óëóëûêëàðûíäàí äþçþëåí òúçå õàòàðà ãàðàëûÿ:  
                    ......321 +++++ naaaa                 (2) 

Ýãåð (2) õàòàð éûãíàíéàí áîëñà. îíäà (1) õàòàðà àáñîëéóò éûãíàíéàí 
õàòàð äèéèëéúð. 

Ýãåð (1) õàòàð éûãíàíéàí áoëóï, (2) õàòàð äàðãàéàí áîëñà, îíäà (1) 
õàòàðà øåðòëè éûãíàíéàí õàòàð äèéèëéúð.  

Àëàìàòû gezekleøip ãåëéúí õàòàðëàð àøàêäàêû ãüðíþøäå éàçûëéàð:  
                   ...... 2124321 +−++−+− − nn aaaaaa  

Áó éåðäå ,...,, 321 aaa  poloæitel ñàíëàðäûð. 
Ëåéáíèñ òåîðåìàñû. Ýãåð àëàìàòû gezekleøéún õàòàðûÿ óìóìû àãçàñû 

àáñîëéóò óëóëûãû áîéóí÷à ìîíîòîí êåìåëèï, 0→na  øåðò éåðèíå éåòñå, 
îíäà îë õàòàð éûãíàíéàíäûð. 
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1573.. Õàòàðûÿ àáñîëéóò éûãíàíéàíäûãûíû ãüðêåçìåëè: 

11 1 ( 1)1 ... ...
1 2 1 2 3 1 2 3 ...

n

n

+−
− + − + +

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅  

×üçþëèøè. Áåðëåí õàòàðûÿ àãçàëàðûíûÿ àáñîëéóò óëóëûêëàðûíäàí äþçþëåí 
õàòàðà ãàðàëûÿ 

                   ...
...321

1...
321

1
21

11 +
⋅⋅⋅⋅

++
⋅⋅

+
⋅

+
n

 

Áó õàòàðûÿ poloæitel alamatly agzalary bolan õàòàðäûãûíà ãüðú 
Äàëàìáåð íûøàíûíû óëàíûï áîëéàð:  

               ,
)!1(

1,
!

1
1 +
== + n

a
n

a nn  

            lim
n→∞

=+

n

n

a
a 1

lim
n→∞

=
+ )!1(
!

n
n

lim
n→∞

.10
1

1
<=

+n
 

Äèéìåê, õàòàð àáñîëéóò éûãíàíéàí õàòàðäûð. 

1574. ( ) ...
12

1...
7
3

5
2

3
1 1

32

+⎟
⎠
⎞

⎜
⎝
⎛

+
−+−⎟

⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛− −

n
n

n
n

 õàòàðû äåðÿåìåëè. 

×üçþëèøè. Áåðëåí õàòàðûÿ absoléut óëóëûêëàðûíäàí ybarat  bolan õàòàð 
äþçåëèÿ:  

...
12

...
7
3

5
2

3
1 32

+⎟
⎠
⎞

⎜
⎝
⎛

+
++⎟

⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛+

n

n
n

 

Êîøè íûøàíûíû óëàíûï, àëéàðûñ 

                  ,)
12

( n
n n

na
+

= .1
2
1

12
limlim <=

+
=

∞→∞→ n
na

n
n

nn
 

Õàòàð àáñîëéóò éûãíàíéàí õàòàðäûð. 
1575. Õàòàðû äåðÿåìåëè: 

          
...1)1(...

4
1

3
1

2
11 1 +−++−+− +

n
n

 
×üçþëèøè. Ãüðíþøè éàëû 

       ∞→>>>>> n
n

we...1...
3
1

2
11  áîëàíäà 01

→
n

. 

Îíäà Ëåéáíèñ òåîðåìàñûíûÿ ýñàñûíäà áó õàòàð àáñîëéóò 
éûãíàíéàíäûð. 

Áó õàòàðûÿ àãçàëàðûíûÿ àáñîëéóò óëóëûêëàðûíäàí õàòàð äþçåëèÿ:  
 

                  .1...1...
4
1

3
1

2
11

1
∑
∞

=

=++++++
n nn
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Áó áîëñà äàðãàéàí ãàðìîíèêè õàòàðäûð. Äèéìåê, áåðëåí õàòàð øåðòëè 
éûãíàíéàíäûð. 

1576. ...
8
7

4
5

2
31 +−+−  hàòàðûÿ éûãíàíéàíäûãûíû ñóáóò ýòìåëè.  

           
×üçþëèøè. Õàòàðûÿ óìóìû àãçàñûíû éàçàëûÿ 

                ,...).2,1,0(,
2

12)1( =
+

−= nna n
n

n  

Áó éåðäå nn
nb
2

12 +
=  áåëëè áèð áåëãèäåí áàøëàï áèðñûõëû íoëà 

ûìòûëéàð. Îíäà Ëåéáíèñ òåîðåìàñûíûÿ ýñàñûíäà õàòàð éûãíàíéàíäûð. 
     
1577. Õàòàðûÿ éûãíàíéàíäûãûíû ãüðêåçìåëè: 
 

π21sin k+ π24sin k++ π29sin k++ ...sin... 22 ++++ πkn  
×üçþëèøè. Áó éåðäå 

     ( ) ( ) ( ) n
nn bnknkn 1sin1sin 2222 −=−+−=+ ππ  we 

     
( ) .sinsin

22

2
22

nkn
knknbn

++
=−+=

ππ
 

Áó áîëñà 0n n>  áîëóï áàøëàíäà nb  áèðñûõëû êåìåëéúíäèð âå n →∞  

áîëàíäà íoëà ûìòûëéàíäûð. Äèéìåê, Ëåéáíèñ òåîðåìàñûíûÿ ýñàñûíäà õàòàð 
éûãíàíéàíäûð. 

1578. 
( ) ...
ln

1...
4ln

1
3ln

1
2ln

1
2

1

222 +
−

++−+−
+

n

n

 hàòàðû äåðÿåìåëè. 

     
1579. Õàòàðûÿ àáñîëéóò éà-äà øåðòëè éûãíàíéàíäûãûíû êåñãèòëåìåëè. 

      

( )
( )

( ) ...1...
3

1
2

11)b

...
12

11...
9
1

7
1

5
1

3
11)a

555

2
1

2222

+
−

++−+−

+
−

−+−+−+− +

n

n
n

n

 

1580. ...
1

1
1

1...
13

1
13

1
12

1
12

1
+

+
−

−
++

+
−

−
+

+
−

− nn
 hàòàðà 

Ëåéáíèñ òåîðåìàñûíû óëàíûï áîëéàíäûãûíû éà-äà áîëìàéàíäûãûíû 
áàðëàìàëû. 

Aşakdaky  hàòàðlarûÿ àáñîëéóò éà-äà øåðòëè éûãíàíéàíäûãûíû 
àíûêëàìàëû: 
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1581. 13 5 7 2 1... ( 1) ...
1 2 2 3 3 4 ( 1)

n n
n n

+ +
− + − + − +

⋅ ⋅ ⋅ +
 

1582. ...
3
1)1(...

27
1

9
1

3
11 1

1 +−++−+− −
−

í
í  

1583. ...)12()1(...)12()12()12( 32 +−−++−−−+−− nn  

1584. sin sin sin ... ( 1) sin ...
1 2 3

n

n
π π π π

− + − + + − +  

 
¸ 4. Ôóíêñèîíàë õàòàðëàð. Éûãíàíìà îáëàñòû  

 
Ãîé, óìóìû kesgitleniø îáëàñòëàðû áîëàí 
                   ),...(),...,(),(),( 321 xuxuxuxu n  

ôóíêöèéàëàðûÿ òþêåíèêñèç ûçûãèäåðëèãè áåðëåí áîëñóí. Øó ôóíêöèéàëàðäàí 
äþçþëåí 

∑
∞

=

=+++++
1

321 )(...)(...)()()(
n

nn xuxuxuxuxu
 

õàòàðà ôóíêöèîíàë õàòàð äèéèëéúð. Kesgitleniø îáëàñòûÿ õåð áèð 0x x=  
íîêàäûíäà áåðëåí ôóíêöèîíàë õàòàð 

           ∑
∞

=

=+++++
1

00030201 )(...)(...)()()(
n

nn xuxuxuxuxu  

ñàí õàòàðûíà üâðþëéúð. Ýãåð øó ñàí õàòàðû éûãíàíéàí áîëñà, 0x  íîêàäà 
ôóíêsèîíàë õàòàðûÿ éûãíàíìà íîêàäû äèéèëéúð. Éûãíàíìà íîêàòëàðûíûÿ 
òîïëóìûíà áîëñà ôóíêöèîíàë õàòàðûÿ éûãíàíìà îáëàñòû äèéèëéúð. 

Ôóíêñèîíàë õàòàðëàðûÿ éûãíàíìà îáëàñòû êüïëåí÷ õàëàòëàðäà üÿäåí 
áåëëè áîëàí íûøàíëàðûÿ êüìåãè áèëåí òàïûëéàð. 

      
1585. Õàòàðûÿ éûãíàíìà îáëàñòûíû âå ùåìèíè òàïìàëû: 

......1 12 +++++ −nxxx  

×üçþëèøè. Õàòàðûÿ )(xfn  áüëåê ùåìèíè éàçàëûÿ:  

.
1
1...1)( 12

x
xxxxxf

n
n

n −
−

=++++= −

 
Ïðåäåëå ãå÷èï àëàðûñ:  

.
1

lim
1

1
1
1lim)(lim

x
x

xx
xxf

n

n

n

nn −
−

−
=

−
−

=
∞→∞→∞→  
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Ýãåð 1<x  áîëñà, 0
1

lim =
−→∞ x
xn

n
, 1>x  áîëàíäà áîëñà ∞=

−∞→ x
xn

n 1
lim . 

Øóíëóêäà, õàòàð 1<x  áîëàíäà éûãíàíéàíäûð. Äèéìåê, ( 1, 1)−  àðàëûê 

éûãíàíìà îáëàñòûäûð. Øó àðàëûêäà õàòàðûÿ ùåìè 
x−1

1
 ululyga äåÿäèð. 

1586. ......32 +++++ −−−− nxxxx eeee  ôóíêöèîíàë õàòàðûÿ éûãíàíìà 
îáëàñòûíû òàïìàëû. 

×üçþëèøè nx
n exf −=)( . Êîøè éûãíàíìà íûøàíûíû óëàíàëûÿ:   

              
1, eger 0

lim
1, eger 0

n nx x

n

x
e e

x
− −

→∞

< >⎧
= = ⎨> <⎩

 

Ãüðíþøè éàëû 0>x  áàõàëàð þ÷èí õàòàð éûãíàíéàíäûð, 0<x  áàõàëàð 
þ÷èí áîëñà õàòàð äàðãàéàíäûð. Ýãåð 0=x  áîëñà 

                     ...111 +++   
äàðãàéàí õàòàðû àëéàðûñ. Øóíëóêäà, ôóíêöèîíàë õàòàðûÿ éûãíàíìà îáëàñòû 

),0( +∞  àðàëûêäûð. 
1587. Ôóíêöèîíàë õàòàðûÿ éûãíàíìà îáëàñòûíû òàïìàëû. 

         ...1...
3
1

2
1

32

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++⎟⎟
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⎛
+⎟⎟

⎠

⎞
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⎝
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x
x

nx
x

x
x

x
x

 

×üçþëèøè. Áó ôóíêöèîíàë õàòàðûÿ úõëè àãçàëàðû 0≠x  íîêàòëàðûÿ 
úõëèñèíäå êåñãèòëåíåíäèð. 0=x  íîêàò áîëñà õàòàðûÿ éûãíàíëìà îáëàñòûíà 
äåãèøëè äúëäèð. 

Ýãåð 0<x  áîëñà, 1−=−
=

x
x

x
x

. Øîíóÿ þ÷èí 

                  ( )∑ ∑
∞

=

∞

=

−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

1 1

111
n n

n
n

nx
x

n
 

õàòàð àëàìàòû gezekleøip ãåëéúí ñàí õàòàðûäûð. Îë Ëåéáíèñ òýîðåìàñûíûÿ 
ýñàñûíäà éûãíànéàíäûð. 

Ýãåð 0>x  áîëñà 1==
x
x

x
x

 Øîíóÿ þ÷èí 

                  ∑ ∑
∞

=

∞

=

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

1 1

11
n n

n

nx
x

n
 

äàðãàéàí ãàðìîíèêè õàòàðäûð. Øóíëóêäà, áåðëåí õàòàðûÿ éûãíàíìà îáëàñòû 
)0,(−∞  àðàëûêäûð. 

Õàòàðlarûÿ éûãíàíìà îáëàñòûíû òàïìàëû: 
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1588. 
2

1 ... ...
2 4 2

n

n

x x x
+ + + + +  

1589. ...3...333
229944 +++++ nn xxxx  

      

1590. 2 3
2 3

2! 3! !... ...
2 3

n
n

nx x x x
n

+ + + + +   

      

1591. ...
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)!(...

!6
)321(
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2 2

3
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2
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+++
⋅⋅

++ nx
n

nxxx  

      
1592. ...)3(...)3()3()3( 232222 +−++−+−+− nxxxx     
       

1593. 2

1 1 11 ... ...nx x x
+ + + + +   

      
1594. ...)2(...)2()2()2( 232222 +−++−+−+− nxxxx     
      

1595. ...)(...
3

)3(
2

)2()1(
32

+⎥⎦
⎤

⎢⎣
⎡ +

++⎥⎦
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⎡ +
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⎡ +
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n
nxxxxxxxx  

 
¸ 5. Ìàæîðèðëåíéúí õàòàðëàð  

 
Ýãåð 

           
1 2 3

1
... ..., 0n n n

n
c c c c c c

∞

=

= + + + + + ≥∑
 

éûãíàíéàí ñàí õàòàðû áîëñà âå 

      
∑
∞

=

=+++++
1

321 )(...)(...)()()(
n

nn xuxuxuxuxu
 

ôóíêöèîíàë õàòàðûÿ õåð áèð àãçàñû 
               ,...3,2,1,)( =≤ ncxu nn  

äåÿñèçëèãè êàíàãàòëàíäûðñà, onda ôóíêöèîíàë õàòàðà ìàæîðèðëåíé­í õàòàð, 
ñàí õàòàðûíà áîëñà ìàæîðàíò äèéèëéúð. 

1596.  2 2 2 2 2 2 2

sin sin 2 sin 3 sin... ...
1 2 3

x x x nx
x x x n x

+ + + + +
+ + + +

,  )( ∞<<−∞ x  

õàòàðûÿ äåÿüë÷åãëè éûãíàíéàíäûãûíû ãüðêåçìåëè. 
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×üçþëèøè. 

        2 2 22 2

sinsin 1( ) , ( ) ,n n

nxnxu x u x
n x nn x

= = <
+ +

 

                       ∑
∞

=1
2

1
n n

 

ñàí õàòàðûíûÿ éûãíàíéàíäûãûíäàí áåðëåí ôóíêöèîíàë õàòàðûÿ äåÿüë÷åãëè 
éûãíàíéàíäûãû ãåëèï ÷ûêéàð. 

      

1597. ......
32

32

+++++
n
xxxx

n

 hàòàðûÿ äåÿüë÷åãëè éûãíàíìà àðàëûãûíû 

òàïìàëû. 
           
×üçþëèøè. 

             .)(,)( n
nn

n

n

n h
n
h

n
xxu

n
xxu ≤≤==  

Áåëëè áîëøû éàëû 

         ∑
∞

=

<=+++++
1

32 )1(,......
n

nn hhhhhh  

õàòàð, )1,1(−  àðàëûêäà éûãíàíéàí ãåîìåòðèê íàòàðäûð. Äèéìåê, )1,1(−  
àðàëûk õàòàðûÿ äåÿüë÷åãëè éûãíàíìà àðàëûgyäûð. 

1598. Ôóíêöèîíàë õàòàðûÿ äåÿüë÷åãëè éûãíàíìà îáëàñòûíû òàïìàëû: 

             ...sin...
3

3sin
2

2sinsin 32 +++++ nn
nxxxx  

×üçþëèøè. 

                 nn nn
nx 1sin

≤  

äåÿñèçëèê x -iň úõëè áàõàëàðû þ÷èí äîãðóäûð. 

...1...
3
1

2
11 32 +++++ nn  

ñàí õàòàðû éûãíàíéàíäûð. Õàêûêàòäàí-äà, 

1 1lim lim lim 0 1.n
n n nn n n

u
nn→∞ →∞ →∞

= = = <  

Øóíëóêäà, áåðëåí ôóíêöèîíàë õàòàð ñàí îêóíûÿ úõëè íîêàòëàðûíäà 
äåÿüë÷åãëè éûãíàíéàíäûð. 
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1599. 
( )

∞<<−+
+
−

++
+

−
+

+
+

− x
xxxx n

n

2...
2

1...
8

1
4

1
2

1
 õàòàðûÿ 

äåÿüë÷åãëè éûãíàíéàíäûãûíû ãüðêåçìåëè. 

1600. +∞<+
+

++
+

+
+

+
+

x
xn

nx
x

x
x

x
x

x ...
1

...
31
3

21
2

1 2525252  õàòàðûÿ 

äåÿüë÷åãëè éûãíàíéàíäûãûíû ãüðêåçìåëè. 
      
Õàòàðlarûÿ äåÿüë÷åãëè éûãíàíìà îáëàñòëàðûíû òàïìàëû. 

1601. ...cos...
3

3cos
2

2cos
1

cos
2222 +++++

n
nxxxx

 

1602. ...
12
1...

316
1

214
1

12
1

+
+

++
+

+
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+
+ nxnxxx

  

 

1603. ...
cos
1...

cos9
1

cos4
1

cos1
1

22222 +
+
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+
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+
+ xnxxx

 

 

1604. ......
32 22

3

2

2 222222
2

+++++
−−−

−

n
eeee

xnxx
x     

        ¸ 6. Äåðåùåëè õàòàðëàð. Äåðåùåëè õàòàðëàðûÿ éûãíàíìà àðàëûãû 
âå éûãíàíìà ðàäèóñû  

      2
0 1 2

1
... ...n л

n л
l

a a x a x a x a x
∞

=

+ + + + + =∑                     (1) 

éà-äà 

2
0 1 0 2 0 0 0

1

( ) ( ) ... ( ) ... ( )n k
n k

k

a a x x a x x a x x a x x
∞

=

+ − + − + + − + = −∑      (2) 

ãüðíþøäúêè ôóíêöèîíàë õàòàðëàðà äåðåùåëè õàòàðëàð äèéèëéúð. Áó éåðäå 
,...,, 310 aaa  håìèøåëèê ñàíëàð áîëóï, îëàðà äåðåùåëè õàòàðûÿ êîåôôèöèéåíòëåðè 

äèéèëéúð. 0a  õàòàðûÿ íîëuíùû àãçàñû, n
n xa  õàòàðûÿ -n íùè àãçàñûäûð. (1) 

õàòàð 0=x  áîëàíäà éûãíàíéàíäûð. Eger (2) hatar Rxx <− 0  bolanda 

éygnanéan bolup, Rxx >− 0  áîëàíäà õàòàð äàðãàéàí bolsa, onda R  ñàíà 

õàòàðûÿ éûãíàíìà ðàäèóñû äèéèëéúð. ( , )R R−  àðàëûãà áîëñà õàòàðûÿ 
éûãíàíìà àðàëûãû äèéèëéúð. Ýãåð äåðåùåëè õàòàð äèÿå 0=x  áîëàíäà 
éûãíàíéàí áîëñà, îíäà 0=R , ýãåð -x ëeð îêóíûÿ úõëè íîêàòëàðûíäà 
éûãíàíéàí áîëñà, +∞=R . 
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Éûãíàíìà àðàëûãûÿ ãûðàêû íîêàòëàðûíäà äåðåùåëè õàòàðëàð üçëåðèíè 
äþðëè õèëè àëûï áàðéàðëàð. Îëàð îë íîêàòëàðäà éûãíàíûï õåì, äàðãàï õåì 
áèëåðëåð. Éûãíàíìà àðàëûãûÿ è÷êè íîêàòëàðûíäà õàòàð àáñîëéóò 
éûãíàíéàíäûð. 

Øó éåðäå äåðåùåëè õàòàðëàðûÿ éûãíàíìà ðàäèóñëàðûíû òàïìàê ìåñåëåñè 
ãåëèï ÷ûêéàð. Áèç äåðåùåëè õàòàðûÿ éûãíàíìà ðàäèóñûíû õàòàðûÿ 

,...,...,,, 210 naaaa  êîýôôèñèéåíòëåðè áèëåí òàïìàãûÿ èêè óñóëûíà ãàðàëûÿ. 
Îíóÿ þ÷èí Êîøè âå Äàëàìáåð íûøàíëàðû ulanyléar. 

1605. ...!...!3!2!1 32 +++++ nxnxxx  õàòàðûÿ 0=x  íîêàòäà 
éygnanéandyãûíû ãüðêåçìåëè. 

×üçþëèøè. Äàëàìáåð íûøàíûíû óëàíàëûÿ: 

),1(,)!1(,! 1
1 ≠+== +
+ xxnuxnu n

n
n
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          =
+ +

→∞ n

n

n xn
xn
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)!1(
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1

0,)1(lim ≠∞=+
→∞

xxn
n

 

ãüðíþøè éàëû áó õàòàð õåì äèÿå 0=x  íîêàòäà éûãíàíéàíäûð. 

1606. ...
!
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1
2

+++++
n
xxx n

 õàòàðû äåðÿåìåëè. 

×üçþëèøè. 

.0
1

1lim
)!1(

!
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=
+

=
+ ∞→
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∞→ n
x

nx
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nn

n

n

 
Äèéìåê, áó õàòàð −x ëeð îêóíûÿ úõëè íîêàòëàðûíäà éûãíàíéàíäûð. 
1607. ......1 2 +++++ nxxx   hatary dernemeli. 
×üçþëèøè. Áó õàòàð ìàéäàëàâùûñû x  áîëàí ãåîìåòðèê progressiéaäûð. 

Îë 1<x  áîëàíäà éûãíàíûï, 1x ≥  áîëàíäà äàðãàéàð. Øåéëåëèêäå, áó 

õàòàðûÿ éûãíàíìà îáëàñòû 11 <<− x  àðàëûêäûð. 

1608. ( ) ...11...
3
11

2
1111

222

3
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2
2

1 +⎟
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⎜
⎝
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⎝
⎛ ++⎟
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⎛ +++ n
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x
n

xxx  õàòàðûÿ 

éûãíàíìà ðàäèóñûíû òàïìàëû. 

×üçþëèøè.  Õàòàðûÿ éûãíàíìà ðàäèóñû 
l

R 1
=  äåÿëèê áèëåí òàïûëéàð:   

   ,11lim11limlim
2

e
nn
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n
n
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⎝
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  ,11

el
R ==  
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1609. Äåðåùåëè õàòàðûÿ éûãíàíìà ðàäèóñûíû tàïìàëû. 

     
2 2 22 2 3 3 ... ...,n nx x x xα α α α+ + + + +   (0 1).α< <  

 ×üçþëèøè. 
2n

na α= ,  .0limlimlim
2

====
∞→∞→∞→

n

n

n n

n
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nn
al αα  

 Îíäà 

               .,
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11

∞=∞=== R
l

R  

1610. Äåðåùåëè õàòàðûÿ éûãíàíìà ðàäèóñûíû òàïìàëû 

        
( ) ( ) ( ) ( )

( ) ...
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!6
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!2
!1 2
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2
22

+++++ nx
n

nxxx   

×üçþëèøè. Áó éåðäå 
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 .41
==

l
R  Õàòàð 4<x  áîëàíäà õàòàð àáñîëéóò éûãíàíéàð. )4,4(−  

õàòàðûÿ éûãíàíìà àðàëûãûäûð. 
Ýãåð 4=x  áîëñà, áèç 

...4
)!2(
)!(...4

!6
)!3(4

!4
)!2(4

!2
)!1( 2

3
2

2
22

+++++ n

n
n

 

ñàí õàòàðûíû àëéàðûñ. 
)1(2

1
2
11

1 +
+−=

+ nnna
a

n

n  áîëéàíëûãû þ÷èí 1+< nn aa . 

Áó éåðäå ,...)3,2,1(, =nan  ûçûãèäåðëèãèÿ áèðñûõëû àðòéàíäûãûíû ãüðêåçéúð. 
Îë áîëñà õàòàðûÿ óìóìû àãçàñûíûÿ íoëà ûìòûëéàíäûãûíû ãüðêåçéúð, 
éàãíû õàòàð äàðãàéàð. Áó ñåáúáå ãüðú 4−=x  íîêàòäà hem õàòàð 
äàðãàéàíäûð. 

1611. Äåðåùåëè õàòàðûÿ éûãíàíìà ðàäèóñûíû âå éûãíàíìà àðàëûãûíû 
tàïìàëû. 
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×üçþëèøè. Áó éåðäå 
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Îíäà 1
2

1
<

+x
 áîëàíäà õàòàð éûãíàíéàð. ,21 <+x ,212 <+<− x  

3 1.x− < <  Øóíëóêäà, õàòàðûÿ éûãíàíìà àðàëûãû ( )3, 1−  áîëóï, îíóÿ 

éûãíàíìà ðàäèóñû áîëñà 2=R . 

1612. 
2 3 4

1
2 2 3 2 2... ( 1) ...

1 2 3 4

n
nx x x x x

n
−− + − + + − +  hàòàðûÿ éûãíàíìà îáëàñòûíû 

òàïìàëû. 
×üçþëèøè. 

                 12 2

1 1, ,
( 1)n na a

n n+= =
+

  

               
( )2

2
1

11 lim lim 1.n

n n
n

naR
l a n→∞ →∞

+

+
= = = =  

( )1,1−  àðàëûãûÿ ãûðàêû íîêàòëàðûíäà õàòàðû äåðÿúëèÿ. 1=x  bahany 
ãîéóï àëàðûñ:  

             ...1)1(...
4
1

3
1

2
1

1
1

2
1

2

4

3

3

2

2

2 +−++−+− −

n
n  

Áó õàòàð áîëñà àáñîëéóò éûãíàíéàíäûð. Øåéëå õåì, 1−=x  áîëàíäà 

             ...1)1(...
4
1

3
1

2
1

1
1

2
12

2322 −−+−−−−− −

n
n  

àáñîëéóò éûãíàíéàí õàòàðû àëàðûñ. Øóíëóêäà, õàòàðûÿ éûãíàíìà îáëàñòû 
[ ]1,1−  êåñèìäèð. 

1613. ...)1(2...)1(2)1(21 22 +−++−+−+ nn xxx  hataryň ýygnanma 
oblastyny tapmaly. 

×üçþëèøè. Áåðëåí õàòàðäà yx =−1  îðíóíà ãîéìàíû óëàíàëûÿ 

                  ...2...221 22 +++++ nn yyy  
Øó õàòàðûÿ éûãíàíìà ðàäèóñûíû òàïàëûÿ 

1
1 1

2 12 , 2 , lim .
2 2

n
n n

n n nn
a a R+

+ +→∞
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Õàòàðû 
1 1,
2 2

⎛ ⎞−⎜ ⎟
⎝ ⎠

  àðàëûãûÿ ãûðàêû íîêàòëàðûíäà äåðÿúëèÿ. Ãîé 
2
1

=y  

áîëñóí. Îíäà 
0 0

12 1
2

n
n n

n n

∞ ∞

= =

⎛ ⎞ =⎜ ⎟
⎝ ⎠

∑ ∑  äàðãàéàí õàòàðäûð. Ýãåð 
2
1

−=y  áîëñà, 

∑ ∑
∞

=

∞

=

−=⎟
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⎞

⎜
⎝
⎛−

0 0
)1(

2
12

n n
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n

n  äàðãàéàí õàòàðäûð. Øóíëóêäà, õàòàð ⎟
⎠
⎞

⎜
⎝
⎛−

2
1,

2
1

 

àðàëûêäà éûãíàíéàíäûð. -y è 1−x  áèëåí ÷àëøûðàëûÿ 

.
2
3

2
1,

2
11

2
1

<<<−<− xx
 

Äèéìåê, áåðëåí õàòàðûÿ éûãíàíìà îáëàñòû ⎟
⎠
⎞

⎜
⎝
⎛

2
3,

2
1

 àðàëûêäûð. 

1624. 
2 3 4

2 2 3 2 2... ...
1 2 3 4

nx x x x x
n

+ + + + + +  

×üçþëèøè. 

1 1
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( 1)n nn na a
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en
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Äèéìåê, áåðëåí õàòàð ),( ∞−∞  àðàëûêäà éûãíàíéàíäûð. 
Õàòàðlarûÿ éûãíàíìà îáëàñòlarûíû òàïìàëû: 

1615. 
2 3 4

1... ( 1) ...
2 3 4

n
nx x x xx

n
−− + − + + − +  

1616. ...10...1010101 3322 ++++++ nn xxxx  
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1618. 
2 3

1
3 3 3

2 4 8 2... ( 1) ...
1 2 3

n n
nx x x x

n
+− + − + − +  

1619. ...)3(...)3()3(1 2 +−++−+−− nxxx  
 

1620. 
2 3
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2 ( 2) ( 2) ( 2)... ...
ln 2 ln 3 ln 4 ln ( 1)
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x x x x
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− − − −
+ + + + +

+
  



389 
 

1621. ...)1(
3

!)1(...)1(
3

!3)1(
3

!2)1(
3
1

222
3

3
2

2
+−−++−−−+− n

n
n xnxxx  

Õàòàðëàðûÿ éûãíàíìà ðàäèóñûíû âå àðàëûãûíû òàïìàëû. Éûãíàíìà 
àðàëûãûÿ àõûðëàðûíäà õàòàðû äåðÿåìåëè. 

1622. 2 31 1 11 ... ...
2 3

nxtg x tg x tg x tg
n

+ + + + +  

1623. 
2 2 2

2 2 2
2 1 3 1 1

2 33 3 3... ...
2 3

n
nx x x x

n

− − −

+ + + + +  

1624. 2 2 2 2 3 21 1 1sin ( 1) sin ( 1) sin ( 1) ... sin ( 1) ...
2 3

nx x x x
n

− + − + − + + − +  

¸ 7. Òåéëîð õàòàðû 

Ýãåð a  íîêàäû üçþíäå ñàêëàéàí õàéñû õåì áîëñà áèð àðàëûêäà )(xf  
ôóíêöèéàíûÿ þçíþêñèç úõëè üíþìëåðè áàð áîëñà, îíäà àøàêäàêû ôîðìóëà 
äîãðóäûð 
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áó éåðäå 
( ) ( ) ( ) , ( we erkin bitin san).

!

n
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n
fR x a a x n

n
ξ ξ= − ≤ ≤  Áó 

ôîðìóëà Òåéëîð ôîðìóëàñû äèéèëéúð. 
Ýãåð -x èÿ êúáèð áàõàëàðû þ÷èí ∞→n  áîëàíäà 0→nR  áîëñà,  -x èÿ 

øîë áàõàëàðûíäà ïðåäåëå ãå÷èï, Òåéëîð ôîðìóëàñûíäàí Òåéëîð õàòàðûíû 
àëàðûñ:  
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∑
∞

=n

n
n

x
n

f
  

Hatara Makloren hatary diéiléúr. 
Øóíëóêäà, )(xf  ôóíêöèéàíûÿ Òåéëîð õàòàðûíà äàãyäûëìàãû þ÷èí 

àøàêäàêû èêè øåðò éåðèíå éåòìåëèäèð. 
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1) )(xf  ôóíêöèéàíûÿ x  àðãóìåíòèíèÿ ãàðàëéàí áàõàëàðû þ÷èí úõëè 
òåðòèïëè üíþìëåði áîëìàëûäûð. 

2) ∞→n  áîëàíäà 0→nR  éåðèíå éåòìåëèäèð. 

1625. 32 23)( xxxxf +−+−=  êüïàãçàíû 1−x  òàïàâóäà ãüðú Òåéëîð 
õàòàðûíà äàrãaòìàëû. 

×üçþëèøè. 
            ,621)(,1)1(,1 2/

0 xxxffx +−===   

            ,5)1(/ =f  xxf 122)( +−=′′ , ,10)1(// =f  

                  ,12)(/// =xf .12)1(/// =f  
Îíäà 
           .)1(2)1(5)1(5123 3232 −+−+−+−=+−+− xxxxxx    

1626. nxxf )1()( +=  êüpàãçàíû 0−x  òàïàâóäà ãüðú Òåéëîð õàòàðûíà 
äàrãaòìàëû. 

×üçþëèøè. 
        ),...,1()0(,)0(,1)0( /// −=== nnfnff   

        ),...,1)...(1()( +−−= knnnf k  

        ,123),...,1()0()( ⋅⋅−= nnf n  

    ++
−−

+
−

++=+ ...
!3

)2)(1(
!2

)1(1)1( 32 xnnnxnnnxx n  

     
( 1) ... ( 1) ... .

!
k nn n n k x x

k
− ⋅ ⋅ − +

+ + +  

Ãüðíþøè éàëû áèíîì þ÷èí Íéóòîí ôîðìóëàñû Òåéëîð ôîðìóëàñûíûÿ 
õóñóñû õàëûäûð. 

1627. )2ln()( += xxf  ôóíêöèéàíû 1−x  òàïàâóäà ãüðú Òåéëîð 
õàòàðûíà äàãyòìàëû. 

×üçþëèøè. )2ln()( += xxf  ôóíêöèéàíûÿ üíþìëåðèíè âå îë üíþìëåðèÿ 
1=x  íîêàòäàêû áàõàëàðûíû òàïàëûÿ:  

   )2ln()( += xxf , 3ln)1( =f , ,
3
1)1(,

2
1)(/ =′
+

= f
x

xf  

   ,
)2(

21)(,
9
1)1(,

)2(
1)( 3

/////
2

//

−
⋅

=−=
+

−=
x

xff
x

xf  

    ,
3

)!1()1()1(,...,
)2(

)!1()1()(,...,
1

)(
1

)(
n

n
n

n

n
n nf

x
nxf −−

=
+

−−
=

−−

  

     . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Îíäà )2ln()( += xxf  ôóíêñèéàíûÿ Òåéëîð õàòàðû àøàêäàêû 

ãüðíþøäåäèð 



391 
 

+−
−

+
−

−−+=+ ...
3

)1(
3
2

2
)1(

3
1)1(

3
13ln)2ln(

3

2

2

2
xxxx ...)1(

3
)1( 1

+
−− −

n
x n

n

n

 

1628. 752)( 23 −+−= xxxxf  êüïàãçàíû 1−x  òàïàâóäà ãüðú Òåéëîð 
õàòàðûíà äàrãaòìàëû. 

1629. 263632)( 3467910 −−++−−+= xxxxxxxxf  êüïàãçàíû 1−x  
tapawu- äà ãüðú Òåéëîð õàòàðûíà äàrãaòìàëû. 

1630. 
x

xf
+

=
10

1)(  ôóíêöèéàíû −x 1 tapawuda Òåéëîð õàòàðûíà 

äàrãaòìàëy âå éûãíàíìà àðàëûãûíû òàïìàëû. 
1631. xxf ln)( =  ôóíêöèéàíû 1−x  òàïàâóäà ãüðú Òåéëoðûÿ õàòàðûíà 

äàrãaòìàëû. 

1632. xxf =)(  ôóíêöèéàíû 4−x  òàïàâóäà ãüðú Òåéëîð õàòàðûíà 
äàrãaòìàëû. 

1633. 
)2)(1(

1)(
3

+−
++

=
xx
xxxf  ôóíêöèéàíû −x iª derejeleri áîéóí÷à õàòàðà 

äàrãaòìàëû. 
2. Éüíåêåé äàrãaòìàëàðûÿ tablisasynyª óëàíûëûøû. Ãå÷åí áüëþì÷åäúêè 

ìûñàëëàðäàí ãüðíþøè éàëû ôóíêöèéà õàòàðà äàrãaäûëàí ìàõàëûíäà 
äàãyòìàíûÿ êîýôôèöèéåíòëåðèíè òàïìàê þ÷èí ôóíêöèéàíû áèðíú÷å ãåçåê 
äèôôåðåíöèðëåìåëè âå øîë üíþìëåðèÿ áåðëåí íîêàòäàêû áàõàëàðûíû òàïìàëû 
áîëéàðäûê. Ñîÿðà áîëñà −x èÿ õàéñû áàõàëàðûíäà ∞→n  áîëàíäà 0→nR  
áîëéàíäûãûíû üâðåíéúðäèê. Êúõàëàòëàðäà áåðëåí ôóíêöèéàíû êüï ãåçåê 
äèôôåðåíöèðëåìåê êûí÷ûëûê äüðåäéúð. Øîë êûí÷ûëûêëàðû éåÿèëëåøäèðìåê þ÷èí 
üÿäåí áåëëè áîëàí àøàêäàêû äàrãaòìàëàðû óëàíéàðëàð:  

1.  
2 3

1 ... ... ;
2! 3! !

n
x x x xe x

n
= + + + + + +   

2.  
3 5 2 1

sin ... ( 1) ... ;
3! 5! (2 1)!

n
nx x xx x

n

+

= − + + + − +
+

 

3. 
2 4 2

cos 1 ... ( 1) ... ;
2! 4! (2 )!

n
nx x xx

n
= − + − + − +  

4. 
2 3

1ln(1 ) ... ( 1) ... ;
2 3

n
nx x xx x

n
−+ = − + − + − +  

5. 
3 5 2 1

arctg ... ( 1) ... ;
3 5 2 1

n
nx x xx x

n

+

= − + − + − +
+
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6. 
[ ]2 ( 1) ... ( 1)( 1)(1 ) 1 ... ... ,

1 2! !
( 1 1);

n nn
x x x x

n
x

α α α αα α α − ⋅ ⋅ − −−
+ = + + + + +

− < <
 

7.  21 1 ... ... , ( 1 1).
1

nx x x x
x
= + + + + + − < <

−
 

1634. )1ln()( 2xxxf +=  ôóíêöàéàíû x  ãüðú õàòàðà äàrãaòìàëû. 

×üçþëèøè. (4) äàrãaòìàäà x  ululygy 2x  áèëåí ÷àëøûðûï àëàðûñ: 

( ).1,...)1(...
32

)1ln(
2

1
64

22 <+−+++−=+ − x
n

xxxxx
n

n

 
Îíäà 

       ( ).1,...)1(...
32

)1ln(
12

1
75

32 <+−+++−=+
+

− x
n

xxxxxx
n

n  

1635. 
2

)( xexf −=  ôóíêöèéàíû x  áîéóí÷à õàòàðà äàrãaòìàëû. 

×üçþëèøè. (1) äàrãaòìàäà x  ululygy 2x− áèëåí ÷àëøûðûï àëàðûñ: 

2
2 4 6 8

1 ..., ( ).
1! 2! 3! 4!

x x x x xe x− = − + − + − −∞ < < ∞  

1636.  xxf ln)( =  ôóíêöèéàíû 1−x  òàïàâóäà ãüðú õàòàðà äàrãaòìàëû. 
×üçþëèøè. 4-nji äàãyòìàäà x  óëóëûãû 1−x  áèëåí ÷àëøûðûï àëàðûñ:  

).20(...
4

)1(
3

)1(
2

)1()1(ln
432

≤<+
−

+
−

+
−

+−= xxxxxx
 

1637. 
x

xf 1)( =  ôóíêöèéàíû 2−x  òàïàâóäà ãüðú õàòàðà äàrãaòìàëû. 

×üçþëèøè.  

                         .

2
21

2
1

1
−

+
= xx

   

Äåÿëèêäåí ïåéäàëàíàëûÿ. Áó äåÿëèãèÿ ñàã áüëåãèíå òþêåíèêñèç 
êåìåëéúí ãåîìåòðèê õàòàðûÿ ùåìè ãüðíþøèíäå ãàðàìàê ìþìêèí. Îíóÿ 

áèðèíùè àãçàñû 
2
1

=a , ìàéäàëàâùûñû áîëñà  
2

2−
−=

xq  äåÿ äèéèï àëìàê 

áîëàð:  
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2 31 1 1 2 1 2 1 2 ...
2 2 2 2 2 2 2

x x x
x

− − −⎛ ⎞ ⎛ ⎞= − + − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠  

éà-äà 

...)2(
16
1)2(

8
1)2(

4
1

2
11 32 +−−−+−−= xxx

x  

Øåðòå ãüðú   .40,1
2

2
<<<

− xx
 

1638. 3

1
21ln)(
x
xxf

−
+

=  ôóíöèéàíû x  ãüðú õàòàðà äàrãaòìàëû. 

×üçþëèøè. 4-nji äàrãaòìàäà x  óëóëûãû 2x  âå x−  áèëåí ÷àëøûðûï 
àëéàðûñ  

           ...2)1...(422)21ln( 132 +−−+−=+ +

n
xxxxx

nn
n   

,
2
1

2
1

⎟
⎠
⎞

⎜
⎝
⎛ << x

    

        ).11(......
32

)1ln(
32

<<−−−−−−−=− x
n
xxxxx

n

 

Øóíëóêäà 

       [ ]=−−+=
−
+ )1ln()21ln(

3
1

1
21ln 3 xx
x
x [ ]∑

∞

=

+ =+−
1

1 12)1(
3
1

n

n
nn

n
x

 

       = =⎟
⎠
⎞

⎜
⎝
⎛ +−+− ...

4
15

3
9

2
33

3
1 432 xxxx ...,

4
5

2
1 432 +−+− xxxx  

1639. 0),ln()( >+= aaxxf  ôóíêöèéàíû x  áîéóí÷à õàòàðà 
äàrãaòìàëû. 

1640. axxf +=)( , 0>a  ôóíêèéàíû x  áîéóí÷à õàòàðà äàrãaòìàëû. 
1641. ( ) ( tg )cosf x x x x= −  ôóíêöèéàíû x   áîéóí÷à õàòàðà äàrãaòìàëû. 

1642. 
4

1)(
−

=
x

xf  ôóíêöèéàíû 2+x  ùåì áîéóí÷à õàòàðà äàrãaòìàëû. 

1643. 
)21)(1(

3)(
xx

xf
+−

=  ôóíêöèéàíû x  áîéóí÷à õàòàðà äàrãaòìàëû. 

1644. xe
xxf +

=
1)(  ôóíêöèéàíû x  áîéóí÷à õàòàðà äàãyòìàëû. 
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¸ 8. Ôóðéå õàòàðëàðû 

                  0

1

( сos sin )
2 m m

m

a a mx b mx
∞

=

+ +∑         (1) 

hatara [ ]ππ ,−  êåñèìäå êåñãèòëåíåí )(xf  ôóíêöèéàíûÿ Ôóðéå õàòàðû 
äèéiëé­r.                 

Bó éåðäå 

             ,...),2,1,0(,cos)(1
== ∫

−

mdxmxxfam

π

ππ
 

             ,...).3,2,1(,sin)(1
== ∫

−

mdxmxxfbm

π

ππ
  

Ýãåð 0x  íîêàò )(xf  ôóíêöèéàíûÿ birinji òåðòèïëè þçþlme íîêàäû 
áîëñà, îíäà (1) õàòàð ôóíêöèéàíûÿ þçþëme íîêàòëàðûíäà Ôóðéå õàòàðû 
áîëóï, îíóÿ ùåìè )(xf  äåÿäèð, þçþlme íîêàòëàðäà áîëñà 

2
)0()0( 00 ++− xfxf
 áàõàíû àëéàð. Øåéëå õåì, [ ]ππ ,−  êåñèìèÿ ãûðàêû 

íîêàòëàðûíäà )(xf  ôóíêöèéà 

  
2

)0()0( ++−− ππ ff
  

áàõàíû àëéàð äèéèï êàáóë ýäåëèÿ. Ýãåð áåðëåí )(xf  ôóíêöèéàíûÿ [ ]ππ ,−  
êåñèìäå òþêåíèêëè ñàíû ýêñòðåìóìû âå birinji òåðòèïëè þçþlme íîêàòëàðû 
áàð áîëñà, îíäà [ ]ππ ,−  êåñèìäå Ôóðéå õàòàðû )(xf  ôóíêöèéà 
éûãíàíéàíäûð (Äèðèõëå òåîðåìàñû). 

Ãüðíþøè éàëû Ôóðéå õàòàðûíûÿ ùåìè áîëàí )(xf  ôóíêöèéà π2  
ïåðèîäëû ïåðèîäèê ôóíêöèéàäûð. 

[ ]ll,−  san)erkin( −l  êåñèìäå áåðëåí )(xf  ôóíêöèéà Äèðèõëúíèÿ 
teoremasyíûÿ øåðòëåðèíè êàíàãàòëàíäûðñà, îíäà îë àøàêäàêû Ôóðéå 
õàòàðûíûÿ ùåìèíå äåÿäèð. 

                  0

1

sin .
2 m m

m

a m x m xa сos b
l l
π π∞

=

⎛ ⎞+ +⎜ ⎟
⎝ ⎠

∑   

Bó éåðdå 

               ,...),2,1,0(,cos)(1
== ∫

−

mdx
l

xmxf
l

a
l

l
m

π
 

               ,...).3,2,1(,sin)(1
== ∫

−

mdx
l

xmxf
l

b
l

l
m

π
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Ýãåð )(xf  ùþáþò ôóíêöèéà áîëñà, îíäà îíóÿ Ôóðéå õàòàðû äèÿå àçàò 
àãçàíû âå êîñèíóñëû àãçàëàðû ñàêëàéàð. 

=)(xf  2
0a
+

1

сos ,m
m

m xa
l
π∞

=
∑   

             
0

2 ( ) cos , ( 0,1, 2,...).
l

m
m xa f x dx m

l l
π

= =∫  

Ýãåð )(xf  òúê ôóíêöèéà áîëñà, îíäà îíóÿ Ôóðéå õàòàðû äèÿå ñèíóñëû 
àãçàëàðû ñàêëàéàð: 

                      ,sin)(
1
∑
∞

=

=
m

m l
xmbxf π
 

                ,...).3,2,1(,sin)(2

0

== ∫ mdx
l

xmxf
l

b
l

m
π

  

1645. 
⎩
⎨
⎧

≤<
≤<−

=
.0,
,0,

)(
π

π
xbx
xax

xf   ôóíêöèéàíû Ôóðéå õàòàðûíà 

äàrãaòìàëû. 
×üçþëèøè. )(xf  ôóíêöèéàíûÿ  Ôóðéå êîåôèöèéåíòëåðèíè êåñãèòëúëèÿ: 

 
1 ( )cosma f x mxdx

π

ππ −

= =∫
1 cosax mxdx

π

ππ −
∫ =+ ∫

−

dxmxbx
π

ππ
cos1

 

     
0 0

2

sin cosa x mx mx
mπ ππ π − −

⎛ ⎞
= +⎜ ⎟⎜ ⎟

⎝ ⎠
2

0 0

sin cosb x mx mx
m m m

π π⎛ ⎞
+ + =⎜ ⎟⎜ ⎟

⎝ ⎠
 

     [ ],)1(1)1(cos)cos1( 222
m

m
bam

m
bm

m
a

−−
−

=−+−=
π

π
π

π
π

 

     
,...0,2

3
,0,2 42321 =⋅

⋅
−

==⋅
−

= abaaabaa
ππ  

Ýãåð 0=n  áîëñà 

               
0

0
0

1 1 .
2

b aa axdx bxdx
π

π

π
π π−

−
= + =∫ ∫  

Øåéëå õåì 

            11 ( )sin ( 1) .m
m

a bb f x mxdx
m

π

ππ
+

−

+
= = −∫  

Øóíëóêäà 
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1 2 3 4, , , , ...
1 2 3 4

a b a b a b a bb b b b+ + + +
= = − = = −

 
Äèéìåê, áåðëåí ôóíêöèéàíûÿ Ôóðéå õàòàðûíû àøàêäàêû ãüðíþøäå 

éàçûï áèëåðèñ: 

 +
+

−⎟
⎠
⎞

⎜
⎝
⎛ +

+
−

+
−

= xbaxbaxbaabxf 2sin
2

sin
1

cos2
24

)( π  

  ...4sin
4

3sin
3

3cos
3
2

2 +
+

−⎟
⎠
⎞

⎜
⎝
⎛ +

+
−

+ xbaxbaxba
π

 

ýа-dа 

    +++
−

+
−

= ...)3cos
3
1(cos)(2

4
)( 2 xxbaabxf

π
π   

     ⎟
⎠
⎞

⎜
⎝
⎛ ++−++ ...3sin

3
12sin

2
1sin)( xxxba  

1646. 
⎩
⎨
⎧

≤≤−
≤<−

=
.20,2
,02,2

)(
xx
x

xf  ôóíêöèéàíû Ôóðéå õàòàðûíà 

äàrãaòìàëû. 
×üçþëèøè. Ôóðéå êîåôèöèéåíòëåðèíè òàïàëûÿ: 

,3)2(2
2
1 0

2

2

0
0 =⎥

⎦

⎤
⎢
⎣

⎡
−+= ∫ ∫

−

dxxdxa
 

=⎥
⎦

⎤
⎢
⎣

⎡
−+= ∫ ∫

−

0

2

2

0 2
cos)2(

2
cos2

2
1 xdxmxxdxmam

ππ

 

⎪⎩

⎪
⎨
⎧

=

=
==

,...4,2,0

,...3,1,4

2
sin4 222

22

m

m
m

m
m

π
π

π
  

      

=⎥
⎦

⎤
⎢
⎣

⎡
−+= ∫ ∫

−

0

2

2

0 2
sin)2(

2
sin2 xdxnxxdxnbn

ππ

 

0 2

2 0

2 , 1,3,...
1 2( 2)sin sin cos

22 2 2 , 2, 4.

n
n n ndx x xdx n

n n
n

π π ππ
π

π
−

⎧− =⎪⎪= − − = = ⎨
⎪ =
⎪⎩

∫ ∫  

 
Øóíëóêäà, ôóíêöèéàíûÿ Ôóðéå õàòàðû àøàêäàêû ãüðíþøäåäèð: 
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....
2

4sin
4
1

2
3sin

3
1

2
2sin

2
1

2
sin2

...
2

5cos
5
1

2
3cos

3
1

2
cos4

2
3)( 222

⎟
⎠
⎞

⎜
⎝
⎛ +−+−−

−⎟
⎠
⎞

⎜
⎝
⎛ ++++=

xxxx

xxxxf

ππππ
π

πππ
π

 

1647. xxf =)(  ôóíêñèéàíû π2  ïåðèîäëû ôóíêöèéàëàðäàí äþçþëåí 

Ôóðéå õàòàðûíà äàrãaòìàëû. 
×üçþëèøè. Áó ùþáþò ôóíêöèéàäûð. 

,
2

1
2
1

0
0

π
π

π

== ∫ xdxa
 

   
00

2 2 sincos ,n
nxa x nxdx x

n

ππ

π π
= =∫

( )2 2
0

2 cos 1 2sin 2 ( 1) 1 .nnnxdx
n n n

π π
π π π

−
− = = − −∫  

Îíäà àëàðûñ: 

.
)12(

)12cos(4
2 1

2∑
∞

= −
−

−=
n n

xnx
π

π

 

1648. [ ]ππ ,−  êåñèìäå áåðëåí 
⎩
⎨
⎧

≤≤
<≤−

=
π

π
x
x

xf
0,1

0,0
)(   ôóíêöèéàíû 

Ôóðéå õàòàðûíà äàrãaòìàëû. 
×üçþëèøè. 

,1101)(1

0
0 ∫ ∫ ∫

− −

==⎥
⎦

⎤
⎢
⎣

⎡
+==

π

π

π

π

π

π
πππ

dxdxdxxfa
  

   ,0sin1cos01cos)(1
0

0

0

==⎥
⎦

⎤
⎢
⎣

⎡
+== ∫ ∫ ∫

− −

π
π

π π

π

πππ
nx

n
nxdxdxnxdxxfan  

   =−=⎥
⎦

⎤
⎢
⎣

⎡
⋅+⋅== ∫ ∫ ∫

− −

π

π

π

π

π

πππ 0

0

0

cos1sin101sin)(1 nx
n

nxdxdxnxdxxfbn                

.)1(1cos1
ππ

π
nn

n n−−
=

−
=
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Áó éåðäåí 

          1 2 3 4 5
2 2 2, 0 , , 0 , , ...

3 5
b b b b b

π π π
= = = = =  

Øóíëóêäà, )(xf  ôóíêñèéàíûÿ Ôóðéå õàòàðû àøàêäàêû ãüðíþøäåäèð: 

            ⎟
⎠
⎞

⎜
⎝
⎛ ++++= ...5sin

5
13sin

3
1sin2

2
1)( xxxxf

π
 

,...)2,1(,0 =±== nnxx π  íîêàòëàðäà áåðëåí ôóíêñèéàíûÿ þçíþãå 

ýéåäèãèíè áàðëàìàê êûí äúëäèð. Øó íîêàòëàðäà õàòàðûÿ ùåìè 
2
1
-e äåÿäèð. 

1649. 25)( += xxf  fóíêñèéàíû π2  ïåðèîäëû Ôóðéå õàòàðûíà 
äàrãaòìàëû. 

1650. 
2

)( xxf −
=
π

 ôóíêñèéàíû )2,0( π  àðàëûêäà Ôóðéå õàòàðûíà 

äàrãaòìàëû. 

1651. 
⎩
⎨
⎧

≤≤
<<−

=
π

π
xx
xx

xf
0,2

0,
)(  ôóíêñèéàíû ),( ππ−  àðàëûêäà Ôóðéå 

õàòàðûíà äàrãaòìàëû. 
1652. xxxf sin)( =  ôóíêñèéàíû ),( ππ−  àðàëûêäà Ôóðéå õàòàðûíà 

dàrãaòìàëû. 
1653. Áåðëåí )(xf  ôóíêöèéà )()( xfxf −=+π  äåÿëèãè 

êàíàãàòëàíäûðéàí áîëñà, îíóÿ ùþáþò Ôóðéå êîýôôèöèéåíòëåðèíèÿ íoëà 
äåÿäèãèíè ãüðêåçìåëè )0...( 44220 ====== babaa . 

1654. Áåðëåí )(xf  ôóíêöèéà )()( xfxf =+π  äåÿëèãè êàíàãàòëàíäûðéàí 
áîëñà, îíóÿ ùþáþò Ôóðéå êîýôôèöèéåíòëåðèíèÿ íoëà äåÿäèãèíè ãüðêåçìåëè.  

1655. Áèðñûdyrgyn êåìåëéúí àãçàëàðû áîëàí 
1

, 0n n
n

a a
∞

=

>∑  õàòàð  

éûãíàíéàí áîëñà, 0lim =
→∞ nn

na  áîëéàíäûãûíû ñóáóò ýòìåëè. 

1656. Äåÿëèãèÿ äîãðóäûãûíû ãüðêåçìåëè. 

5 4 3 1 1 1... ... arctg ln
5 4 3 2 4 1

nx x xx x
n x

− +
+ + + + = +

− −  
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XIII ÁÜËÞÌ 

KÜP  ÞÉTGEÉÚNLI  FUNKSIÉALAR 

¸ 1. Ýñàñû äþøþíùýëýð 

Êåñãèòëåìå. Ýãåð M  êüïëþãèÿ õåð áèð ( )yx ,  íîêàäûíà õàéñû õåì 
áîëñà áèð êàíóíà éà-äà äþçãþíå ãüðú Z  êüïëþãèÿ éåêå-òúê íîêàdû 
äåãèøäè áîëñà, onda M  âå Z  êüïëþêëåðèÿ àðàñûíäà ôóíêñèîíàë áàãëylyê 
áàð äèéèëéúð. Îë ôóíêñèîíàë áàãëylyê àøàêäàêû éàëû áåëãèëåíéúð:  

( , ), ( , ), ( , ),...z f x y z x y z z x yϕ= = =  
Øó éåðäå z , áàãëàíûøûêñûç þéòãåéúí yx ,  óëóëûêëàðà (àðãóìåíòëåðå) 

ãüðú ôóíêöèéàäûð. M  êüïëþê ôóíêñèéàíûÿ kesgitleniş îáëàñòûäûð, Z  
êüïëþê áîëñà ôóíêñèéàíûÿ þéòãåéèø îáëàñòûäûð. 

Ýãåð ( )0,0 yx  íîêàò M  êüïëþãå äåãèøëè áîëñà, îíäà ôóíêöèéàíûÿ 

0xx =  âå 0yy =  áîëàíäàêû )( 0,0 yxf  áàõàñû, ôóíêöèéàíûÿ õóñóñû (ñàí) 

áàõàñûäûð. 
Àðãóìåíòèÿ õåð áèð ùþáþò ( )yx ,  áàõàñû xOy  òåêèçëèêäå P  íîêàäû 

êåñãèòëåéúð. Ôóíêñèéàíûÿ øó íîêàòäàêû áàõàñû áîëñà ãèÿèøëèêäå ( )zyxM ,,  
íîêàäûÿ àïïëèêàòàñûäûð. Áó íîêàòëàðûÿ êüïëþãè ãèÿèøëèêäå kúbir þñòè ýìýëý 
ãåòèðéúð. Îíóÿ proéekñiéasy áîëñà xOy  òåêèçëèêäå D  îáëàñòäûð. 

Ãîé, −n üë÷åãëè ãèÿèøëèêäå ýðêèí M  êüïëþê áåðëåí áîëñóí. Øó 
êüïëþãèÿ õåð áèð íîêàäû nxxx ...,,, 21  þéòãåéúí óëóëûêëàðà áàãëûäûð. Ýãåð-

äå, M  êüðëþãèÿ õåð áèð íîêàäûíà õàéñû õåì áîëñà áèð êàíóí éà-äà 
äþçãþí ýñàñûíäà áàøãà áèð N  êüïëþãèÿ éåêå-òúê íîêàäû äåãèøëè áîëñà, 
îíäà M  âå N  êüpëþêëåðèÿ àðàñûíäà ôóíêöèîíàë áàãëylyê áàð äèéèëéúð 
âå îë ôóíêöèîíàë áàãëylyê àøàêäàêû ãüðíþøäå áåëãèëåíéúð:  

( )1 2, ,..., , ( ).nu f x x x u f M= =  

Øó êåñãèòëåìåäåí ãüðíþøè éàëû þéòãåéúí n  óëóëóûêëû ôóíêöèéàíûÿ 
êåñãèòëåìåñè èêè þéòãåéúí óëóëûêëû ôóíêöèéàíûÿ êåñãèòëåìåñèíå ìåÿçåøäèð. 
Øîíóÿ þ÷èí øó áüëþìèÿ ãàëàí áüëþì÷åëåðèíäå áèç êüïëåí÷ èêè óéòãåéúí 
óëóëûêëû ôóíêöèéàëàðà ãàðàìàê áèëåí ÷úêëåíåðèñ. Øåéëå õåì þéògåéúí þ÷ 
óëóëûêëû ôóíêöèéàëàðà äåãèøëè ôîðìóëàëàðû éàçìàê áèëåí ÷úêëåíåðèñ. 

1657. Êîíóñûÿ V  ãüâðþìèíè îíóÿ ýìåëå ãåòèðèùèñè âå ýñàñûíûÿ 
ðàäèóñû x  áîëàí y -e ãüðú ôóíêöèéà ãüðíþøèíäå éàçìàëû. 
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Çözülüşi. Áåëëè áîëøû éàëû êîíóñûÿ ãüâðþìè îíóÿ ýñàñûíûÿ 
ìåéäàíûíûÿ áåéèêëèãèíå êüïåëòìåê õàñûëûíûÿ þ÷äåí áèðèíå äåÿäèð: 

SHV 3/1=  (75-nji ÷yzgy).  

 
75-íùè ÷yzgy 

   222 we yxHyS −== π .  Înda  .
3
1 222 yxyV −= π  

1658. Ýãåð þ÷áóð÷ëóãûÿ èêè òàðàïûíûÿ óçûíëûãû x  âå y  áîëóï, îíóÿ 
ïåðèìåòðè p2  áîëñà, îíäà îíóÿ S  ìåéäàíûíû ,x y  òàðàïëàðà ãüðú 
ôóíêöèéà ãüðíþøèíäå éàçìàëû. 

×üçþëèøè. Ãåðîí ôîðìóëàñûíû óëàíàëûÿ   

( )( )( ),S p p a p b p с= − − −  

áó éåðäå p  éàðûì ïåðèìåòð, , ,a b c áîëñà þ÷áóð÷ëóãûÿ òàðàïëàðûíûÿ 
óçûíëûklaryäûð. Øåðòå ãüðú    

 , , 2 , 2 , 2 .a x b y p a b c p x y c c p x y= = = + + = + + = − −  
Øóíëóê-äà,   

( )( )( 2 ) ( )( )( ).S p p x p y p p x y p p x p y x y p= − − − + + = − − + −  
1659. Ýãåð ãüíþáóð÷ëóãûÿ áèð òàðàïû x   áîëóï, äèàãîíàëû y  áîëñà, 

îíóÿ ìåéäàíûíû  yx ,  ãüðú ôóíêöèéà ãüðíþøèíäå éàçìàëû (76-íùy ÷yzgy). 
×üçþëèøè. 

 

 
76-njy ÷yzgy 

 

ya
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Áó éåðäåí 2 2 2 2 2 2 2 2, , .x a y a y x a y x+ = = − = −  Øóíëóêäà, 

                .22 xyxaxS −==  

1660. Ýãåð 
xy

yxyxf
2

),(
22 +

=  áîëñà )3,2( −f  âå ),1(
x
yf -ni 

òàïìàëû.  
×üçþëèøè 2=x  âå 3−=y  ãîéóï òàïàðûñ:  

.
12
13

322
32)32(

22

−=
−⋅⋅
−+

=−
)(

)(,f  

 1=x  ãîéóï âå y  óëóëûãû у
х
 áèëåí ÷àëøûðûï àëàðûñ:  

             

2

1
1,

2 1

y
y xf

yx
x

⎛ ⎞+ ⎜ ⎟⎛ ⎞ ⎝ ⎠= =⎜ ⎟ ⎛ ⎞⎝ ⎠ ⋅ ⋅⎜ ⎟
⎝ ⎠

.
2

22

xy
yx +

  

1661. Ýãåð 
xy

yxyxf
2

),(
22 −

=  áîëñà ),( xyf  âå ),( yxf −− , ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
yx

f 1,1
, 

),(
1

yxf
 òàïìàëû.  

×üçþëèøè.  yx we  àðãóìåíòëåðèÿ éåðèíè ÷àëøûðàëûÿ:  

,
2

),(
22

yx
xyxyf −

=  

))((2
)()(),(

22

yx
yxyxf

−−
−−−

=−− = ,
2

22

xy
yx −

 

yx

yx
yx

f 112

11
1,1

22

⋅

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟

⎠
⎞

⎜
⎝
⎛

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
 = 

xy

xy
xy

xy

yx
22

11
22

22

22
−

=
−

 = ,
2

22

yx
xy −

 

=
),(

1
yxf

.2
22 yx

xy
−

 

 1662. Ýãåð 
y
xxyyxf +=),(  áîëñà, )1,1(,3,

2
1

−⎟
⎠
⎞

⎜
⎝
⎛ ff   òàïìàëû. 
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1663. Ýãåð 2( , ) 1f x y xy x= + + , áîësa 
1 ,1 we (2, 1)
2

f f⎛ ⎞ −⎜ ⎟
⎝ ⎠

-ni 

òàïìàëû. 
1664. Äîãðû äüðòáóð¡ëû ïèðàìèäàíûÿ V  ãüâðþìèíè îíóÿ x  

áåéèêëèãèíå âå y  ãàïäàë ãàïûðãàñûíà ãüðú ôóíêöèéà ãüðíþøèíäå éàçìàëû. 

1665. Ýãåð 0,
22

>
+

=⎟
⎠
⎞

⎜
⎝
⎛ y

y
yx

x
yf   áîëñà )(xf  êåñãèòëåìåëè. 

1666. Ýãåð 2),( yxyyxyxf +=−+  áîëñà, ),( yxf  òàïìàëû. 
×üçþëèøè. ,x y u x y V+ = − =  áåëãèëåìúíè ãèðèçåëèÿ. Îíäà 

               ,
2

,
2

VuyVux −
=

+
=  

           .
2222

),(
22 uVuVuVuVuvuf −

=⎟
⎠
⎞

⎜
⎝
⎛ −

+
−

⋅
+

=     

 Èíäè u  we V  óëóëûêëàðû x  we y  óëóëûêëàð áèëåí ÷àëøûðàéìàê 
ãàëäû.  

1667. Îìóÿ êàíóíûíà ãüðú ýëåêòðèê çûíùûðûíäàêû R  ãàðøûëûê, òîãóÿ 

I  ãþéùè âå çûíùûðûÿ àõûðûíäàêû U  íàïðéàæåíèéå bilen 
I
UR =  ôîðìóëà 

arkaly áàãëàíûøéàð. Ýãåð 120 W íàïðéàæåíèåäå çûíùûðäàí 2,5 A òîê 
ãå÷åíäå îíóÿ ãàðøûëûãû íú÷å áîëàð?       

1668. Ñèëèíäðèÿ ãüâðþìèíè îíóÿ x  áåéèêëèãè âå ýñàñûíûÿ ðàäèóñûía 
g«r­ ôóíêöèéà ãüðíþøèíäå éàçìàëû. 

1669. Ýãåð 222),,(
zyx
zyxzyxf
++
++

=  áîëñà ( )3,2,0 −f  we ⎟
⎠
⎞

⎜
⎝
⎛

2
1,1,
xx

xf

-ni òàïìàëû. 
),( yxfz =  fóíêöèéàíûÿ kesgitleni¦ îáëàñòû óìóìû õàëäà 

÷ûëøûðûìëûäûð. Áèç äèÿå éüíåêåé õàëëàðà ñåðåòìåê áèëåí ÷úêëåíåðèñ. Éàãíû 
îë îáëàñò áèð éà-äà áèðíú÷å ýãðèëåð áèëåí ÷úêëåíèï, òåêèçëèãèÿ òþêåíèêëè éà-
äà òþêåíèêñèç áüëåãèíè òóòéàð. Îë éàïûê îáëàñò õåì, à÷ûê îáëàñò õåì 
áîëóï áèëåð.  

Aşakdaky funksiýalaryn kesgitleniş oblastyny tapmaly  
1670. .11 22 −+−= yxz   

×üçþëèøè. Ôóíêñèéàíûÿ kesgitleniş îáëàñòû 01 2 ≥− x  âå 012 ≥−y  
äåÿñèçëèêëåðè êàíàãàòëàíäàðéàí x  âå y  óëóëûêëàðûÿ áàõàëàð êüïëþãèäèð 
(77-nùè ÷yzgy). 
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77-nùi ÷yzgy 

1671. .)4)(1( 2222 yxyxz −−−+=    

×üçþëèøè.. Ôóíêñèéàíûÿ kesgitleni¦ îáëàñòû 2 2 2 2( 1)(4 ) 0х у х у+ − − − ≥  
äåÿñèçëèãè êàíàãàòëàíäûðéàí x  âå y  óëóëûêëàðûÿ áàõàëàðûíûÿ 
òåðòèïëåøäèðèëåí êüïëþãèäèð. Øó äåÿñèçëèêëåðäåí àëàðûñ:  

122 ≥+ yx , 224 yx +≥ . 

Øóíëóêäà, ôóíêöèéàíûÿ kesgitleni¦ îáëàñòû 41 22 ≤+≤ yx  õàëêàäûð  
(78-íùè ÷yzgy).   

 
78-íùè ÷yzgy 

1672. .
2

arcsin xyxz +=  

×üçþëèøè. Áèðèíùè ãîøóëûùû x  àðãóìåíòèÿ 1
2

1 ≤≤−
x

 éà-äà 22 ≤≤− x  

áàõàëàðû þ÷èí êåñãèòëåíåíäèð. Èêèíùè ãîøóëûùû 0≥xy  äåÿñèçëèãè éà-äà 
0, 0x y≥ ≥  âå 0, 0x y≤ ≤  äåÿñèçëèãè êàíàãàòëàíäûðéàíäûð. Ôóíêñèéàíûÿ 

kesgitleni¦ îáëàñòû àøàêäàky ÷yzgyäà ãüðêåçèëåíäèð (79-íùy ÷yzgy).           



404 
 

             
79-íùy ÷yzgy  

1673. ).44ln( 2yxz −+=  
×üçþëèøè Ëîãàðèôìèê ôóíêöèéà àðãóìåíòèÿ äèÿå poloæitel áàõàëàðû þ÷èí 

êåñãèòëåíåíäèð. Äèéìåê, 044 2 >−+ yx  éà-äà 244 yx >+ . Áó îáëàñòû 

òåêèçëèêäå ãüðêåçìåê þ÷èí îíóÿ àðà÷úêëåðèíè òàïàëûÿ: 244 yx =+  éà-äà 

)1(42 += xy . Áó äåïåñè )0,1(−O  íîêàòäà áîëàí ïàðàáîëàäûð. Funksiéany£ 

grafigi Oy  îêû áîëñà, îë ( )2,0 +  íîêàòäà êåñèï ãå÷éúð (80-íùi ÷yzgy).  

          
80-íùè ÷yzgy 

1674. .1 2

2

2

2

2

2

c
z

b
y

a
xu −−−=  

×üçþëèøè. Ãèÿèøëèêäúêè áó îáëàñò àøàêäàêû äåÿñèçëèêëåðäåí òàïûëéàð:  

          01 2

2

2

2

2

2

≥−−−
c
z

b
y

a
x

  éàäà  .12

2

2

2

2

2

≤++
c
z

b
y

a
x

    

Áó îáëàñòûÿ ÷úêëåðè 

2−
2
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12

2

2

2

2

2

=++
c
z

b
y

a
x

 

ýëëèïñîèäàíûÿ þñòþäèð. Øîíóÿ þ÷èí îáëàñò ýëëèïñîèäàíûÿ è÷êè íîêàòëàðûíäàí 
ûáàðàòäàð.  

Àøàêäàêû ôóíêöèéàëàðûÿ kesgitleni¦ îáëàñòëàðûíû òàïìàëû.  

1675. ).0(,)2)(( 222222 >−−−+= ayxaayxz   

1676. 
1 1 .

1
z

x y
= −

−
               1677. arccos .z x y= +          

1678. ln( ).z x y= +                1679. 2 2arctg .
1

x yz
x y
−

=
+

 

1680. 2 2ln( ).z x y y x= + −         1681. .u x y z= + +   

1682. arcsin arcsin arcsin .u x y z= + +  

¸ 2. Ïðåäåë âå þçíþêñèçëèê 

Ãîé, ),( yxfz =  ôóíêöèéà xOy  òåêèçëèãèÿ G  îáëàñòûíäà êåñãèòëåíåí 

áîëñóí. Ìåðêåçè ),(0 baM  íîêàòäà áîëàí r  ðàäèóñëû òåãåëåãèÿ è÷èíäúêè 
xOy  òåêèçëèãèÿ ),( yxM  íîêàòëàðûíûÿ òîïëóìûíà ),(0 baM  íîêàäûÿ r  
ðàäèóñëû ýòðàbû äèéèëéúð.  

 Ýãåð-äå, ýðêèí, éåòåðëèê êè÷è 0>ε  ñàí þ÷èí 0>r  ñàí áàð áîëóï, 
ìåðêåçè ),(0 baM  íîêàòäà áîëàí r  ðàäèóñëû ýòðàáûÿ è÷èíäúêè ),( yxM  
íîêàòëàðûÿ òîïëóìû 

                    ε<− Ayxf ),(   

äåÿñèçëèãè êàíàãàòëàíäûðñà, A  ñàíà ),( yxf  ôóíêñèéàíûÿ ),( yx  
íîêàòäàêû ïðåäåëè äèéèëéúð âå àøàêäàêû ãüðíþøäå áåëãèëåíéúð:  

                   .),(lim
,

Ayxf
byax

=
→→

 

Aøàêäàêû êåñãèòëåìå éîêàðäàêû êåñãèòëåìå áèëåí äåÿãþé÷ëþäèð. 
Ýãåð erkin, éeterlik kiçi 0>ε  ñàí þ÷èí, 0>δ  ñàí áàð áîëup,  
                     ε<− Ayxf ),(   

deňsizlik δδ <−<− byax ,  bolanda éerine éetse, A  ñàíà ),( yxf  

ôóíêñèéàíûÿ ),( baM  íîêàòäàêû ïðåäåëè äèéèëéúð âå  

                   Ayxf
byax

=
→→

),(lim
,

 

g«rn¬¦de belgilené­r. 
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Áèð àðãóìåíòëè ôóíêöèéà äåãèøëè ùåìèÿ, òàïàâóäûÿ, êüïåëòìåê 
õàñûëûíûÿ âå ãàòíàøûãûÿ ïðåäåëè áàðàäàêû òåîðåìàëàð èêè þéòãåéúí 
óëóëûêëû ôóíêöèéàëàð þ÷èí õåì äîãðóäûð. 

 Ýãåð-äå éåòåðëèê êè÷è 0>ε  ñàí þ÷èí 0>δ  ñàí áàð áîëóï, ìåðêåçè 
),(0 baM  íîêàòäà áîëàí δ  ðàäèóñëû ýòðàïûÿ è÷èíäúêè ),( yxM  íîêàòëàðûÿ 

òîïëóìû 

ε<− ),(),( bafyxf       

äåÿñèçëèãè êàíàãàòëàíäûðñà, ),( yxf  ôóíêñèéà ),(0 baM  íîêàòäà þçíþêñèç 
äèéèëéúð âå àøàêäàêû éàëû áåëãèëåíéúð:  

),(),(lim
,

bafyxf
byax

=
→→   

Áó øåðòëåðèÿ áèðèíèÿ éåðèíå éåòìåéúí õàëûíäà ôóíêñèéà þçíþãå ýéå 
äèéèëéúð. Aøàêäàêû êåñãèòëåìå éîêàðäàêû êåñãèòëåìå áèëåí äåÿãþé÷ëþäèð. 

Ýðêèí 0>ε  ñàí þ÷èí 0>δ  ñàí áàð áîëóï, δδ <−<− byax ,  

áîëàíäà 
                 ε<− ),(),( bafyxf  

äåÿñèçëèê éåðèíå éåòñå, ),( yxf  ôóêíêñèéà ),(0 baM  íîêàòäà þçíþêñèç 
äèéèëéúð. 

1683. 
x
xy

ayx

sinlim
,0 →→

 pðåäåëè òàïìàëû.  

                     
×üçþëèøè. 

                   .sinsin y
xy

xy
x
xy

⋅=   

Áåëëè áîëøû éàëû 

,1sinlimsinlim
0,0

==
→→→ t

t
xy

xy
tayx

 ).,( ∞≠= atxy  

Îíäà 

              .limsinlimsinlim
0,0

ay
t

t
x
xy

aytayx
=⋅=

→→→→
 

1684. ( )2 2

0,

1lim sin
x y o

x y
xy→ →

+  pðåäåëè òàïìàëû.  

×üçþëèøè. Áó ïðåäåëè )0,0(),( PyxP →  áîëàíäà òàïìàëû. Øîíóÿ þ÷èí 

0=ρ , 22 yx +=ρ . Îíäà 
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( )2 2 2

0, 0 0

1 1lim sin lim sin 0.
x y

x y
xy xyρ

ρ
→ → →

+ = =  

Áó éåðäå àøàêäàêû òåîðåìà óëàíûëäû. Òþêåíèêëè êè÷è óëóëûãûÿ ÷úêëè  

11sin ≤
xy

 óëóëûãà êüïåëòìåê õàñûëû òþêåíèêñèç êè÷è óëóëûêäûð. 

1685. 
2 2

2 20, 0
lim

x y

x y
x y→ →

−
+

 pðåäåëè òàïìàëû. 

×üçþëèøè. Ãîé, ),( yxP  íîêàò êîîðäèíàòàëàð áàøëàíãûùûíà kxy =  ãüíè 
÷ûçûê áîþí÷à éàêûíëàøñûí. Øó ãüíþíèÿ óãðóíäà ôóíêöèéàíûÿ áàõàñû 
õåìèøåëèêäèð:  

          22

22

yx
yxz

+
−

= , =
+
−

22

22

yx
yx

222

222

xkx
xkx

+
− .

1
1

2

2

k
k

+
−

=  

Ýãåð ),( yxP  íîêàò êîîðäèíàòàëàð áàøëàíãûùûíà äþðëè òàðàïäàí 

éàêûíëàøéàí áîëñà 22

22

yx
yxz

+
−

=  ôóíêñèéà äþðëè ïðåäåë áàõàëàðû êàáóë 

ýäéúð. Õàêûêàòäàí-äà 2

2

1
1

k
k

+
−

 óëóëûê õåð áèð k  þ÷èí äþðëè áàõàëàðû àëéàð. 

Ìûñàë þ÷èí, Ox  )0( =k  îê áîéóí÷à 0→P  áîëàíäà bire äåÿ, 
)1( == kkxy  áèññåêòðèñà áîéóí÷à áîëñà îë nola ûìòûëéàð. 

Øóíëóêäà, áó ôóíêöèéàíûÿ ïðåäåëè éîêäóð. 
1686. xyxz −= 2  ôóíêñèéàíûÿ xOy  òåêèçëèêäå þçíþêñèçäèãèíè 

güðêåçìåëè. 
×üçþëèøè. 

[ ] .2)())(()( 222 yxxyyxxxxxyxyyxxxxz ΔΔ−Δ−Δ−Δ−Δ=−−Δ+Δ+−Δ+=Δ  
Îíäà                        

   .0lim
0,0

=Δ
→Δ→Δ

z
yx

 

1687. 1,1 == yx  nokatlary£ 
xy
xyz

−
+

=
1
1

 ôóíêñéàíûÿ þzþlme nokatlary 

boléandygyny ãüðêåçìåëè. 
×üçþëèøè. Õàêûêàòäàí-äà, 1,1 == yx  áîëàíäà )1,1(M  íîêàòäà 

ôóíêñèéà êåñãèòëåíåí äúëäèð. Éàãíû øó íîêàòäà     
              ),(),(lim

0,0
bafybxaf

yx
=Δ+Δ+

→Δ→Δ
 

øåðò éåðèíå éåòìåéúð. 
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1688. Ýãåð 022 ≠+ yx  áîëñà 22 yx
xyz
+

=  ôóíêñèéàíûÿ )0,0(O  

íîêàòäà ïðåäåëèniň éîêäógyny g«rkezmeli. 
×üçþëèøè. Ýãåð êîîðäèíàòàëàð áàøëàíãûùûíà äþðëè éîëëàð áèëåí 

éàêûíëàøñàê áèç äþðëè áàõàëàðû àëàðûñ. Õàêûêàòäàí-äà:  
1. Ýãåð êîîðäèíàòàëàð áàøëàíãûùûíà Ox  îêû éàäà Oy  îêû 

áîéóí÷à éàêûíëàøñàê, îíäà    

                 .0lim 220,0
=

+→→ yx
xy

yx
 

2. Ýãåð êîîðäèíàòàëàð áàøëàíãûùûíà xy =  ãüíè ÷ûçûê áîéóí÷à 
éàêûíëàøñàê, onda 

           =
+→→ 220,0

lim
yx

xy
yx

.
2
1lim 22

2

0,0
=

+→→ xx
x

yx
 

1689. 44

22

,
lim

xx
yx

yx +
−

∞→∞→
 pðåäåëè òàïìàëû. 

      
×üçþëèøè.  Ãîé, 0,0 ≠≠ yx  áîëñóí, îíäà 

    =
+
−

< 44

22

0
yx
yx

−
+ 44

2

yx
x

44

2

yx
y
+

.11
224

2

4

2

yxy
y

x
x

+=+≤  

Áó éåðäå 011lim 22,
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

∞→∞→ yxyx
 áîëéàíëûãû þ÷èí 

              .0lim 44

22

,
=

+
−

∞→∞→ yx
yx

yx
 

1690. 
yx

xyxf
+

=
2

sin),( π
 áîëñà, ),(limlim yxf

yx ∞→∞→
 we ),(limlim yxf

xy ∞→∞→
 

òàïìàëû.                              
×üçþëèøè. Áåðëåí ôóíêöèéà õåð áèð êåñãèòëè x  þ÷èí −y ý ã«ðú þçíþêñèç 

âå õåð áèð êåñãèòëè y  þ÷èí −x a ãüðú þçíþêñèç ôóíêöèéàäûð. Øîíóÿ þ÷èí  

      0
2

sinlim =
+∞→ yx
x

y

π
, limsin limsin 1.

2 2
x x

x
yx y
x

π π
→∞ →∞

= =
+ +

 

Øóíëóêäà, 

      0
2

sinlimlim =
+∞→∞→ yx
x

yx

π
,   .1

2
sinlimlim =

+∞→∞→ yx
x

xy

π
 

Ïðåäåëlerè òàïìàëû. 
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1691. 
2 2

2 20, 0
lim .

4 2x y

x y
x y→ →

+

− − −
            1692.  

0, 0
lim .

x y

x
x y→ → +

 

1693. 
0,
lim 1 .

x

x y k

y
x→ →

⎛ ⎞+⎜ ⎟
⎝ ⎠

                 1694. 
0, 0

3 9
lim .

x y

xy
xy→ →

− +
   

1695. 
22

1
yx

z
+

=  ôóíêñèéàíûÿ þçþlme íîêàtlarûíû òàïìàëû. 

1696. Ýãåð y

y

x
xyxf
+

=
1

),(  áîëñà, ),(lim
0,

yxf
yx →+∞→

 âå ),(lim
,0

yxf
xy +∞→→

 

òàïìàëû. 
1697. Ôóíêñèéàíûÿ þzþlme nokatlaryny òàïìàëû: 

3 3( , ) .x yf x y
x y

+
=

+  

¸3. Õóñóñû üíþìëåð 

),( yxfz =  ôóíêñèéàíûÿ õóñóñû üíþìëåðè àøàêäàêû ãüðíþøäå 
êåñãèòëåíèëéúð 

0

( , ) ( , )lim ,
x

z f x x y f x y
x xΔ →

∂ + Δ −
=

∂ Δ    0

( , ) ( , )lim .
y

z f x y y f x y
y yΔ →

∂ + Δ −
=

∂ Δ  

Áó éåðäå áèðèíùè äåÿëèêäå y , èêèíùè äåÿëèêäå áîëñà x  õåìèøåëèê 
äèéëèï àëûíéàð. 

  ),,( zyxfu =  ôóíêñèéàíûÿ õóñóñû üíþìè hem ¦u£a me£ze¦likde 
êåñãèòëåíèëéúð. 

0

( , , ) ( , , )lim ,...
x

u f x x y z f x y z
x xΔ →

∂ + Δ −
=

∂ Δ
. 

 1698. axyyxz 333 −+=  ôóíêñèéàíûÿ õóñóñû üíþìlerèíè òàïìàëû âå 
îëàðûÿ )1,1(P  íîêàòäàêû áàõàëàðûíû õàñàïëàìàëû. 

 ×üçþëèøè.  ( )3 3 23 3 3
x

z x y axy x ay
x

′∂
= + − = −

∂
  

( )3 3 23 3 3 .
y

z x y axy y ax
y

′∂
= + − = −

∂  

Üíþìlerèÿ  )1,1(P  íîêàòäàêû áàõàëàðûíû õàñàïëàëûÿ. 
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      3 3 ,
P

z a
x
∂⎛ ⎞ = −⎜ ⎟∂⎝ ⎠

   3 3 .
P

z a
y

⎛ ⎞∂
= −⎜ ⎟∂⎝ ⎠

 

1699. Ôóíêñèéàlarûÿ õóñóñû üíþìëåðèíè òàïìàëû: 
à) yxz sin2= ,   á) yxz = ,    ¡) .22 xyeyxz ++=  
×üçþëèøè. 

       à) =
∂
∂
x
z yxsin2 ,    =

∂
∂
y
z yx cos2 , 

       á) =
∂
∂
x
z 1−yyx ,      =

∂
∂
y
z xx y ln , 

       ¡) =
∂
∂
x
z xyyex +2 ,  =

∂
∂
y
z .2 xyxey +  

1700. Åãåð 
y
xyxyxf arcsin)1(),( −+=  áîëñà )1,(xf x′ -i òàïìàëû. 

×üçþëèøè. Õóñóñû üíþìèÿ êåñãèòëåìåñèíäåí àëàðûñ: 

         ,)1,()1,(lim)1,(
0 x

xfxxfxf
xx Δ

−Δ+
=′

→Δ
 

bó éåðäå    
         xxxxf Δ+=Δ+ )1,( ,  ,)1,( xxf =  

oíäà       

    .1limlim)1,(
00

=
Δ
Δ

=
Δ

−Δ+
=′

→Δ→Δ x
x

x
xxxxf

xxx  

1701. 322 ztxyxu ++=  fóíêñèéàíûÿ õóñóñû üíþìëåðèíè òàïìàëû. 
         
×üçþëèøè. 

32 tzx
x
u

+=
∂
∂

,    y
y
u 2=
∂
∂

,   23 ztx
z
u
=

∂
∂

,   3xz
t
u
=

∂
∂

. 

1702. ln tg xz
y

=  fóíêñèéàíûÿ õóñóñû üíþìlerèíè òàïìàëû. 

       
×üçþëèøè. 

        2

1 1 1 2 ,2tg cos sin

z
x x xx y y
y y y

∂
= ⋅ ⋅ =

∂  
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          2
2 2

1 1 2( ) .2tg cos sin

z x x
x x xy y y
y y y

∂
= ⋅ ⋅ − = −

∂
 

1703. 2 2)ln(z x xy y= + +  ôóíêñèéàíûÿ  

                 2=
∂
∂

+
∂
∂

y
zy

x
zx  

äåÿëåmúíè êàíàãàòëàíäûðéàíäûãûíû ãüðêåçìåëè. 
 ×üçþëèøè. Õóñóñû üíþìëåðè òàïàëûÿ we ol hóñóñû üíþìëåðè berlen 

äåÿëåìú ãîéàëûÿ. 

( )2 2
2 2 2 2

1 2 ,
x

z x yx xy y
x x xy y x xy y

′∂ +
= + + =

∂ + + + +
 

( )2 2
2 2 2 2

1 2 ,
y

z x yx xy y
y x xy y x xy y

′∂ +
= + + =

∂ + + + +
 

.222
2222 =

++
+

+
++

+
yxyx

yxy
yxyx

yxx  

Ôóíêñèéàlarûÿ õóñóñû üíþìëåðèíè òàïìàëû.  

1704.  .x yz
x y
−

=
+

             1705. 2 2 .z x y= −  

1706.  2 2ln( ).z x x y= + +       1707. .yz x=   

1708.  
2 2

2 2arcsin .x yz
x y
−

=
+

      1709. ( ) .zu xy=   

1710. sin cos .x yu
y x

=           1711. 4
4

.yu x z zy
x

= + +  

×üçþëèøè. 

      
4

4

4 xx
yz

x
u

−=
∂
∂

,  
4

1
x

z
y
u

+=
∂
∂

,  y
z

x
z
u

+=
∂
∂

4 34
. 

1712. tg .yu
x

=  

1713. zyxu 222 sinsinsin ++=  ôóíêñèéàíûÿ õóñóñû üíþìëåðèíèÿ 

⎟
⎠
⎞

⎜
⎝
⎛

4
,0,0 πM  íîêàòäàêû áàõàëàðûíû õàñàïëàìàëû.  

1714. )()()( xzzyyxu −−−=  ôóíêñèéàíûÿ 

                0=
∂
∂

+
∂
∂

+
∂
∂

z
u

y
u

x
u
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äåÿëåìúíè êàíàãàòëàíäûðéàíäûãûíû ãüðêåçìåëè. 

1715. 
x
yxz sin=  ôóíêñèéàíûÿ          

z
y
zy

x
zx =

∂
∂

+
∂
∂ 22  

äåÿëåìúíè êàíàãàòëàíäûðéàíäûãûíû ãüðêåçìåëè. 

1716. 
yz xy x
x

ϕ ⎛ ⎞= + ⎜ ⎟
⎝ ⎠

 ôóíêñèéàíûÿ       

z zx y xy z
x y
∂ ∂

+ = +
∂ ∂

 

äåÿëåìúíè êàíàãàòëàíäûðéàíäûãûíû ãüðêåçìåëè. 
1717. Ýãåð ϕϕ sin,cos ryrx ==  áîëñà 

x x
r
y y
r

ϕ

ϕ

∂ ∂
∂ ∂
∂ ∂
∂ ∂

 

õàñàïëàìàëû. 

 1718. Ýãåð 
x yu x
y z
−

= +
−

 áîëñà, 1u u u
x y z
∂ ∂ ∂

+ + =
∂ ∂ ∂

 áîëéàíäûãûíû 

ãüðêåçìåëè. 

¸ 4. Äîëû äèôôåðåíöèàë 

Äèôôåðåíöèàëûÿ êåñãèòëåíèëèøè âå õàñàïëàíûëûøû. Ãîé, D  îáëàñòäà 
êåñãèòëåíåí ),( yxfz =  ôóíêöèéà áåðëåí áîëñóí. Ýãåð-äå þéðãåéúí x  âå 
y óëóëûêëàðà áèð âàãòäà xΔ  âå yΔ  àðòäûðìàëàðû áåðñåê, ),( yxfz =   
ôóíêöèéà õåì  

          ),(),( yxfyyxxfz −Δ+Δ+=Δ              (1) 
àðòäûðìàíû àëàð (1) ôîðìóëà ôóíêöèéàíûÿ äîëû àðòäûðìàñû äèéèëéúð. 

Ýãåð-äå ôóíêñèéàíûÿ äîëû àðòäûðìàñûíû ),( yxM  íîêàòäà 

             yxyBxAz Δ+Δ+Δ+Δ=Δ 21 εε               (2) 

(áó éåðäå ,0→Δx  0→Δy  bolanda 01 →ε , 02 →ε  BA,  óëóëûêëàð xΔ  
âå yΔ  àðòäûðìàëàðà áàãëû äúëäèð) ãüðíþøäå éàçûï áoëéàí áîëñà, ),( yxf  
ôóíêöèéà áåðëåí íîêàòäà äèôôåðåíñèðëåíéúí ôóíêöèéà äèéèëéúð. 

(2) äåÿëèêäå xΔ1ε  âå yΔ2ε  ãîøóëûùûëàð xΔ , yΔ  óëóëûêëàðà ãüðú 
òþêåíèêñèç êè÷è óëóëûêëàðäûð. zΔ  àðòäûðìàíûÿ  
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             2 2, ( 0)А x B y A BΔ + Δ − ≠  
÷ûçûêëû áüëåãèíå ôóíêñèéàíûÿ äîëû äèôôåðåíñèàëû äèéèëéúð âå  

                dz А x B y= Δ + Δ                        (3) 
ãüðíþøäå éàçûëéàð. Eãåð-äå (2) àÿëàòìàäà xdx Δ=  we ydy Δ=   áîëñà, 
îíäà  

              .dz Аdx Bdy= +                        (4) 
Øóíëóêäà ),( yxfz =  ôóíêñèéàíûÿ äîëû äèôôåðåíñèàëû  

      dy
y
zdx

x
zdz

∂
∂

+
∂
∂

= ,  
x∂
∂

=
zA , 

y
zB
∂
∂

=         (5) 

ôîðìóëà áèëåí òàïûëéàð.      
Edil ¦u£a me£ze¦likde ( , , )u f x y z=  ôóíêñèéàíûÿ äîëû äèôôåðåíñèàëû 

êåñãèòëåíéúð:   

             .dz
z
udy

y
udx

x
udu

∂
∂

+
∂
∂

+
∂
∂

=                   (6) 

)(xfy =  ôóíêñèéàíûÿ äèôôåðåíñèàëûíà äåãèøëè òåîðåìàëàð âå ôîðìóëàëàð 
),...,,(,),( zyxfuyxfz ==  funksiéalar þ÷èí õåì äîãðóäûð. u  âå ϑ  

ôóíêñèéàëàðûÿ íú÷å àðãóìåíòå áàãëûäûãûíà ãàðàìàçäàí àøàêäàêû 
ôîðìóëàëàð äîãðóäûð:  
 

           ,)(,)( ϑϑϑϑϑ udduuddduud +=±=±  

           .)()(, /
2 duuFudFudduud =
−

=⎟
⎠
⎞

⎜
⎝
⎛

ϑ
ϑϑ

ϑ
  

1719. 22),( yxyxyxf ++=  ôóíêñèéàíûÿ äîëû àðòäûðìàñûíû âå äîëû 
äèôôåðåíöèàëûíû òàïìàëû. 

×üçþëèøè. 
,)())(()(),( 22 yyyyxxxxyyxxf Δ++Δ+Δ++Δ+=Δ+Δ+  

    =Δ ),( yxf ( ) ( )( ) ( )( )−Δ++Δ+Δ++Δ+ 22 yyyyxxxx   

( )22 yxyx ++− = =Δ+Δ+ΔΔ+Δ+Δ+Δ+Δ 22 22 yyyyxxyyxxxx  

[ ] ).()2()2( 22 yyxxyyxxyx Δ+ΔΔ+Δ+Δ++Δ+=  
Áó éåðäå yyxxyxdf Δ−+Δ+= )2()2(  àÿëàòìà ôóíêñèéàíûÿ äîëû 

äèôôåðåíñèàëûäûð, )( 22 yyxx Δ−ΔΔ+Δ  áîëñà òþêåíèêñèç êè÷è óëóëûêäûð. 

1720. yxzyxaxyz =−−= ,3 33  ôóíêñèéàëàðûÿ äîëû äèôôåðåíöèàëëàðûíû 
òàïìàëû. 

×üçþëèøè.  



414 
 

233 xay
x
z

−=
∂
∂

,   ,33 2yax
y
z

−=
∂
∂

 

1−=
∂
∂ yyx
x
z

,   ,ln xx
y
z y=
∂
∂

 

dyyaxdxxaydz )33()33( 22 −+−= ,   .ln1 xdyxdxyxdz yy += −  

1721. 22 yxz +=  ôóíêñèéàíûÿ äîëû äèôôåðåíñèàëûíû òàïìàëû. 
×üçþëèøè. 

          
22 yx

x
x
z

+
=

∂
∂

,  
22 yx

y
y
z

+
=

∂
∂

, 

       
22 yx

xdz
+

=
22 yx

ydx
+

+ .
22 yx

ydyxdxdy
+

+
=  

1722. yxyxf 2),( =  ôóíêñèéàíûÿ )2,0( íîêàòäà äîëû àðòäûðìàñûíû âå 
äîëû äèôôåðåíñèàëûíû òàïìàëû. 

Ôóíêñèéàlarûÿ äîëû äèôôåðåíñèàëûíû òàïìàëû. 
1723. yxyxz sin22 ++=         1724. )ln(xyz =  

1725. 
22 yxez +=                   1726. 

y
xu arcsin=  

1727. )0,1(  íîêàòäà )ln( 22 yxz +=  ôóíêñèéàíûÿ äîëû äèôôåðåíñèàëûíû 
òàïìàëû.  

1728.  xyzyx sin2=ω  ôóíêñèéàíûÿ äîëû äèôôåðåíñèàëûíû òàïìàëû. 

1729. Eger 
2 2

( , , ) zf x y z
x y

=
+

 áîëñà, )5,4,3(df  òàïìàëû. 

2. Äèôôåðåíöèàëûÿ òàêìûíy õàñàïëàìàëàðäà óëàíûëûøû. Ôóíêñèéàíûÿ zΔ  
àðòäûðìàñû âå îíóÿ dz  äèôôåðåíñèàëû àøàêäàêû äåÿëèê áèëåí 
áàãëàíûøéàðëàð  

                       ,α+=Δ dzz  

áó éåðäå α  óëóëûê 22 yx Δ+Δ=ρ  óëóëûãà ãüðú éîêàðû òåðòèïëè 
òþêåíèêñèç êè÷è óëóëûêäûð. Áó óëóëûãû àðãóìåíòlerèÿ éåòåðëèê êè÷è 
àðòäûðìàëàðûíäà dzz ≈Δ  äèéèï êàáóë etmek bolar. Îë àøàêäàêû òàêìûíy 
õàñàïëàìàãûÿ ôîðìóëàñûíà ãåòèðéúð:  

             dy
y
zdx

x
zdzz

∂
∂

+
∂
∂

=≈Δ    éà-äà 

( , ) ( , )( , ) ( , ) ( , ) .f x y f x yf x x y y f x y df x y x y
x y

∂ ∂
+ Δ + Δ − ≈ = Δ + Δ

∂ ∂
    (7)  



415 
 

Øó ôîðìóëàíûÿ êüìåãè áèëåí ),( yxf  ôóíêñèéàíûÿ âå îíóÿ õóñóñû 
üíþìëåðèíèÿ ),( yxP  íîêàòäàêû áàõàëàðû áåëëè áîëàíäà ),( yyxxf Δ+Δ+  
òàêìûíû áàõàñûíû õàñàïëàï áîëéàð. 

1730. Êîíóñûÿ áåéèêëèãè smH 10= , ýñàñûíûÿ ðàäèóñû R=5 sm. Ýãåð 
îíóÿ áåéèêëèãè 2ìì àðòäûðûëñà, ýñàñûíûÿ ðàäèóñû áîëñà 2ìì êåìåëäèëñå 
îíóÿ ãüâðþìè íúõèëè þéòãúð? 

×üçþëèøè.. Êîíóñûÿ ãüâðþìè HRV 2

3
1π=  äåÿëèê áèëåí òàïûëéàð. Îíäà 

   RH
R
V π2

3
1

=
∂
∂

, 21
3

V R
H

π∂
=

∂
, ).2(

3
1 2dHRRHdRVdV +=Δ≈ π  

Áó éåðäå 5 , 10 , 0,2 , 0,2R sm H sm dR sm dH sm= = = − =  ãîéóï 
àëàðûñ: 

      [ ] .7,1552,025)2,0(1025
3
1

−≈−=⋅+−⋅⋅= ππdV  

Øóíëóêäà êîíóñûÿ ãüâðþìè òàêìûíàí 27,15 sm  êåìåëéúð. 
1731. Êåñèê êîíóñûÿ ýñàñëàðûíûÿ ðàäèóñëàðû smrsmR 15,40 ==  

áåéèêëèãè áîëñà 50H sm= . Ýãåð R  ðàäèóñ 2 ,mm r  ðàäèóñ 3 ,mm H  
áåéèêëèê áîëñà 1mm àðòäûðûëñà îíóÿ ãüâðþìè íú÷å àðòàð? 

×üçþëèøè. Êåñèê êîíóñûÿ ãüâðþìèíè òàïìàêëûãûÿ ôîðìóëàñûíû 
éàçàëûÿ: 

                 ).(
3

22 rRrRHV ++=
π

 

Áó þ÷ þéòãåéúí óëóëûêëû ôóíêöèéàäûð. Ãüâðþìè òàïìàêëûãûÿ 
òàêìûíàí ôîðìóëàñûíû éàçàëûÿ: 

          dr
r
VdR

R
VdH

H
VdVV

∂
∂

+
∂
∂

+
∂
∂

=≈Δ  

aëàðûñ: 

    )(
3

22 rRrR
H
V

++=
∂
∂ π

,  )2(
3

rRH
R
V

+=
∂
∂ π

, ),2(
3

RrH
r
V

+=
∂
∂ π

 

( )22

3
rRrRdV ++≈

π ( )rRHH ++Δ 2
3
π ( ) .2

3
rRrHR Δ++Δ

π
 

40 , 15R sm r sm= = , 50H sm= , 
0,2 , 0,3 , 0,1 .R sm r sm H smΔ = Δ = Δ =  

ãîéóï àëàðûñ: 

( ) ( ) ( )2 2 50 5040 15 40 15 0,1 80 15 0, 2 30 40 0,3
3 3 3

dV π π π
= + + ⋅ + + + +  

éà-äà 
π5,747=dV  
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Øóíëóêäà, êåñèê êîíóñûÿ ãüâðþìè π5,747  êób. áèð àðòéàð.  
1732. Ñèëèíäðèÿ ýñàñûíûÿ R  ðàäèóñû Hsm ,4  áèéèêëèãè áîëñà 20 .sm  

Ýãåð îëàðûÿ õåð áèðèñè mm1  àðòäûðûëñà îíóÿ ãüâðþìè íú÷å àðòàð?  
×üçþëèøè. Áåëëè ôîðìóëàíû éàçàëûÿ:  

HRV 2π=  
Áó èêè þéòãåéúí óëóëûêëû ôóíêñèéàäûð:  

             ,V VV dV R Н
R H

∂ ∂
Δ ≈ = Δ + Δ

∂ ∂
 

    RH
R
V π2=
∂
∂

,   2R
H
V π=
∂
∂

,   22 .dV RH R R Hπ π= Δ + Δ  

Áó äåÿëèêäå 4 , 20 , 0,1 , 0,1R sm H sm R sm H sm= = Δ = Δ =  ãîéóï 
àëàðûñ: 

   6,17)1,041,02042( 2 =⋅+⋅⋅⋅= πdV êóá.áèð. 
Øóíëóêäà, ñèëèíäðèÿ ãüâðþìè 17,6 êóá.áèð. àðòàð. 
1733. Ìàéàòíiãiÿ ûðãûëäûñûíûÿ T  ïåðèîäû 

g
eT π2=   

ôîðìóëà áèëåí õàñàïëàíûëéàð. Áó éåðäå e  ìàéàòíûãûÿ óçûíëûãû, g 
àãûðëûê ãþéùþíèÿ òèçëåíìåñè. Ýãåð-äå e  âå g üë÷åíåí ìàõàëûíäà е αΔ =  
we g βΔ =  éàë£ûøëûê ãüéáåðèëñå, T  ïåðèîääà ãüéáåðèëåí éàëÿûøûëûãû 
àíûêëàìàëû.  

×üçþëèøè. Áó øåðòëåðäå T  óëóëûãû e  âå g óëóëûêëàðà ãöðú ôóíêñèéà 
õüêìþíäå ãàðàìàê áîëàð. 

 egege
T ππ

==
∂
∂

2
12

,   2 ,
2

T е e
g g g g g

ππ
⎛ ⎞∂

= − = −⎜ ⎟⎜ ⎟∂ ⎝ ⎠
 

oíäà 

   
T TT dT de g
e g

∂ ∂
Δ ≈ = + Δ =

∂ ∂
1 1 1e e g
g e g g

π π
⎛ ⎞

Δ + − Δ =⎜ ⎟⎜ ⎟
⎝ ⎠

 

   .e g e e ge g
g gge ge

π π⎛ ⎞ Δ − Δ
= Δ − Δ =⎜ ⎟

⎝ ⎠  

Áó äåÿëèêäå ,e gα βΔ = Δ =  ãîéóï, àëàðûñ: 
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               ( ).T g e
g ge
π α βΔ ≈ −  

1734. 01,302,1  ñàíû òàêìûíy õàñàïëàìàëû. 

×üçþëèøè. yxz =  ôóíêöèéà ãàðàëûÿ. 02,0,3,1 =Δ== xyx  we 

01,0=Δy  diéip 113 ==z  alarys. 

.06,001,01ln102,013ln1 =⋅⋅+⋅⋅=Δ⋅+Δ=≈Δ − yxxxyxdzz yy       
Øóíëóêäà 
                .06,106,0102,1 01,3 =+≈  
1735. Òàêìûíàí õàñàïëàìàëû. 

      .)93,2()05,4()b,)97,0()02,1()a 2223 +  

1736. Ýãýð ãüíþáóð÷ëóãûÿ òàðàïëàðû smbsma 24,10 ==  áîëóï, a  
òàðàïû 4 mm  àðòäûðûëñà, b  òàðàïû áîëñà 1mm êåìåëäèëñý, îíóÿ 
äèîãàíàëûíàÿ íúõèëè þéòãåéúíäèãèíè êåñãèòëåìåëè. 

1737. Êîíóñûÿ ýñàñûíûÿ ðàäèóñû 1,02 0,1 sm+ , ýìåëå ãåòèðèùèñè 

44,2 0,1 sm+  áîëñà îíóÿ ãüâðþìèíè òàïìàëû. 

¸ 5. ×ûëøûðûìëû ôóíêöèéàíûÿ äèôôåðåíñèðëåíèëèøè 

Ãîé, þéòãåéúí èêè óëóëûêëû ),( yxfz =  ôóíêöèéà áåðëåí áîëñóí. Üç 
ãåçåãèíäå þéòãåéúí yx we  óëóëûêëàð õåì áàãëàíûøûêñûç þéòãåéúí t  
óëóëûãà ãüðú ôóíêöèéàëàð äèéåëèÿ:  

                ( ), ( )x t y tϕ ψ= =  
Îíäà áèç ( ( ), ( ))z f t tϕ ψ=  ÷ûëøûðûìëû ôóíêöèéàíû àëéàðûñ. Áó 

ôóíêñèéàíûÿ üíþìè àøàêäàêû ôîðìóëà áèëåí òàïûëéàð:  

                
dz z dx z dy
dt x dt y dt

∂ ∂
= +
∂ ∂

                     (1) 

Ýãåð yx we  óëóëûêëàð èêè áàãëàíûøûêñûç þéòãåéúí ϑweu  
óëóëûêëàðà áàãëû áîëñà, îíäà 

             ( , ) ( ( , ), ( , ))z z u f u uϑ ϕ ϑ ψ ϑ= =  
÷ûëøûðûìëû ôóíêöèéàíûÿ üíþìè àøàêäàêû ãüðíþøäåäèð 

     , .z z x z y z z x z y
u x u y u x yϑ ϑ ϑ
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

= + = +
∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

              (2)  

Øåéëå õåì ( , , ) ( ) ( ( , ), ( , ), ( , ))f x y z f u f x u y u z uω ϑ ϑ ϑ= = =  ôóíêöèéàíûÿ 
õóñóñû üíþìè àøàêäàêû ôîðìóëà áèëåí òàïûëéàð:  
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  +
∂
∂

∂
∂

=
∂
∂

u
x

xu
ωω

+
∂
∂

∂
∂

u
y

y
ω z

z u
ω∂ ∂
∂ ∂

, 
x

x
ω ω
ϑ ϑ
∂ ∂ ∂

= +
∂ ∂ ∂

+
∂
∂

∂
∂

ϑ
ω y
y

.
ϑ

ω
∂
∂

∂
∂ z

z
     (3) 

Ýãåð ( ), ( ), ( )x t y t z tϕ ψ χ= = =  áîëñà, îíäà 

            +
∂
∂

=
dt
dx

xdt
d ωω dy

y dt
ω∂

+
∂

.
dt
dz

z∂
∂ω

                   (4)     

1738. Ãîé yxz =  áîëñóí. Ýãåð ( ), ( )x t y tϕ ψ= =  áîëñà 
dt
dz

-ni 

òàïìàëû. 
×üçþëèøè. (1) ôîðìóëàíû óëàíàëûÿ 

     
[ ]

[ ]

( ) 11

( )

ln ( ) ( ) ( )

( ) ln ( ) ( ).

ty y

t

dz z dx z dy dx dyyx x x t t t
dt x dt y dt dt dt

t t t

ψ

ψ

ψ ϕ ϕ

ϕ ϕ ψ

−−∂ ∂ ′= + = + == +
∂ ∂

′+ ⋅

 

1739. Eger, 
22 2ln( ) , ,x yz u u e x yϑ ϑ+= + = = +  bolsa ,z z

x y
∂ ∂
∂ ∂

 hususy 

«n¬mleri hasaplamaly.   
×üçþëèøè 

=
∂
∂
u
z

ϑ+2

2
u

u
, 

z
ϑ
∂

=
∂ 2

1
u ϑ+

, =
∂
∂
x
u 2yxe + , 

2

2 x yu ye
y

+∂
=

∂
, 

x
x

2=
∂
∂ϑ

,   .1=
∂
∂

y
ϑ

 

Îíäà 

       =
∂
∂
x
z

ϑ+2

2
u

u 2yxe +

ϑ+
+ 2

1
u

),(22
2

2 xue
u

x yx +
+

= +

ϑ
 

=
∂
∂
y
z

ϑ+2

2
u

u 2

2 yxye +

ϑ+
+ 2

1
u ϑ+

= 2

1
u

( )14
2

++ yxyeu  

1740. Ýãåð 223 ,cos, tytxez yx === +  áîëñà 
dt
dz

-ni òàïìàëû. 

×üçþëèøè. (1) ôîðìóëàíû óëàíàëûÿ:  

=
∂
∂

+
∂
∂

=
dt
dy

y
z

dt
dx

x
z

dt
dz

=⋅+− ++ tete yxyx 22)sin(3 2323  

)sin34(23 tte yx −= + ).sin34(
22cos3 tte tt −= +  

1741. Ýãåð ( , ), , uz f x y x u yϑ
ϑ

= = =  áîëñà wez z
u ϑ
∂ ∂
∂ ∂

-ni 

òàïìàëû. 
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×üçþëèøè. (2) ôîðìóëàäàí ïåéäàëàíàëûÿ: 

       ' ' 1( , ) ( , ) ,x y
z z x z y f x y f x y
u x u y u

ϑ
ϑ

∂ ∂ ∂ ∂ ∂
= + = +

∂ ∂ ∂ ∂ ∂
 

       ' '
2( , ) ( , ) .x y

z z x z y uf x y u f x y
x yϑ ϑ ϑ ϑ

∂ ∂ ∂ ∂ ∂
= + = −

∂ ∂ ∂ ∂ ∂
 

1742. Ýãåð , ( )xyz e y xϕ= =  áîëñà 
y
z

x
z

∂
∂

∂
∂ we  òàïìàëû. 

×üçþëèøè. 

       , ( ).xy xy xyz z z z dyye ye xe x
x y x y dx

ϕ∂ ∂ ∂ ∂ ′= = + = +
∂ ∂ ∂ ∂

 

1743. Eger 2 2t x y= +  bolsa, ( )z tϕ=  ôóíêñèéàíûÿ 

                 0=
∂
∂

−
∂
∂

y
zx

x
zy  

 äåÿëåìúíè êàíàãàòëàíäûðéàídûãûíû ãüðêåçìåëè. 
×üçþëèøè. ϕ  ôóíêñèéà yx we  óëóëûêëàðà, õåì-äå tyx =+ 22  

ãîøìà÷à àðãóìåíòå áàãëûäûð. Øîíóÿ þ÷èí 

  ( )2 2 2z dx t x y x
x dt x

ϕ∂ ∂ ′= = +
∂ ∂

, .2)( 22 yyx
y
t

dt
dx

y
z

+′=
∂
∂

=
∂
∂ ϕ  

Òàïûëàíëàðû äåÿëåìú ãîéàëûÿ 

( ) ( )2 2 2 22 2 0.z zy x y x y x x x y y
x y

ϕ ϕ∂ ∂ ′ ′− = + − + =
∂ ∂  

 Øóíëóêäà, ôóíêöèéà äåÿëåìúíè êàíàãàòëàíäûðéàð. 

1744. Ýãåð tyex
y
xz t ln,, === , áîëñà 

dt
dz

-ni òàïìàëû. 

1745. Ýãåð 1,3,sinln 22 +=== yytx
y

xu  áîëñà 
dt
du

-ni òàïìàëû. 

1746. Ýãåð 2 2, sin , ln( )z u u x x x yϑ ϑ= + = + = +  áîëñà wez z
x y
∂ ∂
∂ ∂

-i 

òàïìàëû. 

1747. Ýãåð 
ϑ+

+
=

1
1 uz , xxu sin,cos =−= ϑ  áîëñà 

dx
dz

-i òàïìàëû.  

1748. Ýãåð ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

y
xfz  ôóíêöèéà äèôôåðåíñèðëåíéúí áîëñà, îíäà îë 
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                0=
∂
∂

+
∂
∂

y
zy

x
zx  

äåÿëåìúíè êàíàãàòëàíäûðéàíäûgyny g«rkezmeli. 

1749. Ýãåð ( ) yxyxz 2423 +
+=  áîëñà, 

x
z
∂
∂

-i òàïìàëû. 

1750. Ýãåð 2 1tg(3 2 ), ,u x y z y z x
x

= + − = = , áîëñà 
du
dx

-i òàïìàëû.  

¸ 6. Àíûê äúë ôóíêöèéàëàðûÿ äèôôåðåíñiðëåíèëèøè 

Áèð þéòãåéúí óëóëûêëû àíûê äúè ôóíêñèéàëàð. Ýãåð-äå x  ãüðú y  
ôóíêöèéà 

                     ( ), 0F x y =                     (1) 

dåÿëåìå áèëåí êåñãèòëåíåí áîëñà, îíäà îë ôóíêöèéà àíûê äúë ôóíêöèéà éà-
äà −y å ãüðú ÷üçþëìåäèê ôóíêöèéà äèéèëéúð. Áåéëå äèéìåê, õåð áèð 0xx =  

þ÷èí àíûê ä­ë ôóíêöèéà êåñãèòëåíåí áîëñà, îíäà îë k­bir 0y  áàõàíû àëéàð 

âå 0),( 00 =yxF  diémekdið.  

Ýãåð ( )yxF ,  ôóíêöèéà yx we  ãüðú äèôôåðåíöèðëåíéúí áîëóï, 

0),( ≠′ yxFy  ¦erti kanagatlandyréan bolsa, onda anyk d­l funksiéany£ 

«nþmi a¦akdaky formula bilen tapyléar:  

                     .
),(
),(

yxF
yxF

dx
dy

y

x

′
′

−=                   (2) 

1751. Ýãåð 0),( =+−= xxeyyxF y  áîëñà 
dx
dy

-i òàïìàëû. 

×üçþëèøè. 

       1, 1 ,y yF Fe xe
x y

∂ ∂
= − + = −

∂ ∂   

oíäà 

.
1

1
y

y

xe
e

dx
dy

−
−

−=
 

1752. Ýãåð 0)sin( =−+ yyx  áîëñà, 
dx
dy

-i òàïìàëû. 
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×üçþëèøè.  

       yyxyxF −+= )sin(),( ,   ),cos( yx
x
F

+=
∂
∂

 

       1)cos( −+=
∂
∂ yx

y
F

,   .
1)cos(

)cos(
−+

+
−=

yx
yx

dx
dy

  

1753. Eger 01),( 22 =−+= yxyxF  bolsa 
dx
dy

-i tapmaly. 

×üçþëèøè. 

         .
2
2,2,2

y
x

y
x

dx
dyy

y
Fx

x
F

−=−==
∂
∂

=
∂
∂

 

1754. Eger 0),( =+−= xyeeyxF xy  bolsa 
dx
dy

-i tapmaly. 

×üçþëèøè. 

 , ,x yF Fe y e x
x y

∂ ∂
= − + = +

∂ ∂
 .

x x

y y

dy e y e y
dx e x e x

− + −
= − =

+ +
 

Àøàêäàêû àíûê äúë g«rn¬¦de berlen ôóíêöèéàëàðûÿ üíþìëåðèíè 
òàïìàëû. 

1755.  
2 2

2 2 1.x y
a b

+ =                1756.  .x yy x=     

1757.  
2 2

2 2 1.x y
a b

− =                1758.  1 .xy y= +  

1759. 2 2ln arctg yx y
x

+ = , áîëñà 2

2

we
dx

yd
dx
dy

 òàïìàëû. 

2. Èêè þéòãåéúí óëóëûêëû àíûê äúë ôóíêöèéàëàð. Ýãåð-äå yx we  
ululyklara áàãëû z  ululyk  

            0),,( =zyxF                      (3) 
äåÿëåìå áèëåí áåðëåí áîëñà, îíäà îë ôóíêöèéà àíûê äúë ôóíêöèéà éà-äà z -å 
ãüðú ÷üçþëìåäèê ôóíêöèéà äèéèëéúð. Áåéëå äèéìåê ôóíêöèéàíûÿ kesgitleni¦ 
îáëàñòûíäà õåð áèð 00 we yyxx ==  áàõàëàðûíäà 0z  áàõàíû êàáóë 

ýäèï 0),,( 000 =zyxF  áîëéàð äèéìåêdir. Ýãåð ),,( zyxF  ôóíêñéà zyx ,,  

óëóëûêëàðà ãüðú äèôôåðåíñèðëåíéúí âå 0),,( ≠′ zyxFz  áîëñà, (3) äåÿëèê áèëåí 
êåñãèòëåíéúí àíûê äúë ),( yxzz =  ôóíêöèéà õåì äèôôåðåíñèðëåíéúíäèð âå 
îíóÿ õóñóñû üíþìëåðè àøàêäàêû ôîðìóëàëàð áèëåí òàïûëéàð: 

         .
),,(
),,(

,
),,(
),,(

zyxF
zyxF

y
z

zyxF
zyxF

x
z

z

y

z

x

′
′

−=
∂
∂

′
′

−=
∂
∂

          (4) 
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Funksiéalary£ hususy «nþmlerini tapmaly.  
1760. 2 2 2 2 0x y z R+ + − = .  

×üçþëèøè. ( , , )F x y z = 2 2 2 2x y z R+ + − , 

.
2
2,

2
2

z
y

z
y

y
z

z
x

z
x

x
z

−=−=
∂
∂

−=−=
∂
∂

 

1761.   2 5 0.ze x y z+ + + =    

×üçþëèøè ( , , )F x y z = 2 5ze x y z+ + + , 

xy
x
F 2=
∂
∂

,  2x
y
F
=

∂
∂

,  1+=
∂
∂ ze

z
F

,  
1

2
+

−=
∂
∂

ze
xy

x
z

,  
1

2

+
−=

∂
∂

ze
x

y
z

 

1762. Åãåð 2 2 22 3 0x y z yz y− + − + =  áîëñà, 
y
z

x
z

∂
∂

∂
∂ we  òàïìàëû. 

×üçþëèøè. Äåÿëèãèÿ ÷åï áüëåãèíè ( , , )F x y z  bilen belgil­li£: 

       .32),,( 222 yyzzyxzyxF +−+−=  
Hóñóñû üíþìëåðè òàïàëûÿ: 
  xzyxFx 2),,( =′ ,  14),,( +−−=′ zyzyxFy ,   ( , , ) 6 .zF x y z z y′ = −  

yz
x

zyxF
zyxF

x
z

z

x

−
−=

′
′

−=
∂
∂

6
2

),,(
),,(

, .
6

41
),,(
),,(

yz
yz

zyxF
zyxF

y
z

z

y

−
−−

−=
′
′

−=
∂
∂

 

 
1763. 2 23x xyz a− =  äåÿëåìå áèëåí áåðëåí ( , )z x y  ôóíêñèéàíûÿ äîëû 

äèôôåðåíñèéàëûíû òàïìàëû. 
×üçþëèøè. 3 2( , , ) 3 ,F x y z z xyz a= − −  

.33,3,3 2 xyz
z
Fxz

y
Fyz

x
F

−=
∂
∂

−=
∂
∂

−=
∂
∂

 
Õóñóñû üíþìëåðè òàïàëûÿ:  

., 2 xyz
xz

y
z

xyz
yz

x
z

z −
=

∂
∂

−
=

∂
∂

 
Øóíëóêäà 

.22 dy
xyz

xzdx
xyz

yzdy
y
zdx

x
zdz

−
+

−
=

∂
∂

+
∂
∂

=
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1764. Åãåð 3 3 32 3 2 3 0x y z xyz y+ + − − + =  áîëñà, wez z
x y
∂ ∂
∂ ∂

-i  

òàïìàëû. 

1765. Ýãåð cos cos cos 1x y y z z x+ + =  áîëñà, wez z
x y
∂ ∂
∂ ∂

-i tapmaly.    

1766. Ýãåð 222 2 zy
x

z −=+  áîëñà 
zy

z
yx

zx 112 =
∂
∂

+
∂
∂

 boléandygyny 

ãüðêåçìåëè. 

1767. Ýãåð 1coscoscos 222 =++ zyx  áîëñà dx
y
z

x
z we,

∂
∂

∂
∂

-i 

òàïìàëû. 

1768. Ýãåð y
z
xez =  áîëñà dz -i òàïìàëû. 

¸ 7. Þñòå ãàëòàøéàí òåêèçëèê âå íîðìàë 

Ãîé, S  k­bir ¬st, ( )0000 ,, zyxM  øîë þñòþÿ ýðêèí íîêàäû bolsun  
(81-íùi ÷yzgy).  

 
81-íùi ÷yzgy 

Ýãåð S  þñòþÿ M  íîêàäû áèëåí D  òåêèçëèãèÿ P  íîêàäûíûÿ 
àðàñûíäàêû MP  óçàêëûê MM0  óçàêëûê íoëà ûìòûëàíäà, éîêàðû òåðòèïëè 

òþêåíèêñèç êè÷è óëóëûê áîëñà, D  òåêèçëèãå 0M  íîêàòäà S  þñòå ãå÷èðèëåí 

ãàëòàøéàí òåêèçëèê äèéèëéúð. 0M  íîêàòäàí ãå÷éúí þñòå ãàëòàøéàí òåêèçëèãå 

èíäåðèëåí ïåðïåíäèêóëéàðà þñòå ãå÷èðèëåí íîðìàë äèéèëéúð. 0M  íîêàòäà þñòå 
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ãå÷èðèëåí ãàëòàøéàí òåêèçëèãèÿ äåÿëåìåñèíè éàçìàê þ÷èí íîðìàë áîéóí÷à 

óãðóêäûðûëàí ),,( CBAN
→

 âåêòîðû áèëìåk éeterlikdir. Øîë õàëäà D  
òåêèçëèãèÿ äåÿëåìåñè àøàêäàêû ãüðíþøäå éàçûëéàð 

             0 0 0( ) ( ) ( ) 0.А x x B y y C z z− + − + − =            (1) 
Øåéëå õåì íîðìàëûÿ äåÿëåìåñèíè éàçûï áîëàð: 

            0 0 0 , 1.х х у у z z C
А В C
− − −

= = = −               (3) 

Åãåð S  þñòþÿ äåÿëåìåñè àíûê äúë 0),,( =zyxF  ãüðíþøäå áåðèëåí 

áîëñà, 
→

N  âåêòîðûÿ êîîðäèíàòàëàðû àøàêäàêû ôîðìóëàëàð áèëåí òàïûëéàð: 

 0 0 0( , , )F x y zA
x

∂
=

∂
, 0 0 0( , , )F x y zB

y
∂

=
∂

,  0 0 0( , , ) .F x y zC
z

∂
=

∂
        (4) 

1769. 22 yxz +=  þñòå )5,2,1( −M  íîêàòäà ãå÷èðèëåí ãàèòàøéàí 
òåêèçëèãèÿ âå íîðìàëûÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. z  ôóíêñèéàíûÿ õóñóñû üíþìëåðèíèÿ áåðëåí íîêàòäàêû 
áàõàëàðûíû òàïàëûÿ 

 ,2x
x
z
=

∂
∂

 ,2=⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

Mx
z

 y
y
z 2=
∂
∂

, 4−=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

My
z

 (1) we (2) ôîðìóëàëàðû 

óëàíûï àëàðûñ: 

              

1
5

4
4

2
1

),2(4)1(25

−
−

=
−
+

=
−

+−−=−
zyx

yxz
 

éà-äà .0542 =−−− zyx  
Þñòå áåðëåí íîêàòäà ãå÷èðèëåí íîðìàëûÿ äåÿëåìåñèíè éàçàëûÿ: 

.
1
5

4
4

2
1

−
−

=
−
+

=
− zyx

  

1770. 333 azxyz =−  þñòå 0,x y a= =  áîëàíäà ãàëòàøéàí òåêèçëèãèÿ 
äåÿëåìåñèíè âå íîðìàëûÿ äåÿëåìåñèíè éàçìàëû.  

×üçþëèøè. Äåÿëåìåäå 0,x y a= =  ãîéóï ãàëòàøìà íîêàäûíûÿ 

àïïëèêàòàñûíû òàïàëûÿ azaz −==− ,33 . Øóíëóêäà, ),,0( aaM −  ãàëòàøìà 
íîêàòûäûð. Äåÿëåìúíèÿ ÷åï áüëåãèíè ),,( zyxF  áèëåí áåëãèëúï õóñóñû 
üíþìëåðèÿ M  íîêàòäàêû áàõàëàðûíû òàïàëûÿ: 

3 ,F yz
x

∂
=

∂
 23

M

F a
x

∂⎛ ⎞ = −⎜ ⎟∂⎝ ⎠
,  3F xz

y
∂

=
∂

, ,0=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

My
F
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.3,33 22 a
z
Fzxy

z
F

M

−=⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

−=
∂
∂

 

Îíäà àëàðûñ:  
0)(3)(0)0(3 22 =+−−+−− azaayxa  

éà-äà 0=++ azx  – bu ãàëòàøéàí òåêèçëèãèÿ äåÿëåìåñè. 

 

2 2

0 ,
3 0 3

.
1 0 1

x y a z a
a a
x y a z a

− − +
= =

− −
− +

= =
 

Áó áîëñà íîðìàëûÿ äåÿëåìåñèäèð. 
 1771. 2222 Rzyx =++   ñôåðà ),,( 0000 zyxM  íîêàòäà ãå÷èðèëåí 

ãàëòàøéàí òåêèçëèãèÿ âå íîðìàëûÿ äåÿëåìåñèíè éàçìàëû. 
×üçþëèøè. Àëàðûñ: 

  
,2)( 00

x
x
F

M =
∂
∂

 ,2 0

0

y
y
F

M

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

 
.2)( 00

z
z
F

M =
∂
∂

 

Îíäà ãàëòàøéàí òåêèçëèãèÿ äåÿëåìåñè àøàêäàêû ãüðíþøäå áîëàð: 

    .

,0)()()(
22

0
2

0
2

0000

000000

Rzyxzzyyxx

zzzyyyxxx

=++=++

=−+−+−

 
Èíäè íîðìàëûÿ äåÿëåìåñèíè éàçàëûÿ:  

0 0 0

0 0 0

0 0 0

,

.

x x y y z z
x y z

x y z
x y z

− − −
= =

= =
 

1772. 0=−+ zyx  òåêèçëèãå ïàðàëëåë âå 1
2

2
2

2 =++ zyx  àéëàíìà 

ýëëèïñîèäå erkin ( )000 ,, zyxM  nokatda ãå÷èðèëåí ãàëòàøéàí òåêèçëèãèÿ 
äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè 
0

02 ,
M

F x
y

⎛ ⎞∂
=⎜ ⎟∂⎝ ⎠

 
0

0 ,
M

F y
y

⎛ ⎞∂
=⎜ ⎟∂⎝ ⎠

 .2 0
0

z
z
F

M

=⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

 

Îíäà ),,( 0000 zyxM  íîêàòäà ãå÷èðèëåí ãàëòàøéàí òåêèçëèãèÿ äåÿëåìåñè 
àøàêäàêû ãüðíþøäå áîëàð: 

         .0)(2)()(2 000000 =−+−+− zzzyyyxxx             (1) 
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Òåêèçëèêëåðèÿ ïàðàëëåëëèê íûøàíûíäàí àëàðûñ:  

.
1

2
11

2 000

−
==

zyx
 

0M  íîêàäûÿ ýëëèïñîèääà éatéanlygyna g«r­ .1
2

2
0

2
02

0 =++ zyx    

Øóíëóêäà þ÷ íúáåëëèëè þ÷ äåÿëåìå sistemany àëäûê. Îíy ¡¤z¥p, 

1 2
1 1 1 1,1, , , 1, .
2 2 2 2

M M⎛ ⎞ ⎛ ⎞− − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠  

nokatlary alarys. Òàïûëàí nokatlary (1) äåÿëåìú ãîéóï, ìåñåëúíèÿ øåðòèíè 
êàíàãàòëàíäûðéàí èêè òåêèçëèãè àëàðûñ: 

.2,2 −=−+=−+ zyxzyx  
1773. Àøàêäàêû þñòëåðå ãüðêåçèëåí íîêàòëàðäà ãå÷èðèëåí ãàëòàøéàí 

òåêèçëèãèÿ âå íîðìàëûÿ äåÿëåìåñèíè éàçìàëû:  

a) 0
8916

222

=−+
zyx

 êîíóñà )4,3,4(M  íîêàòäà;  

b) Rzzyx 2222 =++  ñôåðà ( cos , sin , )M R R Rα α  íîêàòäà.  

1774. 2
2

2
yxz −=  þñòå )1,1,2( −M  íîêàòäà ãå÷èðèëåí ãàëòàøéàí 

òåêèçëèãèÿ âå íîðìàëûÿ äåÿëåìåñèíè éàçìàëû.  
1775. 0232 22 =+−+ xyzzxyzx  þñòå )1,0,1( −M  íîêàòäà ãå÷èðèëåí 

ãàëòàøéàí òåêèçëèãèÿ âå íîðìàëûÿ äåÿëåìåñèíè éàçìàëû. 
1776. 222 yxz +=  êîíóñ áèëåí 2)2( 222 =−++ zyx  ñôåðàíûÿ 

)1,1,0(M  íîêàòäà ãàëòàøéàíäûãûíû ãüðêåçìåëè. 

1777. 542 222 =−+ zyx  þñòå )1,2,1(M  íîêàòäà ãå÷èðèëåí ãàëòàøéàí 
òåêèçëèãèÿ âå íîðìàëûÿ äåÿëåìåñèíè éàçìàëû. 

1778. 064 =++ zyx  òåêèçëèãå ïàðàëëåë 2132 222 =++ zyx  þñòå 
ãàëòàøéàí òåêèçëèãèÿ äåÿëåìåñèíè éàçìàëû. 

1779. 2

2

2

2

2

2

c
z

b
y

a
x

=+  êîíóñ áèëåí 

( )22
2

2222
22 cb

c
b

c
cbzyx +=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ +
−++

 

ñôåðàíûÿ ),,0( cbM ±  íîêàòäà ãàëòàøéàíäûãûíû ãüðêåçìåëè. 
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¸8. Éîêàðû òåðòèïëè üíþìëåð âå äèôôåðåíöèàëëàð 

 Ãîé, D  îáëàñòäà êåñãèòëåíåí ),( yxfz =  ôóíêöèéàíûÿ 
y
z

x
z

∂
∂

∂
∂ ,  

õóñóñû üíþìëåðè áàð áîëóï, îëàð yx ,  þéòãåéúí óëóëûêëàðà ãüðú 
ôóíêñèéàëàð äèéåëèÿ. Îíäà îëàðäàí àëíàí õóñóñû üíþìëåðå èêèíùè òåðòèïëè 
õóñóñû üíþìëåð äèéèëéúð âå àøàêäàêû ãüðíþøäå éàçûëéàð:  

         [ ]
2

2( , )x
z zf x y

x x x x
∂ ∂ ∂ ∂⎛ ⎞′ = =⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠

, 

         
2

2( , ) ,y
z zf x y

y y y y
⎛ ⎞∂ ∂ ∂ ∂′⎡ ⎤ = =⎜ ⎟⎣ ⎦∂ ∂ ∂ ∂⎝ ⎠

 

         [ ]
2

( , ) ,x
z zf x y

y y x x y
∂ ∂ ∂ ∂⎛ ⎞′ = =⎜ ⎟∂ ∂ ∂ ∂ ∂⎝ ⎠

 

         
2

( , ) ,y
z zf x y

x x y y x
⎛ ⎞∂ ∂ ∂ ∂′⎡ ⎤ = =⎜ ⎟⎣ ⎦∂ ∂ ∂ ∂ ∂⎝ ⎠

 

Œ÷þíùè, äüðäþíùè âå ø.ì üíþìëåð ¦uňa meňze¦likde êåñãiòëåíèëéúð. 
),( yxfz =  ôóíêñèéàíûÿ zdzd 32 ,  èêèíùè âå þ÷þíùè òåðòèïëè 

äèôôåðåíñèàëëàðû àøàêäàêû ôîðìóëàëàð boéun¡a òàïûëéàð:  

     ,2 2
2

22
2

2

2
2 dy

y
zdxdy

yx
zdx

x
zzd

∂
∂

+
∂∂

∂
+

∂
∂

=  

    .33 3
3

3
2

2

3
2

2

3
3

3

3
3 dy

y
zdxdy

yx
zdydx

yx
zdx

x
zzd

∂
∂

+
∂∂
∂

+
∂∂

∂
+

∂
∂

=   

1779. 174 324 +++= xyyxxz   ôóíêñéàíûÿ 2

2

x
z

∂
∂

, 
yx
z
∂∂

∂ 2

, 2

2

y
z

∂
∂

 

üíþìëåðèíè òàïìàëû.  
×üçþëèøè. 

    3 34 8 7z x xy y
x
∂

= + +
∂

,   xyx
y
z 712 22 +=
∂
∂

, 

    32
2

2

812 yx
x
z

+=
∂
∂

,   724 2
2

+=
∂∂

∂ xy
yx
z

,  yx
y
z 2
2

2

24=
∂
∂

. 

1780. yxz cossin=  ôóíêñèéàíûÿ ikinji tertipli üíþìëåðèíè òàïìàëû. 

×üçþëèøè. ,coscos yx
x
z
=

∂
∂

 sin sin ,z x y
y
∂

= −
∂

 
2

2 sin cos ,z x y
x
∂

= −
∂
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2

cos sin ,z x y
x y
∂

= −
∂ ∂

   .cossin2

2

yx
y
z

−=
∂
∂

 

1781. Eger 4224 4 yyxxz +−=  bolsa 2

3

yx
z
∂∂
∂

 üíþìè òàïìàëû. 

×üçþëèøè ,84 23 xyx
x
z

−=
∂
∂

  ,16
2

xy
yx
z

−=
∂∂

∂
  .162

3

x
yx
z

−=
∂∂
∂

 

1782. 2222 3 yyxxz ++=  ôóíêñèéàíûÿ èêèíùè òåðòèïëè üíþìëåðèíè 
òàïìàëû. 

×üçþëèøè. 22 6 ,z x xy
x
∂

= +
∂

  
2

2
2 2 6 ,z y

x
∂

= +
∂

 ,26 2 yyx
y
z

+=
∂
∂

 

 2
2

2

62 x
y
z

+=
∂
∂

,     xy
yx
z 12

2

=
∂∂

∂
,   .12

2

xy
xy
z
=

∂∂
∂

 

1783. 123 22 −+−= yxyyxz  ôóíêñèéàíûÿ èêèíùè òåðòèïëè äîëy 
äèôôåðåíöèàëûíû òàïìàëû. 

×üçþëèøè. Áèðèíùè âå èêèíùè òåðòèïëè õóñóñû üíþìëåðè òàïàëûÿ: 

        yxy
x
z 26 −=
∂
∂

,  yxx
y
z 223 2 +−=
∂
∂

,  ,62

2

y
x
z
=

∂
∂

 

             ,26
2

−=
∂∂

∂ x
yx
z

  .22

2

=
∂
∂
y
z

 

Îíäà .2)26(26 222 dydxdyxydxzd +−+=  

1784. 22 32 yxyxz +−=  ôóíêñèéàíûÿ áèðèíùè âå èêèíùè òåðòèïëè äîëû 
äèôôåðåíöèàëûíû òàïìàëû. 
    ×üçþëèøè. Äèôôåðåíñèðëúï àëàðûñ: 

4 3( ) 2 (4 3 ) (3 2 ) .dz xdx ydx xdy ydy x y dx x y dy= − + + = − − −  
dydx we  óëóëûêëàð  x  we y  áàãëû áîëìàéàíäûêëàðûíû íàçàðà àëûï, 

éåíåäå áèð ãåçåê äèôôåðåíñèðëúëèÿ 
2 2 2(4 3 ) (3 2 ) 4 6 2 .d z dx dy dx dx dy dy dx dxdy dy= − − − = − +  

1785. Åãåð )ln( 2 yxz +=  áîëñà, 2

2

x
z

∂
∂

, 
yx
z
∂∂

∂ 2

, 2

2

y
z

∂
∂

 üíþìëåðè òàïìàëû. 

1786. Ýãåð arctg
1
x yz

xy
+

=
−

 áîëñà, 
yx
z
∂∂

∂ 2

  üíþìè òàïìàëû. 

1787. zxyzxyu ++=  ôóíêöèéàíûÿ èêèíùè òåðòèïëè üíþìëåðèíè òàïìàëû. 
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1788. Åãåð )sin(xyz =  áîëñà, 2

3

yx
z
∂∂
∂

 üíþìè òàïìàëû. 

1789.  Èêèíùè òåðòèïëè õóñóñû üíþìëåðè òàïìàëû. 
           xyyez x lnsinln ⋅+=  

1790. Ýãåð 753 zyxu =  áîëñà, 
zyx

u
∂∂∂

∂3

 üíþìè òàïìàëû. 

1791.  Ýãåð 
x
yxz ln=  áîëñà, zd 2  äèôôåðåíöèàëû òàïìàëû. 

1792. Ýãåð yez x cos=  áîëñà, zd 2  äèôôåðåíöèàëû òàïìàëû 

1793. Ýãåð xyyxz 333 ++=  áîëñà, zd 3  äèôôåðåísèàëû òàïìàëû. 

1794. Ýãåð 
x

yxz −
= arcsin  áîëñà, 

xy
z

yx
z

∂∂
∂

=
∂∂

∂ 22

 áîëéàíäûãûíû 

ãüðêåçìåëè. 

1795. Ýãåð yxz =  áîëñà, 
xy
z

yx
z

∂∂
∂

=
∂∂

∂ 22

 áîëéàíäûãûíû ãüðêåçìåëè. 

1796. 
yz arctg
x

=  ôóíêöèéàíûÿ 
2

2

z
x
∂
∂

02

2

=
∂
∂

+
y
z

 Ëàïëàñûÿ äåÿëåìåñèíè  

êàíàãàòëàíäûðéàíäûãûíû ãüðêåçìåëè. 
1797 xtaAtxu λϕλ sin)sin(),( +=  ôóíêöèéàíûÿ 

                 2

2
2

2

2

x
ua

t
u

∂
∂

=
∂
∂

                                 

äåÿëåìúíè êàíàãàòëàíäûðéàíëûãûíû ãüðêåçìåëè. 
1798. Ýãåð xyez =  áîëñà zd 2  dèôôåðåíöèàëû òàïìàëû. 
1799. Ýãåð 2 2( ),z t t x yϕ= = +  áîëñà zd 2  dèôôåðåíöèàëû òàïìàëû. 

1800. Ýãåð 
222

1
zyx

u
++

=  áîëñà, îíäà +
∂
∂

2

2

x
u

 +
∂
∂

2

2

y
u 02

2

=
∂
∂
z
u

 

boléandygyny g«rkezmeli.      

1801. Ýãåð 
2 2x yz

x y
=

+
 áîëñà, 

2 2

2 2z z zx y
x x y x
∂ ∂ ∂

+ =
∂ ∂ ∂ ∂

  de£ligi subut 

etmeli. 

1802. Ýãåð ( )22ln yxz +=  áîëñà, îíäà 02

2

2

2

=
∂
∂

+
∂
∂

y
z

x
z

 boléandygyny 

g«rkezmeli.  
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¸ 9. Küï üéòãåéúíli ôóíêöèéàëàðûÿ ýêñòðåìóìû 

Ãîé, ),( yxfz =  ôóíêöèéà ),(0 baP  íîêàäû üçþíäå ñàêëàéàí D  

îáëàñòäà kåñãèòëåíåí áîëñóí. Eger D oblastda éatan käbir etrabyň hemme 
P nokatlary üçin 0 0( ) ( ), ( ( ) ( ))f P f P f P f P< >  deňsizlik éerine éetse, 

onda f(P)  funksiéa 0P  nokatda minimuma (maksimuma) eée diéilé­r, 

0P  nokada minimum (maksimum) nokady, funksiéanyň 0P  nokatdaky 

bahasyna funksiéanyň minimal (maksimal) bahasy diéilé­r. 
Ýãåð-äå ),( 000 yxP  íîêàòäà ),( yxfz =  ôóíêöèéà ýêñòðåìóìà eéå 

áîëñà, îíäà øîë íîêàòäà îíóÿ õóñóñû üíþìè íoëà äåÿäèð. 
Funksiéanyň hususy «nþmleriniň nol we hususy «nþmlerini£ éok 

nokatlaryna onu£ ekstremumynyň bolup biljek nokatlary diéilé­r. 
Ôóíêöèéàíûÿ ýêñòðåìóìûíûÿ áîëìàãûíûÿ éåòåðëèê øåðòèíå ãàðàëûÿ. 

Ãîé, ),( 000 yxP  íîêàò ),( yxfz =  ôóíêöèéàíûÿ ekstremumynyň bolup 
biljek íîêàäû áîëñóí. 

),( 000 yxP  íîêàòäà ôóíêöñèéàíûÿ èêèíùè òåðòèïëè üíþìëåðèíèň áàõàëàðûíû 
òàïàëûÿ âå îëàðû , ,A B C  áèëåí áåëãèëúëèÿ, éagny 

0

2

P

zB
x y
∂

=
∂ ∂

,   ,
0

2

2

Px
zA

∂
∂

=     
0

2

2

Py
zC

∂
∂

=  

Ýãåð 2 0В АС− < , áîëñà, îíäà ),( yxfz =  ôóíêöèéà 0 0 0( , )P x y  

íîêàòäà ýêñòðeìóìà ýéåäèð. 0A >  âå 0C >  áîëñà ìèíèìóìà, 0A <  âå 
0C <  áîëàíäà ìàêñèìóìà ýéåäèð. 
Ýãåð 2 0,В АС− >  áîëñà, ),( 000 yxP  íîêàò ýêñòðåìóì íîêàò äúëäèð.  

Ýãåð 2 0В АС− =  áîëñà, äóðuw íîêàòäà ôóíêöèéà ìàêñèìóìà éà-äà 
ìèíèìóìà ýéå äèéèï áîëìàéàð. Áó õàëäà ãîøìà÷à äåðÿåâè ãå÷èðìåëè 
áîëéàðûñ. 

1803. 2244 22 yxyxz −−+=  ôóíêñèéàíûÿ ekstremumynyň bolup biljek 
íîêàòëàðûíû òàïìàëû. 

×üçþëèøè. Àëàðûñ:  ,28 3 xx
x
z

−=
∂
∂

  ,44 3 yy
y
z

−=
∂
∂

 

                 
⎪⎩

⎪
⎨
⎧

=−

=−

044
028

3

3

yy
xx

 

sistemany ÷üçþï,  

  ( ) ( ) ( ) ,1,
2
1,1,

2
1,0,

2
1,1,0,1,0,0,0 654321 ⎟

⎠
⎞

⎜
⎝
⎛ −⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛− MMMMMM        
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      ⎟
⎠
⎞

⎜
⎝
⎛ −−⎟

⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛− 1,

2
1,1,

2
1,0,

2
1

987 MMM     

nokatlaryny taparys.      
1804. xyyxz 333 −+=  ôuíêñèéàíûÿ ýêñòðeìóìûíû òàïìàëû 
×üçþëèøè.  

 033 2 =−=
∂
∂ yx
x
z

,   .033 2 =−=
∂
∂ xy
y
z

  

Sistemany ÷üçþï, ekstremumyň bolup biljek íîêàòëàðûny òàïéàðûñ: 
).1,1(),0,0( 21 MM . Èêèíùè òåðòèïëè üíþìëåðè òàïàëûÿ: 

          ,3
2

−=
∂∂

∂
yx
z

   x
x
z 62

2

=
∂
∂

,    ,62

2

y
y
z
=

∂
∂

 

oíäà 

         .9)(,369
)0,0(

22 =−−=− ACBxyACB  

Äèéìåê, )0,0(  íîêàòäà ôóíköèéàíûÿ åêñòðåìóìû éîêäóð M2 (1, 1) 

nokatda: 0272 <−=− ACB , .0,0 >> CA  Øóíëóêäà, M2 )1,1(  íîêàòäà 

ôóíêöèéà ìèíèìóìà ýéåäèð: 1)1,1(min −== zz .  
1805. Ôóíêñèéàíûÿ ýêñòðåìóìûíû òàïìàëû 
               .61 22 yxyxxz −−−−=  
×üçþëèøè. Õóñóñû üíþìëåðè òàïàëûÿ. 

6 2 , 2 ,z zx y x y
x y
∂ ∂

= − − − = − −
∂ ∂

 

6 2 0
2 0
x y

x y
− − − =⎧
⎨− − =⎩

 

0 04, 2.x y= − =  Diémek, 0 ( 4,2)P −  ekstremumyÿ bolup biljek íîêàäûdyr. 
Ôóíêñèéàíûÿ èêèíùè òåðòèïëè üíþìëåðèíè òàïàëûÿ: 

2,1,2 2

22

2

2

−=
∂
∂

−=
∂∂

∂
−=

∂
∂

y
z

yx
z

x
z

 

03)2)(2()1( 22 <−=−−−−=− ACB  

02,02 <−=<−= CA . Äèéìåê, 0 ( 4,2)Р −  nokatda ôóíêöèéà 
ìàêñèìóìà ýéåäèð. 

   
2

max 1 6 ( 4) ( 4) ( 4) 2 4 13.z = − ⋅ − − − − − ⋅ − =      

1806. yxxyxz 12153 23 −−+=  fóíêñèéàíûÿ ýêñòðåìóìûíû òàïìàëû.      
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×üçþëèøè. Õóñóñû üíþìëåðè òàïàëûÿ âå äåÿëåìåëåð sistemasyny äþçåëèÿ:       

126,1533 22 −=
∂
∂

−+=
∂
∂ xy

y
zyx

x
z

, 

⎩
⎨
⎧

=−
=−+

02
0522

xy
yx

 

sistemany ÷üçþï, ).1,2(),2,1(),1,2(),2,1( 4321 −−−− PPPP  
íîêàòëàðû àëàðûñ. Èêèíùè òåðòèïëè üíþìëåðè òàïàëûÿ: 

       .6,6,6 2

22

2

2

x
y
zy

yx
zx

x
z

=
∂
∂

=
∂∂

∂
=

∂
∂

 

Õåð áèð äóðuw íîêàòäà ACB −2  aÿlatmany õàñàïëàëûÿ:  

1)  .6,12,6
111

2

22

2

2

=
∂
∂

==
∂∂

∂
==

∂
∂

=
PPP y

zC
yx
zB

x
zA  

Äèéìåê, 1Р  íîêàòäà ýêñòðåìóì éîêäóð. 

2) 2Р  íîêàòäà 12, 6, 12A B C= = =  âå 2 36 144 0,B AC− = − <  

0, 0A C> >  fóíêñèéà bu nokatda ìèíèìóìà ýéåäèð. 

         ( )min 2 8 6 30 12 28z z P= = + − − = − .     

3) 3P  íîêàòäà ,12,6 −=−= BA  6−=C  âå 0361442 >−=− ACB . 
Ôóíêñèéàíûÿ áó íîêàòäà ýêñòðåìóìû éîêäóð.  

4) 4P  íîêàò þ÷èí 12, 6, 12A B C= − = − = −  âå 
2 36 144 0,B AC− = − <  0, 0A C< < . Øóíëóêäà, 4P  íîêàòäà ôóíêöèéà 

ìàêñèìóìà ýéåäèð. 
             ( )max 4 8 6 30 12 28.z z P= = − − + + =   

Ôóíêñèéàíûÿ ýêñòðåìóìûíû òàïìàëû. 
1807. 2 2( 1) 2 .z x y= − +             1808. 2 2( 1) 2 .z x y= − −  

1808. 2 24 6 .z x x xy y= − + − − −     1809. 3 2 ( ).z x y a x y= − −   

1810. 2 2 1 1 .z x xy y
x y

= + + − +      1811. 
2 2 2 2(2 ).x yz e x y− −= +  
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XIV ÁÜËÞÌ 

IKIGAT WE ÜÇGAT INTEGRALLAR 

¸ 1. Èêèãàò èíòåãðàëëàð 

1. Èêèãàò èíòåãðàëûÿ êåñãèòëåíèëèøè âå õàñàïëàíûëûøû. Ãîé, ýðêèí, ÷úêëè 
D  îáëàñòäà èêè þéòãåéúí óëóëûêëû ),( yxf  ôóíêñèéà êåñãèòëåíåí áîëñóí. 

D  îáëàñòû ýðêèí òþêåíèêëè iD  îáëàñòëàðà áüëìåê áèëåí, õåð áèð iD  

îáëàñòäà äåãèøëèëèêäå ),( iii yxP  íîêàäû àëàëûÿ. ),( yxf  ôóíêöèéàíûÿ 

),( iii yxP  íîêàòäàêû áàõàñûíû ),( ii yxf  áèëåí áåëãèëúï, àøàêäàêû èíòåãðàë 
ùåìè äþçåëèÿ: 

1

( , ) ,
n

i i i
i

f x y σ
=

Δ∑      (1) 

áó éåðäå iσΔ  äåãèøëèëèêäå iD  îáëàñòëàðûÿ ìåéäàíëàðûäûð. (1) ùåìå 

),( yxf  ôóíêñèéàíûÿ D  îáëàñòäàêû èíòåãðàë ùåìè äèéèëéúð. 

Ýãåð áüëåê iD  îáëàñòëàðûÿ óëóñûíûÿ äèàìåòðè →= ii
diamDmaxλ 0 

bolanda (1) èíòåãðàë ùåìèÿ òþêåíèêëè ïðåäåëè áàð áîëñà, øîë ïðåäåëå ),( yxf  
ôóíêöèéàíûÿ D  îáëàñò áîéóí÷à àëíàí èêèãàò èíòåãðàëû äèéèëéúð âå 
àøàêäàêû éàëû áåëãèëåíéúð: 

∑
=

→
Δ

n

i
iii yxf

10
),(lim σ

λ ∫∫=
D

dxdyyxf ),( . 

Èêèãàò èíòågðàëûÿ àøàêäàêû éüíåêåé õúñèéåòëåðèíè áåëëúï ãå÷åëèÿ:   
1. Ýãåð constC =  áîëñà, îíäà 

∫∫ =
D

dxdyyxCf ),( ∫∫
D

dxdyyxfC ),( ; 

2. [ ]1 2 1 2( , ) ( , ) ( , ) ( , )
D D

f x y f x y dxdy f x y dxdy f x y dxdy± = ±∫∫ ∫∫ ∫∫ ; 

3.  Ýãåð D  îáëàñò èêè – 1D  âå 2D  îáëàñòëàðà áüëþíåí áîëñà, îíäà 

1 2

( , ) ( , ) ( , )
D D D

f x y dxdy f x y dxdy f x y dxdy= +∫∫ ∫∫ ∫∫ . 

Èêèãàò èíòåãðàëëàð ãàéòàëàíéàí èíòåãðàëëàðà ãåòèðèëèï õàñàïëàíûëéàð: 
Ãîé, D  îáëàñò )(we)( 21 xyyxyy ==  þçíþêñèç ýãðè ÷ûçûêëàð âå 
,x a x b= =  ãüíè ÷ûçûêëàð áèëåí ÷úêëåíåí áîëñóí. Îíäà àøàêäàêû äåÿëèê 

äîãðóäûð: 
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∫∫
D

dyxf σ),( = .),(
)(

)(

2

1

∫∫
xy

xy

b

a

dyyxfdx       (2) 

2. Ýãåð D  îáëàñò )(we)( 21 yxxyxx ==  þçíþêñèç ýãðè ÷ûçûêëàð âå 
,y c y d= =   ãüíè ÷ûçûêëàð áèëåí ÷úêëåíåí áîëñà, îíäa 

2

1

( )

( )

( , ) ( , ) .
x yd

D с x y

f x y d dy f x y dxσ =∫∫ ∫ ∫     (3) 

1812. xy 22 =  ïàðàáîëà âå xy =  ãüíè ÷ûçûê áèëåí ÷úêëåíåí øåêèëèÿ 
ìåéäàíûíû òàïìàëû. 

×üçþëèøè. Ïàðàáîëàíû âå ãüíè ÷ûçûãû ãóðàëûÿ (82-íùi ÷yzgy):  
 

 
82-íùi ÷yzgy 

.
3
2)2(

2

0

2 2

0
∫ ∫ ∫ =−==

x

x

dxxxdydxS  

1813. { }3 4,1 2P x y= ≤ ≤ ≤ ≤  ãüíþáóð÷ëóê áîëñà,  

   
∫∫ +
P

dxdyyx )(
 

èíòåãðàëû õàñàïëàìàëû. 
×üçþëèøè. 

     =+∫∫
P

dxdyyx )( .5
2
7)(

2

1

4

3

2

1
∫ ∫ ∫ =⎟

⎠
⎞

⎜
⎝
⎛ +=+ dyydxyxdy   

1814. Ýãåð D  îáëàñò xyxy == 22 we  ïàðàáîëàëàð áèëåí ÷úêëåíåí 
áîëñà 

    
∫∫ +
D

dxdyyx )( 22

 
èíòåãðàëû õàñàïëàìàëû. 
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×üçþëèøè. xyxy == 22 we  ïàðàáîëàëàð áèëåí ÷úêëåíåí îáëàñòû ãóðàëûÿ 
(83-íùi ÷yzgy): 

 
83-íùi ÷yzgy 

 
⎪⎩

⎪
⎨
⎧

=

=

xy
xy

2

2

 

sistemany ÷üçþï àëéàðûñ: 1,0 21 == xx . (2) ôîðìóëàíûÿ ýñàñûíäà àëàðûñ: 
     

  =+∫∫
D

dxdyyx )( 22

22

1 1
2 2 2 3

0 0

1( ) )
3

xx

xx

x y dy dx x y y dx
⎧ ⎫⎪ ⎪ ⎛ ⎞+ = + =⎨ ⎬ ⎜ ⎟

⎝ ⎠⎪ ⎪⎩ ⎭
∫ ∫ ∫  

     ∫ =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−+=

1

0

642
3

2
5

3
1

3
1 dxxxxx

17 5
5 72 2

0

2 2 1 1 18 .
7 15 5 21 105

x x x x
⎡ ⎤

+ − − =⎢ ⎥
⎣ ⎦

 

1815. Ýãåð D  îáëàñò 1,0,,0 2 ==== xxxyy  ãüíè ÷ûçûêëàð áèëåí 
÷úêëåíåí áîëñà 

  
∫∫ +
D

dxdyyx )( 22

 
èíòåãðàëû õàñàïëàìàëû. 

×üçþëèøè. D  îáëàñòû ãóðàëûÿ (84-íùi ÷yzgy): 

 
84-íùi ÷yzgy 
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 (2) ôîðìóëàíû óëàíàëûÿ: 

( )∫∫ =+
D

dxdyyx 22 ∫ ∫ =⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+

1

0 0

22
2

)( dxdyyx
x

 

2 11 13 6 5 7
2 4

0 00 0

1 1 26 .
3 3 5 3 7 5 21 105

x
y x x xx y dx x dx

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= + = + = + = + =⎜ ⎟ ⎜ ⎟ ⎜ ⎟⋅⎝ ⎠ ⎝ ⎠ ⎝ ⎠
∫ ∫  

1816. ∫ ∫ +=
1

0

1

)(
x

dyyxdxI  iíòåãðàëû õàñàïëàìàëû 

   

11 12 2
2

0 0

1 1( ) ( ) .
2 2 2 2

x

y xI xy dx x x dx
⎛ ⎞ ⎡ ⎤

= + = + − + =⎜ ⎟ ⎢ ⎥
⎝ ⎠ ⎣ ⎦
∫ ∫  

 
1817. Ýãåð ),( yxf  îáëàñò 2,1,4,3 ==== yyxx  ãüíi çyzyklar 

áèëåí ÷úêëåíåí áîëñà 

   
∫∫ +D yx

dxdy
2)(  

èíòåãðàëû õàñàïëàìàëû. 
1818. Integrallary hasaplamaly.  

2 1 1 1 2
2

2
0 0 0

a) ( 2 ) , b) ,
1o

xdy x y dx dx dy
y

+
+∫ ∫ ∫ ∫    ¡) 

2

0 sin

.
а

a

d rdr
π

ϕ

ϕ∫ ∫   

1819. Ýãåð D  îáëàñò äåïåëåðè (0 ,0), (1, 1) we (0,1)O A B  íîêàòëàð 

áîëàí þ÷áóð÷ëóê áîëñà, ∫∫
D

xdxdy  èíòåãðàëû õàñàïëàìàëû.  

1820. Ýãåð D  îáëàñò äåïåëåðè (0,0), (1, 1) we (1,1)O A B−  íîêàòëàð 

áîëàí þ÷áóð÷ëóê áîëñà, ∫∫ −
D

dxdyyx 22  èíòåãðàëû õàñàïëàìàëû. 

1821. Ýãåð D  îáëàñò xy =2  ïàðàáîëà âå 1,0 == yx  ãüíi çyzyklar 

áèëåí ÷úêëåíåí ýãðè÷ûçûêëû þ÷áóð÷ëóê áîëñà, 
x
y

D

e dxdy∫∫  èíòåãðàëû 

õàñàïëàìàëû. 

1822. Ýãåð D  îáëàñò 2,x y x= =  ãüíi çyzyklar áèëåí âå 
x

y 1
=  

ãèïåðáîëà áèëåí ÷úêëåíåí áîëñà, ∫∫ −

D

dxdyyx 22  èíòåãðàëû õàñàïëàìàëû. 
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2. Èíòåãðèðëåìåãèÿ òåðòèáèíè ÷àëøûðìàê. Ýãåð D  îáëàñò 1) âå 2) 
ãüðíþøäúêè îáëàñòëàð áîëñà, îíäà àøàêäàêû äåÿëèêëåð äîãðóäûð:  

  

.),(),(),(
)(2

1

2

1)(

)(

)(
∫ ∫ ∫ ∫∫∫ ==
b

a x

d

c

y

yD

x

dxyxfdydyyxfdxdxdyyxf
ϕ

ϕ

ϕ

ϕ   

1823. ∫ ∫
−

a ax

xax

dyyxfdx
2

0

2

2 2

),(  èíòåãðàëäà èíòåãðèðëåìåãèÿ òåðòèáèíè ÷àëøûðìàëû. 

×üçþëèøè. D  îáëàñòy ãóðàëûÿ (85-íùi ÷yzgy):  ,2,0 axx ==  axy 2=
, 

22 xaxy −=  éà-äà 0, 2 ,x x a= = .)(,2 2222 aaxyaxy =−+=  

 

 85-íùi ÷yzgy 

{ }axyxaxaxD 22,20 2 ≤≤−≤≤= . Øó îáëàñòû ay =  ãüíi ÷yzygyň 
êüìåãè áèëåí þ÷ îáëàñòûÿ ùåìè ãüðíþøèíäå ãàðàëûÿ. Îíäà àëéàðûñ: 

   
2

2 2

0 2

( , )
a ax

ax x

dx f x y dy
−

=∫ ∫
2 2

20
2

( , )
a a ya

y
a

dy f x y dx
− −

−

+∫ ∫

22 2

2 2 2

0 0
2

( , ) ( , ) .
a a a a

ya a y
a

dy f x y dx dy f x y dx
+ −

+ +∫ ∫ ∫ ∫  

1824. Èíòåãðèðëåìåãèÿ òåðòèáèíè ÷àëøûðìàëû. 

.),(
1

0
∫ ∫ ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
dxdyyxf

x

x  
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×üçþëèøè. Èíòåãðèðëåìå îáëàñòû xy =  ãüíè áèëåí âå у x=  ïàðàáîëà 
áèëåí ÷úêëåíåíäèð (86-íùy ÷yzgy). 

 

 
86-íùy ÷yzgy 

Áó éåðäå 2
1 2( ) , ( ) , 0 1.y y y y yψ ψ= = ≤ ≤  Îíäà 

=∫ ∫
1

0

)),(( dxdyyxf
x

x

.),(
1

0 2
∫ ∫ ⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
dydxyxf

y

y

 

 ¸ 2. Èêèãàò èíòåãðàëäà þéòãåéúí óëóëûêëàðû ÷àëøûðìàê 

Èêèãàò èíòåãðàëëàðû õàñàïëàìàê þ÷èí êüïëåí÷ õàëàòëàðäà þéòãåéúí 
óëóëûêëàðû ÷àëøûðûï õàñàïëàìàê àìàòëû áîëéàð. 

Ãîé, 

 
( , )
( , )

u u x y
x yϑ ϑ

=⎧
⎨ =⎩      (1)     

ôóíêñèéàëàr xOy  òåêèçëèãèÿ D  îáëàñòûíäà êåñãèòëåíåí âå õóñóñû üíþìëåðè 
áàð áîëàí ôóíêöèéàëàð áîëñóí. Goé, (1) sistema yx we  g«r­ ¡«zþlé­n 
bolsun:  

  
⎩
⎨
⎧

=
=

),(
),(

ϑ
ϑ

uyy
uxx

     
(2) 

Áàøãà÷à àéäàíûìûçäà, D  îáëàñòûÿ õåð áèð ( )yP ,x  íîêàäûíà ϑOu  

òåêèçëèãèÿ éåêå-òúê ( )1 ,P u ϑ  íîêàäû äåãèøëèäèð. Áó õàëäà àøàêäàêû ôîðìóëà 

äîãðóäûð: 

    ∫∫ =
D

dxdyyxf ),( [ ] ,),(),(),,(
1

∫∫
D

duduIuyuxf ϑϑϑϑ
            

(3) 

áó éåðäå 1D  îáëàñòà, xOy   òåêèçëèêäå D  îáëàñò äåãèøëèäèð. ( , )I u ϑ   áîëñà 
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   ( ),

x x
x y x yuI u

y y u u
u

ϑϑ
ϑ ϑ

ϑ

∂ ∂
∂ ∂ ∂ ∂∂ ∂= = ⋅ − ⋅

∂ ∂ ∂ ∂ ∂ ∂
∂ ∂

 

éàêîáèéàíäûð. 
Ïîëéàð êîîðäèíàòàëàð sistemasynäà (2) ôîðìóëà àøàêäàêû ãüðíþøäåäèð: 

cos
sin

x
y

ρ ϕ
ρ ϕ

=⎧
⎨ =⎩

       (4) 

Ýãåð ïîëéóñ êîîðäèíàòàëàð áàøëàíãûùûíäà áîëóï, ïîëéàð îêû Ox   
îêóÿ óãðû áîéóí÷à óãðóêäûðûëàí áîëñà, (4) ôîðìóëà ãüíþáóð÷ëû 
êîîðäèíàòàëàð sistemasyndan ïîëéàð êîîðäèíàòàëàð sistemasyna ãå÷ìåêëèãè 
àÿëaäéàð (87-íùè ÷yzgy). 

 
87-íùè ÷yzgy 

Áó õàëäà ρ=I  âå (3) ôîrìóëà àøàêäàêû ãüðíþøè àëéàð: 

∫∫ =
D

dxdyyxf ),( .)sin,cos(
1

∫∫
D

ddf ϕρρϕρϕρ  

Ãîé, D  îáëàñò ïîëéàð îêû áèëåí 1 2weϕ ϕ  áóð÷û ýìåëå ãåòèðéúí 

èêè weρ α ρ β= =  øüõëå áèëåí õåì-äå 1 1 2 2( ) we ( )ρ ρ ϕ ρ ρ ϕ= =

( )1 2( ) ( )ρ ϕ ρ ϕ<  

åãðèëåð áèëåí ÷úêëåíåí áîëñóí (87-íùè ÷yzgy): 

   { }1 1 2 1 2, ( ) ( )D ϕ ϕ ϕ ρ ϕ ρ ρ ϕ= ≤ ≤ ≤ ≤  

Áó õàëäà àøàêäàêû ôîðìóëà äîãðóäûð: 

 ∫∫ =
D

dxdyyxf ),(
2 2

1 1

( )

( )

( cos , sin ) .d f d
ϕ ρ ϕ

ϕ ρ ϕ

ϕ ρ ϕ ρ ϕ ρ ρ∫ ∫       (5) 

Ýãåð D  îáëàñòà êîîðäèíàòàëàð áàøëàíãûùû äåãèøëè áîëñà, îíäà 
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 ( , )
D

f x y dxdy =∫∫
( )2

0 0

( cos , sin ) ,d f d
ρ ϕπ

ϕ ρ ϕ ρ ϕ ρ ρ∫ ∫
 

 
(6) 

 áó éåðäå )(ϕρρ = , D  îáëàñòû ÷úêëåíäèðéúí ýãðèíèÿ ïîëéàð äåÿëåìåñèäèð. 

1825. Ýãåð D  îáëàñò 
1 71, 3, ,
3 3

y x y x y x= + = − = − + 5
3
1

+−= xy  

ãüíiëåð áèëåí ÷úêëåíåí áîëñà 

∫∫ −
D

dxdyxy )(  

èíòåãðàëû õàñàïëàìàëû. 
×üçþëèøè. Áó èíòåãðàëû D  îáëàñòû ãóðóï õàñàïëàìàê ÷ûëøûðûìëû 

õàñàïëàìàëàðà ãåòèðéúð. Øîíóÿ þ÷èí áó éåðäå éüíåêåé îðíóíà ãîéìàíû 

óëàíìàê àìàòëûäûð. Ãîé, 
1,
3

u y x y xϑ= − = +  áîëñóí. Îíäà 

1, 3y x y x= + = − ãüíiëåðå 1, 3u u= = −  ãüíþëåð, 
1 7 ,
3 3

y x= − +  

5
3
1

+−= xy  ãüíiëåðå áîëñà, ϑuO  òåêèçëèêäå 
7 , 5
3

ϑ ϑ= =  ãüíþëåð 

äåãèøëèäèð (88-íùè ÷yzgy). 

 
   88-íùè ÷yzgy 

 
Øóíëóêäà, áåðëåí D  îáëàñò ϑOu  òåêèçëèêäå 1D  ãüíþáóð÷ëû îáëàñòà 

üçãåðéúð. ‡àêîáiàíû õàñàïëàìàê þ÷èí yx we  óëóëûêëàðû ϑweu  
óëóëûêëàðûÿ þñòè áèëåí àÿëàäàëûÿ: 

3−=u
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3 3 1 3, .
4 4 4 4

x u y uϑ ϑ= − + = +  

Øóíëóêäà, 
3 3

9 3 3 34 4 , ,
1 3 16 16 4 4
4 4

x x
uI I
y y
u

ϑ

ϑ

∂ ∂
−

∂ ∂= = = − − = − =
∂ ∂
∂ ∂

 

=−∫∫
D

dxdyxy )(
1

1 3 3 3 3
4 4 4 4 4D

u u dudϑ ϑ ϑ⎡ ⎤⎛ ⎞ ⎛ ⎞+ − − + =⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
∫∫  

 

=
1

5 1

7/3 3

3 4 8..
4 3D

udud ududϑ ϑ
−

= = −∫∫ ∫ ∫  

1826. Ýãåð D  îáëàñò 122 =+ yx  òüâåðåê áèëåí ÷úêëåíåí áîëñà 

∫∫ −−
D

dxdyyx 221  

èêèãàò èíòåíãðàëû õàñàïëàìàëû. 
 
×üçþëèøè. Ãüðíþøè éàëû D  îáëàñò ìåðêåçè êîîðäèíàòàëàð áàøëàíãûùûíäà 

áîëàí òåãåëåêäèð. Ïîëéàð êîîðäèíàòàëàðà ãå÷åëèÿ: 
 
cos
sin

x
y

ρ ϕ
ρ ϕ

=⎧
⎨ =⎩

 

Îíäà òüâåðåãèÿ äåÿëåìåñè 1=ρ  ãüðíþøè àëéàð âå 

2 21
D

x y dxdy− − =∫∫
2 1

2

0 0

1d d
π

ϕ ρ ρ ρ− =∫ ∫  

1
3

22 22 2

00 0

0

1 (1 ) 1 1 2 .32 3 3 3
2

d d
ππ πρ πϕ ϕ ϕ−

= − = = =∫ ∫  

1827. Ýãåð D  îáëàñò òåãåëåê õàëêàíûÿ áüëåãè áîëñà, éàãíû OyOx we  

ok, õåì-äå 4we1 2222 =+=+ yxyx   òüâåðåêëåð áèëåí ÷úêëåíåí áîëñà 
(89-íùy ÷yzgy) 

( )
D

x y dxdy+∫∫  

èíòåãðàëû õàñàïëàìàëû. 
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×üçþëèøè. Ïîëéàð êîîðäèíàòàëàð óëãàìûíà ãå÷åëèÿ: 

 
cos
sin

x
y

ρ ϕ
ρ ϕ

=⎧
⎨ =⎩

 

 
89-íùy ÷yzgy 

=+∫∫
D

dxdyyx )(
/2 2

0 1

( cos sin )d d
π

ϕ ρ ϕ ρ ϕ ρ ρ+ =∫ ∫
/2 2

2

0 1

(cos sin )d d
π

ϕ ϕ ϕ ρ ρ+ =∫ ∫  

( )
2 /2

3

1 0

1 cos sin
3

d
π

ρ ϕ ϕ ϕ= + =∫
/2/2

00

7 7 14 2(cos sin ) (sin cos ) 4 .
3 3 3 3

d
ππ

ϕ ϕ ϕ ϕ ϕ= + = − = =∫  

1828. Ýãåð D  îáëàñò 12

2

2

2

=+
b
y

a
x

 ýëëèïñ áèëåí ÷úêëåíåí áîëñà 

dxdy
b
y

a
x

D
∫∫ −− 2

2

2

2

1  

èêèãàò èíòåãðàëû õàñàïëàìàëû. 
×üçþëèøè. Áó ìûñàëäà óìóìûëàøäûðûëàí ïîëéàð êîîðäèíàòàëàðûíû 

óëàíìàê àìàòëûäûð: 
cos
sin

x a
y b

ρ ϕ
ρ ϕ

=⎧
⎨ =⎩

 

áó üçãåðòìúíèÿ éàêîáèàíûíû òàïàëûÿ: 
 

cos sin cos sin
sin cos sin cos

a a
I ab

b b
ϕ ρ ϕ ϕ ϕ

ρ
ϕ ρ ϕ ϕ ϕ

− −
= = =  
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= 2 2(cos sin ) , ,ab ab I abρ ϕ ϕ ρ ρ+ = =  

2 2
2 2 2 2

2 21 1 cos sinx y
a b

ρ ϕ ρ ϕ− − = − − = 2 2 2 21 (cos sin ) 1 .ρ ϕ ϕ ρ− + = −  

 
boléanlygyny g«z «£þnde tutup, (6) ôîðìóëàíûÿ ýñàñûíäà àëàðûñ: 
 

2 2

2 21
D

x y dxdy
a b

− − =∫∫
2 1

2

0 0

1ab d d
π

ϕ ρ ρ ρ− =∫ ∫  

1
3

2 22 2
2
0

0 0

0

1 (1 ) 2 .32 3 3 3
2

ab ab abab d d
π π

πρ πϕ ϕ ϕ

⎛ ⎞
⎜ ⎟−

= − = = =⎜ ⎟
⎜ ⎟
⎝ ⎠

∫ ∫  

Integrallary hasaplamay. 

1829.  ∫ ∫
−

−−
a xa

dydxyxa
0 0

222
22

  1830.  ∫ ∫
−

+
a xa

dxdyyx
0 0

22
22

)(  

1831.  ∫ ∫
−a xax

dxdy
2

0

2

0

2

 

1832. Ýãåð D  îáëàñò 2 2 2 2 2 2, 4x y x yπ π+ = + =  òüâåðåêëåð áèëåí 

÷úêëåíåí áîëñà  ∫∫ +
D

dxdyyx 22sin  èíòåãðàëû õàñàïëàìàëû. 

1833. Ýãåð D  îñáëàñò ìåðêåçè , 0
2
aC ⎛ ⎞

⎜ ⎟
⎝ ⎠

 íîêàòäà, äèàìåòðè a  áîëàí 

éàðûì òåãåëåê áîëñà  ∫∫
D

ydxdy   èíòåãðàëû õàñàïëàìàëû. 

1834. Ýãåð D  îáëàñò axyx 222 =+  òüâåðåê áèëåí ÷úêëåíåí áîëñà, 
ïîëéàð êîîðäèíàòàëàð sistemasyna ãå÷èï,  

∫∫ +
D

dxdyyx )( 22  

èíòåãðàëû õàñàïëàìàëû. 
1835. weu x y x yϑ= + = −  îðíóíà ãîéìàíû óëàíûï, èíòåãðàëû 

üçãåðòìåëè. 

∫ ∫
1

0

1

0

),( dyyxfdx  
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1836. Ýãåð D  îáëàñò 1
44

,1 2

2

2

2

2

2

2

2

=+=+
b
y

a
x

b
y

a
x

 ýãðèëåð áèëåí 

÷úêëåíèï, áèðèíùè ÷úðéåêäå éàòéàí áîëñà 
 

dxdy
b
y

a
x

D
∫∫ −− 2

2

2

2

4  

èíòåãðàëû õàñàïëàìàëû. 
 

¸ 3. Òåêèç îáëàñòûÿ ìåéäàíûíûÿ õàñàïëàíûëûøû 
 

XOY  òåêèçëèêäå áåðëåí D  îáëàñòûÿ S  ìåéäàíû àøàêäàêû ôîðìóëà 
boéun¡a òàïûëéàð 

∫∫=
D

dxdyS  

1837. Ýãåð D  îñáëàñò  Ox  îêäàí éîêàðäà éåðëåøèï, øîë îê áèëåí., 
õåì-äå axy 42 =  ïàðàáîëà âå )0(3 >=+ aayx  ãüíè ÷ûçûê áèëåí 
÷úêëåíåí áîëñà, îíóÿ ìåéäàíûíû òàïìàëû (90-íùy ÷yzgy). 

 

 
  90-íùy ÷yzgy 

Ìåéäàíû (1) ôîðìóëàíû óëàíûï òàïàëûÿ. Îíóÿ þ÷èí èíòåãðàëûÿ 
ïðåäåëëåðèíè àíûêëàëûÿ. yax −= 3 . Îíäà )3(42 yaay −=  éà-äà 

0124 22 =−+ aayy .  
Áó éåðäåí 

.421242 22
2,1 aaaaay ±−=+±−=  

Øåðòå ãüðú 0≥y . Îíäà .2421 aaay =+−=  Äèéìåê, y ululyk äàí 

0-dan 2- ­ ÷åíëè þéòãåéúð. Øåéëå õåì 
2

ululyk -dan 3
4
yx a y
a

−  ÷åíëè 

þéòãåéúð. Øóíëóêäà, 
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∫∫ ∫ =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−=

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

=
− aa ya

a
y

dy
a

yyadydxS
2

0

22

0

3

4

4
3

2

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

a

a
yyay

2

0

32

122
3  

,
3

10
3

24
12
826

22
2

3
22 aaa

a
aaa =−=−−=  

 

.
3

10 2 kw.birlikaS =  

1838.  2xy =  ïàðàáîëà âå xy =  ãüíè ÷ûçûê áèëåí ÷úêëåíåí D  

îáëàñòûÿ S  ìåéäàíûíû òàïìàëû (91-íùi ÷yzgy). 
×üçþëèøè. 2xy =  ïàðàáîëà âå xy =  ãüíè ÷yzygyň êåñèøìå 

íîêàòëàðûíû òàïìàê þ÷èí 

⎩
⎨
⎧

=

=
2xy

xy
 

 
sistemany ÷üçþï )1,1(we)0,0(  nokatlary àëàðûs: 

 
91-íùi ÷yzgy 

oíäà 

( ) .
6
1

32

1

0

1

0

1

0

32
2

1

0 22
∫ ∫∫∫ =⎥

⎦

⎤
⎢
⎣

⎡
−=−==

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=

xxdxxxdxydxdyS
x

x

x

x

 

1839. 
2 2

2 2 , 0, 0, 0 0x y x y a b h k
a b h k

+ = + > > > > , ýãðè áèëåí ÷úêëåíåí 

òåêèç figuranyň ìåéäàíûíû òàïìàëû. 
×üçþëèøè. Áåðëåí îáëàñòûÿ äåÿëåìåñèíè üçãåðäèï éàçàëûÿ: 
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2 2 2 2

2 2 .
2 2 4 4

x a y b a b
a h b k h k

⎛ ⎞ ⎛ ⎞− + − = +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠  

Óìóìûëàøäûðûëàí ïîëéàð êîîðäèíàòàëàðà ãå÷åëèÿ: 

cos , sin ,
2 2

x a y b
a h b k

ρ ϕ ρ ϕ− = − =   

oíäà  
2 2

2 2

1, 0 2 , 0 .
2

a bI ab
h k

ρ ϕ π ρ= ≤ ≤ ≤ ≤ +  

Şóíëóêäà 
2 2

2 2
1
22 2 2

2 2
0 0

.
4

a b
h k ab a bS ab d d

h k

π πϕ ρ ρ

+

⎛ ⎞
= = +⎜ ⎟

⎝ ⎠
∫ ∫  

1840. xyy == ,0  ãüíþëåð âå xyx 222 =+  òüâåðåê áèëåí ÷úêëåíåí 
òåêèç figuranyň ìåéäàíûíû òàïìàëû (92-íùi ÷yzgy). 

×üçþëèøè. Ïîëéàð êîîðäèíàòàëàðà ãå÷åëèÿ:   
 

cos
sin

x
y

ρ ϕ
ρ ϕ

=⎧
⎨ =⎩  

 

 
  92-nji ÷yzgy 

 
Îíäà D  îáëàñòû ÷úêëåíäèðéúí 1D  îáëàñò 2 2 cosρ ρ ϕ=  ãüðíþøè àëéàð 

éà-äà 2cosρ ϕ= . ϕ  áóð÷ 0-äàí 
4
π
 ÷åíëè. ρ  ðàäèóñ áîëñà 0-äàí 

2cosϕ  ÷åíëè þéòãåéúð:  
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  ∫ ∫ ∫ ∫ ====
4

0

cos2

0

4

0

4

0

2
cos2

0

2

cos2
2

π
ϕ

π π
ϕ

ϕϕϕρρρϕ ddddS  

   ∫ +=
4

0

)2cos1(

π

ϕ .
2
1

42
2sin 4

0

+=⎟
⎠
⎞

⎜
⎝
⎛ +=

πϕϕϕ

π

d  

1841. , 2 , , 3 ( 0)x y x y x y a x y a a= = + = + = >  ãüíè ÷ûçûêëàð bèëåí 
÷úêëåíåí øåêèëèÿ ìåéäàíûíû òàïìàëû. 

1842. 2 210 25 we 6 9y x y x= + = − +  ïàðàáîëàëàð áèëåí ÷úêëåíåí òåêèç 
îáëàñòûÿ ìåéäàíûíû õàñàïëàìàëû. 

1843. 0, 0, 2x y x= = =  ãüíi ÷ûçûêëàð âå xey =  ýãðè áèëåí ÷úêëåíåí 
òåêèç îáëàñòûÿ ìåéäàíûíû òàïìàëû. 

1844 1,y y x= − = −  ãüíi ÷ûçûêëàð âå yyx 222 −=+  òüâåðåê áèëåí 
÷úêëåíåí òåêèç îáëàñòûÿ ìåéäàíûíû õàñàïëàìàëû. 

1845. ayx =+  ýãðè âå ayx =+  ãüíè ÷ûçûê áèëåí ÷úêëåíåí 
òåêèç øåêèëèÿ ìåéäàíûíû õàñàïëàìàëû. 

1846. sin , cosy x y x= =  ýãðèëåð âå 0=x  ãüíè ÷ûçûê áèëåí ÷úêëåíåí 
òåêèç îáëàñòûÿ ìåéäàíûíû õàñàïëàìàëû. 

1847. 2

2

2

2

2

2 2
c
xy

b
y

a
x

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+  ñûðòìàê ãüðíþøëè ýãðè áèëåí ÷úêëåíåí òåêèç 

îáëàñòûÿ ìåéäàíûíû õàñàïëàìàëû. 
1848. 22 += xy  ïàðàáîëà âå 2=x  ãüíè ÷ûçûê áèëåí ÷úêëåíåí òåêèç 

øåêèëèÿ ìåéäàíûíû õàñàïëàìàëû. 

1849. ( ) ( )222222 2 yxayx −=+  ýãðè áèëåí ÷úêëåíåí òåêèç îáëàñòûÿ 
ìåéäàíûíû õàñàïëàìàëû. 

¸ 4. Ãüâðþìèÿ õàñàïëàíûëûøû 

Ãîé öèëèíäðèê ùèñèì éîêàðäàí ),( yxfz =   þñò àøàêäàí áîëñà xOy  
òåêèçëèêäå éàòéàí D  îáëàñò áèëåí ÷úêëåíåí áîëñóí (93-íùè ÷yzgy).  
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y

x

0

),( yxfz=

v

z
 
          
       
 
 
 

 
 
 
 
 
 

 
 

93-íùè ÷yzgy 

Îíäà îë ùèñèìèÿ ãüâðþìè 

  ∫∫=
D

dxdyyxfV ),(       (1)  

ôîðìóëà áèëåí õàñàïëàíûëéàð 

1850. 
2

24 ,
2
xz y y= − =  öèëèíäðèê þñòëåð âå 0=z  òåêèçëèê áèëåí 

÷úêëåíåí ùèñèìèÿ ãüâðþìèíè òàïìàëû (94-íùè ÷yzgy).  
×üçþëèøè. Ùèñèìè éîêàðäàí ÷úêëåíäèðéúí þñòþÿ äåÿëåìåñèíè éàçàëûÿ 

.4 2yz −=   Èíòåãðèðëåìå Ä îáëàñòûÿ ÷úêëåðèíè àíûêëàëûÿ. 

 
94-íùi ÷yzgy 

Îë 
2

2xy =  ïàðàáîëàíûÿ, 24 yz −=  öèëèíäð âå 0=z  òåêèçëèê áèëåí 

êåñèøìåëåðèíäåí ýìåëå ãåëåíäèð. Ùèñèìèÿ yOz  òåêèçëèãå ãüðú 
ñèììåòðèêëèãèíå ãüðú îíóÿ éàðûñûíû õàñàïëàly£:  
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    ( )
2

2

22 2 2 3
2

0 0
22

1 4 4
2 3 xx

yV dx y dy y dx
⎡ ⎤

= − = − =⎢ ⎥
⎣ ⎦

∫ ∫ ∫  

22 6 3 7
2

0 0

8 16 2 1288 2
3 24 3 3 168 21

x x xx dx x
⎛ ⎞ ⎛ ⎞

= − − + = − + =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
∫

 
êóá.áèðëèê. 

1851. 2241 yxz −−=   þñò áèëåí âå xOy  òåêèçëèê áèëåí ÷úêëåíåí 
ùèñèìèÿ ãüâðþìèíè õàñàïëàmaly. 

×üçþëèøè. Áåðëåí ùèèñèì xOy  òåêèçëèãèÿ éîêàðky böleginde éåðëåøåí 
ýëëèïòèê ïàðàáîëîèäàíûÿ àròûìûäûð (95-íùè ÷yzgy). 

 

 
95-nji ÷yzgy 

Ïàðàáîëà xOy  òåêèçëèê áèëåí êåñèøèï 14 22 =+ yx  ýëëèïñè ýìåëå 

ãåòèðéúð. Øóíëóêäà, áèç ýñàñû ýëëèïñ áèëåí ÷úêëåíåí 2241 yxz −−=  
ïàðàáîëîèäàíûÿ ãüâðþìèíè òàïìàëû áîëéàðûñ. Ùèñèìèÿ ñèììåòðèêëèãèíå ãüðú 
îíóÿ ãüâðþìèíèÿ äüðòäåí áèðèíè òàïàðûñ: ,0,0,14 22 ≥≥≤+ yxyx  

( ) ( )
2

1 1
1 4 32 2

2 2 2 2

0 0 0

1 21 4 1 4
4 3

x

V dx x y dy x dx
−

= − − = −∫ ∫ ∫ , 

,cos2,sin2 tdtdxtx ==  

.
4

,
16
3

2
1

3
2cos

2
1

3
2

4
1 2

0

4∫ =⋅⋅=⋅=

π

ππ VtdtV  

1852. Éîêàðäàí 22 yxz +=  àéëàíìà ïàðàáîëîèä áèëåí, àøàêäàí xOy  
òåêèçëèê áèëåí, ãàïäàëäàí áîëñà 2xy =  þñò âå 1=y  òåêèçëèê áèëåí 
÷úêëåíåí ùèñèìèÿ ãüâðþìèíè òàïìàëû. 

×üçþëèøè. Áåðëåí þñòþÿ ïðîéåêñèéàñû áîëàí D  îáëàñòûÿ ÷úêëåðèíè 
òàêûêëàëûÿ. 
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 { }1,11 2 ≤≤≤≤−= yxxD . Øîíóÿ þ÷èí 

∫∫ ∫∫ =+=+=
D x

dyyxdxdxdyyxV
1

22
1

0

22

2

)(2)(  

∫ =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+−=

1

0

6
42 .

105
88

33
12 dxxxx  

1853. 2,0 =+= zyz  òåêèçëèê âå 2xy =  öèëèíäð áèëåí ÷úêëåíåí 
ùèñèìèÿ ãüâðþìèíè òàïìàëû. 

×üçþëèøè. Áåðëåí ùèñèì éîêàðäàí yz −= 2  òåêèçëèê áèëåí ÷úêëåíåíäèð 
(96-íùy ÷yzgy). 

 
96-íùy ÷yzgy 

D  îáëàñò xOy  òåêèçëèêäå 2=y  ãüíè ÷ûçûê âå 2xy =  ïàðàáîëà 
áèëåí ÷úêëåíåí îáëàñòäûð. D  îáëàñòû Oy  îêà ïðîéåêñèéàñûíû àëàëûÿ. 
Ùèñèìèÿ yOz  òåêèçëèãå ãüðú ñèììåòðèêëèãèíäåí ïåéäàëàíûï àëéàðûñ: 

 

    ( )∫ ∫ ∫ ∫ =−=−=−=
2

0 0

2

0

2

0
0

2)2()2(
2

y
y dyyyydyxydxydyV

 

    =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

2
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2
5

2
3

5
2

3
4 yy =⎟

⎠
⎞

⎜
⎝
⎛ −=⎟

⎠
⎞

⎜
⎝
⎛ −

5
2

3
224

53
22

2

0

2
3 yy =⋅

15
228  

    .
15

232,
15

216
== V  

1854. 223 yxz −−=  ïàðàáîëîèä âå 0=z  òåêèçëèê áèëåí ÷úêëåíåí 
ùèñèìèÿ ãüâðþìèíè òàïìàëû. 
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Àøàêäàêû þñòëåð áèëåí ÷úêëåíåí ùèñèìèÿ ãüâðþìèíè òàïìàëû. 

1855. , 2 , 6, 0y x y x x z z= = + = = ,  
, 3 .x y z a x y a+ + = + =    

1856. 
3 , 0, 0.
2

x y a y z+ = = =  

1857. 
2 2

2 2 1, , 0, 0.x z by x y z
a c a

+ = = = =  

1858. 0, 0, 0, 2 3 12 0x y z x y= = = + − =  òåêèçëèê âå  2

2
1 yz =  öèëèíäð 

áèëåí ÷úêëåíåí ùèñèìèÿ ãüâðþìèíè òàïìàëû. 

1859. xOy  òåêèçëèê, 222 Ryx =+  öèëèíäð âå 222 zyx =+  êîíóñ áèëåí 

÷úêëåíåí ùèñèìèÿ ãüâðþìèíè òàïìàëû. 

1860. 022 =−+ azyx  ïàðàáîëîèä, ( ) ( )222222 yxayx −=+  öèëèíäð âå 

)0(0 >= az  òåêèçëèê áèëåí ÷úêëåíåí ùèñèìèÿ ãüâðþìèíè òàïìàëû. 

1861. , 0z ax z= =  òåêèçëèêëåð âå axyx 222 =+  öèëèíäð áèëåí 

÷úêëåíåí ùèñèìèÿ ãüâðþìèíè òàïìàëû. 

1862. 2hz =  òåêèçëèê âå 22 yxz +=  ïàðàáîëîèä áèëåí ÷úêëåíåí ùèñèìèÿ 

ãüâðþìèíè õàñàïëàìàëû. 

1863. 12

2

2

2

2

2

=++
c
z

b
y

a
x

 ýëëèïñîèäàíûÿ ãüâðþìèíè õàñàïëàìàëû. 

¸ 5. Þñòþÿ ìåéäàíûíûÿ òàïûëûøû 

Ãîé, ãèÿèøëèêäå äåÿëåìåñè ),( yxfz =  áîëàí åíäèãàí þñò áåðëåí 
áîëñóí (97-íùè ÷yzgy). ),( yxf  ôóíêöèéà þçíþêñèç âå þçíþêñèç õóñóñû 
üíþìëåðå  ýéå äèéåëèÿ. Îíäà,  þñòþÿ xOy  òåêèçëèãå áîëàí ïðîéåêñèéàñû 
D  îáëàñò áîëñà, îíóÿ S  ìåéäàíû àøàêäàêû ôîðìóëà áèëåí òàïûëéàð: 

 

dxdy
y
z

x
zS

D
∫∫ ⎟⎟
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⎜⎜
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⎛
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∂
∂

+=
22

1
 



452 
 

y

x

0

z
),( yxfz =

v

Mi

D

         
         
     
 
 
 
 
 
 
 
 
 

97-íùè ÷yzgy 

1864. 222 ayx =+  ñèëèíäðäå éåðëåøåí xyaz =  þñòþÿ ìåéäàíûíû 
òàïìàëû. 

×üçþëèøè. 
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a
xyz = =

∂
∂
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∂
∂
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a
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oíäà 

.1
222

2

2

2
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dxdy
a
x

a
yS

ayx
∫∫

≤+

++=  

 
Øó èíòåãðàëû õàñàïëàìàê þ÷èí þéòãåéúí óëóëûêëàðû ÷àëøûðàëûÿ: 
 

cos
sin

x a
y a

ρ ϕ
ρ ϕ

=⎧
⎨ =⎩

 

Îíäà àëàðûñ: 
 

2sin cos
,

cos sin

x x
a a

I a
y y a a

ρ ϕ ϕϕ ρ
ρ

ρ ϕ ϕ
ϕ ρ

∂ ∂
−∂ ∂

= = = −
∂ ∂
∂ ∂

 



453 
 

2 1
2 2 2 2

0 1 0 0
0 2

1 1S a d d a d d
π

ρ
ϕ π

ρ ρ ρ ϕ ϕ ρ ρ ρ
≤ ≤
≤ ≤

= + = + =∫∫ ∫ ∫  

( ) ( )
13

2 2 22

0

2 21 2 2 1 .
3 3

a aπ ρ π= + = −  

1865. xyx 222 =+  öèëèíäðäå éåðëåøåí 22 yxz +=  þñòþÿ ìåéäàíûíû 
õàñàïëàìàëû. 

×üçþëèøè. 1)1( 22 =+− yx  òüâåðåê áèëåí öèëèíäð xOy  òåêèçëèêäå 

êåñèøéúíäèðëåð ( )0=z .  22 yxz +=  ôóíêöèéàäàí õóñóñû üíþìëåðè 
òàïàëûÿ: 

=
∂
∂
x
z

22 yx
x
+

, =
∂
∂
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z

22 yx
y
+

, 
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=
∂
∂

+
∂
∂

+= ∫∫ dxdy
y
z

x
zS

D

22 )()(1 .22
1)1( 22

∫∫
≤+−

=
yx

dxdy π  

1866. Ìåðêåçè êîîðäèíàòàëàð áàøëàíãûùûíäà áîëàí øàðäàí, ðàäèóñû øàðûÿ 
ðàäèóñûíäàí èêè ýññå êè÷è áîëàí âå øàðûÿ ìåðêåçèíäåí ãå÷éúí öèëèíäð 
áèëåí áüëíþï àëíàí øàð øåêèëëè þñòþÿ S  ìåéäàíûíû õàñàïëàìàëû (98-íùè 
÷yzgy). 

   
×üçþëèøè. 

 
98-íùè ÷yzgy 
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Ãîé, 2222 azyx =++  øàð þñòþíèÿ äåÿëåìåñè, 
42

2
2

2 ayax =+⎟
⎠
⎞

⎜
⎝
⎛ −  

áîëñà òüâåðåãèÿ äåÿëåìåñè áîëñóí. xOy  òåêèçëèêäå D  oblast öèëèíäðèÿ 
ýñàñûäûð. 

222 yxaz −−= ,   =
∂
∂
x
z ,

222 z
x

yxa
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−  
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∂
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∂
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,
222 yxa

a
−−
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cos
sin

x
y

ρ ϕ
ρ ϕ

=⎧
⎨ =⎩

 

pîëéàð êîîðäèíàòàëàð sistemasyna ãå÷åëèÿ. Áåðëåí òüâåðåê 
2 2

2

2 4
a ax y⎛ ⎞− + =⎜ ⎟

⎝ ⎠
 ïîëéàð êîîðäèíàòàëàð sistemasynda àøàêäàêû ãüðíþøde 

éazyléar:  cosaρ ϕ= . Áó éåðäå 0
2
πϕ≤ ≤ ,  2 2 2a x y− − = 22 ρ−a . 

cos2

2 2
0 0

4
a aS d d

a

π
ϕ

ρ ρ ϕ
ρ

⎧ ⎫⎪ ⎪= =⎨ ⎬
−⎪ ⎪⎩ ⎭

∫ ∫
2

2 2 cos
0

0

4 aa a d

π

ϕρ ϕ− − =∫  

2
2 2

0

4 (1 sin ) 4 1 . .
2

a d a kw birlik

π

πϕ ϕ ⎛ ⎞= − = −⎜ ⎟
⎝ ⎠∫  

1867. xyz 22 =  þñòäåí 0,0,1 ===+ yxyx  òåêèçëèêëåð áèëåí 
áüëþíèï àëíàí áüëåãèíèÿ þñòþíèÿ ìåéäàíûíû òàïìàëû. 

×üçþëèøè. xyz 22 =  äåÿëåìúíè äèôôåðåíöèðëúï àëàðûñ: 
2 2 2 , ,zdz ydx xdy zdz ydx xdy= + = +  

bó éåðäåí   

=
∂
∂
x
z

z
y
,  

z
x

y
z
=

∂
∂

, 

( ) ( ) .
2

1
2

2

222

xy
yx

z
yx

y
z

x
z +

=
+

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

+  
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Ãüðíþøè éàëû, áåðëåí þñò xOy  òåêèçëèãå ñèììåòðèêäèð âå îíóÿ 

éîêàðêû áüëåãèíèÿ øó òåêèçëèãå ïðîéåêñèéàñû { }xyx −≤≤≤≤ 10,10  
þ÷áóð÷ëóãû ýìåëå ãåòèðéúð. Îíäà  

=
+

= ∫∫
−≤≤

≤≤

dxdy
xy
yxS

xy
x

10
10 2

2 ( )∫∫
−≤≤

≤≤

−− =+

xy
x

dxdyyxyx

10
10

2/12/12/12/12  

( )

( ) ( )

1 1
1/2 1/2 1/2 1/2

0 0
1

1/2 3/21/2 1/2

0

2

12 2 1 1 .
3 2

x

dx x y x y dy

x x x x dx π

−
− −

−

= + =

⎛ ⎞= − + − =⎜ ⎟
⎝ ⎠

∫ ∫

∫
 

1868.  xyz 22 =  þñòþÿ 1, 4, 0x y z= = =  òåêèçëèêëåð áèëåí áüëþíèï 
àëíàí áüëåãèíèÿ ìåéäàíûíû òàïìàëû. 

1869. 4=++ zyx  òåêèçëèãèÿ 2,2,0,0 ==== yxyx  òåêèçëèêëåð áèëåí 
áüëþíèï àëíàí áüëåãèíèÿ þñòþíèÿ ìåéäàíûíû òàïìàëû. 

1870.  1=++
c
z

b
y

a
x

 òåêèçëèãèÿ êîîðäèíàòà òåêèçëèêëåðèíèÿ àðàsûíäàêû 

áüëåãèíèÿ þñòþíèÿ ìåéäàíûíû òàïìàëû. 
1871.. )0(,222 ≥=+ zRyx öèëèíäðèÿ nxzmxz == we , )0( >> nm  

òåêèçëèêëåðèÿ àðàsûíäàêû þñòþíèÿ ìåéäàíûíû õàñàïëàìàëû.  

1872. 2222 rzyx =++  ñôåðàíûÿ )(,12

2

2

2

ab
b
y

a
x

≤=+  öèëèíäðèÿ 

è÷èíäúêè áüëåãèíèÿ þñòþíèÿ ìåéäàíûíû õàñàïëàìàëû. 

¸ 6. Iêèãàò èíòåãðàëûÿ ìåõàíèêàäà óëàíûëûøû 

Ãîé, хOу  òåêèçëèêäå ãàëûÿëûãû êè÷è áîëàí òåêèç ïëàñòèíêà áåðëåí 

áîëñóí. Îíóÿ ìåéäàíûíû S  áèëåí áåëãèëúëèÿ. Åãåð ïëàñòèíêàíûÿ ãàëûÿëûãû 
éåòåðëèê êè÷è áîëñà, îíäà îíóÿ äûêûçëûãûíà ãàðàìàñàê õåì áîëàð. 

Øåéëå ïëàñòèíêàíûÿ áåðëåí íîêàòäàêû þñò äûêûçëûãûíà, øîë íîêàäû 
÷úêëåíäèðéúí îáëàñòûÿ ìåéäàíûíûÿ ìàññàñûíûÿ, îíóÿ ìåéäàíûíà áîëàí 
ãàòíàøûãû õüêìþíäå ñåðåäèëéúð. Ãüðíþøè éàëû øåéëå êåñãèòëåíåí þñò 
äûêûçëûãû áåðëåí íîêàäûÿ éåðëåøèøèíå áàãëûäûð. Áàøãà÷à àéäàíûìûçäà, øîë 
íîêàäûÿ êîîðäèíàòàëàðûíà ãüðú ôóíêöèéàäûð:  

 
),( yxμμ =  

Îíäà 
à) ïëàñòèíêàíûÿ m  ìàññàñû àøàêäàêû ôîðìóëà áèëåí òàïûëéàð 
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.),(∫∫=
D

dxdyyxm μ      (1) 

á) OyOx we  êîîðäèíàòà îêëàðûíà ãüðú ïëàñòèíêàíûÿ xM  âå yM  

ñòàòèêè ìîìåíòëåðè àøàêäàêû äåÿëèêëåð áèëåí êåñãèòëåíéúð: 
 

,),(∫∫=
D

x dxdyyxyM μ        (2) 

.),(∫∫=
D

y dxdyyxxM μ        (3) 

¡) Ïëàñòèíêàíûÿ àãûðëûê ìåðêåçèíèÿ cx  âå cy  êîîðäèíàòàëàðûíû 
àøàêäàêû äåÿëèêëåð áèëåí êåñãèòëåéúðëåð:  

    ,
m

M
x y

c =        (4)   

   .
m

My x
c =         (5) 

d) OyOx,  êîîðäèíàòà îêëàðûíà âå êîîðäèíàòàëàð áàøëàíãûùûíà ãüðú 

ïëàñòèíêàíûÿ xI , yI  âå 0I  èíåðñèéà ìîìåíòëåðè àøàêäàêû ôîðìóëàëàð 

áèëåí òàïûëéàð:  

    ,),(2∫∫=
D

x dxdyyxyI μ
   

(6) 

    ,),(2∫∫=
D

y dxdyyxxI μ
   

(7) 

    .),()( 22
0 ∫∫ +=

D

dxdyyxyxI μ    (8) 

Áèðùûíñëû ïëàñòèíêàëàð þ÷èí сonstμ =  éà-äà õàñ éüíåêåéëèê þ÷èí 
1=μ  äèéèï êàáóë ýäåðèñ. 

1873. 2 , 2 , ( 0)ay x x y a a= + = > parabola we göni ÷ûçûê áèëåí 
÷úêëåíåí áèðùûíñëû ïëàêñòèíêàíûÿ àãûðëûê ìåðêåçèíèÿ êîîðäèíàòàëàðûíû 
òàïìàëû. 

×üçþëèøè. ayx 2=+  ãüíè ÷ûçûê âå 
a
xy

2

=  ïàðàáîëà àásñèñàëàðû 

axax =−= we2  áîëàí íîêàòëàðäà êåñèøéúðëåð. Îíäà áèðùûíñëû ïëàñòèíêà 
àøàêäàêû  éàïûê îáëàñòäûð: 

2

2 , 2 .xD a x a y a x
a

⎧ ⎫
= − ≤ ≤ ≤ ≤ −⎨ ⎬
⎩ ⎭

 

Ïëàñòèíêàíûÿ ìàññàñû àøàêäàêû èíòåãðàë áèëåí òàïûëéàð:  
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2

2 2
2

2 2

92 ,
2

a a x a

a ax
a

xm dx dy a x dx a
a

−

− −

⎛ ⎞
= = − − =⎜ ⎟

⎝ ⎠
∫ ∫ ∫  

 
2

2 3
3

2 2
2 2

2 2 2 ,
9 9 2

a a x a

c
a ax

a

x ax xdx dy ax x dx
a a a

−

− −

⎛ ⎞
= = − − = −⎜ ⎟

⎝ ⎠
∫ ∫ ∫  

 

 
2

2 4
2

2 2 2
2 2

2 1 8(2 ) .
9 9 5

a a x a

c
a ax

a

xy dx ydy a x dx a
a a a

−

− −

⎡ ⎤
= = − − =⎢ ⎥

⎣ ⎦
∫ ∫ ∫  

 1874. 2 2 2( ) ( ) , 0, 0, (0 )x a y a a x y x a− + − = = = ≤ ≤  ÷ûçûêëàð áèëåí 
÷úêëåíåí áèðùûíñëû ïëàñòèíêàíûÿ OyOx we  êîðäèíàòàëàð îêëàðûíà ãüðú 
èíåðñèéà ìîìåíòèíè òàïìàëû. 

 1875. Ýãåð R  ðàäèóñëû òåãåëåê ïëàñòèíêàíûÿ õåð áèð íîêàäûíäàêû 

),( yxμ  þñò äûêûçëûãû îíóÿ ýðêèí ( )yx, íîêàäû áèëåí ìåðêåçèíèÿ 

àðàëûãûíäàêû óçàêëûãà ïðîïîðñèîíàë áîëñà, éàãíû 
 

,),( 22 yxkyx +=μ  
 

onda îíóÿ ìàññàñûíû òàïìàëû. 
×üçþëèøè. (1) ôîðìóëàíû óëàíàëûÿ: 

.22∫∫ +=
D

dxdyyxkm
 

Áó éåðäå D  èíòåãðèðëåìå îáëàñòû 222 Ryx ≤+  òåãåëåêäèð. 
Ïîëéàð êîîðäèíàòàëàðà ãå÷èï, àëàðûñ:  

.
3
2

3
2

2

0

3

0

3

0
∫ ∫ =⋅⋅=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

π

πρπϕρρρ Rkkddkm
RR

 

1876. R  ðàäèóñëû, D  ìåéäàíëû òåãåëåãèÿ O ìåðêåçå ãüðú èíåðöèéà 
ìîìåíòèíè õàñàïëàìàëû. 

×üçþëèøè. (8) ôîðìóëàíû óëàíàëûÿ: 

.)( 22
0 ∫∫ +=

D

dxdyyxI  

Èíòåãðàëû õàñàïëàìàê þ÷èí ïîëéàð êîîðäèíàòàëàðûíà ãå÷åëèÿ: 
cos , sin , , .x y I Rρ ϕ ρ ϕ ρ ρ= = = =  
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Îíäà àëàðûñ: 
2 4

2
0

0 0

( ) .
2

R RI d d
π πρ ρ ρ ϕ= =∫ ∫  

1877. Õåð áèð íîêàäûíäà þñò äûêûçëûãû y  áîëàí ,12 xy −=  
0,0 == xy  ÷ûçûêëàð áèëåí ÷úêëåíåí D  figuranyň Oy  îêà ãüðú èíåðñèéà 

ìîìåíòèíè õàñàïëàìàëû (99-íùy ÷yzgy). 

 
   99-íùy ÷yzgy 

( )
11 1 1 12 2

2 2

0 0 0 00

1 1( ) 1 .
2 2 24

xx

y
x yI yx dydx dx x x dx

−−

= = = − =∫ ∫ ∫ ∫  

1878. 12

2

2

2

=+
b
y

a
x

 ýëëèïñèÿ äüðòäåí áèðèíèÿ àãûðëûê ìåðêåçèíèÿ 

êîoðäèíàòàëàðûíû êåñãèòëåìåëè (þñò äûêûçëûãû 1=μ ) (100-íùi ÷yzgy).  
×üçþëèøè. 

 
    100-íùi ÷yzgy 

(4) ôîðìóëàíû óëàíàëûÿ: 
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( )

2 2

2 2

3
2 22 2 2

0 0
0 0

0 0

1
3 4 ,1 1 3

4 4

b a xa a
aa

c b a xa a

xdy dx bb a xa x xdx
aa ax

ab ab
dy dx

ππ π

−

−

⎛ ⎞
⎜ ⎟
⎜ ⎟ − −−⎜ ⎟
⎝ ⎠= = = =
⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

∫ ∫ ∫

∫ ∫

 

2 2

0 0 4 .1 3
4

b a x
a a

c

ydy dx

by
ab ππ

−⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠= =

∫ ∫
 

1879. Òàðàïëàðû ba we  áîëàí áèðùûíñëû ãüíþáóð÷ëóãûÿ a  òàðàïà 
ãüðú ñòàòèêè mîìåíòèíè òàïìàëû. 

×üçþëèøè. Êîîðäèíàòàëàð áàøëàíãûùûíû ãüíþáóð÷ëóãûÿ áèð äåïåñèíäå 
éåðëåøäèðèï, Ox  îêóÿ óãðóíû a  òàðàïûÿ óãðûíà óãðóêäûðàëûÿ. Øîíóÿ 
þ÷èí ãüíþáóð÷ëóãûÿ a  òàðàï áîéóí÷à ñòàòèêè ìîìåíòè Ox  îêà ãüðú 
ñòàòèêè ìîìåíòèíå äåÿäèð. (2) ôîðìóëàíûÿ ýñàñûíäà àëàðûñ:    

2 2 2
2

0 0 0 0 00

1 .
2 2 2 2

b aa b a a

a x
b b abM M dx ydy y dx dx x= = = = = =∫ ∫ ∫ ∫  

1880. 42we44 22 +−=−= xyxy  ïàðàáîëàëàð áèëåí ÷úêëåíåí 
îáëàñòûÿ ìåéäàíûíûÿ àãûðëûê ìåðêåçèíèÿ êîîðäèíàòàëàðûíû êåñãèòëåìåëè. 

1881. 2xay =  ïàðàáîëà âå )0(,2 >= ay  ãüíè ÷ûçûê áèëåí ÷úêëåíåí 
áèðùûíñëû ïëàñòèíêàíûÿ àãûðëûê ìåðêåçèíèÿ êîîðäèíàòàëàðûíû êåñãèòëåìåëè. 

1882. byyaxx ==== ,0,,0  ãüíþëåð áèëåí ÷úêëåíåí 
ãüíþáóð÷ëóãûÿ êîîðäèíàòàëàð áàøëàíãûùûíà ãüðú èíåðöèéà ìîìåíòèíè 
òàïìàëû. 

1883. 0,0, ===+ yxayx  ÷ûçûêëàð áèëåí ÷úêëåíåí øåêèëèÿ 
àãûðëûê ìåðêåçèíèÿ êîîðäèíàòàëàðûíû òàïìàëû. 

1884. )20(),cos1(),sin( π≤≤−=−= ttayttax  öèêëîèäà âå 0=y  
÷ûçûê áèëåí ÷úêëåíåí øåêèëèÿ àãûðëûê ìåðêåçèíèÿ êîîðäèíàòàëàðûíû 
òàïìàëû. 

1885. 4=xy  ãèïåðáîëà âå 5=+ yx  ãüíè ÷ûçûê áèëåí ÷úêëåíåí 
ìåéäàíûÿ yx =  ãüíè ÷ûçûãà ãüðú èíåðöèéà ìîìåíòèíè õàñàïëàìàëû. 
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¸ 7. Þ÷ãàò èíòåãðàëëàð âå îëàðûÿ õàñàïëàíûëûøû 

Ãîé, giňişligiň V  îáëàñòynäà ),,( zyxf  ôóíêöèéà êåñãèòëåíåí áîëñóí. 

V  îáëàñòû umumy nokatlary bolmadyk nVVV ΔΔΔ ,...,, 21  g«wrþmleri 

áîëàí, nVVV ,...,, 21   îáëàñòëàðà áüëåëèÿ. Õåð áèð iV  îáëàñòäà ),,( iii zyx  

íîêàäû àëìàê áèëåí, áåðëåí ôóíêöèéàíûÿ ),,( iii zyx  íîêàòäàêû áàõàñûíû 

iV  îáëàñòûÿ ãüâðþìèíå êüïåëäèï, èíòåãðàë ùåìè äþçåëèÿ:  

( )
1

, , .
n

i i i i
i

f x y z Vσ
=

= Δ∑      (1) 

Êåñãèòëåìå.  Eger  0axdiamVi →= mλ  bolanda (1)-nji èíòåãðàë ùåìèÿ 

òþêåíèêëè ïðåäåëè áàð áîëñà, øîë ïðåäåëå ),,( zyxf  ôóíêöèéàäàí V  îáëàñò 
áîéóí÷à àëíàí þ÷ãàò èíòåãðàë äèéèëéúð âå àøàêäàêû ãüðíþøäå áåëãèëåíéúð:   

( ) ( )∫∫∫ ∑
=

Δ=
V

n

i
iiii VzyxfdVzyxf .,,lim,,

1

 
Þ÷ãàò èíòåãðàëûÿ õúñèéåòëåðè õåì èêèãàò èíòåãðàëûÿ õúñèéåòëåðèíå 

ìåÿçåøäèð. 
Şunlukda, dåêàðò êîîðäèíàòàëàð sistemasynda ãüâðþì hasaplamagyň 

formulasyny àøàêäàêû ãüðíþøäå éàçûï áèëåðèñ: 
 

( , , )
V

f x y z dV∫∫∫ ( , , ) .
V

f x y z dxdydz= ∫∫∫      

xOy  òåêèçëèãå ïðîéåêñèéàñû { }dycbxaP ≤≤≤≤= ,  ãüíþáóð÷ëóê áîëàí 

{ }lzkdycbxaV ≤≤≤≤≤≤= ,,  ïàðàëëåëåïèïåä áîéóí÷à àëíàí þ÷ãàò 
èíòåãðàëû õàñàïëàìàê þ÷èí àøàêäàêû ôîðìóëà äîãðóäûð: 
 

    =∫∫∫
V

dxdydzzyxf ),,( .),,(∫ ∫ ∫
b

a

d

c

l

k

dzzyxfdydx    (2) 

Ãîé, àøàêäàí ),(1 yxzz =  þñò áèëåí, éîêàðäàí áîëñà ),(2 yxzz =  þñò 
áèëåí, ãàïäàëäàí áîëñà öèëèíäðèê þñò áèëåí ÷úêëåíåí ýãðè÷ûçûêëû îáëàñò 
áåðëåí áîëñóí.  

Øó îáëàñòûÿ xOy  òåêèçëèãå áîëàí ïðîéåêñèéàñû D  áîëñà, àøàêäàêû 
ôîðìóëà äîãðóäûð 
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=∫∫∫
V

dxdydzzyxf ),,( .),,(
),(2

),(1

∫∫ ∫
D

yxz

z yx

dzzyxfdxdy  

1886. Ýãåð V  îáëàñò  xyzxyx ≤≤≤≤≤≤ 0,0,10   äåÿñèçëèêëåð 

áèëåí êåñãèòëåíåí áîëñà  ∫∫∫=
V

zdxdydzyxI 23  èíòåãðàëû õàñàïëàìàëû. 

×üçþëèøè. Àëàðûñ: 

∫ ∫ ∫ ∫ ∫ ===
1

0 0 0

1

0 0
0

2
2323

2

x xy x
xy dxzyxdxzdzyxdydxI ∫ ∫ =

1

0 0

45

2

x

dyyxdx  

 
1 15 5 10

0 00

1 .
2 5 10 110

x
x y xdx dx= ⋅ = =∫ ∫  

1887. 12

2

2

2

2

2

=++
c
z

b
y

a
x

 ýëëèïñîèä áîéóí÷à àëíàí ∫∫∫
V

dxdydzx2  þ÷ãàò 

èíòåãðàëû hàñàïëàìàëû. 
×üçþëèøè. 

2

V

x dxdydz =∫∫∫ .22∫ ∫∫ ∫
− −

=
a

a S

a

a
yz

yz

dxSxdydxdxx  

Áó éåðäå yzS  ýëëèïñèÿ ìåéäàíûäûð. 

2 2 2

2 2 21 , const,y z x x
b c a

+ = − =   

   
).1(11 2

2

2

2

2

2

a
xbc

a
xc

a
xbSyz −=−⋅−= ππ

 
Øóíëóêäà 

  
=∫∫∫

V

dxdydzx2 .
15
4)1( 3

2

2
2∫

−

=−
a

a

bcadx
a
xxbc ππ

 

1888.  2 2 2( )
V

x y z dV+ +∫∫∫  èíòåãðàëû { }czbyaxV ≤≤≤≤≤≤= 0,0,0  

ïàðàëëåëåïèïåä áîéóí÷à õàñàïëàìàëû. 
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×üçþëèøè. 

=++∫∫∫
V

dVzyx )( 222 =
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎭
⎬
⎫

⎩
⎨
⎧

++∫ ∫ ∫ dxdydzzyx
a b c

0 0 0

222 )(  

 

∫∫ ∫ =⎥
⎦

⎤
⎢
⎣

⎡
++=⎥

⎦

⎤
⎢
⎣

⎡
++=

aa b

dxcbcbbcxdxdyccycx
0

33
2

0 0

3
22

33
)

3
(  

 

 ).(
3333

222
333

cbaabcabccabbca
++=++=     

 

1889.  ∫∫∫ −+
V

dVzyx )32(  èíòåãðàëû  

  )0,0(,,0,0,,0 >>=+==== babyxyxazz  
þ÷ãðàíëû ïðèçìà áîéóí÷à õàñàïëàìàëû. 

×üçþëèøè. 0),(,0),( 21 == yxzyxz . Ïðèçìàíûÿ xOy  òåêèçëèãå 
ïðîéåêñèéàñû byxyx =+== ,0,0  ãüíè ÷ûçûêëàð áèëåí ÷úêëåíåí 
þ÷áóð÷ëóêäûð. Îíäà àëàðûñ: 

=−+∫∫∫
V

dVzyx )32( ∫∫ ∫ =
⎭
⎬
⎫

⎩
⎨
⎧

−+
1 0

)32(
S

a

dSdzzyx  

  ∫∫ ∫ ∫
−

=⎥
⎦

⎤
⎢
⎣

⎡
−+=⎥

⎦

⎤
⎢
⎣

⎡
−+=

1 0 0

22

2
)32(

2
)32(

S

b xb

dyaayxdxdSaayx .
4
1

6
3 223 baab −  

 
1890. Ýãåð V  ùèñèì 

2210,2,
2
10 yxzxyxx −−≤≤≤≤≤≤  

äåÿñèçëèêëåð áèëåí êåñãèòëåíåí áîëñà, 
 

∫∫∫
V

zdxdydz  

èíòåãðàëû õàñàïëàìàëû. 
×üçþëèøè.  

    =∫∫∫
V

zdxdydz
2 2

2 2

1 1
12 22 2 12

0
0 0 0

1
2

x yx x
x y

x x

dx dy zdz dx z dy
− −

− −⎛ ⎞= =⎜ ⎟
⎝ ⎠∫ ∫ ∫ ∫ ∫  
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∫ ∫∫ =
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−=−−=

x

x

x

x

dxyyxydyyxdx
2 2

1

0

23
222

2
1

0 32
1)1(

2
1

 

∫ ∫ =⎟
⎠
⎞

⎜
⎝
⎛ −=⎟

⎠
⎞

⎜
⎝
⎛ ++−−−=

2
1

0

2
1

0

33333

3
10

2
1

3
1

3
822

2
1 dxxxdxxxxxxx  

1
2

2 4

0

1 1 5 1 1 5 1 7 .
2 2 6 2 8 6 16 192

x x⎡ ⎤ ⎡ ⎤= − = − ⋅ =⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
 

1891. Ýãåð V  ùèñèì 1222 =++ zyx  ñôåðà âå 0,0,0 === zyx  

òåêèçëèêëåð áèëåí ÷úêëåíåí áîëñà ∫∫∫
V

xyzdxdydz èíòåãðàëû õàñàïëàìàëû. 

1892. Ýãåð V ùèñèì ,0,0,1 ===++ yxzyx 0=z  òåêèçëèêëåð áèëåí 

÷úêëåíåí òåòðàåäð áîëñà ∫∫∫
V

dxdydzzyxf ),,(  iíòåãðàëûÿ ÷úêëåðini ãîéìàëû. 

1893. ∫ ∫ ∫
− −−1

0

1

0

1

0

x yx

xyzdzdydx  iíòåãðàëû õàñàïëàìàëû. 

     
1894. Ýãåð V ùèñèì êîîðäèíàòà òåêèçëèêëåðè âå 1=++ zyx  òåêèçëèê 

áèëåí ÷úêëåíåí áîëñà  ∫∫∫ ++V zyx
dxdydz

2)(
  èíòåãðàëû õàñàïëàìàëû. 

1895 Ýãåð V  ùèñèì 5,2,2,0,3,1 ====== zzyyxx  òåêèçëèêëåð 

áèëåí ÷úêëåíåí áîëñà  ∫∫∫
V

zdxdydzyx 22  èíòåãðàëû õàñàïëàìàëû. 

1896. Ýãåð V  îáëàñò 122 =+ yx  öèëèíäð âå 3,0 == zz  òåêèçëèêëåð 

áèëåí ÷úêëåíåí áîëñà ∫∫∫
V

xdxdydz èíòåãðàëû õàñàïëàìàëû. 

¸ 8. Þ÷ãàò èíòåãðàëëàðäà öèëèíäðik âå ñôåðik êîîðäèíàòàëàðà ãå÷ìåê 

Þ÷ãàò èíòåãðàëëàðû õàñàïëàìàíû éåÿèëëåøäèðìåê þ÷èí êüïëåí÷ 
õàëàòëàðäà îðíóíà ãîéìàíû óëàíìàê àìàòëû áîëéàð. Öèëèíäðik âå ñôåðik 
êîîðäèíàòàëàðà ãå÷èï, îðíóíà ãîéìàêëûãà ãàðàëûÿ. 

Ãîé, , we zϕ ρ  þéòãåéúí óëóëûêëàð zyx we,  óëóëûêëàð áèëåí  
   cos sin ,x y z hρ ϕ ρ ϕ= = = ,     (1) 
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0 2 , 0 , .zϕ π ρ≤ ≤ ≤ ≤ +∞ −∞ < < +∞  
ãàòíàøûêëàð áèëåí áàãëàíûøéàí áîëñóíëàð. 

Îíäà þ÷ãàò èíòåãðàëäà ãüíþáóð÷ëû êîîðäèíàòàëàð sistemasyndan 
öèëèíäðik êîîðäèíàòàëàð sistemasyna ãå÷ìåêëèê àøàêäàêû ôîðìóëà áèëåí 
àìàëà àøûðûëéàð: 

 

( , , )
V

f x y z dxdydz =∫∫∫
'

( cos , sin , )
V

f z d d dzρ ϕ ρ ϕ ρ ρ ϕ∫∫∫    (2) 

Áó éåðäå 'V  öèëèíäðik êîîðäèíàòàëàðäàêû îáëàñòäûð. 
     
 
 
 
 
 

 
 
 
 
 

101-íùè ÷yzgy 

Ñôåðik âå äåêàðò êîîðäèíàòàëàð sistemalary àøàêäàêû ãàòíàøûêëàð áèëåí 
áàãëàíûøéàðëàð: 

cos sin , sin sin , cosx r y r z rϕ θ ϕ θ θ= = = , 2 sindV r drd dθ ϕ θ= ,  (3) 
0 2 , 0 , 0 .rφ π θ π≤ ≤ ≤ ≤ ≤ < +∞  
Œ÷ãàò èíòåãðàëäà x,y,z ululyklary (3) formulalar bilen calşyrsak, 

güwrþmi tapmak àøàêäàêû ôîìóëà áèëåí àìàëà àøûðûëéàð: 

( , , )
V

f x y z dxdydz =∫∫∫
 

2

'

( cos sin , sin sin , cos ) sin
V

f r r r r d d drϕ θ ϕ θ θ θ ϕ θ= ∫∫∫ .              (4) 

Áó éåðäå 'V  ñôåðik êîîðäèíàòàëàðäàêû îáëàñòäûð. 

1897. Ýãåð V  îáëàñò 2222 Rzyx ≤++  øàð áîëñà ∫∫∫
V

dxdydzx2  

èíòåãðàëû õàñàïëàìàëû. 
×üçþëèøè. Ñôåðik êîîðäèíàòàëàðynà ãå÷åëèÿ: 

cos sin , sin sin , cos ,x r y r z rϕ θ ϕ θ θ= = =  

y

x

0

z
),,( hM ϕρ=

h

ϕ
S

x

0

M
θ

P

z

ϕ

y
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=∫∫∫
V

dxdydzx2 4 3 2sin cos
V

r drd dθ ϕ ϕ θ
′

=∫∫∫  

2
3 2 4

0 0 0

sin cos
R

d d r dr
π π

θ θ ϕ ϕ= =∫ ∫ ∫
5

3 2
0

0

1sin sin 2
5 2 2
R d

π
πθ θ ϕ ϕ⎡ ⎤+ =⎢ ⎥⋅ ⎣ ⎦∫  

( ) ( )
5 5

2

0

4cos 1 cos .
5 15
R Rd

ππ πθ θ= − =∫  

1898. Ýãåð V îáëàñò 12

2

2

2

2

2

=++
c
z

b
y

a
x

 éàïûê îáëàñò áîëñà 

2 2 2

2 2 2 .
V

x y z dxdydz
a b c

⎛ ⎞
+ +⎜ ⎟

⎝ ⎠
∫∫∫  

èíòåãðàëû õàñàïëàìàëû. 
×üçþëèøè. Óìóìûëàøäûðûëàí ñôåðik êîîðäèíàòàëàðà ãå÷åëèÿ: 
 

cos sin , sin sin , cos ,x ar y br z crϕ θ ϕ θ θ= = =  
0 , 0 2 .ϕ π θ π≤ ≤ ≤ ≤  

Îíäà àëàðûñ 
2 2 2

2 2 2
V

x y z dxdydz
a b c

⎛ ⎞
+ + =⎜ ⎟

⎝ ⎠
∫∫∫

2 1
4

0 0 0

sinabc d d r dr
π π

ϕ ϕ θ =∫ ∫ ∫
02 4cos .

5 5
abc abc

π

π πϕ= =  

1899. Ýãåð V  îáëàñò xyx 222 =+  öèëèíäð âå azzy === ,0,0  
òåêèçëèêëåð áèëåí ÷úêëåíåí áîëñà, 

 

dxdydzyxz
V
∫∫∫ + 22  

èíòåãðàëû õàñàïëàìàëû. 
×üçþëèøè. Öèëèíäðik êîîðäèíàòàëàðà ãå÷åëèÿ: 

cos , sin , ,x y z zρ ϕ ρ ϕ= = =  
0 2 , 0 , ,zϕ π ρ≤ ≤ ≤ ≤ +∞ −∞ < < +∞  

=+∫∫∫ dxdydzyxz
V

22
2cos2

2 2

' 0 0 0

a

V

z d d dz d d zdz

π
φ

ρ ρ ϕ ϕ ρ ρ= =∫∫∫ ∫ ∫ ∫  

( ) ( )
2cos2 22 2 2

2 2 3 2

0 0 0 0

4 4cos 1 sin cos
2 3 3
a ad d a d d

π π π
ϕ

ϕ ρ ρ ϕ ϕ ϕ ϕ= = = − =∫ ∫ ∫ ∫  
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2 3 22
0

4 1 8sin sin .
3 3 9

a a
π

ϕ ϕ⎡ ⎤= − =⎢ ⎥⎣ ⎦
 

1900. Ýãåð èíòåãðèðëåìå îáëàñòû 2 2 2 , 1x y z z+ = =  þñòëåð áèëåí 

÷úêëåíåí áîëñà, ∫∫∫ +
V

dxdydzyx 22   èíòåãðàëû õàñàïëàìàëû. 

×üçþëèøè. Ãüðíþøè éàëû áåðëåí V  ùèñèì 22 yxz +=  êîíèê þñò âå 

1=z  òåêèçëèãèÿ áüëåãè áèëåí ÷úêëåíåíäèð. Øó ùèñèìè xOy  òåêèçëèãå 

ïðîéåêñèéàñû 122 ≤+ yx  òåãåëåêäèð. 
Áåðëåí èíòåãðàëäà öèëèíäðik êîîðäèíàòàëàðà ãå÷èï, àëàðûñ: 

{ }0 2 ,0 1, 1 ,V zϕ π ρ ρ= ≤ ≤ ≤ ≤ ≤ ≤  

 =+∫∫∫
V

dxdydzyx 22
2 1 1 1

2 2

0 0 0

2 (1 ) .
6

d d dz d
π

ρ

πϕ ρ ρ π ρ ρ ρ= − =∫ ∫ ∫ ∫  

1901. Ýãåð V  îáëàñò zzyx =++ 222  ñôåðà áèëåí ÷úêëåíåí áîëñà, 

ñôåðik êîîðäèíàòàëàðà ãå÷èï, ∫∫∫ ++
V

dxdydzzyx 222  èíòåãðàëû õàñàïëàìàëû. 

1902. Ýãåð èíòåãðèðëåìå îáëàñòû 2,222 ==+ zzyx  þñòëåð áèëåí 

÷úêëåíåí áîëñà, öèëèíäðik êîîðäèíàòàëàðà ãå÷èï, ∫∫∫ +
V

dxdydzyx )( 22  

èíòåãðàëû õàñàïëàìàëû. 

1903. Öèëèíäðik êîîðäèíàòàëàðà ãå÷èï, ∫ ∫ ∫
−

+
2

0

2

0 0

22
2xx a

dzyxzdydx  

èíòåãðàëû õàñàïëàìàëû. 
1904. Èíòåãðàëû õàñàïëàìàëû: 

2

2

1 1

0 01

.
x a

x

dx dy dz
−

− −

∫ ∫ ∫  

1905. Ýãåð V  îáëàñò 122 =+ yx  öèëèíäð âå 1,0 == yy  òåêèçëèêëåð 
áèëåí ÷úêëåíåí áîëñà, öèëèíäðik êîîðäèíàòàëàðà ãå÷èï, 

∫∫∫ ++
V

dxdydzzyx 3222 )( èíòåãðàëû õàñàïëàìàëû.  

1906.  Ýãåð V  îáëàñò 1222 ≤++ zyx  øàð áîëñà, ñôåðèê êîîðäèíàòàëàðà 
ãå÷èï,  
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3
2 2 2 21 ( )

V

x y z dxdydz+ + +∫∫∫  èíòåãðàëû õàñàïëàìàëû. 

  ¸ 9. Þ÷ãàò èíòåãðàëûÿ ìåõàíèêàäà óëàíûëûøû 

 Ãîé, ãèÿèøëèêäå ),,( zyxμ  äûêûçëûãû áîëàí V  ùèñèì áåðëåí áîëñóí: 
à) áó ùèñèìèÿ ìàññàñû 

 ∫∫∫=
V

dxdydzzyxm ),,(μ
   

    (1) 

ôîðìóëà áèëåí òàïûëéàð;  
á) OzOyOx ,,  êîîðäèíàòà îêëàðûíà ãüðú zyx III ,,  èíåðöèéà 

ìîìåíòëåðè, øåéëå õåì yOzxOzxOy ,,  êîîðäèíàòà òåêèçëèêëåðå âå 

êîîðäèíàòàëàð áàøëàíãûùûíà ãüðú 0,,, IIII xzyzxy  èíåðöèéà ìîìåíòëåðè 

àøàêäàêû ôîðìóëàëàð áèëåí òàïûëéàð: 
 

( )∫∫∫ +=
V

x dxdydzyzI μ22  

( )∫∫∫ +=
V

y dxdydzzxI μ22  

( )∫∫∫ +=
V

z dxdydzyxI μ22       (2) 

=xyI ∫∫∫
V

dxdydzz μ2 , =xzI ,2∫∫∫
V

dxdydzy μ  

,2∫∫∫=
V

yz dxdydzxI μ         (3) 

.)( 222
0 ∫∫∫ ++=

V

dxdydzzyxI μ
    

(4) 

¡) ùèñèìèÿ àãûðëûê ìåðêåçèíèÿ êîîðäèíàòàëàðû àøàêäàêû ôîðìóëàëàð 
áèëåí òàïûëéàð: 

m

xdxdydz
x V

∫∫∫
=

μ

0 ,   ,0 m

ydxdydz
y V

∫∫∫
=

μ
 

 

   .0 m

zdxdydz
z V

∫∫∫
=

μ
     (5)  
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1907. 32,3,1,0,0 =+==== zxyyzx  òåêèçëèêëåð áèëåí ÷úêëåíåí 
ïðèçìà ãüðíþøëè ùèñèìèÿ àãûðëûê ìåðêåçèíèÿ êîîðäèíàòàëàðûíû êåñãèòëåìåëè 
( ).1=μ   

×üçþëèøè. 

 
∫∫∫ ∫ ∫ ∫ ∫ ∫

−

=
−

===
V

x

dyxdxdzdydxdxdydzm
3

0

3

1

)3(
2
1

0

3

0

3

1 2
3

33
2

0 0

1 9(3 ) 3 ,
2 2

x dx x x⎡ ⎤= − = − =⎢ ⎥⎣ ⎦∫  

 
∫∫∫ ∫ ∫ ∫ ∫∫ =

−
===

−

V

x

dyxxdxdzdyxdxxdxdydzx
3

0

3

1

3

0

3

1

)3(
2
1

0
0 2

3
9
2

9
2

9
2

 

 

33
2 3

0 0

2 2 3 1(3 ) 1,
9 9 2 3

x x dx x x⎡ ⎤= − = − =⎢ ⎥⎣ ⎦∫  

 

 
∫∫∫ ∫ ∫ ∫ ∫ ∫

−

=−===
V

x

dyxydxdzydydxydxdydzy
3

0

3

1

2
3

0

3

0

3

1
0 )3(

9
1

9
2

9
2

 

 

33 2

0 0

4 4(3 ) 3 2,
9 9 2

xx dx x
⎡ ⎤

= − = − =⎢ ⎥
⎣ ⎦

∫  

 
∫∫∫ ∫ ∫ ∫ ∫ ∫

−

=
−

===
V

x

dydxxzdzdydxzdxdydzz
3

0

3

1

2
3

0

3

0

3

1

2

0 8
)3(

9
2

9
2

9
2

33

0

1 (3 ) 1 .
18 3 2

x⎡ ⎤− −
=⎢ ⎥

⎣ ⎦  

 
1908. Ìåðêåçè êîîðäèíàòàëàð áàøëàíãûùûíäà áîëàí R   ðàäèóñëû øàðûÿ 

éàðûñûíûÿ õåð áèð ),,( zyx  íîêàòäàêû F  äûêûçëûãû ýñàñû áèëåí 
àðàsynäàêû óçàêëûãà ãüíè ïðîïîðñèîíàë áîëñà, ,kxF = îíóÿ ìàññàñûíû 
òàïìàëû. 

×üçþëèøè. Ñôåðàíûÿ éîêàðêû áüëåãèíèÿ äåÿëåìåñèíè éàçàëûÿ:  
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2 2 2 .z R x y= − −  

Áó äåÿëåìúíè öèëèíäð êîîðäèíàòàëàðäà éàçàëûÿ 2 2z R ρ= − . Îíäà 

  

2 22

0 0 0

RR

V

m kz d d dz kzdz d d
ρπ

ρ θ ρ ρ ρ θ
−⎡ ⎤⎛ ⎞

⎢ ⎥⎜ ⎟= = =
⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

∫∫∫ ∫ ∫ ∫  

 

 

2 2
2 22 4 4 4 4

0 0 00

2 .
2 2 2 4 2 4 4

RR kz k R R k R k Rd d d
ρπ π πρ ρ θ θ π

−⎡ ⎤ ⎡ ⎤⎢ ⎥= = − = ⋅ =⎢ ⎥⎢ ⎥ ⎣ ⎦⎣ ⎦
∫ ∫ ∫  

 
1909. Ðàäèóñû 1-e äåÿ áîëàí áèðùûíñëû øàðûÿ üç ìåðêåçèíå ãüðú 

èíåðñèéà ìîìåíòèíè õàñàïëàìàëû. 

×üçþëèøè. Øàðûÿ ìåðòêåçèíè êîîðäèíàòàëàð áaøëaíãûùûíäà éåðëåøäèðåëèÿ. 
Îíäà øàðûÿ ìåðêåçèíå ãüðú èíåðöèéà ìîìåíòè êîîðäèíàòàëàð áàøàëàíãûùûíà 
ãüðú èíåðöèéà ìîìåíòèíå äåÿäèð. (4) ôîðìóëàíû óëàíûï àëàðûñ: 

( ) .222
0 ∫∫∫ ++=

V

dxdydzzyxI
 

Áó ènòåãðàëäà ñôåðik êîîðäòíàòàëàðà ãå÷åëèÿ 
     

cos sin , sin sin , cos ,x r y r z rϕ θ ϕ θ θ= = =  
 

0 2 , 0 , 0 1,rϕ π θ π≤ ≤ ≤ ≤ ≤ <  
 

2 1 2
14 5

0 0
0 0 0 0 0

1sin sin
5

I d d r dr d r d
π π π π

ϕ θ θ ϕ θ θ= = ⋅ =∫ ∫ ∫ ∫ ∫  

 

    
22 2 2

0
00 0 0 0

1 1 2 2 4sin ( cos ) .
5 5 5 5 5

d d d d
ππ π π π

π πϕ θ θ θ ϕ ϕ ϕ= = − = = =∫ ∫ ∫ ∫  

 
1910. Ýãåð áèðùûíñëû ïèðàìèäà 0,0,1 ===++ yxzyx  òåêèçëèêëåð 

áèëåí ÷úêëåíåí áîëñà (102-íùè ÷yzgy), îíäà хOу  êîîðäèíàòà òåêèçëèãå ã«ðú 

èíåðöèéà ìîìåíòèíè òàïìàëû. 



470 
 

×üçþëèøè. 

 
102-íùè ÷yzgy 

 
(3) ôîðìóëàíûÿ ýñàñûíäà àëàðûñ: 

   

11 1 1 1
12 2 3

0
0 0 0 0 0

1
3

x yx x
x y

xy
V

I z dxdydz dx dy z dz dx z dy
− −− −

− −
= = = =∫∫∫ ∫ ∫ ∫ ∫ ∫

 

    
( )

1 1 1 1
1 43 4

0
0 0 0 0

1 1 1(1 ) (1 ) 1
3 12 12

x
x

dx x y dy x y dx x dx
−

−
= − − = − − − = − =∫ ∫ ∫ ∫

 
1

5

0

1 1(1 ) .
60 60

x= − − =  

 
1911. czbyaxzyx ====== ,,,0,0,0  òåêèçëèêëåð áèëåí ÷úêëåíåí 

zyx ++=μ  äûêûçëûãû áîëàí ùèñèìèÿ ìàññàñûíû òàïìàëû. 

1912. xzy 42 22 =+  ïàðàáîëîèä âå 2=x  òåêèçëèê áèëåí ÷úêëåíåí 
ùèñèìèÿ àãûðëûê ìåðêåçèíè òàïìàëû. 

1913. 0,0,0,1 22 ===+==+ zyxyxzyx  òåêèçëèêëåð áèëåí 
÷úêëåíåí ùèñèìèÿ àãûðëûê ìåðêåçèíèÿ êîîðäèíàòàëàðûíû òàïìàëû. 

1914. 22 yxz +=  ïàðàáîëîèä âå 4=z  òåêèçëèê áèëåí ÷úêëåíåí ùèñèìèÿ 
êîîðäèíàòàëàð áàøëàíãûùûíà ãüðú èíåðöèéà ìîìåíòèíè òàïìàëû. 

1915. Áåéèêëèãè h , ýñàñûíûÿ ðàäèóñû a  áîëàí êîíóñûÿ äèàìåòðèíå âå 
îêóíà ( )1=μ  ãüðú èíåðöèéà ìîìåíòèíè òàïìàëû.  

1916. 0,1,1,22 =±=−±=++= zyxyxyxz  òåêèçëèêëåð áèëåí 

÷úêëåíåí áèðùûíñëû ùèñèìèÿ Oz  îêà ãüðú èíåðöèéà ìîìåíòèíè òàïìàëû. 
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XV ÁÜËÞÌ 

ÝÃÐÈ×ÛÇÛÊËÛ ÂÅ ÞÑÒ ÈÍÒÅÃÐÀËËÀÐÛ 

¸ 1. Áèðèíùè jynsly ýãðè÷ûçûêëû èíòåãðàëëàð 

Ãîé, deňlemesi   )(xfy =   þçíþêñèç ôóíêöèéà áoëaí AB  ýãðè ÷ûçûê 

áåðëåí  áîëñóí. AB  ýãðè ÷ûçûãû BAAAAA n == ,...,,, 210  íîêàòëàðûÿ 
êüìåãè áèëåí ýðêèí áüëåêëåðå áüëåëèÿ (103-íùi ÷ûçgy). 

 
      y 
 
 
    yi        B 

  Ai    
  

    Δyi 
      yi-1  Ai-1 
 
    A 
      0       x 
       xi-1     Δxi     xi     
                             

103-íùi ÷ûçgy 

Óçûíëûãû ilΔ  áîëàí õåð áèð ii AA 1−  äóãàäà äåãèøëèëèêäå iM  íîêàäû 
àëìàê áèëåí, èíòåãðàë ùåìè äþçåëèÿ: 

        .)(
0
∑
=

Δ=
n

i
iin lMfσ                     (1) 

Øó èíòåãðàë ùåì AB  ýãðè ÷ûçûãûÿ áüëåêëåðå áüëíþøèíå âå iM  
íîêàäûÿ àëíûø óñóëûíà áàãëûäûð.  

Êåñãèòëåìå. Ýãåð 0max →Δ= ii
lλ  bolanda AB  egri ÷ûçûãûÿ 

b«leklere b«lþnişine we ii AA 1−  dugada iM  nokatlary£ saélanyp alnyşyna 
bagly bolmazdan (1) èíòåãðàë ùåìèÿ tþêåíèêëè ïðåäåëè áàð áîëñà, øîë ïðåäåëå 

)(Mf  ôóíêñèéàäàí AB  åãðè áîéóí÷à àëíàí áèðèíùè ùûíñëû ýãðè÷ûçûêëû 
èíòåãðàë äèéèëéúð âå  

          ∫=
)(

)(
AB

dlMfI                      (2) 
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ãüðíþøäå áåëãèëåíéúð. 
Áèðèíùè ùûíñëû ýãðèùûçûêëû èíòåãðàëëàð àøàêäàêû éüíåêåé õúñèéåòëåðå 

ýéåäèð: 

1) ( )1 1 2 2 1 1 2 2 ;
AB l l

с f c f dl c f dl c f dl± = ±∫ ∫ ∫  

2) =∫
AB

dlMf )( ∫
AC

dlMf )( ( ) ,
CB

f M dl+ ∫  ( ).CBACAB +=  

Êåñãèòëåìåäåí ãüðíþøè éàëû áèðèíùè ùûíñëû ýãðè÷ûçûêëû èíòåãðàëëàð 
èíòåãðèðëåìåãèÿ óãðóíà áàãëû äúëäèðëåð: 

( )
AB

f M dl =∫ ( ) .
ВА

f M dl∫  

Áèðèíùè ùûíñëû ýãðè÷ûçûêëû èíòåãðàëëàðû õàñàïëàìàê þ÷èí àøàêäàêû 
ôîðìóëàëàðäàí ïåéäàëàíyléàð. 

à) Ãîé, ýãðè çyzyk ( ) ( )y x a x bϕ= ≤ ≤  äåÿëåìå áèëåí áåðëåí 
áîëñóí. Îíäà 

[ ]21 '( )dl x dxϕ= +  

 âå 

  ( )
AB

f M dl =∫ ( , ( ))
b

a

f x xϕ∫ [ ]21 '( ) .x dxϕ+           (3) 

á) Ãîé, AB  ýãðè ÷ûçûk  

       
( )

,
( )

x t
y t

ϕ
ψ

=⎧
⎨ =⎩

     ( )tα β≤ ≤  

parametrli äåÿëåìåñè bilen áåðëåí áîëñóí. Onda 

[ ] [ ]2 2'( ) '( ) ,dl t t dtϕ ψ= +  

    ( )
AB

f M dl =∫ [ ]( ), ( )f t t
β

α

ϕ ψ∫ [ ] [ ]2 2'( ) '( ) .t t dtϕ ψ+  

 ¡) Ýãåð ýãðè ÷ûçûãûÿ äåÿëåìåñè 1 2( ), ( )ρ ρ ϕ ϕ ϕ ϕ= ≤ ≤  ãüðíþøäå 
áåðèëåí áîëñà, îäíà 

   2 2( ') ,dl dρ ρ ϕ= +  

=∫
AB

dlMf )( =
2

1

( cos , sin )f
ϕ

ϕ

ρ ϕ ρ ϕ∫ 2 2( ') .dρ ρ ϕ+         (5) 

 1917. Ýãåð (1,0), (0,1) we (0,0)А В O  nokatlar ABO  þ÷áóð÷ëógyň 
äåïåëåðè áîëñà, 



473 
 

     ∫ +
ABO

dlyx )(  

ýãðè÷ûçûêëû èíòåãðàëû õàñàïëàìàëû (104-íùi ÷ûçgy). 
 ×üçþëèøè. 

 
104-íùi ÷ûçgy 

Áó éåðäå AB  ãüíi ÷ûçûãûÿ äåÿëåìåñè xy −=1 , -OB íèÿ äåÿëåìåñè 
0=x  âå -OA íûÿ äåÿëåìåñè áîëñà 0=y . Øîíóÿ þ÷èí àëàðûñ:  

 

=+∫
C

dlyx )( ++∫
AB

dlyx )( ++∫
BO

dlyx )( =+∫
OA

dlyx )(  

  .122
1

0

1

0

1

0

+=++= ∫∫∫ xdxydydx  

    1918. Eger C, deňlemesi ( sin ), (1 cos ),x a t t y a t= − = −  
(0 2 )t π≤ ≤  bolan egri ÷ûçûk bolsa, onda 

2

С

y dl∫  

bèðèíùè ùûíñëû ýãðè÷ûçûêëû èíòåãðàëû õàñàïëàìàëû. 
×üçþëèøè.   ,sin'),cos1(' taytax tt =−=  

 
2 2 2 sin .

2t t
tdl x y dt a dt′ ′= + =  

Øóíëóêäà, 

 2

С

y dl =∫ ( )
2

23

0

2 1 cos sin
2
tа t dt

π

− =∫
22 3

3 2

0

268 1 cos sin .
2 2 15
t t aa dt

π ⎛ ⎞− =⎜ ⎟
⎝ ⎠∫  

 1919. )0,0(O  we )2,1(A  íîêàòëàðû áèðëåøäèðéúí C ýãðè ÷ûçûê 
boéun÷a 
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y

x0 B

)1,1(A

xy =

2xy =

    2 2 4k

dl
x y+ +

∫        

ýãðè÷ûçûêëû èíòåãðàëû õàñàïëàìàëû. 
×üçþëèøè. )0,0(O  we )2,1(A  íîêàòëàðû áèðëåøäèðéúí ãüíi ÷ûçûãûÿ 

äåÿëåìåñè xy 2=   ãüðíþøäåäèð: 

.5'1,2' 2 dxdxydly =+==  
Îíäà àëàðûñ:  
 

2 2 4C

dl
x y

=
+ +

∫ ∫ ∫ =
+

=
++

1

0

1

0
222 4)5(

)5(
44

5

x

xd
xx
dx

 

.
2

35ln455ln
1

0

2 +
=++= xx  

 
1920.   Egri÷yzykly iíòåãðàëû õàñàïëàìàëû. 
 .

l

I xdl= ∫  

à) )0,0(, OI  we )1,1(A  íîêàòëàðû áèðëåøäèðéúí êåñèì; 
á) øó íîêàòëàðû áèðëåøäèðéúí ïàðàáîëàíûÿ äóãàñû. 
 ×üçþëèøè. à) OA ãüíi ÷ûçûãûÿ äåÿëåìåñè xy =  áîëéàð. 1=′y   

21 2 ,dl y dx dx′= + =  

== ∫
l

xdlI .
2
2

2
22

1

0

21

0

==∫
xdxx  

             
 
 
 
 
 

 
 
 
 
 
 
 

105-íùè ÷ûçgy 
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á) 2 2, 2 , 1 4y x y x dl x dx′= = = + , 
                

== ∫
l

xdlI
1 1 1

2 2 22

0 0

11 4 (1 4 ) (1 4 )
8

x x dx x d x+ = + + =∫ ∫  

( )
13

2 2

0

1 1(1 4 ) 5 5 1 .
12 12

x= + = −  

 1921. Ýãåð , (0,0)L O  íîêàòäàí )1,1(B  íîêàäà ÷åíëè 2yx =  
ïàðàáîëàíûÿ äóãàñû áîëñà (106-íùy ÷ûçgy) 

∫=
L

xydlI  

egri÷yzykly èíòåãðàëû õàñàïëàìàëû. 
 ×üçþëèøè. 

           
106-íùy ÷ûçgy 

 

   ,41, 22 dyydlyx +==  

   == ∫
L

xydlI .
120
1

24
55)1(

32
141

1

0

5

1

22∫ ∫ +=−=+ dtttdyyyy  

 1922. Ýãåð )10(.,
2

3,, 3
2

≤≤=== ttztytxC  ýãðè ÷yzygyň äóãàñû 

áîëñà 

         ∫ +
C

dlzx )(  

egri÷yzykly èíòåãðàëû õàñàïëàìàëû. 
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 ×üçþëèøè. 

  2 2 46' 1, ' , ' 3 , 1 18 9 .
2t t t
tx y z t dl t t dt= = = = + +  

Øóíëóêäà, 

=+∫
C

dlzx )( ( )∫ +
1

0

3tt 2 41 18 9t t dt+ + =  

( )
1

3

0

1 36 36
36

t t= +∫ 2 41 18 9t t dt+ + , 

2 4 31 18 9 , (36 36 ) ,t t u t t dt du+ + = + =  

  ( )
2828

3/2

11

1 2 1( ) 56 7 1
36 108 54c

x z dl udu u+ = = −∫ ∫ . 

1923. Ýãåð )0,4(we)2,0(, BAL −  íîêàòëàðû áèðëåøäèðéúí 2
2
1

−= xy  

ãüíi ÷yzygyň êåñèìè áîëñà ∫ −L yx
dl

 egri÷yzykly èíòåãðàëû õàñàïëàìàëû. 

 1924. Ýãåð L , äåïåëåðè )2,0(,)2,4(,)0,4(,)0,0( CBAO  íîêàòëàðda 
áîëàí ãüíþáóð÷ëók áîëñà  

                    ∫ −L yx
dl

 

egri÷yzykly èíòåãðàëû õàñàïëàìàëû. 
1925. Ýãåð L deňlemesi ),cos(sin),sin(cos tttaytttax −=+=

( )π20 ≤≤ t  bolan ýãðè ÷yzygyň äóãàñû áîëñà 2 2

L

x y dl+∫  egri÷yzykly 

èíòåãðàëû õàñàïëàìàëû. 

 1926. Ýãåð L, 3
2

3
2

3
2

ayx =+  àñòðîèäàíûÿ äóãàñû áîëñà 

         ∫ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

L

dlyx 3
4

3
4

 

egri÷yzykly èíòåãðàëû õàñàïëàìàëû. 
 1927. Ýãåð L , äåÿëåìåñè ,,sin,cos btztaytax ===  ( )π20 ≤≤ t  

áîëàí ýãðè ÷yzygyň äóãàñû áîëñà 
( )∫ ++

L

dlzyx 222  

egri÷yzykly èíòåãðàëû õàñàïëàìàëû. 
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¸ 2. Èêèíùè jynsly ýãðè÷ûçûêëû èíòåãðàëëàð 

Ãîé, AB  ýãðè ÷ûçûêäà þçíþêñèç ),( yxf  ôóíêñèéà áåðëåí áîëñóí. 

AB  ýãðè ÷ûçûãû BAAAAA n == ,...,,, 210  íîêàòëàðûÿ êüìåãè áèëåí ýðêèí 

áüëåêëåðå  áüëåëèÿ. Her bir 1+ii AA   äóãàäà  èñëåíäèê iM  íîêàäû  àëìàê 

áèëåí ),()( iii yxfMf =  ôóíêöèéàíûÿ áàõàñûíû duganyň iii xxx −=Δ +1  
ïðîéåêñèéàñûíà êüïåëäèï, èíòåãðàë ùåìè äþçåëèÿ: 

     

     =Δ= ∑
=

n

i
iin xMf

0
)(σ .),(

0
∑
=

Δ
n

i
iii xyxf          (1) 

 
Êåñãèòëåìå. Ýãåð 0max 1 →= +iii

AAλ  áîëàíäà iM  íîêàäûÿ àëíûøûíà 

âå äóãàíûÿ áüëåêëåðå áüëþíèøèíå áàãëû áîëìàçäàí, (1) èðòåãðàë ùåìèÿ 
òþêåíèêëè ïðåäåëè áàð áîëñà, øîë ïðåäåëå ),( yxf  ôóíêöèéàäàí AB  ýãðè 
÷ûçûê áîéóí÷à àëíàí èêèíùè ùûíñëû (òåðòèïëè) ýãðè÷ûçûêëû èíòåãðàë äèéèëéúð 
âå àøàêäàêû éàëû áåëãèëåíéúð: 

            
( )

AB

I f M dx= =∫ .),(∫
AB

dxyxf
                     

(2) 

Øåéëå õåì 
* ( )

AB

I f M dy= =∫ ∫
AB

dyyxf ),(  

ýãðè÷ûçûêëû èíòåãðàë êåñãèòëåíèëéúð. 
Ýãåð AB  ýãðè ÷ûçûêäà ),()(),,()( yxQMQyxPMP ==  ôóíêöèéàëàð 

êåñãèòëåíåí áîëñà âå 

 =∫
ÀB

dxMf )( ( , )
АB

P x y dx∫ , ( ) ( , )
AB AB

Q M dy Q x y dy=∫ ∫  

èíòåãðàëlar áàð áîëñà, îíäà áèç óìóìû ãüðíþøäå àëíàí èêèíùè ùûíñëû 
(òåðòèïëè) ýãðè÷ûçûêëû èíòåãðàëû éàçûï áèëåðèñ: 

.),(),(),(),(∫ ∫ ∫+=+
AB AB AB

dyyxQdxyxPdyyxQdxyxP         (3) 

Èêèíùè ùûíñëû ýãðè÷ûçûêëû èíòåãðàëëàð èíòåãðèðëåìåãèÿ óãðóíà 
áàãëûäûðëàð. 

  ( , ) ( , ) , ( , ) ( , ) .
AB BA AB BA

f x y dx f x y dx f x y dy f x y dy= − = −∫ ∫ ∫ ∫  

Èêèíùè ùûíñëû ýãðè÷ûçûêëû èíòåãðàëëàðû õàñàïëàìàê þ÷èí àøàêäàêû 
ôîðìóëàëàðäàí ïåéäàëàíéàðëàð. 
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Ýãåð-äå AB  ýãðè÷ûçûê ( ), ( )y x xϕ α β= ≤ ≤  àíûê äåÿëåìå áèëåí 
áåðëåí áîëñà, èêèíùè ùûíñëû ýãðè÷ûçûêëû èíòåãðàëû õàñàïëàìàãûÿ ôîðìóëàñû 
àøàêäàêû ãüðíþøäåäèð: 

{ }( , ( )) ( , '( )) .
AB

Pdx Qdy P x x Q x x dx
β

α

ϕ ϕ+ = +∫ ∫             (4) 

Ýãåð-äå AB  ýãðè ÷ûçûê ), ( ), ( )x t y t tϕ ψ α β= = ≤ ≤  ïàðàìåòðli 
äåÿëåìå áèëåí áåðèëåí áîëñà, îíäà àøàêäàêû ôîðìóëà äîãðóäûð:                  

{ },( ( ), ( ) ( )) ( ( ), ( )) '( )) .
AB

Pdx Qdy P t t t Q t t t dt
β

α

ϕ ψ ϕ ϕ ψ ψ+ = +∫ ∫        (5) 

1928. 2 33 ( 1)
АB

x ydx x dy+ +∫  ikinji jynsly egri÷yzykly iíòåãðàëû 

õàñàïëàìàëû. Bó éåðäå AB  ýãðè (0,0) âå (1,1) íîêàòëàðû áèðëåøäèðéúí 
2xy =  ïàðàáîëàäûð. 
×üçþëèøè. Ãåëùåêäå áèç ñàãàò ñòðåëêàñûíûÿ õåðåêåòèíèÿ òåðñèíå áîëàí 

óãðû poloæitel óãóð õüêìþíäå êàáóë ýäåðèñ (107-íùè ÷ûçgy). 

 
107-íùè ÷ûçgy  

           
,2xdxdy =  

2 33 ( 1)
АB

x ydx x dx+ + =∫

( ) ( ) ( )
1 1 12 2 3 4 5 2

0
0 0

3 1 2 5 2 2.x x x x dx x x dx x x⎡ ⎤= ⋅ + + ⋅ = + = + =⎣ ⎦∫ ∫  

          

1929. ( )∫ +
Ñ

dyxyx 22  egri÷yzykly iíòåãðàëû õàñàïëàìàëû. Bó éåðäå 

2 2

2 2, 1x yC
a b

+ =  ýëëèïñèÿ éîêàðêû áüëåãèäèð. 
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×üçþëèøè. Ýëëèïñèÿ ïàðàìåòðli äåÿëåìåñèíè éàçàëûÿ: 
cos

,
sin

x a t
y b t
=⎧

⎨ =⎩
      (0 ).t π≤ ≤  

Îíäà 
        cos ,dy b tdt=  

  ( )∫ =+
Ñ

dyxyx 22 ( )2 2 2

0

4cos 2 cos sin cos .
3

a t ab t t b tdt ab
π

+ =∫  

 1930. 2 2

C

y dx x dy+∫  egri÷yzykly iíòåãðàëû õàñàïëàìàëû. Bó éåðäå 

, cos , sinC x a t y b t= =  ýëëèïñèÿ éîêàðêû áüëåãèäèð. 
 ×üçþëèøè. sin , cosdx a tdt dy b tdt= − = ,    

    =+∫
C

dyxdxy 22 { }2 2 2 2

0

sin ( sin ) cos cosb t a t a t b t dt
π

− + ⋅ =∫  

    2 2 2 2 2

0 0

4sin sin cos cos .
3

ab t tdt a b t tdt ab
π π

= − ⋅ + ⋅ =∫ ∫   

1931.  ∫ −
OA

dyxxydx 22  egri÷yzykly iíòåãðàëû õàñàïëàìàëû. Bó éåðäå 

, (0,0) we (2,1)OA О A  íîêàòëàðû áèðëåøäèðéúí ãüíè ÷ûçûêäûð. 
×üçþëèøè. (0,0) we (2,1)О A  íîêàòëàð àðêàëû ãå÷éúí ãüíè ÷ûçûãûÿ 

äåÿëåìåñèíè éàçàëûÿ: 

       
,

2
1,

2
dxdyxy ==

  

 
22

OA

xydx x dy− =∫
22 2 3

0 0

1 42 .
2 2 2 3 3
x x xx dx

⎛ ⎞
⋅ − = =⎜ ⎟

⎝ ⎠
∫  

1932. ∫ +−
C

xdydxya )2(  egri÷yzykly iíòåãðàëû õàñàïëàìàëû. Bó éåðäå 

, ( sin ), (1 cos )C x a t t y a t= − = −  àðêà sèêëîèäàíûÿ áèð áüëåãèíèÿ 
äóãàñûäûð. 

×üçþëèøè. 
    (1 cos ) , sin ,dx a t dt dy a tdt= − =   

(2 )
C

a y dx xdy− + =∫
0

(2 cos ) (1 cos )a a a t a t dt
π

− + −∫ 2( sin ) sin .a t t a tdt a π+ − =  
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1933. Ýãåð )8,2(we)1,1(, NMC  íîêàòëàðû áèðëåøäèðéúí 3xy =  ýãði 
÷yzygyň äóãàñû áîëñà 

     
∫ +
Ñ

dyxyydxx 22 106
 

ýãðè÷ûçûêëû èíòåãðàëû õàñàïëàìàëû. 
1934. Ýãåð taytaxC sin,cos, ==  òüâåðåê áîëñà 

        
∫ −
C

xydydxy 22

 
ýãðè÷ûçûêëû èíòåãðàëû õàñàïëàìàëû. 

1935. 
C

ydx xdy−∫  egri÷yzykly èíòåãðàëû , cos , sinC x a t y b t= =  ýëëèïñèÿ 

äóãàñû áîéóí÷à õàñàïëàìàëû. 
1936. Ýãåð , (1,1) we (2,2)С A B  íîêàòëàðû áèðëåøäèðéúí ãüíè ÷ûçûê 

áîëñà 

            
∫ +

+

C yx
xdyydx

22

     
ýãðè÷ûçûêëû èíòåãðàëû õàñàïëàìàëû. 

 1937. Ýãåð egri (0, ) we ( ,0)AB A Bπ π  íîêàòëàðû áèðëåøäèðéúí êåñèì 
áîëñà, 

   
∫ +
AB

xdyydx sinsin
    

egriçyzykly èíòåãðàëû õàñàïëàìàëû. 
 1938 . Ýãåð egri (2, 2) we ( 2,2)L A B− −  íîêàòëàðû áèðëåøäèðéúí êåñèì 

áîëñà, 

   
∫ −
L

xdyydx sincos
    

egriçyzykly èíòåãðàëû õàñàïëàìàëû. 

   ¸ 3. Ãðèí ôîðìóëàñû 

Ãîé, xOy  òåêèçëèêäå C  áüëåê ýíäèãàí ÷ûçûêëàð áèëåí ÷úêëåíåí D  
îáëàñò áåðëåí áîëñóí. Ýãåð øó îáëàñòäà êåñãèòëåíåí þznþksiz 

),(we),( yxQyxP  ôóíêöèéàëàðûÿ þznþksiz õóñóñû üíþìëåðè áàð áîëñà, 
îíäà àøàêäàêû Ãðèí ôîðìóëàñû äîãðóäûð: 
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( ) ( ), , ,
D C

Q P dxdy P x y dx Q x y dy
x y

⎛ ⎞∂ ∂
− = +⎜ ⎟∂ ∂⎝ ⎠

∫∫ ∫           

áó éåðäå C ýãðè ÷ûçûê áîéóí÷à õåðåêåò ýäèëåíäå D  îáëàñò ýëìûäàìà 
÷åï òàðàïäà éàòéàíäûð. Bu formula haésy hem bolsa bir oblast boéun÷a 
alnan ikigat integral bilen, sol oblasty ÷úklendirýän ilýn ýãðè÷ûçûê 
boéun÷a alnan integraly baglanyşdyréan formuladyr. 

1939. Ãðèí ôîðìóëàñûíû óëàíûï, ýãðè÷ûçûêëû èíòåãðàëû õàñàïëàìàëû.  
 

    
2 2 2 2 2, bu yerde : .

С

xy dy x ydx C x y a− + =∫   

×üçþëèøè. 

2 2 2 2( , ) , ( , ) , , .P QP x y x y Q x y xy x y
y x

∂ ∂
= − = = − =

∂ ∂  
ôîðìóëàíû óëàíûï, àëéàðûñ: 

 

2 2

2 2 2 2 2

0 0

( ) 4
a a x

С D

xy dy x ydx x y dxdy dx a dy
−

− = + = =∫ ∫∫ ∫ ∫ 2 2 2 4

0

4 .
a

a a x dx aπ− =∫  

1940. Ýãåð C éàïûê ýãðè ÷ûçyk D  îáëàñòû ÷úêëåíäèðéúí  áîëñà, Ãðèí 
ôîðìóëàñûíû óëàíûï ýãðè÷ûçûêëû èíòåãðàëû üçãåðòìåëè. 

  

( )2 2 2 2ln .
C

I x y dx y xy x x y dy⎡ ⎤= + + + + +⎢ ⎥⎣ ⎦∫
 

×üçþëèøè. 
 

   2 2 2 2( , ) , ( , ) ln( ) ,P x y x y Q x y y xy x x y⎡ ⎤= + = + + +⎣ ⎦  

  
2 2

2

2 2 2 2 2 2

1
, .

x
x yP y Q yy y y

y xx y x x y x y

⎡ ⎤+⎢ ⎥+∂ ∂ ⎢ ⎥= = + = +
⎢ ⎥∂ ∂+ + + +
⎢ ⎥
⎣ ⎦

 

(1) ôîðìóëàíû óëàíûï àëéàðûñ: 
 

   2 2 2 2ln( )
C

I x y dx y xy x x y dy⎡ ⎤= + + + + + =⎣ ⎦∫  
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 2 2

2 2 2 2
( ) .

D D

y yy dxdy y dxdy
x y x y

= + − =
+ +

∫∫ ∫∫  

1941.. Ýãåð L  äåïåëåðè )3,1(we)2,2(),1,1( CBA  íîêàòëàðda áîëàí 
þ÷áóð÷ëóãûÿ êîíòóðû áîëñà, Ãðèí ôîðìóëàñûíû óëàíûï,  

     
2 2 22( ) ( )

L

x y dx x y dy+ + +∫  

ýãðè÷ûçûêëû èíòåãðàëû õàñàïëàìàëû.      
×üçþëèøè.  

 2 2 22( ), ( ) , 2( ), 4Q PP x y Q x y x y y
x y

∂ ∂
= + = + = + =

∂ ∂
 

Ãðèíèÿ ôîðìóëàñûíû óëàíûï, àëàðûñ: 

   2 2 22( ) ( )
l

x y dx x y dy+ + + =∫ [ ]2( ) 4 .
ABC

x y y dxdy
Δ

+ −∫∫  

Èêèãàò èíòåãðàëû õàñàïëàëûÿ (108-íùè ÷ûçgy):   
 

 
108-íùè ÷ûçgy 

  ( ) ( )22 22
l

x y dx x y dy+ + + =∫ ( )
2 4

1

2
x

x

dx x y dy
− +

− =∫ ∫  

  ( ) ( )
22 2

4 2 32

11 1

4 4( ) 4 2 2 .
3 3

x

x
x y dx x dx x

− +
= − − = − − = − − = −∫ ∫  

1942. Ýãåð L  ìåðêåçè êîîðäèíàòàëàð áàøëàíãûùûíäà áîëàí òüâåðåê 
áîëñà 

      2 2
L

xdy ydx
x y
−
+∫  
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ýãðè÷ûçûêëû èíòåãðàëû õàñàïëàìàëû. 
×üçþëèøè. 

  ( )
2 2

22 2 2 2 2 2
, , ,y x P y xP Q

x y x y y x y

∂ −
= − = =

+ + ∂ +  

   ( ) .,222

22

x
Q

y
P

yx
xy

x
Q

∂
∂

=
∂
∂

+

−
=

∂
∂

 
Øîíóÿ þ÷èí Ãðèí ôîðìóëàñûíûÿ ýñàñûíäà èíòåãðàë íoëà äåÿäèð. 
1943. Ýãåð L  egri ÷yzyk 222 ayx =+  òüâåðåê áîëñà 

     
∫ +
L

xydydxy 22

 
ýãðè÷ûçûêëû èíòåãðàëû õàñàïëàìàëû. 

1944. Ýãåð L egri 2 2 4x y+ =  òüâåðåãèÿ éîêàðêû áüëåãè áîëñà, 

∫ +
L

dyydxx 22

 
ýãðè÷ûçûêëû èíòåãðàëû õàñàïëàìàëû. 

      

1945. Ýãåð L  egri çyzyk 
2 2

2 2 1x y
a b

+ =  ýëëèïñ áîëñà, Ãðèí ôîðìóëàñûíû 

óëàíûï, ( ) ( )2 2

L

xy x y dx x y x y dy+ + + + +∫
 
ýãðè÷ûçûêëû èíòåãðàëû õàñàïëàìàëû. 

    
 1946. Ýãåð L  egri ÷yzyk axyx =+ 22  òüâåðåê áîëñà, Ãðèíèÿ 

ôîðìóëàñûíû óëàíûï, ( ) ( )2 2

L

xy x y dx x y x y dy+ + + + +∫  ýãðè÷ûçûêëû 

èíòåãðàëû õàñàïëàìàëû 
     

1947. Ýãåð L  egri ÷yzyk áèðëèê òüâåðåê áîëñà  
 

∫ −+−
L

dyyxdxyx )()32(  

   
ýãðè÷ûçûêëû èíòåãðàëû õàñàïëàìàëû. 
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¸ 4. Ýãðè÷ûçûêëû èíòåãðàëëàðûÿ óëàíûëûøû 

1. Ýãåð D  îáëàñò L  éàïûê ýãðè ÷ûçûê áèëåí ÷úêëåíåí áîëñà, îíäà 
øîë îáëàñòûÿ ìåéäàíû àøàêäàêû ôîðìóëà áèëåí òàïûëéàð:  

         ,
2
1
∫ −=
L

ydxxdyS                    (1) 

áó éåðäå L  ýãðè  ÷ûçûê áîéóí÷à èíòåãðèðëåìåê ñàãàò ñòðåëêàñûíûÿ 
óãðóíûÿ òåðñèíå áîëàí óãóð áîéóí÷à àëûíéàð. 

2. Ãîé, äûêûçëûãû ),( yxμ  áîëàí L ýãðè  ÷ûçûê áåðëåí bolsun. 
Îíäà:  

à) Ýãðèíèÿ m  ìàññàñû 

          ∫=
L

dsyxm ),(μ                     (2) 

ôîðìóëà áèëåí òàïûëéàð. 
á) Ýãðèíèÿ àãûðëûê ìåðêåçèíèÿ êîîðäèíàòàëàðû àøàêäàêû ôîðìóëàëàð 

áèëåí òàïûëéàð:  

    ,
),(

0 m

dsyxx
x L

∫
=

μ
  

m

dsyxy
y L

∫
=

),(

0

μ
           (3) 

3. OyOx,  êîîðäèíàòà îêëàðûíà âå êîîðäèíàòàëàð áàøëàíãûùûíà ãüðú 

0, wex yI I I  èíåðñèéà ìîìåíòëåðè àøàêäàêû ôîðìóëàëàð áèëåí òàïûëéàð:  

   2 2( , ) , ( , ) ,x y
L L

I y x y ds I x x y dsμ μ= =∫ ∫            (4) 

     .),()( 22
0 ∫ +=

L

dsyxyxI μ                  (5) 

1950.  Parametrli dåÿëåìåñè 3 3cos , sinx a t y a t= = , 0 2t π≤ ≤  áîëàí 
àñòðîèäà áèëåí ÷úêëåíåí îáëàñòûÿ ìåéäàíûíû òàïìàëû. 

×üçþëèøè. 

=−= ∫
L

ydxxdyS
2
1 ( )

22
2 2 2 2

0

3 sin cos cos sin
2
а t t t t dt

π

+ =∫  

 
2

2 2 2

0

3 3sin 2 .
8 8

a tdt a
π

π= =∫  

1951. Õåìèøåëèê äûêûçëûãû ( )1μ=  âå parametrli äåÿëåìåñè 

cos , sin , , 0 2x a t y a t z bt t π= = = ≤ ≤  
áîëàí àéëàâ ÷ûçûãûÿ áèð àéëàâûíûÿ àãûðëûê ìåðêåçèíèÿ êîîðäèíàòàëàðûíû 
òàïìàëû. 
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×üçþëèøè. (2) âå (3) ôîðìóëàëàðäàí ïåéäàëàíàëûÿ. 

 ( , )
L

m x y dsμ= =∫

2
2 2 2 2 2

0

sin cosa t a t b dt
π

+ + =∫
2

2 2 2 2

0

2 ,a b dt a b
π

π+ = +∫
 

 
2

2 2 2 2 2

0
0 2 2

cos sin cos

2

a t a t a t b dt
x

a b

π

π

+ +
= =

+

∫

 

 
2

2 2
2

0
2 2

0

cos
cos 0.

22

a t a b dt
a tdt

a b

π

π

ππ

+
= = =

+

∫
∫  

 
Øåéëå õåì 0 0,y =  

    

2
2 2

2
0

0 2 2

4 .
2 22

bt a b dt
bz b

a b

π

π π
ππ

+
⋅

= = =
⋅+

∫

 
Øóíëóêäà, àéëàâ ÷ûçûãûÿ áèð àéëàâûíûÿ àãûðëûê ìåðêåçèíèÿ 

êîîðäèíàòàëàðû àøàêäàêû ãüðíþøäå áîëàð: 
                 0 0 00, 0, .x y z bπ= = =  

1952. Parametrli dåÿëåìåñè taytax sin,cos ==  áîëàí òüâåðåãèÿ õåð 
áèð íîêàäûíà ( , ) ( , ) ( , ) ( ) 2F P Q P x y i Q x y j x y i xj= + = + + , ,P x y= +  

2Q x=  ãþé÷ òúñèð ýäéúð. Øó òüâåðåê áîéóí÷à ìàòåðèàë íîêàäû sþéøþrìåê 
þ÷èí ýäèëìåëè èøè õàñàïëàìàëû. 

×üçþëèøè. Ãüçëånéúí èøè A  áèëåí áåëãèëúëèÿ. Îë 

        L

А Pdx Qdy= +∫
  

formula boéun¡a òàïûëéàð. 
Ìåñåëúíèÿ øåðòèíå ãüðú L  éàïûê êîíòóð. Îë ïàðàìåòðli äåÿëåìåñè 

áèëåí áåðëåí òüâåðåêäèð. Øîíóÿ þ÷èí áàøëàíãû÷ íîêàò 0=t  àõûðêû íîêàò 
áîëñà π2=t   



486 
 

cos , sin , 0 2 ,x a t y a t t π= = ≤ ≤  

(cos sin ), 2 2 cos ,P x y a t t Q x a t= + = + = =  

sin , cos ,dx a tdt dy a tdt= − =  
2

2 2 2

0

(cos sin )sin 2 cosA a t t t a t dt
π

⎡ ⎤= − + + =⎣ ⎦∫
2

2 2 2

0

2cos sin cos sina t t t t dt
π

⎡ ⎤− − =⎣ ⎦∫
 

2
2

0

1(1 cos 2 ) (1 cos2 ) sin cos
2

a t t t t dt
π ⎡ ⎤= + − − − =⎢ ⎥⎣ ⎦∫

2 2 2 2
0

1 1 1 1sin 2 sin 2 sin .
2 2 4 2

a t t t t t aπ π⎡ ⎤= + − + − =⎢ ⎥⎣ ⎦  
 1953. Äûêûçëûãû y=μ  áîëàí 

          
cos
2sin

x t
y t
=⎧

⎨ =⎩   

ýëëèïñèÿ áèðèíùè ÷úðéåêäúêè áüëåãèíèÿ ìàññàñûíû òàïìàëû. 
1954. 2xy =  ïàðàáîëà âå 1=y  ãüíè ÷ûçûê áèëåí ÷úêëåíåí îáëàñòûÿ 

ìåéäàíûíû òàïìàëû. 
1955. Ýãåð 0 2t π≤ ≤  áîëñà 

3

3

cos
sin

x a t
y a t

⎧ =⎪
⎨

=⎪⎩   
ýãðè áèëåí ÷úêëåíåí îáëàñòûÿ ìåéäàíûíû êåñãèòëåìåëè. 

1956. Ðàäèóñû a  áîëàí òüâåðåãèÿ äüðòäåí áèðèíèÿ àãûðëûê ìåðêåçèíèÿ 
êîîðäèíàòàëàðûíû òàïìàëû )1( =μ .    

   ¸ 5. Áèðèíùè ùûíñëû þñò èíòåãðàëëàðû 

Ãîé, L  ýãðè ÷ûçûê áèëåí ÷úêëåíåí áüëåê ýíäèãàí S  þñòäå ),,( zyxf  
ôóíêñèéà êåñãèòëåíåí áîëñóí. S  þñòè áüëåê-ýíäèãàí ýãðè÷ûçûêëàð áèëåí 
ìåéäàíëàðû nSSSS ,...,,, 321  áîëàí )(),...,(),(),( 321 nSSSS  þñòëåðå áüëåëèÿ. Õåð 



487 
 

áèð iS  þñòäå ),,( iiii zyxM  íîêàäû àëûï, øîë íîêàòäà ôóíêñèéàíûÿ 
áàõàñûíû òàïàëûÿ:  

( ) ( ), ,i i i if M f x y z=  

Ôóíêöèéàíûÿ øó íîêàòäàêû áàõàñûíû äåãèøëèëèêäå iS  þñòþÿ iSΔ  
ìåéäàíûíà êüïåëäèï, èíòåãðàë ùåìè äþçåëèÿ: 

1 1
( ) ( , , )

n n

i i x i i i
i i

T f M S f x y z S
= =

= = Δ∑ ∑  

Êåñãèòëåìå. Ýãåð 0max →Δ= ii
Sdiamλ bolanda, (1) èíòåãðàë ùåìèÿ 

òþêåíèêëè ïðåäåëè áàð áîëñà, øîë ïðåäåëå ),,( zyxf  ôóíêöèéàäàí S  þñò 
áîéóí÷à àëíàí áèðèíùè ùûíñëû þñò èíòåãðàëy äèéèëéúð âå àøàêäàêû ãüðíþøäå 
áåëãèëåíéúð: 

        ( ) ( , , )
S S

I f M ds f x y z ds= =∫∫ ∫∫              (1) 

Ýãåð S  þñò xOy  òåêèçëèãå ïðîéåêòèðëåíåí áîëñà, S  þñòþÿ 
ïðîéåêñèéàñû áîëàí D  þñòþÿ ds  áüëåãè àøàêäàêû ôîðìóëà áèëåí 
êåñãèòëåíéúð:  

           
cos ( )

dxdyds
Mγ

=                    (2) 

Ýãåð þñòþÿ äåÿëåìåñè ),( yxzz =  áîëñà, îíäà 

        .1
22

dxdy
y
z

x
zds ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

+=            (3) 

Øóíëóêäà, (1) èíòåãðàë àøàêäàêû ôîðìóëà áèëåí õàñàïëàíûëéàð:  

( , )

( , , )( , , )
cosS D z z x y

f x y zf x y z ds dxdy
γ

=

= =∫∫ ∫∫
 

( , , ( , ))
D

f x y z x y∫∫

22

1 .z z dxdy
x y

⎛ ⎞∂ ∂⎛ ⎞+ + ⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠               (4) 

1957. Ýãåð S  þñò 0,2222 ≥=++ zazyx  éàðûì ñôåðàíûÿ þñòè áîëñà 

∫∫ ++=
S

dszyxI )(
 

 áèðèíùè ùûíñëû þñò èíòåãðàëûíû õàñàïëàìàëû. 
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 ×üçþëèøè. Øåðòå ãüðú èíòåãðèðëåìåê 

    
2 2 2z a x y= − −  

ñôåðàíûÿ éîêàðêû áüëåãè áîéóí÷à àëíàíäûð. Onda   

2 2 2

z x
x a x y
∂

= −
∂ − −

, 
2 2 2

,z y
y a x y
∂

= −
∂ − −

 

22

2 2 2
1 .z z adxdyds dxdy

x y a x y
⎛ ⎞∂ ∂⎛ ⎞= + + =⎜ ⎟⎜ ⎟∂ ∂⎝ ⎠ − −⎝ ⎠

 

 (4) ôîðìóëàíûÿ ýñàñûíäà àëàðûñ 

( )2 2 2

D

I a x y a x y= + + − −∫∫ =
−− 222 yxa

adxdy
 

2 2 2

2 2 2
1 , ( ) : .

D

x ya dxdy D x y a
a x y

⎛ ⎞+⎜ ⎟= + + ≤
⎜ ⎟− −⎝ ⎠

∫∫  

  
Ïîëéàð êîîðäèíàòàëàð sistemasûíà ãå÷åëèÿ:  

cos , sin ,x r y rϕ ϕ= =  
2

2 2
0 0

(cos sin ) 1
a rI a d rdr

a r

π ϕ ϕϕ
⎛ ⎞+

= + =⎜ ⎟
−⎝ ⎠

∫ ∫
2 2

2 2
0 0

(cos sin )
a ra d dr

a r

π

ϕ ϕ ϕ+ +
−

∫ ∫  

2

0 0

a

a d rdr
π

ϕ+ =∫ ∫
2 2

3

0

0 .
2
aa d a

π

ϕ π+ =∫  

1958. ( )2 2

S

I x y dS= +∫∫  èíòåãðàëû õàñàïëàìàëû, áó éåðäå 

2 2ust 1S x y z+ ≤ ≤  ùèñèìèÿ àðà÷úãèäèð. 
×üçþëèøè. Èíòåãðèðëåìåê êîíóñûÿ ãàïäàë þñòè âå ýñàñû áîéóí÷à àìàëà 

àøûðûëéàð. Øîíóÿ þ÷èí        

 
( )

1

2 2

S

I x y dS= + +∫∫ ( )
2

2 2 .
S

x y dS+∫∫
 

1S  êîíóñûÿ ãàíäàë þñòè, 2S  áîëñà îíóÿ ýñàñûäûð. 2S  ýñàñ þ÷èí 
dS dxdy= . 

   =+∫∫
2

)( 22

S

dSyx ( )
2 2

2 2

1x y

x y dxdy
+ ≤

+∫∫
2 1

2

0 0

2 .
3

d d
π πϕ ρ ρ= =∫ ∫  

1S  ãàïäàë þñòäå 2dS dxdy= . Îíäà 
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1

2 2( )
S

x y dS+ =∫∫
2 2

2 2

1

2 22 ( ) .
3x y

x y dxdy π

+ ≤

+ =∫∫  

 Øóíëóêäà 

         
( ).21

3
2

+=
πI

   
1959. Ðàäèóñû R  áîëàí áèðùûíñëû éàðûì ñôåðàíûÿ àãûðëûê ìåðêåçèíèÿ 

êîîðäèíàòàëàðûíû òàïìàëû. 
×üçþëèøè. Éàðûì ñôåðàíûÿ ìåðêåçèíè êîîðäèíàòàëàð áàøëàíãûùûíäà âå 

xOy  òåêèçëèêäå éàòàð éàëû ýäèï, êîîðäèíàòàëàð sistemasûíû àëéàðûñ. Îíäà 

îë éàðûì ñôåðàíûÿ äåÿëåìåñè 2 2 2 2 , 0x y z R z+ + = ≥  ãüðíþøäå áîëàð. 
Þñòþÿ áèðùûíñëûäûãûíà ãüðú îíóÿ ìàddàñûíûÿ äûêûçëûãû õåìèøåëèêäèð. 
Øåéëå õåì .0,0 == cc yx  Áèðùûíñëû σ  þñòþÿ àãûðëûê ìåðêåçèíèÿ cz  
êîîðäèíàòàñûíû òàïìàêëûê àøàêäàêû ôîðìóëà áèëåí àìàëà àøûðûëéàð 

.
∫∫

∫∫
=

σ

σ

σ

σ

d

zd
zc  

Øåðòå ãüðú 

 ,,0, 2222222 yxRzzRzyx −−=≥=++      

.,,
222222222 yxR

Rdxdyds
yxR

y
y
z

yxR
x

x
z

−−
=

−−

−
=

∂
∂

−−

−
=

∂
∂

 

Éàðûì ñôåðàíûÿ ìåðêåçè êîîðäèíàòàëàð áàøëàíãûùûíäà áîëàí R  
ðàäèóñëû òåãåëåêäèð. 

2 2 2 3

2 2 2
,

D D

Rdxdyzd R x y Rdxdy RS R
R x yσ

σ π= − − = = =
− −

∫∫ ∫∫ ∫∫  

2

2 2 2 2 2
0 0

R

D

Rdxdy dds R d
R x y R

π

σ

ρ ρϕ
ρ

= = =
− − −

∫∫ ∫∫ ∫ ∫
( )2 2

2 2
0

1
22

R d R
R

R

ρ
π

ρ

⎛ ⎞− −⎜ ⎟
⎝ ⎠ =

−
∫  

2 2 2

0
2 (0 2 ) 2 .

R
R R R R Rπ ρ π π= − − = − − =  

Îíäà 
3

2 .
2 2c

R Rz
R

π
π

= =  

 1960. Ýãåð, S 0 1, 0 1, 0 1x y z≤ ≤ ≤ ≤ ≤ ≤  êóáóÿ þñòè áîëñà, 
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( )
S

x y z dS+ +∫∫  

èíòåãðàëû õàñàïëàìàëû. 
×üçþëèøè. Êóáóÿ éîêàðêû ãðàíûíûÿ )1( =z  âå àøàêû ãðàíûíûÿ  
 )0( =z  þñò èíòåãðàëëàðûíû òàïàëûÿ 

1 1

0 0

( 1)x y dxdy+ + +∫ ∫
1 1

0 0

( )x y dxdy+ =∫ ∫ .3)122(
1

0

1

0
∫ ∫ =++ dxdyyx

 
Øóíëóêäà, ãüçëåéúí èíòåãðàëûìûç ìóíäàí þ÷ ýññå êüïäþð:  

( ) 9.
S

x y z dS+ + =∫∫  

 1961. 222 yxz +=  parabolanyň àéëàíìàgyndan emele gelen 

ïàðàáîëîèäàíûÿ 222 Ryx =+  silindriň è÷èíäå ãàëàí áüëåãèíèÿ þstþniň 
ìåéäàíûíû òàïìàëû. 

 ×üçþëèøè. 

( )2 21 , ' , ' ,
2 x yz x y z x z y= + = =

 
 2 2 2 21 ' ' 1 .x y

S D

S z z dxdy x y dxdy= + + = + +∫∫ ∫∫  

Áó éåðäå D  îáëàñò áåðëåí þñòþÿ xOy  òåêèçëèãå áîëàí ïðîéåêñèéàñû 
áîëàí R  ðàäèóñëû òåãåëåãèÿ ìåéäàíûäûð. Ïîëéàð êîîðäèíàòàëàðà ãå÷èï 
àëàðûñ:  

    cos sin , ,x r y r I rϕ ϕ= = =  

 ( )
2

3/22 2

0 0

41 1 1 .
3

R

S d r rdr R
π πϕ ⎡ ⎤= + = + −⎢ ⎥⎣ ⎦∫ ∫   

1962. Ýãåð S  þñò bz
c
z

b
y

a
x

≤≤=++ 0,12

2

2

2

2

2

 êîíóñûÿ ãàïäàë þñòè áîëñà 

2 2

S

x y dS+∫∫
 

áèðèíùè ùûíñëû þñò èíòåãðàëûíû õàñàïëàìàëû. 
 1963. Ýãåð Ñ þñò 2 2 2 2x y z a+ + =  ñôåðà áîëñà 

2 2( )
S

x y dS+∫∫
 

áèðèíùè ùûíñëû þñò èíòåãðàëûíû õàñàïëàìàëû. 
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1964. Ýãåð S  þñò 12364 =++ zxy  òåêèçëèãèÿ áèðèíùè çarýekde éàòéàí 
áüëåãè áîëñà 

∫∫ ++
S

dsyxz )
3
42(  

èíòåãðàëû õàñàïëàìàëû. 
1965. 2222 Rzyx =++  ñôåðàíûÿ Hz =  òåêèçëèê áèëåí êåñèëèï àëíàí 

áüëåãèíèÿ àãûðëûê ìåðêåçèíèÿ êîîðäèíàòàëàðûíû òàïìàëû. 

¸ 6. Èêèíùè ùûíñëû þñò èíòåãðàëëàðû 

 Ãîé, ãèÿèøëèêäå èêè òàðàïëàéûí ýíäèãàí S  þñò áåðëåí áîëñóí. Èêèíùè 
ùûíñëû þñò èíòåãðàëëàðûíû êåñãèòëåìåê þ÷èí iíòåãðàë ùåì äþçþëåí 
ìàõàëûíäà þñòþÿ éîêàðêû áüëåãèíèÿ xOy  òåêèçëèãå áîëàí ïðîéåêñèéàñûíûÿ 
ìåéäàíûíû ãîøìàê àëàìàòû áèëåí, àøàêû áüëåãèíèÿ ïðîéåêñèéàñûíûÿ 
ìåéäàíûíû áîëñà àéûðìàê àëàìàòû áèëåí àëéàðûñ.  

Ãîé, S   þñòäå õàéñû õåì áîëñà ),,()( zyxfMf =  ôóíêñèéà 
êåñãèòëåíåí áîëñóí. S  þñòè áüëåê ýíäèãàí ýãðè ÷ûçûêëàðûÿ êüìåãè áèëåí 

nSSS ,...,, 21  áüëåêëåðå áüëåëèÿ âå õåð áèð iS  þñòäå ( )iiii zyxM ,,  íîêàòëàðû 

àëàëûÿ. Áåðëåí ôóíêöèéàíûÿ øó íîêàòëàðäàêû ( ) ( )iiii zyxfMf ,,=

áàõàëàðûíû iS  áüëåêëýðèÿ xOy  òåêèçëèãå áîëàí iD  ïðîåêñèéàñûíûÿ 
ìåéäàíûíà êüïåëäèï, èíòåãðàë ùåìè äþçåëèÿ:  

    =Δ= ∑
=

n

i
ii DMfT

1
)( .),,(

1
∑
=

Δ
n

i
iiii Dzyxf               (1) 

Kesgitleme. Ýãåð 0max →Δ= ii
Ddiamλ  bolanda, (1)-nji èíòåãðàë ùåìèÿ 

òþêåíèêëè ïðåäåëè áàð áîëñà, îíäà şîl predele, ),,()( zyxfMf =  
ôóíêñèéàäàí àëíàí èêèíùè ùûíñëû þñò èíòåãðàëû äèéèëéúð âå àøàêäàêû 
ãüðíþøäå áåëãèëåíéúð:  

 

== ∫∫
S

dxdyMfI )( .),,(∫∫
S

dxdyzyxf               (2) 

Øåéëå õåì áåðëåí þñòè yOz  âå zOx  òåêèçëèêëåðå ïðîéåêòèðëúï, 

∫∫
S

dydzzyxf ,),,(   ∫∫
S

dzdxzyxf ),,(           (2') 

èêèíùè ùûíñëû þñò èíòåãðàëëàðûíû àëéàðûñ. Ýãåð-äå, 
),,(),,,(),,,( zyxRzyxQzyxP  ôóíêñèéàëàð S  þñòäå êåñãèòëåíåí þznþksiz 
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ôóíêñèéàëàð áîëñàlar, îíäà èêèíùè ùûíñëû þñò èíòåãðàëûíû óìóìû ãüðíþøäå 
aşakdaky éaly éazéarlar:  

      
.∫∫ ++

S

RdxdyQdzdxPdydz
  

1. Ãîé, S  þñò üçþíèÿ àíûê äåÿëåìåñè áèëåí áåðëåí áîëñóí:  

        ,),(),,( Dyxyxzz ∈=    

áó éåðäå ),( yxz  ôóíêñèéà âå îíóÿ ,z zp q
x y
∂ ∂

= =
∂ ∂

 õóñóñû üíþìëåðè 

þçíþêñèç ôóíêñèéàëàðäûð. Îíäà àøàêäàêû ôîðìóëà äîãðóäûð:  
 

 ( , , ) ( , , ( , )) .
S D

f x y z dxdy f x y z x y dxdy=∫∫ ∫∫            (3) 

2. Ýãåð S  þñò üçþíèÿ ïàðàìåòðli äåÿëåìåñè áèëåí áåðëåí áîëñà,  

    ( ( , ), ( , )) ( , ),z z x u y u z uϑ ϑ ϑ= =  
îíäà àøàêäàêû ôîîðìóëà äîãðóäûð 

  

S

Pdydz Qdzdx Rdxdy+ +∫∫ = 

 [ ] 2cos( , ) cos( , ) cos( , ) ,
D

P n x Q n y R n z EG F dudϑ= + + −∫∫          (4) 

áó éåðäå 

  
2 2 2

cos( , ) ,An x
A B C

=
+ +

  
2 2 2

cos( , ) ,Bn y
A B C

=
+ +

 

      
2 2 2

cos( , ) ,Cn z
A B C

=
+ +  

 

  

ϑϑ ∂
∂

∂
∂

∂
∂

∂
∂

= zy
u
z

u
y

A , 

ϑϑ ∂
∂

∂
∂

∂
∂

∂
∂

= xz
u
x

u
z

B , ,

ϑϑ ∂
∂

∂
∂

∂
∂

∂
∂

= yx
u
y

u
x

C  

 

   .2222 CBAFEG ++=−  
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1966. Ýãåð S  þñò )0(,222 hzzyx ≤≤=+  þñòþÿ äàøêû òàðàïû áîëñà 

 
∫∫ −+−+−=
S

dxdyyxdzdxxzdydzzyI )()()(
 

èêèíùè ùûíñëû þñò èíòåãðàëûíû õàñàïëàìàëû. 
×üçþëèøè. (4) ôîðìóëàíûÿ ýñàñûíäà àëéàðûñ 

 [ ]( )cos ( ) cos ( )cos .
S

I y z z x x y dsα β γ= − + − + −∫∫  

Áåðëåí þñòå ãå÷èðèëåí áèðëèê íîðìàë áèëåí Oz  îêóÿ àðàsûíäàêû 
áóð÷óÿ êþòåê áóð÷äóãûíà ãüðú, àøàêäàêû ôîðìóëàëàðäàêû êüê áåëãèñèíèÿ 
üÿþíå àéûðìàê àëàìàòûíû ãîééàðûñ. 

2 2
cos

1
x

x y

z
z z

α
′−

=
′ ′± + +

,    
2 2

cos ,
1

y

x y

z

z z
β

′−
=

′ ′± + +
 

2 2

1cos .
1 x yz z

γ =
′ ′± + +

 

Øåéëå õåì 
2 2 , , , ( 0),x y

x yz x y z z z
z z

′ ′= + = = ≠  

2 21 2,x yz z′ ′+ + =  

îíäà 
1cos , cos , cos .

2 2 2
x y

z z
α β γ= = = −  

Òàïûëàíëàðû (4) àÿëàòìà ãîéóï, dxdyds 2=  äåÿëèãè óëàíûï, þñò 
áîéóí÷à èêèíùè ùûíñëû èíòåãðàëäàí èêèãàò èíòåãðàëà ãå÷åëèÿ:  

  
2 2 2

( ) ( ) ( )

x y h

y z x z x y y x zI dxdy
z

+ <

− + − + −
= =∫∫

2 2 2

2 ( )
x y h

y x dxdy
+ <

− =∫∫    

  
2

2

0 0

2 ( cos sin )
h

d d
π

ϕ ϕ ϕ ρ ρ= − + =∫ ∫
2

3

0

2 (sin cos ) 0.
3

h d
π

ϕ ϕ ϕ =∫  

1967.  Ýãåð S  þñò 2222 azyx =++  ñôåðàíûÿ äàøêû òàðàïû áîëñà,  

      
∫∫ ++=
S

zdxdyydzdxxdydzI
 

èêèíùè ùûíñëû þñò èíòåãðàëûíû õàñàïëàìàëû. 



494 
 

×üçþëèøè. Èíòåãðàëà ãàðàëûÿ:  

             ∫∫=
S

zdxdyI1  

Áó èíòåãðàëû ñôåðàíûÿ àøàêû òàðàïû âå éîêàðêû òàðàïû áîéóí÷à 
àëíàí èêè èíòåãðëàëûÿ ùåìè ãüðíþøèíäå éàçûï áîëàð. Îëàðû äåãèøëèëèêäå 

−+ SS we  áèëåí áåëãèëúëèÿ:  

         
S

I zdxdy
+

= +∫∫ .
S

zdxdy
−

∫∫  

 +S  þñòäå 222 yxaz −−=  äåÿëèê, −S  þñòäå áîëñà 

222 yxaz −−−=  äåÿëèê éåðèíå éåòéúð. +S  þñòþÿ xOy  òåêèçëèãå áîëàí 
ïðîéåêñèéàñûíû D  áèëåí áåëãèëúëèÿ. Øîíóÿ þ÷èí 

   

2
2 2 2 2 2

1
0 0

2 2
a

D

I a x y dxdy d a d
π

ϕ ρ ρ ρ= − − = − =∫∫ ∫ ∫
03

2 2 324 4( ) .
3 3

a

a aπ ρ π− =  

Áåëëè áîëøû éàëû 

        
1.

S S

xdydz ydzdx I= =∫∫ ∫∫
     

Øóíëóêäà, 

34 ,I aπ=  

1968. Ýãåð S  þñò 2 2 2 2x y z a+ + =  ñôåðàíûÿ äàøêû òàðàïû áîëñà 

      

2 2 2

S

x dydz y dzdx z dxdy+ +∫∫
 

èêèíùè ùûíñëû þñò èíòåãðàëûíû õàñàïëàìàëû. 
1969.  Ýãåð S  þñò azyxzyx =++=== ,0,0,0  òåêèçëèêëåð áèëåí 

¡­klenen tetraedry£ da¦ky tarapy bolsa
S

yzdydz xzdzdx xydxdy+ +∫∫
 
èêèíùè 

ùûíñëû þñò èíòåãðàëûíû õàñàïëàìàëû.  
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XVI  ÁÜËÞÌ  

ÄÈÔÔÅÐÅÍÖÈÀË  ÄÅßËÅÌÅËÅÐ 

Áèðèíùè òåðòèïëè äèôôåðåíöèàë äåÿëåìåëåð  

¸ 1. Ýñàñû äþøþíùåëåð. Þéòãåéúí óëóëûêëàðû àéûë-ñàéûë ýäèëéúí  
äèôôåðåíöèàë äåÿëåìåëåð 

Áàãëàíûøûêñûç þéòãåéúí óëóëûãû, íúáåëëè ôóíêöèéàíû âå îíóÿ 
üíþìëåðèíè (éà-äà äèôôåðåíöèàëûíû) áàãëàíûøäûðéàí äåÿëåìú äèôôåðåíöèàë 
äåÿëåìå äèéèëéúð. Ýãåð áàãëàíûøûêñûç þéòãåéúí óëóëûêëàðûÿ ñàíû áèð áîëñà, 
äåÿëåìú àäû äèôôåðåíñèàë äåÿëåìå, ýãåð èêè éà-äà îíäàí êüï áîëñà 
äåÿëåìú õóñóñû üíþìëè äèôôåðåíñèàë äåÿëåìå äèéèëéúð. Äåÿëåìú ãèðéúí 
üíþìèÿ éokarky òåðòèáè äèôôåðåíñèàë äåÿëåìúíèÿ òåðòèáèíè êåñãèòëåéúð. 

Áó áüëþìäå 0),,( =′yyxF  ãüðíþøäúêè éà-äà üíþìå ãüðú ÷üçþëåí 
),( yxfy =′  ãüðíþøäúêè áèðèíùè òåðòèáëè äèôôåðåíñèàë äåÿëåìåëåðå ãàðàðûñ. 

Äåÿëåìúíè toždestwa üâþðéúí, üíþìå ýéå áîëàí ( )y xϕ=  ôóíêöèéà 
äèôôåðåíñèàë äåÿëåìúíèÿ ÷üçþâè äèéèëéúð. 

Ýãåð-äå, õåìèøåëèê C  ñàíà áàãëû ( , )y x Cϕ=  ôóíêöèéà àøàêäàêû 
øåðòëåðè: à) õåìèøåëèê C  ñàíûÿ ýðêèí êåñãèòëè áàõàëàðûíäà äèôôåðåíñèàë 

äåÿëåìúíè; á) 00
yy xx ==  øåðòå áàãëû 0CC =  ¥÷in 0( , )y x Cϕ=  ôóíêöèéà 

áàøëàíãû÷ øåðòè êàíàãàòëàíäûðéàí áîëñà, îíäà îë ôóíêöèéà äèôôåðåíöèàë 
äåÿëåìúíèÿ óìóìû ÷üçþâèäèð. Ýãåð-äå áèç ( , )y x Cϕ=  óìóìû ÷üçþâäå 

0CC =  áàõàíû ãîéñàê 0( , )y x Cϕ=  õóñóñû ÷üçþâè àëàðûñ. Õóñóñû ÷üçþâå 
äåãèøëè ÷ûçãà èíòåãðàë ýãðè äèéèëéúð.  

Þéòãåéúí óëóëûêëàðû àéûë-ñàéûë ýäèëéúí äèôôåðåíöèàë äåÿëåìåëåð 
óìóìû ãüðíþøäå àøàêäàêû éàëûäûð: 

1 2 1 2( ) ( ) ( ) ( ) 0.f x f y dx x y dyϕ ϕ+ =  

Ýãåð 1 2 1 2( ), ( ), ( ), ( )f x f y x yϕ ϕ  ôóíêöèéàëàð íoëà äåÿ áîëìàñà, 

äåÿëåìúíè 2 1( ) ( ) 0f y xϕ⋅ ≠  küpeltmek hasylyna áüëþï, 

1 2

1 2

( ) ( ) 0
( ) ( )

f x ydx dy
x f y

ϕ
ϕ

+ =     

äåÿëåìúíè àëéàðûñ. Áó äåÿëèãè èíòåãðèðëåìåê 

1 2

1 2

( ) ( )
( ) ( )

f x ydx dy C
x f y

ϕ
ϕ

+ =∫ ∫      
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áàãëàíûøûãà ãåòèðéúð. Áó áîëñà äåÿëåìúíèÿ ÷üçþâèäèð. 
1970. Ôèçèêàäàí áåëëè áîëøû éàëû, t  âàãòäà éîêàðäàí ýðêèí ãà÷éàí 

ùèñèìèÿ òèçëèãè 2( 9,81 / )gt g m sekϑ = =  ôîðìóëà áèëåí êåñãèòëåíéúð. Îíäà 

0y  áåéèêëèêäåí ýðêèí ãà÷éàí ùèñèìèÿ t  âàãòäà éåðäåí íú÷å óçàêëûêäà 
áîëùàêäûãûíû êåñãèòëåìåëè.   

×üçþëèøè. Êîîðäèíàòàëàð áàøëàíãûùûíû éåðèÿ òåêèçëèãèíäå éåðëåøäèðèï, 
Oy  îêû áîëñà äèê éîêàðûê óãðóêäûðàëûÿ. Îíäà òèçëèê âåêòîð óëóëûê 
áîëóï äèê àøàê óãðûêäûðûëàíäûð âå îíóÿ Oy  îêà áîëàí ïðîéåêñèéàñû 

gt−  äåÿäèð. Øåéëå õåì, òèçëèê ãå÷èëåí éîëäàí âàãòà ãüðú àëíàí 
dt
dy

 

üíþìäèð. Áó àÿëàòìàëàðû áèðè-áèðèíå äåÿëúï àëéàðûñ (109-íùy ÷ûçgy):  
 

 
109-íùy ÷ûçgy 

  

,dy gt
dt

= −   gtdtdy −= . 

 
Áó äåÿëåìúíè èíòåãðèðëúëèÿ: 

              .
2

2

Cgty +−=  

C  ñàíûÿ ýðêèí áàõà ýéå áîëéàíëûãû þ÷èí òþêåíèêñèç êüï 
ôóíêñèéàëàðû àëàðûñ. Áó ôóíêñèéàëàðäàí 00 == tt  áîëàíäà 0yy =  øåðòè 

êàíàãàòëàíäûðéàí ôóíêöèéàíû òàïàëûÿ: 0yC = . 
Øóíëóêäà, éîêàðäàí ýðêèí ãà÷éàí ùèñèì êåñãèòëè t  âàãòäà éåðäåí 

2

02
gty y= − +   

óçàêëûêäà áîëàð. 
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1971. Áåðëåí ýãðèíèÿ ýðêèí íîêàäûíäàí ãå÷èðèëåí ãàëòàøéàíûÿ áóð÷ 
êîýôôèöèéåíòè ),( yxM  íîêàäûÿ àáñèñàñûíà äåÿ áîëàí )3,2(−N  íîêàò 
àðêàëû ãå÷éúí ýãðèíèÿ äåÿëåìåñèíè éàçìàëû. 

×üçþëèøè. Áåëëè áîëøû éàëû áåðëåí ýãðèíèÿ ),( yxM  íîêàäûíäà ãå÷èðèëåí 

ãàëòàøéàíûÿ áóð÷ êîåôôèñèéåíòè 
dx
dy

 äåÿäèð. Øåéëå õåì ìåñåëúíèÿ øåðòèíå 

ãüðú áó áóð÷ êîýôôèñèéåíò ãàëòàøìà íîêàäûíûÿ àáñèñàñûíà äåÿäèð. 
Øóíëóêäà,  

, .dy x dy xdx
dx

= =  

Èíòåãðèðëúï àëéàðûñ: 

.
2

2

Cxy +=     

Bu deªleme C  ñàíûÿ ýðêèí áàõàëàðû àëûï áèëéúíäèãèíå ãüðú 
ïàðàáîëàëàð ìàøãàëàñûíûÿ êüïëþãèíèÿ äåÿëåìåñèäèð. Áó  êüïëþêäåí 

)3,2(−N  íîêàò àðêàëû ãå÷éúíèíè ñàéëàï àëìàê þ÷èí N  íîêàäûÿ 
êîîðäèíàòàëàðûíû äåÿëåìú ãîéàëûÿ:  

2( 2)3 , 1.
2

С С−
= + =  

Øóíëóê-äà, ìåñåëúíèÿ øåðòèíè êàíàãàòëàíäûðéàí äåÿëåìå àøàêäàêû 
ãüðíþøäåäèð: 

2

1
2
xy = + . 

1972. Òàìäûðäàí ÷ûêàðûëàí ÷üðåê 10 ìèíóòäà 100oC -den 60oC -e 
÷åíëè ñîâàäû. Ýãåð äàøêû ñðåäàíûÿ òåìïåðàòóðàñû 20oC -de ñàêëàíéàí 
áîëñà, íú÷å âàãòäàí ñîÿ ÷üðåãèÿ òåìñïåðàòóðàñû 25oC  áîëàð?. 

1973. t  âàãòûÿ äîâàìûíäà áàêòåðèéàëàðûÿ êüïåëìåãèíèÿ òèçëèãè îëàðûÿ 
ìóêäàðûíà ãüíè ïðîïîðñèîíàëäûð. Ýãåð 5 ñàãàäûÿ äîâàìûíäà 
áàêòåðèéàëàðûÿ ìóêäàðû 3 ýññå êüïåëåí áîëñà, áàêòåðèéàëàðûÿ ìóêäàðû 
áèëåí âàãòûÿ àðàñûíäàêû áàãëàíûøûãû òàïìàëû.     

1974. Ãîé, êúáèð 0tt =  âàãòûÿ ïóðñàäûíäà 0R  ãðàì ðàäèíèÿ áàðëûãû 
áåëëè áîëñóí. Ýãåð ðàäèíèÿ äàðãàìàãûíûÿ òèçëèãè îíóÿ ìóêäàðûíà ãüíè 
ïðîïîðñèîíàë áîëñà, èñëåíäèê âàãò ïóðñàäûíäà ðàäèíèÿ ìóêäàðûíû 
êåñãèòëåìåëè.                   

1975. Ìàòåðèàë íîêàò  êúáèð ãüíè ÷ûçûê áîéóí÷à (ìûñàë þ÷èí, Ox  îê 
áîéóí÷à), t2  òèçëèê áèëåí õåðåêåò ýäéúð äèéåëèÿ ( −t âàãò). Õåðåêåò ýäéúí 
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íîêàäûÿ 0tt =  áîëàíäà 0xx =  áàøëàíãû÷ øåðòè êàíàãàòëàíäûðéàí )(txx =  
õåðåêåò äåÿëåìåñèíè êåñãèòëåìåëè. 

1976. Ùèñèì âàãòûÿ êâàäðàòûíà ïðîïîðñèîíàë ϑ  òèçëèê áèëåí 
ãüíè÷ûçûêëû õåðåêåò ýäéúð. Ýãåð áàøëàíãû÷ 0=t  âàãò ïóðñàäûíäà ãå÷èëåí 
éîë 0SS = áîëñà, ãå÷èëåí éîë áèëåí âàãòûÿ àðàñûíäàêû áàãëàíûøûãû 
êåñãèòëåìåëè. 

1977. Ùèñèì äûí÷ëûê éàãäàéûíäàí ÷ûêûï èñëåíäèê ò âàãò ïóðñàäûíäà 
sekmtv /25 2 +=  òèçëèê áèëåí õåðåêåò ýäéúð. Ùèñèìè£ õåðåêåò êàíóíûíû âå 

èëêèíùè 3 ñåê. äîâàìûíäà ãå÷åí éîëuíûÿ óçûíëûãûíû êåñãèòëåìåëè. 
1978. Ðàäèîàêòèâ äàðãàéûø êàíóíûíà ëàéûêëûêäà ðàäèíèÿ äàðãàéûø 

òèçëèãè îíóÿ N  ìóêäàðûíà ïðîïîðñèîíàë. Ýãåð 1600 éûëäàí ñîÿ ðàäèíèÿ 
áàøëàíãû÷ ìóêäàðûíûÿ éàðûñûíûÿ ãàëùàêäûãû áåëëè áîëñà, îíäà t  ïóðñàòäà 
ðàäèíèÿ íú÷å ìóêäàðûíûÿ ãàëùàêäûãûíû êåñãèòëåìåëè. 

1979. Goé, ýãðè ÷ûçûê (1,2) íîêàò arkaly ãå÷éúí áîëñóí. Ýãåð ýãðè 
÷ûçûãà ãå÷èðèëåí ãàëòàøéàí ãüíè ÷ûçûê 1=y  ãüíè ÷ûçûãû, àáñèñàñû x2  
áîëàí íîêàòäà êåñèï ãå÷éúí áîëñà, îíóÿ äåÿëåìåñèíè éàçìàëû. 

1980. 3yyyx =−′  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 
×üçþëèøè. Äåÿëåìúíè àøàêäàêû ãüðíþøäå éàçàëûÿ: 

3xy y y′ = +   éà-äà   ,3yy
dx
dyx += .)( 3 dxyyxdy +=  

Áó äåÿëåìå íúáåëëèëåðè àéûë-ñàéûë åäèëéúí äèôôåðåíñèàë äåÿëåìåäèð. 
Äåÿëèãèÿ èêè áüëåãèíè õåì 0)( 3 ≠+ yyx  áüëþï àëàðûñ: 

.3 x
dx

yy
dy

=
+              

Äåÿëèãèÿ èêè áüëåãèíè õåì èíòåãðèðëúëèÿ 

   
2

2

1ln ln 1 ln ln , ln ln .
2 1

y xy y x c
cy

− + = − =
+  

Øóíëóêäà, áåðëåí äåÿëåìúíèÿ óìóìû ÷üçþâè àøàêäàêû ãüðíþøäåäèð:          

21 y
Cyx
+

= . 

1981. 2 2tg sin cos ctg 0x ydx x ydy+ =  äåÿëåìúíèÿ óìóìû ÷üçþâèíè 
òàïìàëû. 
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¸ 2. Áèðùûíñëû äèôôåðåíöèàë äåÿëåìåëåð 

Êåñãèòëåìå. Ýãåð ),( yxf  ôóíêöèéà 

( , ) ( , )mf x y f x yλ λ λ=  
äåÿëèãè êàíàãàòëàíäûðñà, îÿà ì üë÷åãëè áèðùûíñëû ôóíêöèéà äèéèëéúð. Øåéëå 
õåì, ),( yxP  âå ),( yxQ  ôóíêöèéàëàð øîë áèð üë÷åãëè áèðùûíñëû ôóíêöèéàëàð 
áîëñàëàð 

        ( , ) ( , ) 0P x y dx Q x y dy+ =  
ãüðíþøäúêè äèôôåðåíñèàë äåÿëåìåëåðå áèòùûíñëû äèôôåðåíñèàë äåÿëåìåëåð 
äèéèëéúð. Áèðùûíñëû äèôôåðåíñèàë äåÿëåìúíè 

yy f
x

⎛ ⎞′ = ⎜ ⎟
⎝ ⎠  

ãüðíþøå ãåòèðèï áîëéàíäûð. 
x
yu =  îðíóíà ãîéìàíû óëàíìàê áèëåí áåðëåí 

äåÿëåìå íúáåëëèëåðè àéûë-ñàéûë åäèëéúí äèôôåðåíöèàë äåÿëåìåëåðå ãåòèðèëéúð:  

, .y ux y xu u′ ′= = +  
Îíäà (1) äåÿëåìå àøàêäàêû ãüðíþøè àëéàð: 

( ), ( ) ,dyxu u u x u u
dx

ϕ ϕ′+ = = −  .
( )
du dx
u u xϕ

=
−  

Èíòåãðèðëåìåê áèëåí àëàðûñ: 

ln .
( )
du x c
u uϕ

= +
−∫  

Óìóìû ÷üçþâäå 
x
yu =  ãîéóï, berlen äåÿëåìúíèÿ óìóìû ÷üçþâèíè 

àëàðûñ. 

1982.  2 2

2dy xy
dx x y

=
+

 äåÿëåìúíè ÷üçìåëè.  

×üçþëèøè. Áó äåÿëåìúíèÿ ñàã áüëåãè áèðùûíñëû ôóíêöèéàäûð. uxy =   
îðíóíà ãîéìàíû óëàíàëûÿ: 

  2

2, .
1

dy du du uu x u x
dx dx dx u

= + + =
+   

Áó äåÿëåìåäå þéòãåéúí óëóëûêëàðû àéûë-ñàéûë ýäåëèÿ:  
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2

3

1 .dx u du
x u u

+
=

−  

Èíòåãðèðëúï àëàðûñ:  

      

2

3

1ln lnux du c
u u
+

= +
−∫          

éà-äà 

ln ln ln 1 ln 1 ln .x u u u c= − − − + +  

Áó éåðäåí 21
cu x

u
=

−
 äåÿëèãè àëàðûñ. 

x
yu =  ãîéóï, äåÿëåìúíèÿ 

óìóìû ÷üçþâèíè àëàðûñ: .22 cyyx =−  
1983. Áåðëåí 0 íîêàòäàí ÷ûêéàí úõëè øüõëåëåðè áåðëåí óãðà ïàðàëëåë 

ñåðïèêäèðèùè àéíàíûÿ ôîðìàñûíû àÿëàäéàí ôîðìóëàíû òàïìàëû. 
×üçþëèøè. Àéíàíûÿ òåêèç êåñèãèíå ãàðàëûÿ. Êîîðäèíàòàëàð áàøëàíãøûùû 0 

íîêàòäà, Oy  îêû áîëñà áåðëåí óãðà ïàðàëëåë éåðëåøäèðåëèÿ (110-íùy ÷ûçgy). 

 

110-íùy ÷ûçgy 

 
Áó éåðäå OM  äþøéúí øüõëå, ML  ñåðïèêäèðèùè øüõëå, MN  íîðìàë, 

MP  ãüçëåíéúí ýãðú ãå÷èðèëåí ãàëòàøìàäûð. 
Øåðòå ãüðú NMLKMN ∠=∠ . Îíäà 

2 2, , ctg

.
tg

ON OM OM x y ON OK KN OK KM
KM xOK y

y

α

α

= = + = + = + ⋅ =

= + = +
′

 

  Äèéìåê, 
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    2 2 ,xx y y
y

+ = +
′

  2 2 ,dxx y y x
dy

+ = +  

      , , .x dx duu x uy u y
y dy dy
= = = +  

Îíäà àëàðûñ: 
21 1uu yu

u
+ −′+ = , 

2 2
,

1 (1 )
udu dy

yu u
=

+ − +
 

221 zu =+ , 2 2udu zdz= , ,
)1( y

dy
zz

zdz
=

−
 

ln( 1) ln lnz y C− − = + , 
1 ,

1
Cy

z
=

−
 

.11 2

22

2

2
22

y
xy

y
xuz +

=+=+=  

Øóíëóêäà 

2 2

yCy
y x y

=
+ −

, 
2 2

1
1

1

1, .
2

x Cy C
C C
−

= =  

Äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 

 1984. 1.yy
x

′ = −                 1985. 2( ) 0.x y ydx x dy− − =  

 1986. 2 2( ) 0.x y dx xydy+ − =          1987. 2 .yy y x′ = −  

 1988. .
y
x yy e

x
′ = +    

¸ 3. ×ûçûêëû äèôôåðåíöèàë äåÿëåìåëåð 

Íúáåëëè ôóíêöèéà âå îíóÿ üíþìèíå ãüðú ÷ûçûêëû áîëàí äåÿëåìú 
áèðèíùè òåðòèïëè ÷ûçûêëû äèôôåðåíöèàë äåÿëåìå äèéèëéúð. ×ûçûêëû äèôôåðåíöèàë 
äåÿëåìå 

           ( ) ( )dy P x y Q x
dx

+ =                    (1) 

ãüðíþøäå áåðèëéúð. Áó éåðäå )(xP  âå )(xQ  ôóíêöèéàëàð ),( ba  àðàëûêäà 
áåðëåí þçíþêñèç ôóíêñèéàëàðäûð.  

Èíäè (1) äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàãûÿ Áåðíóëëû óñóëûíû 
áåéàí ýäåëèÿ. ×üçþâè ϑuy =  ãüðíþøäå ãüçëåéúðèñ. Áó éåðäå )(xu  âå 

)(xϑ  òúçå ãüçëåíéúí ôóíêöèéàëàðäûð. Îíû (1) äåÿëåìú ãîéóï àëàðûñ: 
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( ) ( ),du d P x u Q x
dx dx

ϑϑ ϑ⎡ ⎤+ + =⎢ ⎥⎣ ⎦
 

( )
( ) 0, ,

P x dxd P x Ce
dx
ϑ ϑ ϑ

−∫+ = =  

( ) ( )
( ), ( ) .

P x dx P x dxdu Ce Q x Cdu Q x e dx
dx

−∫ ∫= =  

 
Áó äåÿëèãè èíòåãðèðëúï àëàðûñ: 

( )
1

1 ( ) .
P x dx

u Q x e C
C
⎡ ⎤∫= +⎢ ⎥⎣ ⎦∫  

Øóíëóêäà 

( ) ( ) ( )
1 ( ) .

P x dx P x dx P x dx
y u C e e Q x e dxϑ

− −∫ ∫ ∫= = + ∫   

Áó áîëñà äåÿëåìúíèÿ óìóìû ÷üçþâèäèð.  

1989. x
x
y

dx
dy

=−   äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 

×üçþëèøè. Ýãåð ϑuy =  áîëñà. îíäà 

  , ,uu u x u u x
x x
ϑ ϑϑ ϑ ϑ ϑ⎛ ⎞′ ′ ′ ′+ − = + − =⎜ ⎟

⎝ ⎠  

       0, .u x
x
ϑϑ ϑ′ ′− = =  

0=−′
x
ϑϑ äåÿëåìúíè ÷üçåëèÿ , .d x

dx x
ϑ ϑ ϑ= =  −ϑ ª áàõàñûíû xu =′ϑ  

äåÿëåìú ãîéóï àëàðûñ:  

      , .du x x u x C
dx

= = +  

Øóíëóêäà, áåðëåí äåÿëåìúíèÿ óìóìû ÷üçþâè àøàêäàêû ãüðíþøäåäèð:  

      
2( ) .y x C x x Cx= + = +   

1990.  1+=+′ xyyx  äåÿëåìúíèÿ 2=x  áîëàíäà 3=y  áàøëàíãû÷ 
øåðòè êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 

×üçþëèøè. Áó ÷ûçûêëû äåÿëåìåäèð: ., uuyuy ϑϑϑ ′+′=′=  Îíäà áåðëåí 
äåÿëåìå àøàêäàêû ãüðíþøè àëéàð: 
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1 11u u u
x x

ϑ ϑ ϑ′ ′+ + = +  

éà-äà 
1 11 .u u u
x x

ϑ ϑ ⎛ ⎞′ ′+ + = +⎜ ⎟
⎝ ⎠

 

 
Îíäà   

   01
=+′ u

x
u  âå 

11 ,u
x

ϑ′ = +  

     
1ln ln , .u x u
x

= − =  

Øóíëóêäà, 

21 11 , 1, .
2
xx x C

x x
ϑ ϑ ϑ′ ′= + = + = + +  

Îíäà äåÿëåìúíèÿ óìóìû ÷üçþâè àøàêäàêû ãüðíþøäåäèð:  

  

2
1

1
1 1 .

2 2
Cx xy u x C

x x
ϑ

⎛ ⎞
= = + + = + +⎜ ⎟

⎝ ⎠  

Èíäè áàøëàíãû÷ øåðòè óëàíûï õóñóñû ÷üçþâè òàïàëûÿ: 

   
23 1 1 , 2, 1 .

2 2
C xC y

x
= + + = = + +  

1991. Ãàðøûëûãû ,R  èíäóêòèâëèãè L  âå ýëåêòðèê õåðåêåòëåíäèðèùè ãþéùè 
Ý áîëàí çûíùûðäàêû òîãóÿ ãþéùè 

( )
!

! !
dI nL RI E
dt r n r

+ =
−  

äèôôåðåíöèàë äåÿëåìúíè êàíàãàòëàíäûðéàð. Ýãåð Ð õåìèøåëèê, KtE =  
ýëåêòðèê õåðåêåòëåíäèðèùè ãþé÷ âàãòà ïðîïîðñèîíàë àðòéàí áîëñà, îíäà òîãóÿ 
ãþéùþíèÿ âàãò áèëåí áàãëàíûøûãûíû òàïìàëû (111-íùè ÷ûçgy). 

×üçþëèøè. 
  

 
111-íùè ÷ûçgy 
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dIL RI Kt
dt

+ =  äèôôåðåíöèàë äåÿëåìå íúáåëëè I  ôóíêöèéà ãüðú ÷ûçûêëû 

äåÿëåìåäèð. Ãîé , .I u I u uϑ ϑ ϑ′ ′ ′= = +  
Îíäà áó äåÿëåìúíèÿ óìóìû ÷üçþâèíè àøàêäàêû ãüðíþøäå éàçûï 

áèëåðèñ:  

2 .
Rt
LK KLI u t Ce

R R
ϑ

−
= = − +  

Áàøëàíãû÷ øåðòëåðè óëàíàëûÿ:  

2 20 , .KL KLC C
R R

= − + =  

Øóíëóêäà, òîãóÿ ãþéùè áèëåí âàãòûÿ àðàñûíäàêû áàãëàíûøûê àøàêäàêû 
ãüðíþøäåäèð:  

2( ) 1 .
Rt
LK KLI t t e

R R
−⎛ ⎞

= + −⎜ ⎟
⎝ ⎠

 

1992. 2 42 3 2dy yx x x
dx

− = −  dåÿëåìúíè ÷üçìåëè.  

  

×üçþëèøè. Äåÿëåìede deňligiň ÷åï bülegine ãàðàëûÿ: 02 =− yx
dx
dy

. Áó 

äåÿëåìúíèÿ 0=y  ÷üçþâè áàðäûð. Áåéëåêè ÷üçþâëåðèíè òàïìàê þ÷èí 
íúáåëëèëåðè àéûë-ñàéûë ýäèï, äåÿëåìúíè ÷üçåëèÿ:  

  
222 , ln ln , 0, .xdy xdx y x C C y Ce

y
= = + > =  

Áåðëåí äåÿëåìúíèÿ ÷üçþâèíè 
2

)( xexcy =  ãüðíþøäå ãüçëúëèÿ. Áó 
ôóíêöèéàíû äåÿëåìú ãîéóï àëéàðûñ: 

2 2 2 2 4( ) 2 ( ) 2 ( ) 3 2 ,x x xdc x e xe C x xe C x x x
dx

+ − = −  

 

( )2 2 4( ) 3 2 ,xdc x e x x
dx

−= −  

( )2 22 4 3( ) 3 2 .x xC x e x x dx x e C− −= − = +∫  

Øóíëóêäà, áåðëåí äåÿëåìúíèÿ óìóìû ÷üçþâè àøàêäàêû ãüðíþøäåäèð:  

  
2 2 23 3( ) .x x xy C x e e Ce x−= + = +  
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1993. 32 ( 1)
1

dy y x
dx x

− = +
+

 dåÿëåìúíè ÷üçìåëè. 

     
 Àøàêäàêû ÷ûçûêëû äåÿëåìåëåðèÿ óìóìû ÷üçþâëåðèíè òàïìàëû. 

1994. 
1.y xy a

x x
+′− =            1995.  cos sin 1.ds t s t

dt
+ =   

1996.  .x nny y e x
x

′ − =            1997.  2

1 21 .xy y
x
−′ = −  

1998.  0, , .xxy y e y b x a′ + − = = =  

1999. 
1tg , 0, 0.

cos
y y x y x

x
′ − = = =  

2000. 
2yy x
x

′ + =  dåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 

   

2001.  
1

cos sin 2
dy
dx x y a y

=
+

 äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 

      ¸ 4. Äîëû äèôôåðåíöèàëëû äåÿëåìåëåð 

Ýãåð k­bir îáëàñòäà þçíþêñèç ),( yxM  âå ),( yxN  ôóíêöèéàëàðûÿ 

,M N
y x

∂ ∂
∂ ∂

  þçíþêñèç üíþìëåðè 

              
M N
y x

∂ ∂
=

∂ ∂
                       (1) 

äåÿëèãè êàíàãàòëàíäûðéàí áîëñà, îíäà 
         +dxyxM ),( ( , ) 0N x y dy =                (2) 

ãüðíþøäúêè äåÿëåìåëåðå äîëû äèôôåðåíöèàëëû äåÿëåìåëåð äèéèëéúð. Ãüðíþøè 
éàëû (2) äåÿëåìúíèÿ äîëû äèôôåðåíöèàëëû äåÿëåìå áîëìàãû þ÷èí (1) øåðòèÿ 
éåðèíå éåòìåãè çåðóð âå éåòåðëèêäèð. Áó õàëäà NdyMdxdu +=  âå  

( , )u x y C=  áåðëåí äåÿëåìúíèÿ óìóìû èíòåãðàëûäûð. ),( yxu  ôóíêöèéà 

     ( , ), ( , )u uM x y N x y
x y
∂ ∂

= =
∂ ∂  

äåÿëåìåëåð óëãàìûíäàí êåñãèòëåíèï áèëíåð. 
Ýãåð-äå äåÿëåìúíèÿ ÷åï áüëåãè õàéñû õåì áîëñà áèð ôóíêñèéàíûÿ 

äîëû äèôôåðåíñèàëû áîëìàñà, îíäà îë äåÿëåìúíè μ  êüïåëäèùú êüïåëäèï, 
îíuÿ äîëû äèôôåðåíñèàëëû äåÿëåìå áîëìàãûíû ãàçàíéàðëàð. Øîë õàëäà ñîÿêû 
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äåÿëåìúíèÿ óìóìû ÷üçþâè áåðëåí äåÿëåìúíèÿ õåì óìóìû ÷üçþâèäèð. Îë 
êüïåëäèùú èíòåãðèðëåéùè êüïåëäèùè äèéèëéúð. Ýãåð-äå áåðëåí äåÿëåìúíèÿ 
èíòåãðèðëåéùè êüïåëäèùèñè áàð áîëóï, äèÿå x -e áàãëû áîëñà, îíäà îë 

М N
y x dx

Nеμ

∂ ∂
−

∂ ∂∫=  
äåÿëèê áèëåí, øåéëå õåì îë y -e áàãëû áîëñà 

М N
y x dy

Nеμ

∂ ∂
−

∂ ∂−∫=  
äåÿëíèê áèëåí òàïûëéàð. 

2002. 0=+ xdyydx  äåÿëåìúíè ÷üçìåëè. 
×üçþëèøè. Äåÿëåìúíèÿ ÷åï áüëåãèíè 

       ( , )d x y ydx xdy= +  
ãüðíþøäå éàçàëûÿ. Îíäà äåÿëåìå 0),( =yxd  ãüðíþøè àëéàð. Áó äåÿëåìúíè 
èíòåãðèðëúï, îíóÿ óìóìû èíòåãðàëûíû cxy =  ãüðíþøäå òàïàðûñ. 

2003. 0)2()2( 2222 =−−+−+ dyyxyxdxyxyx  äåÿëåìúíèÿ óìóìû 
÷üçþâèíè òàïìàëû. 

×üçþëèøè. Äåÿëåìúíèÿ ÷åï áüëåãèíäúêè àÿëàòìàíûÿ (2) øåðòè 
êàíàãàòëàíäûðéàíäûãûíû áàðëàëûÿ:  

2 2 2 2( , ) 2 , ( , ) 2M x y x xy y N x y x xy y= + − = − −  

.22,22 yx
x
Nyx

y
M

−=
∂
∂

−=
∂
∂

 

Äèéìåê, 
M N
y x

∂ ∂
=

∂ ∂
 øåðò éåðèíå éåòéúð. Øóíëóêäà, äåÿëåìúíèÿ ÷åï 

áüëåãè õàéñû õåì áîëñà ),( yxu  ôóíêöèéàíûÿ äîëû äèôôåðåíöèàëûäûð:    

2 2 2 22 , ( , ) ( 2 )u x xy y u x y x xy y dx
x
∂

= + − = + − =
∂ ∫

3
2 2 ( ).

3
x x y y x yϕ+ − +  

Áó äåÿëèãè y  ãüðú äèôôåðåísèðëúëèÿ:  
2 2 ( ).u x xy y

y
ϕ∂ ′= − +

∂
 

Îíäà àëàðûñ:  
2 2 22 ( ) 2 ,x xy y x xy yϕ′− + = − −  

2 2 31( ) , ( ) .
3

y y y y dy yϕ ϕ′ = − = − = −∫  

Áó àëíàí ôóíêöèéàíû îðíóíà ãîéìàê áèëåí òàïàðûñ:  
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3
2 2 31( , ) .

3 3
xu x y x y y x y= + − −  

Øóíëóêäà, áåðëåí äåÿëåìúíèÿ óìóìû ÷üçþâè àøàêäàêû ãüðíþøäåäèð:  

     

3
2 2 31 .

3 3
x x y y x y C+ − − =  

2004.  ( )2 22 1 0x x y dx x ydy+ − − − =  äåÿëåìúíè ÷üçìåëè.  

2005.  ( ) ( )2 23 2 2 6 3 0y xy x dx xy x dy+ + + + + =  äåÿëåìúíè ÷üçìåëè. 

2006.  
2 2

3 4

2 3 0x y xdx dy
y y

−
+ =  äåÿëåìúíè ÷üçìåëè.  

Äåÿëåìeleri ÷üçìåëè.  

2007. ( ) ( )2 2 0.x y dx x y dy+ + − =         

 

2008. ( ) ( )23 4 0.y x dx y x dy− − − =          2009. ( )3 .y x y y′− =     

2010. ( ) ( )2 3 2 22 3 2 3 2 0.xy x dx x y y dy+ + + =   2011.  
2 2

2 0.
( )

x dy y dx
x y
−

=
−

   

2012. ( )ln 2 2 0.xy x dx y dy
y

⎛ ⎞
− + − =⎜ ⎟

⎝ ⎠
 

2013. 
2

2

sin 2 sin 0.x xx dx y dy
y y

⎛ ⎞⎛ ⎞
+ + − =⎜ ⎟⎜ ⎟

⎝ ⎠ ⎝ ⎠
     

2014. ( )2 33 1 0y yx e x e y′+ − =  äåÿëåìúíèÿ 10 ==xy  øåðòè 

êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 

¸ 5. Áåðíóëëi äåÿëåìåñi 

Ýãåð )(xp  âå )(xq  þçíþêñèç ôóíêöèéàëàð áîëñà, îíäà 

( ) ( ) ny p x y q x y′ + =  
ãüðíþøäúêè äåÿëåìëåðå Áåðíóëëi äåÿëåìåëåðè äèéèëéúð. Áó ãüðíþøäúêè 
äåÿëåìåëåð  nyz −= 1  îðíóíà ãîéìàíû óëàíûï, ÷ûçûêëû äåÿëåìåëåðå 

ãåòèðèëéúð. Áåðíóëëi äåÿëåìåñè  ( ) ( )y u x xϑ=  îðíóíà ãîéìà áèëåí õåì 

÷üçþëèï áèëíåð. 
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2015. 2dy y xy
dx x

+ =  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 

×üçþëèøè. Òúçå zy =−1  íúáåëëè ôóíêöèéàíû ãèðèçåëèÿ  .2 zyy ′=′− −  
Îíäà áåðëåí äåÿëåìå àøàêäàêû ãüðíþøè àëéàð:  

.zz x
x

′− + =  

Áó áîëñà ÷ûçûêëû äåÿëåìåäèð. , .z u z u uϑ ϑ ϑ′ ′ ′= = +  

,u u x
x
ϑϑ ϑ⎛ ⎞′ ′− − − =⎜ ⎟

⎝ ⎠   

 0, , , .u x x u x c
x
ϑϑ ϑ ϑ′ ′− = = − = = − +  

Îíäà ( )z x C x= − . Øóíëóêäà, áåðëåí äåÿëåìúíèÿ óìóìû ÷üçþâè 

àøàêäàêû ãüðíþøäåäèð: ( )2 21 , 1.x Cx y Cx x
y
= − + − =  

2016. 33 yxxy
dx
dy

=+  äåÿëåìúíè ÷üçìåëè.  

Äåÿëåìåëåðè ÷üçìåëè. 

2017. 22 .xdy y e y
dx

+ =          2018. 2 ln .dy y y x
dx x

+ =  

2019. ( )5 2 2 .xdy x y y dx= −    2020. 24 0.yy х у х′ − − =  

2021. 3 3.у ху х у′ + =           2022. ( )2 21 0.x y xy axy′− − − =  

2023. ( )ln 2 .y х уdx xdy− =     2024. ( )2cos cos 1 sin .у у x y x x′− = −  

    ¸ 6. Éîêàðû òåðòèïëè äèôôåðåíñèàë äåÿëåìåëåð 

1. Óìóìû äþøþíùåëåð. −n nji òåðòèïëè äèôôåðåíñèàë äåÿëåìåëåðèÿ óìóìû 
ãüðíþøè àøàêäàêû éàëûäûð: 

            ( )( ) .0,...,,,, =′′′ nyyyyxF              ( )1  

−n nji òåðòèïëè üíþìå ãüðú ÷üçþëåí differensial deňlemeler àøàêäàêû 
ãüðíþøäå éàçûléar: 

           ( ) ( )( ).,...,,,, 1−′′′= nn yyyyxfy            ( )1′  
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Áó äåÿëåìåäå x  àðãóìåíò áîëóï, у  áîëñà íúáåëëè ôóíêñèéàäûð. Áó 
äåÿëåìåëåðèÿ óìóìû ÷üçþâëåðè n  ñàíû õåìèøåëèê ñàíà áàãëûäûð: 

( )1 2, , ,..., .ny x C C Cϕ=  

Óìóìû ÷üçþâäåí êåñãèòëè øåðòëåðè êàíàãàòëàíäûðéàí õóñóñû ÷üçþâè 
àëìàê þ÷èí áàøëàíãû÷ øåðòëåðè óëàíìàëû áîëéàð. Éàãíû 0х х=  áîëàíäà 

ôóíêñèéàíûÿ âå îíóÿ ( )1−n -nji tertipli üíþìëåðèíèÿ áàõàëàðû áåðèëéúð: 

   ( ) ( )1 1
0 0 000 0
, ,..., .n ny y y y y yx x x x x x

− −′ ′= = == = =         ( )2  

Óìóìû ÷üçþâè ( )1−n  ãåçåê äèôôåðåíñèðëúï âå (2) øåðòëåðè óëàíûï, 

nCCC ,...,, 21    ñàíëàðû òàïìàê þ÷èí n  äåňëåìåëåð sistemasyny àëéàðûñ. 

1. Ýãåð äåÿëåìå )()( xfy n =  ãüðíþøäå áåðëåí áîëñà,  

    
1 2

1 2... ( ) ... .n n
ny dx f x dx C x C x C− −= + + + +∫ ∫ ∫  

2. Ýãåð äèôôåðåíñèàë äåÿëåìå y  óëóëûãû àíûê ãüðíþøèíäå ñàêëàìàéàí 
áîëñà, éàãíû  ( , , ) 0F x y y′ ′′ =  îíäà, py =′  îðíóíà ãîéìàíû óëàíûï, 
äåÿëåìúíèÿ òåðòèáè áèð áèrëèê êåìåëäèëéúð:  

.0),,( =′ppxF  
3. Ýãåð äèôôåðåíñèàë äåÿëåìå x  óëóëûãû àíûê ãüðíþøèíäå ñàêëàìàéàí 

áîëñà, éàãíû 

( , , ) 0,F y y y′ ′′ =    

îíäà , dpy p y p
dy

′ ′′= =  îðíóíà ãîéìà óëàíûï äåÿëåìúíèÿ òåðòèáè áèð 

áèðëèê êåìåëäèëéúð:  

  , , 0.dPF y p p
dy

⎛ ⎞
=⎜ ⎟

⎝ ⎠  

2025  xyV cos=  dåÿëåìúíè ÷üçìåëè.    
×üçþëèøè. Yzygiderli integrirl­p alarys:  

1

1 2

sin ,
cos ,

IVy x C
y x C x C

= +
′′′ = − + +
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3 2

1 2 3 4

4 3 2

1 2 3 4 5

cos ,
6 2

sin .
24 6 2

x xy x C C C x C

x x xy x C C C C x C

′ = + + + +

= + + + + +
 

2026. ( )21 2х у ху′′ ′+ =  äåÿëåìúíèÿ 0 00, 3x хy y= =′= =   áàøëàíãû÷ 

øåðòëåðè êàíàãàòëàíäûðéàÿ õóñóñû ÷üçþâèíè òàïìàëû. 
×üçþëèøè.  ,y p y p′ ′′ ′= =  

( )21 2 ,х p хp′+ =  

  ∫ ∫ +
= 21

2
x

xdx
p

dp
,  2 2ln ln 1 ln ln 1 ,p x C C x= + + = +  

    ( )
3

2
1 1 21 , ,

3
dy xC x y C x C C
dx

= + = + +  

         2
1 1 1, 2 .у С С х у С х′ ′′= + =  

Áó üíþìëåðèÿ áàõàëàðûíû áåðëåí ( )21 2х у ху′′ ′+ =  äåÿëåìú ãîéóï, 

toædestwo àëéàðûñ: 

     ( ) ( )2 2
1 1 11 2 2 .х С х х С С х+ = +  

Øóíëóêäà, 
3

1 1 23
ху С х С С= + +  áåðëåí äåÿëåìúíèÿ óìóìû ÷üçþâèäèð. 

Èíäè áàøëàíãû÷ øåðòëåðè óëàíûï, õóñóñû ÷üçþâè òàïàëûÿ: 

     

3

0 1 1 2 2

0 1 2 1

00 0, 0,
3

0 3, 3.

x

x

y C C C C

y C C C

=

=

= ⋅ + + = =

′ = + ⋅ = =
 

Onda, 33 xxy +=  äåÿëåìúíèÿ õóñóñû ÷üçþâiäèð. 

2027. 
( )31

12
+

=′′′
x

y  äåÿëåìúíèÿ 

   0 00 1, 2, 1x xxy y y= == ′ ′′= = =  

áàøëàíãû÷ øåðòëåðè êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû.  
 De£lemeleri ¡«zmeli.      

2028. 
1 .y
x

′′ =              2029. cos .y x′′ =  

2030. .y x′′′ =                2031. tg sin 2 .y y x x′′ ′+ =  
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2032. xy 2cos4=′′   äåÿëåìúíèÿ óìóìû ÷üçþâèíè âå  

         0 00, 0x xy y= =′= =  

áàøëàíãû÷ øåðòëåðè êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 
2033. xxy sin=′′  äåÿëåìúíèÿ óìóìû ÷üçóâèíè òàïìàëû. 

2. ( ) ( )1, , 0n nF x y y−⎡ ⎤ =⎣ ⎦  ãüðíóøäúêè äåÿëåìåëåð. Ãüðíþøè éàëû áó 

ãüðíþøäúêè äåÿëåìåëåð y  ôóíêñèéàíû âå îíóÿ ( )1−n  tertibe ÷åíëè 
üíþìëåðènè üçþíäå ñàêëàìàéàð. Şeéle äèôôåðåíñèàë äåÿëåìåëåðè ÷üçìåê þ÷èí 
( ) ( )1−= nyxp   áåëãèëåìúíè ãèðèçèï, áèðèÿùè òåðòèïëè ( ) 0,, =′ppxF   äåÿëåìúÿè 

àëàðûñ. Áó éåðäå ( )xp  íúáåëëè ôóíêñèéàäûð. Ýãåð 2=n  áîëñà, 

( ), , 0F х у у′ ′′ =  äèôôåðåíñèàë äåÿëåìå у  ôóíêñèéàíû üçþíäà ñàêëàìàéàð. 

Áó õàëäà õåì у p′ =  áåëãèëåìúíè ãèðèçèï, áèðèÿùè òåðòèïëè ( ) 0,, =′ppxF  
äåÿëåìúíè àëàðûñ. 

2034. xexyyx 2=′−′′  dåÿëåìúÿèª óìóìû ÷üçþâènè òàïìàëû.  
×üçþëèøè. Áó äåÿëåìå у  üçþíäå ñàêëàìàéàð py =′  îðíóíà ãîéìàíû 

óëàíûï, ( )xp  íúáåëë­ ãüðú áèðèÿùè òåðòèïëè äèôôåðåíñèàë äåÿëåìúÿè àëàðûñ:  
2 .xxp p x e′ − =  

Äåÿëåìúnè ÷üçåëèÿ: Ãîé ϑup =  áîëñóí. Îíäà ,uup ϑϑ ′+′=′  

( )
( )

2

2

,

.

x

x

x u u u x e

u x u x x e

ϑ ϑ ϑ

ϑ ϑ ϑ

′ ′+ − =

′ ′+ − =
 

0=−ϑϑ x
dx
d

 äåÿëåìúíè ÷üçeliª: 

        , ln ln , .d dx x x
x

ϑ ϑ ϑ
ϑ

= =∫ ∫  

( )xu  ôóíêñèéàíû òàïàëûÿ: 

2
1, , .x x xdu x x x e du e dx u e C

dx
⋅ = = = +  

Øóíëóêäà, 

( )1
xp e C x= +  

éà-äà 
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( )1 ,хdу х е С
dх

= +  

( )
2

1 1 1 2, .
2

x x x x xdy xe C x dx y xe dx C xdx xe e C C= + = + = − + +∫ ∫  

2035. Éóâàøëûê áèëåí ñóâà ÷þìéúí ùèñèìèÿ −ϑ òèçëèãè âå −ω
òèçëåíìåñè òàêìûíàí àøàêäàêû äåÿëèê áèëåí üçàðà áàãëàíûøéàðëàð:  

,g kω ϑ= −  
áó éåðäå −gk , õåìèøåëèêäèð. Ýãåð 0=t  áîëàíäà 0==ϑS  áîëñà, ãå÷èëåí 
éîë áèëåí âàãòûí àðàsûíäàêû áàãëàíøûãû êåñãèòëåìåëè. 

×üçþëèøè. Áåëëè áîëøû éàëû 
2

2

d S
dt

ω = − òèçëåíìå, −=
dt
dSϑ òèçëèêäèð. Îíäà 

S  áèëåí t  âàãòûÿ áàãëàíûøûãû èêèíùè òåðòèïëè äèôôåðåíñèàë äåÿëåìå áèëåí 
àÿëàäûëéàð: 

2

2 .d S dSg k
dt dt

= −  

ϑ=
dt
dS

 âå 
dt
d

dt
Sd ϑ
=2

2

 áåëãèëåìeleri  ãèðèçèï,  ( )tϑ   íúáåëëú ãüðú 

íúáåëëèëåðè àéûë-ñàéûë ýäèëåí áèðèíùè òåðòèïëè äèôôåðåíñèàë äåÿëåìå àëàðûñ: 

,d dg k dt
dt g k
ϑ ϑϑ

ϑ
= − =

− . 

Äåÿëèãè èíòåãðèðëúï àëàðûñ: 

( ) .ln1
1Ctkg

k
+=−− ϑ  

( ) 00 =ϑ  øåðòè óëàíûï 1C  òàïàëûÿ: 

.ln1
1Cg

k
=−  

Áó áàõàíû éîêàðäàêû äåÿëèãå ãîéþï ( )tϑ  ãüðú äåÿëåìúíè ÷üçåëèÿ: 
1

ln , .
kg g ktt e

g k g kϑ ϑ
⎛ ⎞

= =⎜ ⎟− −⎝ ⎠
 

Bó éåðäåí  

( )1 ..ktdS g e
dt k

ϑ −= = −  
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Íúáåëëèëåðè àéûë-ñàéûë ýäèï, ( )tϑ  ôóíêñèéà ãüðú äèôôåðåíñèàë äåÿëåìå 
àëàðûñ. Înû ÷üçþï, òàïàðûñ: 

( ) ( ) 21 ,g ktS t e dt C
k

−= − +∫  

éà-äà 

( ) 22 .g g ktS t t e C
k k

−= + +  

( ) 00 =S    øåðòè óëàíûï −2C òàïàëûÿ: 

220 g C
k

= + ⇒ .22 k
gC −=  

Áó áàõàíû éîêàðäàêû äåÿëèãå ãîéóï ãüçëåíéúÿ áàãëàíûøûãû òàïàðûñ: 

( ) ( )2 1 ..g g ktS t t e
k k

−= + −  

2036. ( )21ay y′′ ′= − +  dåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû.    

    
Äåÿëåìelerèÿ óìóìû ÷üçþâèíè òàïìàëû. 

2037. 3 2 1.x y x y′′ ′+ =    2039. ( ) ( ) .011 22 =+′+′′+ yyx  
2038. 1 0.xy y x′′′ ′′+ − − =                

3.  ( ), , 0F y y y′ ′′ =  ãüðíþøäúêè äåÿëåìåëåð. Áó ãüðíþøäúêè äèôôåðåíñèàë 

äåÿëåìåëåð üçþíäå áàãëàíûøûêñûç þéòãåéúí x  óëóëûãû àíûê ãüðíþøèíäå 
ñàêëàìàéàð. ( )ypy =′   áåëãèëåìúíè ãèðèçèï, òàïàðûñ: 

( ) .
d y dp dp dy dp dpy y p

dx dx dy dx dy dy
′

′′ ′= = = = ⋅ =  

Øóíëóêäà, áèç àøàêäàêû  áèðèíùè òåðòèïëè äèôôåðåíñèàë äåÿëåìúíè àëéàðûñ: 

.0,, =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
dy
dpppyF  

Áó éåðäå ( )yp  íúáåëëè ôóíêñèéàäûð 

2040. 2 3( ) ( ) 0y y y y′′ ′ ′⋅ − + =   äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 

×üçþëèøè. Áó äåÿëåìúíè ÷üçìåê þ÷èí 
dy
dppypy =′′=′ , áåëãèëåìúíè 

ãèðèçèï, áèðèíùè òåðòèïëè äèôôåðåíöèàë äåÿëåìúíè àëàðûñ:  
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2 3
20, ,dp dy dpy p p p

dy y p p
⋅ − + = =

−      

        
1

1
1

, .
1 1

c ypyc p
p c y

= =
− +          

Îíäà 

1
2

1 1

1, ln .
1

c ydy y y x c
dx c y c

= + = +
+  

Áó áîëñà äåÿëåìúíèÿ óìóìû ÷üçþâèäèð. 
Dåÿëåìelerèÿ óìóìû ÷üçþâèíè òàïìàëû. 
2041. (1 ) 0.y y y y′′ ′ ′⋅ − + =             2042. 21 .y y′′ ′= −  

2043. 2(1 ) .y y ay′ ′ ′′+ =   

2044. 22 yyy ′=′′  äåÿëåìúíèÿ 1−=x  áîëàíäà 1,4 =′= yy  øåðòëåðè 
êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû.  

 ×üçþëèøè. 
dy
dppypy =′′=′ ,  îðíóíà ãîéìàíû óëàíûï áèðèíùè òåðòèïëè 

äèôôåðåíöèàë äåÿëåìå àëàðûñ: 

         ,2,2 2 p
dy
dpyp

dy
dpyp ==  

       .,lnln
2
1ln 11 CypCyp =+=  

Áàøëàíãû÷ íúáåëëú äîëàíûï ãåëåëèÿ:  

 1 1 1 2, , 2 .dy dyy C C dx y C x C
dx y

= = = +  

Áó äåÿëåìúíèÿ óìóìû ÷üçþâèäèð. Õóñóñû ÷üçþâè òàïìàê þ÷èí 
áàøëàãû÷ øåðòëåðè óëàíàëûÿ:  

   1 1 1 2 2
1 1 91 2 , , 2 2 , 4 .
2 2 2

C C C C C= = ⋅ = − + = + =  

Øóíëóêäà, 

    

21 9 9 ( 9)2 , .
2 2 2 16

x xy x y+ +
= + = =  
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2045. 2 1y y′′ ⋅ =  äåÿëåìúíèÿ 
2
1

=x  áîëàíäà 2,2 =′= yy  øåðòëåðè 

êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 
2046. 0)1(2 =−′+′−′′ yyyy  äåÿëåìúíèÿ 0=x  áîëàíäà 2,1 =′= yy  

øåðòëåðè êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 
2047. 0=+′′ yy  äåÿëåìúíèÿ 0=x  áîëàíäà 1=y , π=x  áîëàíäà 
1−=y  ãûðàêû øåðòëåðè êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 
×üçþëèøè. Áåðëåí äèôôåðåíöèàë äåÿëåìúíèÿ óìóìû ÷üçþâè àøàêäàêû 

ãüðíþøäåäèð: 

1 2cos sin ,y C x C x= +  

áó éåðäå 1c  âå 2c  ýðêèí õåìèøåëèê ñàíëàðäûð. Óìóìû ÷üçþâå ãûðàêû 
øåðòëåðè óëàíûï, àëéàðûñ: 

   1 2 1 21 1 0, 1 ( 1) 0.C C C C= ⋅ + ⋅ − = − + ⋅  

Áó éåðäåí 1 1C =  àëéàðûñ. 2C  áîëñà êåñãèòëåíìúí ãàëäû. 1C  óìóìû 
÷üçþâå ãîéñàê, àøàêäàêûíû àëàðûñ:  

2cos sin .y x C x= +  
Äèéìåê, áèç òþêåíèêsèz êüï ÷üçþâè àëäûê, ÷þíêè èêèíùè ãîøóëûùûíyÿ 

2C  êîýôôèñèéåíòè ýðêèí õåìèøåëèê ñàíäûð. 

2048. 42 yyyy =′−′′  äåÿëåìúíèÿ 0=x  áîëàíäà 0,1 =′= yy  
áàøëàíãû÷ øåðòëåðè êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 

×üçþëèøè. Áåðëåí äèôôåðåíöèàë äåÿëåìå áàãëàíûøûêñûç þéòãåéúí x  

óëóëûãû àíûê ãüðíþøèíäå ñàêëàìàéàð. , dpy p y p
dy

′ ′′= =  îðíóíà ãîéìàíû 

óëàíûï àëàðûñ:             
2 4.dpyp p y

dy
− =  

Áèç p  ãüðú áèðèíùè òåðòèïëè ÷yzykly d­l äåÿëåìúíè àëäûê. Áó 

äåÿëåìúíè ÷üçìåê þ÷èí 2pz =  òúçå ôóíêöèéàíû ãèðèçåëèÿ. Îíäà 

2 .dz dpp
dy dy

=   

Îíäà äåÿëåìå àøàêäàêû ãüðíþøè àëàð 
422 yz

dy
dzy =−    éà-äà   .22 3y

y
z

dy
dz

=−  
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Áó äåÿëåìå z  ãüðú birinji tertipli ÷yzykly differensial äåÿëåìåäèð. 
Îíû ϑuz =  îðíóíà ãîéìàíû óëàíûï ÷üçåëèÿ:  

   
3 2 2

1
2 2 , ,d duu y y u y C

dy y dy
ϑ ϑ ϑ ϑ

⎛ ⎞
− + = = = +⎜ ⎟

⎝ ⎠  

äåÿëèêëåðè àëéàðûñ. Äèéìåê, 
2 2

1( )z y y C= +  
éà-äà 

      
2 2 2

1( ),p y y C= +   
2

1 .p y y C= ± +  

 y p′ =  ãîéóï àëàðûñ:  

          
2

1 .dy y y C
dx

= ± +  

Bu deªlemede baølangy÷ øerti ulanyp, 11 −=C  alarys:  
Þéòãåéúí óëóëûêëàðû àéûë-ñàéûë ýäèï äåÿëåìúíè ÷üçþï, àëàðûñ: 

         2
1arccos .x C
y
± =  

 0=x  áîëàíäà 1=y  ãîéóï, 2 0C =  àëéàðûñ. Áó éåðäåí, 

      .sec,cos1 xyx
y

==  

2049. 02 =′−′′ yyy  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 
×üçþëèøè. Áåðëåí äåÿëåìúíè 

      y
y

y
y ′

=
′
′′

 

g¤rn¥øde éazalyª. Onda 

   ( ) ( )′=′′ yy lnln  
soªky deªlem­niª iki b¤legini hem integrirl­p, 

1 1ln ln ln ,y y C y C y′ ′= + =  
deªligi alarys. Bu deªlem­ni ÷¤z¥p, 
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1

2
c xy C e=  

÷¤z¥wi alarys. Áó õåì áåðëåí äåÿëåìúíèÿ óìóìû ÷üçþâèäèð. 
2050. 12 =′+′′ yyy  äåÿëåìúíèÿ 0=x  áîëàíäà 1,1 =′= yy  øåðòëåðè 

êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 
2051. 0)ln1()ln1( 2 =′++′′− yyyyy  äåÿëåìúíèÿ óìóìû ÷üçþâèíè 

òàïìàëû. 
 

¸ 7. Õåìèøåëèê êîýôôèöèéåíòëè èêèíùè òåðòèïëè ÷ûçûêëû  
äèôôåðåíöèàë äå£ëåìåëåð   

 
 1. Áèðùûíñëû äåÿëåìåëåð. −210 ,, aaa êîåôôèöèéåíòëåðè õåìèøåëèê ñàíëàð 

áîëàí 
             0210 =+′+′′ yayaya                 (1) 

ãüðíþøäúêè äåÿëåìåëåðå õåìèøåëèê êîýôôèöèéåíòëè èêèíùè òåðòèïëè ÷ûçûêëû 
birjynsly äèôôåðåíöèàë äåÿëåìåëåð äèéèëéúð. 

Ýãåð 21 we kk  ñàíëar 

          2
0 1 2( ) 0Н k a k a k a= + + =               (2) 

h­siéetlendiriji äåÿëåìúíèÿ êüêëåðè áîëñà, îíäà (1) äåÿëåìúíèÿ óìóìû 
÷üçþâè äåãèøëèëèêäå àøàêäàêû ãüðíþøäå éàçûëéàð:  

1. 21 we kk   õàêûêû ñàíëàð áîëñà, ,21 kk ≠   

1 2
1 2 .xxk ky C e C e= +  

2. kkk == 21  áîëñà ( ) .21
kxexCCy +=   

3. )0(,, 21 ≠−=+= ββαβα ikik  êîìïëåêñ ÷àòðûìëû ñàíëàð áîëñà 

            1 2( cos sin ).xy e C x C xα β β= +  
2. Áèðùûíñëû äúë äåÿëåìåëåð. Õåìèøåëèê êîåôôèñèéåíòëè èêèíùè òåðòèïëè 

áèðùûíñëû äúë 
         )(210 xfyayaya =+′+′′                (3) 

äåÿëåìúíèÿ óìóìû ÷üçþâèni 

0y y y= +  

ãüðíþøäå éàçûï áîëéàð. Áó éåðäå 0y  (1) äåÿëåìúíèÿ óìóìû ÷üçþâè, y  
áîëñà (3) äåÿëåìúíèÿ õóñóñû ÷üçþâèäèð. 

y~ ôóíêöèéà àøàêäàêû éüíåêåé õàëëàðäà íúáåëëè êîýôôèñèéåíòëåðèÿ óñóëû 
áèëåí òàïûëéàð 
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1. ( ) ( ), ( ) -ax
n nf x e P x P x n= − nji òåðòèïëè êüïàãçàäûð. Ýãåð a  ñàí (2) 

äåÿëåìúíèÿ h­siéetlendiriji äåÿëåìåñèíèÿ êüêè áîëìàñà 0)( ≠aH , îíäà 

õóñóñû ÷üçþâ ( )ax
ny e Q x=  ãüðíþøäå ãüçëåniléúr, áó éåðäå )(xQn  

êîåôôèñèéåíòëåðè íúáåëëè áîëàí −n nji òåðòèïëè êüïàãçàäûð. 
Ýãåð a ñàí (2) äåÿëåìúíèÿ h­siéetlendiriji äåÿëåìåñèíèÿ êüêè áîëñà 

( ) 0H a =  îíäà õóñóñû ÷üçþâè ( )r ax
ny x e Q x=  ãüðíþøäå ãüçëåniléúr, áó 

éåðäå r  øol k¤k¥ª kratnylygy ( )1 ya-da 2r r= = . 

1. [ ]( ) ( ) cos ( )sin .x
n mf x e P x x Q x xα β β= +  

Ýãåð a iβ+  ñàí (2) äåÿëåìúíèÿ h­siéetlendiriji äåÿëåìåñèíèÿ êüêè 
áîëìàñà ( ) 0H a iβ+ ≠ , îíäà õóñóñû ÷üçþâè 

    [ ]( ) cos ( )sinx
N Ny e S x x T x xα β β= +  

ãüðíþøäå ãüçëåéúðëåð. Áó éåðäå )(we)( xTxS NN , { }mnN ,max=  òåðòèïëè 
êüïàãçàäûð. 

Ýãåð βα i+  ñàí (2) äåÿëåìúíèÿ h­siéetlendiriji äåÿëåìåñèíèÿ êüêè 
áîëñà, 0)( =+ βα iH  îíäà õóñóñû ÷üçþâè 

        [ ]( ) cos ( )sin .r x
N Ny x e S x x T x xα β β= +   

−r h­siéetlendiriji äåÿëåìúíèÿ βα i+  êüêèíèÿ kratnylygy (èêèíùè 
òåòèïëè äåÿëåìå þ÷èí ).1=r  

2052. 0127 =+′−′′ yyy  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû 
×üçþëèøè. H­siéetlendiriji äåÿëåìúíè äþçåëèÿ âå îíóÿ êüêëåðèíè 

òàïàëûÿ: 

       
2

1 27 12 0, 3, 4.k k k k− + = = =  
Îíäà, óìóìû ÷üçþâè éàçûï áèëåðèñ:  

3 4
1 2 .x xy C e C e= +    

2053. 045 =+′−′′ yyy  äåÿëåìúíèÿ 0=x  áîëàíäà 8,5 =′= yy  
øåðòëåðè êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 

×üçþëèøè. H­siéetlendiriji äåÿëåìúíè äþçþï îíóÿ êüêëåðèíè òàïàëûÿ:  

     
2

1 25 4 0, 4, 1.k k k k− + = = =  
Áåðëåí äåÿëåìúíèÿ óìóìû ÷üçþâè àøàêäàêû ãüðíþøäåäèð: 

         
4

1 2 .x xy C e C e= +  
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Õåìèøåëèê 1C , 2C  ñàíëàðû òàïàëûÿ: 

        
4

1 24 ,x xy C e C e′ = +  

  1 2 1 2 2 15 , 8 4 , 4, 1.C C C C C C= + = + = =  
Øóíëóêäà, äåÿëåìúíèÿ õóñóñû ÷üçþâè àøàêäàêû ãüðíþøäåäèð:  

xx eey 44 += . 
Äåÿëåìelerèÿ óìóìû ÷üçþâèíè òàïìàëû.   
2054. 2 5 2 0.y y y′′ ′+ + =             2055. 9 0.y y′′ − =   
2056. 0.y y′′ ′− =  
2057. 023 =+′+′′ yyy  äåÿëåìúíèÿ 0=x  áîëàíäà 1,1 =′= yy  

øåðòëåðè êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 
2058. yyy ′=+′′ 712  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 
2059. 044 =+′+′′ yyy  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 
×üçþëèøè. H­siéetlendiriji äåÿëåìúíè äþçåëèÿ 
           2 24 4 0, ( 2) 0.k k k+ + = + =  

Áó éåðäåí àëéàðûñ 221 −== kk . Îíäà 

2 2
1 2 .x xy C e C xe− −= +  

äåÿëåìúíèÿ óìóìû ÷üçþâèäèð.  
2060. 02 =+′−′′ yyy  äåÿëåìúíèÿ 0=x  áîëàíäà 2,4 =′= yy  

øåðòëåðè êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 
×üçþëèøè. 0122 =+− kk  h­siéetlendiriji äåÿëåìúíèÿ áèðè-áèðèíå äåÿ 

êüêëåðè áàðäûð. 121 == kk . Øîíóÿ þ÷èí áåðëåí äåÿëåìúíèÿ óìóìû ÷üçþâè 
àøàêäàêû ãüðíþøäåäèð          

1 2( ).xy e C C x= +  
Õóñóñû ÷üçþâëåðè òàïìàê þ÷èí 

1 2( )xy e C C x= + , 1 2 2( )xy e C C C x′ = + +  
äåÿëèêëåðå áàøëàíãû÷ øåðòëåðè óëàíàëûÿ: 

 1 1 2 24 , 2 , 2.C C C C= = + = −   
Áóëàðû óìóìû ÷üçþâå ãîéóï õóñóñû ÷üçþâè àëàðûñ:  
          (4 2 )xy e x= − . 
Dåÿëåìelerèÿ óìóìû ÷üçþâèíè òàïìàëû. 
2061. 22 0.y ay a y′′ ′− + =             2062. 2 0.y y y′′ ′+ + =  
2063. 6 25 0.y y y′′ ′+ + =    
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×üçþëèøè. 02562 =++ kk  h­siéetlendiriji äåÿëåìúíè äþçéúðèñ âå îíóÿ 
êîêëåðèíè òàïàëûÿ: 

         1 23 4 , 3 4 ,k i k i= − + = − −  
áó êîêëåðå 

      1 2
3 3cos 4 , sin 4x xy e x y e x− −= =  

õóñóñû ÷üçþâëåð äåãèøëèäèð. Äèéìåê, 

       ( )3
1 2cos4 sin 4xy e C x C x−= +  

ôóíêñèéà äåÿëåìúíèÿ óìóìû ÷üçþâèäèð. 
2064. 04 =+′′ yy  äåÿëåìúíèÿ 0=x  áîëàíäà 2,0 =′= yy  øåðòëåðè 

êàíàãàòëàíäûðéúÿ õóñóñû ÷üçþâèíè òàïìàëû. 
×üçþëèøè. 2 4 0k + =  h­siéetlendiriji äåÿëåìúíèÿ êîêëåðè ,21 ik =  

ik 22 −=  ñàíëàðäûð. Äåÿëåìúíèÿ óìóìû ÷üçþâèíè éàçûï áèëåðèñ: 

1 2cos2 sin 2 .y C x C x= +  

1c  âå 2c  ñàíëàðû òàïìàê þ÷èí áàøëàíãû÷ øåðòëåðè óëàíàëûÿ: 

1 2 1 22 sin 2 2 cos2 , 0, 1..y C x C x C C′ = − + = =  
Îíäà äåÿëåìúíèÿ õóñóñû ÷üçþâèíè éàçûï áèëåðèñ: 

sin 2y x=  
Äåÿëåìelerèÿ óìóìû ÷üçþâèíè òàïìàëû.      
2065. 4 13 0.y y y′′ ′+ + =        2066 2 10 0.y y y′′ ′+ + =  

2067. 2 0.y y′′ ′− =             2068. 2 0y yπ′′ + = , (0) 0, (1) 0.y y= =  
2069. 2 3 2 1y y y x′′ ′− − = +  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 
×üçþëèøè. 032 =−′−′′ yyy  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïàëûÿ. Îíóÿ 

þ÷èí h­siéetlendiriji äåÿëåìúíè äþçåëèÿ. 0322 =−− kk . Áó äåÿëåìúíèÿ 
êüêëåðè 1,3 21 −== kk  ñàíëàðäûð. Îíäà áèðùûíñëû äåÿëåìúíèÿ óìóìû 
÷üçþâè àøàêäàêû ãüðíþøäåäèð:  

3
0 1 2 .x xy C e C e−= +  

Äåÿëåìúíèÿ  õóñóñû ÷üçþâèíè BAxy +=~  ãüðíþøäå ãüçëúëèÿ. BA we  
ñàíëàðû òàïàëûÿ 
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   , 0, 2 3( ) 2 1,y A y A Ax B x′ ′′= = − − + = +         
2 13 2, 2 3 1, , .
3 9

A A B A B− = − − = = − =  Îíäà 
2 1
3 9
xy = − + .  

Øóíëóêäà, áåðëåí äåÿëåìúíèÿ óìóìû ÷üçþâè àøàêäàêû ãüðíþøäåäèð:  

     
3

1 2
x xy C e C e−= + .

9
1

3
2

+−
x

  

2070. xeyyy =+′−′′ 86  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 
×üçþëèøè. 086 =+′−′′ yyy  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïàëûÿ:  

           .4,2 21 == kk   
Øóíëóêäà, 

          
2 4

0 1 2
x xy C e C e= +  

ôóíêöèéà ÷ûçûêëû áèðùûíñëû äåÿëåìúíèÿ óìóìû ÷üçþâèäèð. 

Äåÿëåìúíèÿ õóñóñû ÷üçþâèíè 
xAey =~
 ãüðíþøäå ãüçëúëèÿ: ,xy Ae′ =  

xy Ae′′ = . 

   6 8 , 0,x x x x xAe Ae Ae e e− + = ≠  

  

16 8 1, 3 1, .
3

A A A A A− + = = =
 

Øóíëóêäà, 
1
3

xy e=  âå áåðëåí äåÿëåìúíèÿ óìóìû ÷üçþâè àøàêäàêû 

ãüðíþøäåäèð:  

        
2 4

1 2
x xy C e C e= + .

3
1 xe+   

2071. 25 4 1y y y x′′ ′− + = +  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 
×üçþëèøè. 5 4 0y y y′′ ′− + =  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïàëûÿ:   

 2
1 25 4 0, 1, 4k k k k− + = = = . Îíäà 

4
0 1 2

x xy C e C e= +  
áèðùûíñëû äåÿëåìúíèÿ óìóìû ÷üçþâèäèð. 

Äåÿëåìúíèÿ ñàã áüëåãè èêèíùè äåðåùåëè êüïàãçà ,2=m  õåì-äå 
ãüðêåçèùèëè ôóíêöèéàíûÿ äåðåùåñèíèÿ êîýôôèöèéåíòè 0=k  h­siéetlendiriji 
äåÿëåìúíèÿ êüêè äúë, øîÿà ãüðú-äå áåðëåí äåÿëåìúíèÿ õóñóñû ÷üçþâèíè  
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CBxAxy ++= 2~
 

ãüðíþøäå ãüçëúëèÿ. , wey y y′ ′′  áàõàëàðû áåðëåí äåÿëåìú ãîéóï àëéàðûñ 

  
2 22 5(2 ) 4( ) 1A Ax B Ax Bx C x− + + + + = +  

éà-äà 

   
2 24 ( 10 4 ) (2 5 4 ) 1.Ax A B x A B C x+ − + + − + = +  

Áó éåðäå íúáåëëè êîýôôèöèåíòëåðèÿ äþçãþíèíè óëàíûï CBA ,,  ñàíëàðû 
òàïàëûÿ:  

1 54 1, , 10 4 0, ,
4 8

A A A B B= = − + = =
 

132 5 4 1, .
4

A B C C− + = =
 

Øóíëóêäà 

2 5 13 .
4 8 4
x xy = + +  

Îíäà áåðëåí äåÿëåìúíèÿ óìóìû ÷üçþâè àøàêäàêû ãüðíþøäå áîëàð 

4
1 2

x xy C e C e= + +
2 5 13.

4 8 4
x x

+ +  

2072. xeyyy 22 =+′+′′  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû.  
2073. xyy 242 =′+′′   äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû.  
2074. xyy 2cos24 =+′′   äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 

×üçþëèøè. .2,2,04,04 21
2 ikikkyy −===+=+′′  Áåðëåí äåÿëåìúíèÿ 

õóñóñû ÷üçþâèíè ( )cos2 sin 2y x A x B x= +  ãüðíþøäå ãîçëeéúðèñ. ,y y′  âå 
y′′  üíþìëåðèÿ áàõàëàðûíû áåðëåí äåÿëåìåäå îðíóíà ãîéóï òàïàðûñ: 

  

4 sin 2 4 cos 2 2cos 2 ,
14 0, 0,4 2, .
2

A x B x x

A A B B

− + =

− = = = =
 

Äèéìåê,  

1 cos 2 ,
2

y x x=
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1 2
1cos 2 sin 2 cos 2 .
2

y C x C x x x= + +  

2075. 2 sin cosy y y x x′′ ′− + = +  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 

×üçþëèøè. 2 2 1 0k k− + =  h­siéetlendiriji äåÿëåìúíèÿ  1 2 1k k= =  

êüêëåðè áàðäûð. Îíäà 02 =+′−′′ yyy  äåÿëåìúíèÿ óìóìû ÷üçþâè 
àøàêäàêû güðíþøäåäèð: 

( )1 2 .xy C C x e= +  

Áåðëåí äåÿëåìúíèÿ õóñóñû ÷üçþâèíè 

1 2sin cosy A x A x= +  
ãüðíþøäå ãüçëúëèÿ. Äèôôåðåíñèðëúï òàïàðûñ: 

   1 2 1 2cos sin , sin cos .y A x A x y A x A x′ ′′= − = − −  

y~ ôóíêñèéàíûÿ âå yy ~,~ ′′′  üíþìëåðèÿ áàõàëàðûíû áåðëåí äåÿëåìú ãîéóï 
àëàðûñ: 

   xxxAxAxAxAxAxA cossincossinsin2cos2cossin 212121 +=+++−−−  
éà-äà  

1 2 1 2
1 12 cos 2 sin sin cos , , .
2 2

A x A x x x A A− + = + = − =
 

Îíäà áåðëåí äåÿëåìúíèÿ óìóìû ÷üçþâè àøàêäàêû ãüðíþøäåäèð: 

    ( )1 2
1 1sin cos .
2 2

xy C C x e x x= + − +  

2076. ( )xxeyyy x sin7cos54 −=−′+′′  äåÿëåìúíèÿ óìóìû ÷üçþâèíè 
òàïìàëû. 

×üçþëèøè. Äåãèøëè áèðùûíñëû ÷ûçûêëû äèôôåðåíñèàë äåÿëåìúíè èíòåãðèðëúëèÿ:  

2 5
1 2 1 24 5 0, 4 5 0, 1, 5, .x xy y y k k k k y c e c e−′′ ′+ − = + − = = = − = +  

Áåðëåí äåÿëåìúíèÿ õóñóñû ÷üçþâèíè àøàêäàêû ãüðíþøäå ãüçëúðèñ: 

        ( )cos sin .xy e A x B x= +  

y~ , yy ~,~ ′′′  üíþìëåðèÿ áàõàëàðûíû áåðëåí äåÿëåìåäå îðíóíà ãîéóï, 
àëéàðûñ: 
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  ( ) ( )( ) ( )3 cos 3 sin cos 7sin .x xe A B x B A x e x x− + − + = −  

0≠xe  ãûñäàëäûï âå xcos  õåì xsin  êîýôôèñèéåíòëåðèíè äåÿëúï, A  
âå B  íúáåëëè êîýôôèñèåíòëåðè êåñãåòëåìåê þ÷èí äåÿëåìåëåð sistemasyny 
àëàðûñ:  

     3 7, 3 1, 2 1.A B A B A B− − = − − + = = =  
Äèéìåê,                  

( )2cos sin .xy e x x= +  

Áåðëåí äåÿëåìúíèÿ óìóìû ÷üçþâèíè éàçàëûÿ: 

   ( )5
1 2 2cos sin .x x xy C e C e e x x−= + + +  

Dåÿëåìelerèÿ óìóìû ÷üçþâèíè òàïìàëû. 
2077. xxeyyy 26 =−′+′′            2078. xx eeyyy 2187 +=−′+′′   

2079. xxyy sin4=+′′              2080. ( )xxxeyy x sincos22 −=−′′        

×üçþëèøè. 022 =−k  h­siéetlendiriji äåÿëåìúíèÿ 1 22 , 2k k= = −   

êüêëåðè áàðäûð âå 02 =−′′ yy  äåÿëåìúíèÿ óìóìû ÷üçþâè àøàêäàêû 
ãüðíþøäåäèð: 

2 2
0 1 2

x xy C e C e−= +  
Øó éåðäå 

      ( ) ( )1, , 2 , 1.P x x x xα θ β= = = − =  

Îíäà äåÿëåìúíèÿ õóñóñû ÷üçþâèíè 

  ( ) ( )1 1 2 2cos sinxy e A x B x A x B x= + + +⎡ ⎤⎣ ⎦  

ãüðíþøäå ãüçëåìåëèäèð. Áó ôóíêñèéàíû âå  y~ ′′  üíþìèÿ áàõàñûíû áåðëåí 
äåÿëåìú ãîéóï òàïàðûñ: 

             2 1 1 21, 1, 0, 0.A B A B= = = =   

Îíäà àëàðûñ: 

         sin cos .x xy xe x e x= +  
Øóíëóêäà, äåÿëåìúíèÿ óìóìû ÷üçþâè àøàêäàêû ãüðíþøäåäèð: 

  
2 2

1 2 sin cos .x x x xy C e C e xe x e x−= + + +  
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2081. 
2

244 2 xeyyy x +=+′−′′  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 

×üçþëèøè. 0442 =+− kk  h­siéetlendiriji äåÿëåìúíèÿ 221 == kk  
êüêëåðè áàðäûð. Îíäà 044 =+′−′′ yyy  äåÿëåìúíèÿ óìóìû ÷üçþâèíè 
éàçûï áèëåðèñ: 

( ) 2
0 1 2 .xy C C x e= +  

Õàñàïëàìàëàðûÿ êüìåãè áèëåí 2 2xy x e=  ôóíêñèéàíûÿ 

24 4 2 xy y y e′′ ′− + =  

äåÿëåìúíèÿ õóñóñû ÷üçþâèäèãèíè, 
1

8
xy +

=  ôóíêñèéàíûÿ áîëñà, 

4 4
2
xy y y′′ ′− + =  äåÿëåìúíèÿ õóñóñû ÷üçþâèäèãèíè ãüðêåçèï áîëéàð. Îíäà 

áåðëåí äåÿëåìúíèÿ óìóìû ÷üçþâè àøàêäàêû ãüðíþøäåäèð: 

( ) 2 2 2
1 2

1.
8

x x xy C C x e x e +
= + + +  

Àøàêäàêû äåÿëåìåëåðèÿ óìóìû ÷üçþâëåðèíè òàïìàëû. 
2082. 13 42 112 .xy y y e′′ ′+ + =         2083. 9 60 .xy y e−′′ + =  
2084. 4 3 8cos 6sin .y y y x x′′ ′+ + = −    2085. 12sin 2 .y y x′′ + =              

2086. 5 6 12.y y y′′ ′+ + =             2087. 
5 5 .
2 2

y y y x′′ ′+ + = +           

2088.  24 2 .y y x′′ + =                2089. 24 5 2 .xy y y x e′′ ′− + =       

2090.  22 5 5 2 1.y y x x′′ ′+ = − −         2091. sin 2 .xy y x e−′′ + = −  

2092. ( )24cos 1 .xy y x x e′′ + = + +  

2093. 12 22 −+=′−′′ xeyy x  äåÿëåìúíèÿ 0=x  áîëàíäà 1,
8
1

=′= yy   

øåðòëåðè êàíàãàòëàíäûðéàÿ õóñóñû ÷üçþâèíè òàïìàëû. 
2094.  xyy sin4 =+′′  äåÿëåìúíèÿ 0=x  áîëàíäà 1,1 =′= yy  øåðòëåðè 

êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 
2095. ( )xyy −=′−′′ 12  äåÿëåìúíèÿ 0=x  áîëàíäà 1,1 =′= yy  øåðòëåðè 

êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 
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¸ 8.   Õåìèøåëèê êîýôôèñèéåíòëè éîêàðû  òåðòèïëè ÷ûçûêëû äèôôåðåíñèàë 
äåÿëåìåëåð ( )2>n  

1. Áèðùûíñëû äåÿëåìåëåð. Õåìèøåëèê  0 1 2, , ,..., na a a a – êîýôôèñèéåíòëåðè 
áîëàí éîêàðû òåðòèïëè áèðùûíñëû ÷ûçûêëû äèôôåðåíñèàë äåÿëåìåëåðèÿ óìóìû 
ãüðíþøè àøàêäàêû éàëû éàçûëéàð:   

  
( ) ( ) ( )1 2

0 1 2 1
1 2

0 1 2 1

... 0,

... 0.

n n n
n n

n n n
n n

a y a y a y a y a y

a k a k a k a k a

− −
−

− −
−

′+ + + + + =

+ + + + + =
   

( )
( )
1

2
 

 (2) àëãåáðàèê äåÿëåìú (1) äèôôåðåíñèàë äåÿëåìúíèÿ h­siéetlendiriji 
äåÿëåìåñè äèéèëéúð. 

1) Ýãåð k  ñàí (2) äåÿëåìúíèÿ m  ñàíû ãàéòàëàíéàí êüêè áîëñà, îíäà 
îíóÿ m  ñàíû ¡yzykly áàãëû äúë ÷üçþâëåðè áàðäûð 

        
1

1 2, ,...,kx kx m kx
my e y xe y x e−= = = . 

2) Ýãåð iα β+  ñàíëàð (2) äåÿëåìúíèÿ m  ñàíû ãàéòàëàíéàí êüêè 
áîëñà, îíäà îÿà m2  ¡yzykly áàãëû äúë ÷üçþâëåð äåãèøëèäèð:  

  1 2 3 4cos , sin , cos , sin , ...,x x x xy e x y e x y xe x y xe xα α α αβ β β β= = = =  
1 1

2 1 2cos , sin .m x m x
m my x e x y x e xα αβ β− −
− = =  

2. Áèðùûíñëû äúë äåÿëåìåëåð 

  ( ) ( ) ( )1 2
0 1 2 1... ( )n n n

n na y a y a y a y a y f x− −
− ′+ + + + + =        (3) 

äåÿëåìúíèÿ õóñóñû ÷üçþâè ãå÷åí áüëþì÷åäúêè äþçãþíëåð ýñàñûíäà 
òàïûëéàð. 

2096. 5 6 0y y y′′′ ′′ ′− + =   äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 
×üçþëèøè. Áó äåÿëåìúíèÿ h­siéetlendiriji äåÿëåìåñèíè éàçàëûÿ: 

  ( )3 2 25 6 0, 5 6 0.k k k k k k+ + = − + =  

Îíóÿ êüêëåðè 1 2 30, 2, 3k k k= = =  ñàíëàðäûð. Îíäà (3) ôîðìóëàíûÿ 
ýñàñûíäà îíóÿ óìóìû ÷üçþâè àøàêäàêû ãüðíþøäåäèð: 

2 3
1 2 3 .x xy c c e c e= + +  

2097. 5 4 0IVy y y′′− + =  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû.  

2098. 0IVy y− =  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 

2099. 0168 =+′′+ yyyIV  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 
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×üçþëèøè. H­siéetlendiriji äåÿëåìúíè äóçåëèÿ: .0168 24 =++ kk  Áó 
äåÿëåìúíèÿ ikk 221 ==  âå ikk 243 −==   êüêëåðè áàðäûð. Îíäà 

   ( ) ( )1 2 3 4cos2 sin 2 .y C C x x C C x x= + + +  

2100. 0=′+ yyIV   äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 

×üçþëèøè. Äåÿëåìúíèÿ 02 =+ kk  h­siéetlendiriji äåÿëåìåñèíè ÷üçåëèÿ  

     

( ) ( )( )3 2

2
1 2

3 4

1 0, 1 1 0,

0, 1, 1 0,

1 3 1 3, .
2 2 2 2

k k k k k k

k k k k

k i k i

+ = + − + =

= = − − + =

= + = −
 

Îíäà äåÿëåìúíèÿ óìóìû ÷üçþâè àøàêäàêû ãüðíþøäåäèð:  

1
2

1 2 3 4
3 3cos sin .

2 2
xxy C C e e C x C x− ⎛ ⎞

= + + +⎜ ⎟⎜ ⎟
⎝ ⎠

 

Àøàêäàêû äåÿëåìåëåðèÿ óìóìû ÷üçþâëåðèíè òàïìàëû. 
2101. 0.y y′′′ + =             2102. 3 3 0.y y y y′′′ ′′ ′− + − =  

2103. 2 0.IVy y′− =           2104. 2 0.IVy y y′′− + =  

2105. 4 0.IVy a y− =          2106. 2 0.IVy a y′′+ =  

2107. 2 0.IVy y y′′′ ′′+ + =  
2108.  0y y′′′ ′+ =  äåÿëåìúíèÿ 0=x  áîëàíäà 2, 0, 1y y y′ ′′= = = −   

øåðòëåðè êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 
2109. 0Vy y′− =  äåÿëåìúíèÿ 0=x  áîëàíäà 0, 1, 0,y y y′ ′′= = =  

1, 2IVy y′′′ = =  øåðòëåðè êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 
2110. 0102 =′+′′+′′′ yyy  äåÿëåìúíèÿ 0=x  áîëàíäà ,1,2 =′= yy  
1=′′y  øåðòëåðè êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 

2111. xIV eyyy =′′+′′′− 2  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 

×üçþëèøè. 4 3 22 0k k k− + =   h­siéetlendiriji äåÿëåìúíèÿ êüêëåðèíè 
òàïàëûÿ: 

    
( ) ( )22 2 2

1 2 3 4

2 1 0, 1 0,

0, 1.

k k k k k

k k k k

− + = − =

= = = =  

Øóíëóêäà, áèðùûíñëû äåÿëåìúíèÿ óìóìû ÷üçþâè àøàêäàêû ãüðíþøäåäèð: 
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( )0 1 2 3 4 .xy C C x C C x e= + + +  

Äåÿëåìúíèÿ õóñóñû ÷üçþâèíè xeAxy 2~ =  ãüðíþøäå ãüçëúëèÿ. Üíþìëåðè 
òàïàëûÿ: 

( )
( )
( )
( )

2

2

2

2

2 ,

4 2 ,

6 6 ,

8 12 .

x

x

x

IV x

y Ax Ax e

y Ax Ax A e

y Ax Ax A e

y Ax Ax A e

′ = +

′′ = + +

′′′ = + +

= + +

  

Áóëàðû xIV eyyy =′′+′′′− 2  äåÿëåìú ãîéóï A  êîýôôèñèéåíòè òàïàðûñ:  

1 .
2

A =
    

Îíäà                  

2

.
2

xxy e=
 

Øóíëóêäà, äåÿëåìúíèÿ óìóìû ÷üçþâèíè éàçûï áèëåðèñ: 

 

2

0 1 2 3 4 .
2

xxy y y C C x C C x e
⎛ ⎞

= + = + + + +⎜ ⎟
⎝ ⎠  

 2112. xyyIV 4cos=′′′+  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû.  
 2113. )cos(sin42 xxyyy +=′+′′−′′′  äåÿëåìúíèÿ 

1,0,1 000 =′′=′= === xxx yyy  áàøëàíãû÷ øåðòëåðè êàíàãàòëàíäûðéàí õóñóñû 

÷üçþâèíè òàïìàëû. 
×üçþëèøè. Áèðùûíñëû äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïàëûÿ. 

3 22 0k k k− + =  h­siéetlendiriji äåÿëåìúíèÿ 1 2 30, 1, 1k k k= = =   êüêëåðè 
áàðäûð. Îíäà 

0 1 2 3( ) xy C C C x e= + +  
ôóíêöèéà áèðùûíñëû äåÿëåìúíèÿ óìóìû ÷üçþâèäèð. Áåðëåí äåÿëåìúíèÿ 
õóñóñû ÷üçþâèíè 

cos siny A x B x= +    
ãüðíþøäå ãüçëúëèÿ. Üíþìëåðè òàïàëûÿ: 
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sin cos ,y A x B x′ = − +  

cos sin ,y A x B x′′ = − −   

sin cos .y A x B x′′′ = −  
Áóëàðû äåÿëåìúíèÿ ÷åï áüëåãèíå ãîéóï, òàïàðûñ:  
   

( )sin cos 2 cos sin sin cos 4cos 4sinA x B x A x B x A x B x x x− + + − + = +  

éà-äà 

2 cos 2 sin 4cos 4sin .A x B x x x+ = +      

Øóíëóêäà 2,2 == BA  âå 

2cos 2sin .y x x= +  
Äèéìåê áåðëåí äåÿëåìúíèÿ óìóìû ÷üçþâè àøàêäàêû ãüðíþøäåäèð: 

( )0 1 2 3 2cos 2sin .xy y y C C C x e x x= + = + + + +  

Áàøëàíãû÷ øåðòëåðè óëàíìàê þ÷èí  yy ′′′,   üíþìëåðè òàïàëûÿ:     

   
( ) ( )
( ) ( )

2 3

2 3

1 2 sin cos ,

2 2 cos sin .

x

x

y C C x e x x

y C C x e x x

′ = + + + − +⎡ ⎤⎣ ⎦
′′ = + + − +⎡ ⎤⎣ ⎦

 

0=x  áîëàíäà 1, 0, 1y y y′ ′′= = = −  áàøëàíãû÷ øåðòëåðè óëàíûï, 1 2 3, ,C C C   
ñàíëàðû òàïìàê þ÷èí þ÷ äåÿëåìå àëàðûñ: 

   1 21 2,C C= + +  2 30 2,C C= + + 2 31 2 2.C C− = + −  

Áó éåðäåí 1 2 34, 5, 3.C C C= = − =  

Øóíëóêäà,  ( ) ( )4 5 3 2 cos sinxy x e x x= + − + + +  ãüçëåíéúí ÷üçþâäèð. 

Dåÿëåìelerèÿ óìóìû ÷üçþâlerèíè òàïìàëû. 
2114. 5 sin .IV xy y e x− =            2115. 32 .IVy y y x′′′ ′′− + =    

2116. 2 1.Vy y x′′′+ = −            2117. .xy y y y xe′′′ ′′ ′+ + + =  

2118. 2 2y y y y x′′′ ′′ ′+ + + =  äåÿëåìúíèÿ ( ) ( ) ( )0 0 0 0y y y′ ′′= = =   

áàøëàíãû÷ øåðòëåðè êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 
2119. 22 2 xy y y e−′′′ ′′ ′+ + = − , (0) 2, (0) 1, (0) 1y y y′ ′′= = =  mesel­ni£ 

÷üçþâèíè òàïìàëû. 
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¸ 9. Ýðêèí õåìèøåëèêëåðèÿ wariasiéa óñóëû. 
(Ëàãðàÿæûÿ óñóëû) 

 
×ûçûêëû áèðùûíñëû äúë äåÿëåìúíèÿ óìóìû ÷üçþâèíè éàçìàê þ÷èí èÿ 

áîëìàíäà îíóÿ áèð õóñóñû ÷üçþâèíè áèëìåãèìèçèÿ çåðóðäûãûíû ãüðéúðèñ. 
×ûçûêëû áèðùûíñëû äúë äåÿëåìúíèÿ õóñóñû ÷üçþâèíè òàïìàê ìåñåëåñè 

êüï õàëàòëàðäà øîë äåÿëåìúíèÿ üç ãüðíþøèíå áàãëûäûð. Ýãåð-äå, ìåñåëåì, 
÷ûçûêëû áèðùûíñëû äúë äåÿëåìúíèÿ êîýôôèñèéåíòëåðè õåìèøåëèê bolup, 
äåÿëåìúíèÿ ( )xf  ñàã áüëåãè êåñãèòëè ãüðíþøå åéå áîëñà, îíäà áó 
äåÿëåìúíèÿ õóñóñû ÷üçþâèíè òàïìàãûÿ õàñ éüíåêåéðúê óñóëûíû 
ãüðêåçìåê áîëàð. Áó óñóë àøàêäàêû ãüðíþøäåäèð. Éüíåêåéëèê þ÷èí èêèÿùè 
òåðòèïëè 

( )0 1 2a y a y a y f x′′ ′+ + =  

äåÿëåìú ãàðàìàê áèëåí ÷úêëåíåðèñ. Áó óñóëûÿ üçåíè, ÷ûçûêëû áèðùûíñëû 
äåÿëåìúíèÿ óìóìû ÷üçþâèíå, éàãíû 1 1 2 2y C y C y= +    ãèðéúí 1C  âå 2C  
õåìèøåëèêëåð þéòãåéúðëåð. ×ûçûêëû áèðùûíñëû äúë äåÿëåìúíèÿ ÷üçþâèíè 
òàïìàãà ãå÷èëåíäå, îëàð ( ) ( )1 2,C x C x   ôóíêñèéàëàð áèëåí ÷àëøûðûëéàð. 

Íúáåëëè ( )1C x  âå  ( )2C x   ôóíêñèéàëàð áîëñà 

( ) ( )
( ) ( ) ( )

1 1 2 2

1 1 2 2

0,

.

C x y C x y

C x y C x y f x

′ ′+ =⎧⎪
⎨ ′ ′ ′ ′+ =⎪⎩

 

äåÿëåìåëåð sistemasyndan òàïûëéàð. 
2120. tgxyy =+′′  äåÿëåìúíèÿ óìóìû ÷üçþâèíè òàïìàëû. 

×üçþëèøè. 0=+′′ yy  áèðùûíñëû äåÿëåìúíèÿ 012 =+k  h­siéetlendiriji 

äåÿëåìåñèíèÿ ik ±=2,1  êüêëåðè áàðäûð. Áó äåÿëåìúíèÿ óìóìû ÷üçþâèíè 

éàçàëûÿ: 

1 2cos sin .y C x C x= +  

21,cc  ñàíëàðû òàïìàêëûãûÿ sistemasyny äóçåëèÿ: 

1 2

1 2

cos sin 0,
sin cos tg

C x C x
C x C x x
′ ′+ =⎧

⎨ ′ ′− + =⎩  

sistemany ÷üçþï, òàïàðûñ: 

      

2

1 2
sin , sin .
cos

xC C x
x

′ ′= − =  
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Îíäà 

      

2
1 2sin , sin ,

cos
dC dCx x
dx x dx

= − =  

2

1 1
sin 1cos sin ln ,
cos cos 4 2

x xC dx x dx x tg c
x x

π⎛ ⎞ ⎛ ⎞= − = − = − + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∫ ∫  

       2 2sin cos .C xdx x A= = − +∫  

Øóíëóêäà, áåðëåí äåÿëåìúíèÿ óìóìû ÷üçþâè àøàêäàêû ãüðíþøäåäèð: 

  [ ]1 2sin ln cos cos sin
4 2

xy x tg C x x C xπ⎡ ⎤⎛ ⎞= − + + + − + =⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦  

   1 2cos sin cos ln .
4 2

xC x C x x ctg π⎛ ⎞= + + ⋅ +⎜ ⎟
⎝ ⎠  

Dåÿëåìelerèÿ óìóìû ÷üçþâèíè òàïìàëû. 

2121. 2.xy y x′′ ′+ =          2122. 2 .
xey y y
x

′′ ′− + =   

Ëàãðàíæ óñóëûíû óëàíûï, äåÿëåìelerèÿ óìóìû ÷üçþâèíè òàïìàëû. 

2123.  2 .
xey y y

x

−
′′ ′+ + =       2124.  

1 .
cos

y y
x

′′ + =  

2125.  24 4 ln .xy y y e x−′′ ′+ + =   2126.  2 cos .x xy y e e′′ ′− =  

2127. 
1

1 xy y
e

′′ ′− =
+

  äåÿëåìúíèÿ 0=x  áîëàíäà 2,1 =′= yy  øåðòëåðè 

êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 

     ¸ 10. Õåìèøåëèê êîýôôèñèéåíòëè ÷ûçûêëû äèôôåðåíñèàë  
äåÿëåìåëåðèÿ sistemasy 

Àøàêäàêû äèôôåðåíñèàë äåÿëåìåëåðèÿ sistemasyna ãàðàëûÿ: 

  

( )

( )

( )

1
11 1 12 2 1 1

2
21 1 22 2 2 2

1 1 2 2

... ,

... ,

... .

n n

n
n n nn n n

n n
dy a y a y a y f x
dx
dy a y a y a y f x
dx

dy a y a y a y f x
dx

⎧ + + + + =⎪
⎪
⎪ + + + + =⎪
⎨
⎪− − − − − − − − − − − − − − − − − − −
⎪
⎪ + + + + =⎪⎩  
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Áó éåðäå x  àðãóìåíò, 11 12, ,...a a  õåìèøåëèê ñàíëàð áîëóï, 

( ) ( ) ( ) ( )1 2 3, , ,..., ,ny x y x y x y x  áîëñà áàãëàíûøûêñûç þéòãåéúí x  óëóëûãà 
ãüðú íúáåëëè ôóíêñèéàëàðäûð. Øó ãüðíþøäúêè sistemalara õåìèøåëèê 
êîýôôèñèéåíòëè áèðèÿùè òåðòèïëè ÷ûçûêëû äèôôåðåíñèàë äåÿëåìåëåð sistemasy 
äèéèëéúð. 

Ýãåð 

        ( ) ( ) ( ) ( )xyxyxyxy n,...,,, 321                (2) 

ôóíêñèéàëàðû (1) sistemanyª äåÿëåìåëåðèíå ãîéàíûìûçäà îëàð toædestwa 
üâðóëéúí áîëñà, îíäà øó ôóíêñèéàëàðûÿ òîïëóìûíà sistemany£ ÷üçþâè 
äèéèëéúð. 

(1) sistemany£ óìóìû ÷üçþâè 1 2, ,..., nC C C  ýðêèí õåìèøåëèê óëóëûêëàðû 
üçþíäå ñàêëàéàð. Øó óëóëûêëàðà áàõà áåðèï sistemany£ õóñóñû ÷üçþâèíè 
àëûï áîëéàð. Óìóìû ÷üçþâäåí õóñóñû ÷üçþâè òàïìàê þ÷èí  

  
1 1 2 20 0 0

, ,..., n nx x x x x xy a y a y a= = == = =
   

áàøëàíãû÷ øåðòëåðäåí ïåéäàëàíìàëû áîëéàðûñ. Sistemany£ øó øåðòëåðè 
êàíàãàòëàíäûðéàí ÷üçþâèíè òàïìàêëûãà Êüøè ìåñåëåñè äèéèëéàð. 

Áèðèÿùè òåðòèïëè äèôôåðåíñèàë äåÿëåìåëåðèÿ sistemasy áèð íúáåëëèëè áèð 
äèôôåðåíñèàë äåÿëåìú ãåòðèëèï áèëíåð. 

Áèç áó éåðäå sistemany ÷üçìåêëèãè£ áåéëåêè ÷ûëøûðûìëû óñóëëàðûía 
ãàðàìàðûñ. 

2128. Sistemany ÷üçìåëè. 

 

y z
z y
′ =⎧

⎨ ′ = −⎩  
×üçþëèøè. Sistemany£ áèðèÿùè äåÿëåìåñèíè x  ãüðú äèôôåðåíñèðëúï òàïàðûñ: 

2 2

2 2,d y dz d yy y
dx dx dx

= = − = −
 

Äåÿëåìúíèÿ 012 =+k   h­siéetlendiriji äåÿëåìåñèíèÿ ikk ±== 21  
êüêëåðè áàðäûð. Îíóÿ óìóìû ÷üçþâè àøàêäàêû ãüðíþøäåäèð: 

1 2cos sin .y C x C x= +  
Îíäà äåÿëåìúíèÿ èêèÿùè äåÿëåìåñè àøàêäàêû ãüðíþøè àëàð: 

1 2cos sindz C x C x
dx

= − −  
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éà-äà 

         1 2cos sin .dz C xdx C xdx= − −  
Áó éåðäåí z  òàïàëûÿ: 

         1 2sin cos .z C x C x= − +  
Øóíëóêäà, sistemany£ óìóìû ÷üçþâè àøàêäàêû ãüðíþøäåäèð: 

         
1 2

1 2

cos sin
sin cos

y C x C x
z C x C x
= +
= − +  

2129. Sistemany ÷üçìåëè 

 
5
3 0

y y x
z y z
′ = +⎧

⎨ ′ + + =⎩  

2130. Sistemany ÷üçìåëè 

 

dx y
dt
dy z
dt
dz x
dt

⎧ =⎪
⎪
⎪ =⎨
⎪
⎪ =⎪⎩                  

2131. 
5 2 4

8 3 5

x

x

dz dy z y e
dx dx

dz z y e
dx

−

−

⎧ − + − =⎪⎪
⎨
⎪ + − =
⎪⎩

 

sistemany£  0=x   áîëàíäà 2,1 == yz  áàøëàíãû÷ øåðòëåðè 
êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 

×üçþëèøè. Èêèíùè äåÿëåìåäåí y  òàïàëûÿ: 

( )1 8 5 .
3

xy z z e−′= + −  

Oíû sistemany£ áèðèíùè äåÿëåìåñèíå ãîéóï òàïàðûñ: 

2 4 .xz z z e−′′ ′+ − = −  
Áó äåÿëåìå z  íúáåëëè ôóíêñèéà ãüðú èêèíùè òåðòèïëè äèôôåðåíñèàë 

äåÿëåìåäèð. Îíóÿ óìóìû ÷üçþâèíè òàïàëûÿ: 02 =−′+′′ zzz  äåÿëåìúíèÿ 
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h­siéetlendiriji äåÿëåìåñèíèÿ êüêëåðèíè òàïàëûÿ: 
2

1 22 0, 1, 2.k k k k+ − = = = −  Îíäà áó äåÿëåìúíèÿ óìóìû ÷üçþâè 
àøàêäàêû ãüðíþøäåäèð: 

2
1 2 .x xz C e C e−= +  

Áèðùûíñëû äúë äåÿëåìúíèÿ õóñóñû ÷üçþâèíè xAez −=~  ãüðíþøäå 
ãüçëúëèÿ.  

Üíþìëåðè òàïàëûÿ: 

, .x xz Ae z Ae− −′ ′′= − =  

Áóëàðû äåÿëåìú ãîéóï òàïàðûñ: 2=A .  Øóíëóê-äà, äåÿëåìúíèÿ 
óìóìû ÷üçþâè àøàêäàêû ãüðíþøäåäèð: 

2
1 2 2 .x x xz C e C e e− −= + +  

2
1 22 2x x xz c e c e e− −′ = − −  äåÿëèãè óëàíûï, ( )1 8 5

2
xy z z e−′= + −  äåÿëèêäåí y  

òàïûï áèëåðèñ: 
2

1 23 2 3 .x x xy cC e C e e− −= + +  
Äèéìåê, sistemany£ óìóìû ÷üçþâè àøàêäàêû éàëûäûð: 

2
1 2

2
1 2

2 ,

3 2 3 .

x x x

x x x

z C e C e e

y C e C e e

− −

− −

= + +

= + +  

Áàøëàíãû÷ 0 01, 2x xz y= == =    øåðòëåðè óëàíûï õóñóñû ÷üçþâè 

òàïàëûÿ: 

1 2 1 2

1 2

1 2, 2 3 2 3,
1, 2.

C C C C
C C
= + + = + +
= = −  

Øóíëóêäà, sistemany£ õóñóñû ÷üçþâèíè éàçûï áèëåðèñ: 

2

2

2 2
3 4 3

x x x

x x x

z e e e
y e e e

− −

− −

= − +

= − +  
  

2132.  
4 3 2

y y z x
z y z x
′ = + +⎧

⎨ ′ = − − +⎩
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sistemany£ 0 01, 0x xy z= == =  áàøëàíãû÷ øåðòëåðè êàíàãàòëàíäûðéàí õóñóñû 

÷üçþâèíè òàïìàëû. 

2133.  

,

,

.

dx y z
dt
dy x z
dt
dz x y
dt

⎧ = +⎪
⎪
⎪ = +⎨
⎪
⎪ = +⎪⎩

 

sistemany£ óìóìû ÷üçþâèíè òàïìàëû. 
×üçþëèøè. Áèðèíùè äåÿëåìúíè t  ãüðú äèôôåðåíñèðëúëèÿ: 

   

( ) ( )
2

2

2

2

,

2 .

d x dy dz x z x y
dt dt dt
d x x y z
dt

= + = + + +

= + +
 

dx y z
dt

= +  âå 
2

2 2d x x y z
dt

= + +  äåÿëåìåëåðäåí òàïàðûñ: 

   

2

2 2 0.d x dx x
dt dt

− − =
 

Áó äåÿëåìúíè ÷üçþï, àëàðûñ: 

    
2

1 2 .t tx C e C e−= +  
Îíäà 

1 2

1 2

2

2

2 ,

2 .

t t

t t

dx C e C e
dt

dxy z C e C e z
dt

−

−

= − +

= − = − + −
 

 
Sistemany£ þ÷óíùè äåÿëåìåñèíå x  âå y áàõàëàðûíû ãîéóï, z   

òàïìàê þ÷èí äåÿëåìå àëàðûñ: 

2
23 .tdz z C e

dt
+ =  

Áó äåÿëåìúíè ÷üçþï, z  òàïàðûñ: 
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2

1 2
t tz C e C e−= +  

Îíäà 

          ( )1 2 2
2t ty C C e C e−= − + + . 

Øóíëóêäà, sistemany£ óìóìû ÷üçþâè àøàêäàêû ãüðíþøäåäèð : 

( )
1 2

1 3 2

3 2

2

2

2

,

,

.

t t

t t

t t

x C e C e

y C C e C e

z C e C e

−

−

−

= +

= − + +

= +
 

2134. 
⎩
⎨
⎧

=′′
=′′

.
,

yz
zy
 sistemany£ óìóìû ÷üçþâèíè òàïìàëû.  

2135. 

⎪
⎪
⎩

⎪⎪
⎨

⎧

+=

+=

.1

,1

x
dt
dy

y
dt
dx

 

sistemany£ 0=t  áîëàíäà  1,1 == yx  áàøëàíãû÷ øåðòëåðè êàíàãàòëàíäûðéàí 
õóñóñû ÷üçþâèíè òàïìàëû. 

2136. 

⎪
⎪
⎩

⎪⎪
⎨

⎧

−=

−=

.

,2

yx
dt
dy

yx
dt
dx

 

sistemany£ óìóìû ÷üçþâèíè âå 0=t  áîëàíäà 1,1 == yx  øåðòëåðè 
êàíàãàòëàíäûðéàí õóñóñû ÷üçþâèíè òàïìàëû. 

Sistemalary£ óìóìû ÷üçþâèíè òàïìàëû. 

2137. 
4 3 sin

cos

dx dy x t
dt dt

dx y t
dt

⎧ − + =⎪⎪
⎨
⎪ + =
⎪⎩

      2138. 
4
2

y y z
z z y
′ = −⎧

⎨ ′ = +⎩
 

              

2139. 
3

y z y
z y z
′ = −⎧

⎨ ′ = − −⎩
              2140. 

0
4 0

y z
z y
′ + =⎧

⎨ ′ + =⎩
 

 

2141. 
2 sin
4 2 cos

y y z x
z y z x
′ + + =⎧

⎨ ′ − − =⎩
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4arccos 63 36 349;
9

oϕ ′= ≈
1arccos( ).
3

ϕ = −  350. a b× = 7 3 .i j k− + +  

351. 49 kw.birlik. 352. 24 kw.birlik. 353. 4 kw.birlik.  354. [ ].a c   

355. .i j k− + +  356. 
1 2

2 .S S=  357. 105
2

1
=S  kw.birlik.   

358. 4 2 2 ;i j k− + −  3 3 3 .i j k− − −  359. 15 5 25 .i j k+ +  360. 42 .u a= −   

361. 3 kw.birlik. 365. 1 kw.birlik.  
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V ÁÜËÞÌ 

366. R=5; Sfera. 381. A,B,D íîêàò àðêàëû ãå÷éúð, C íîêàòäàí ãå÷ìåéúð.  

382. 3 2 5 0x y z+ − − = . 383. 1) òåêèçëèê Oy îêà ïàðàëëåë; 2) òåêèçëèê xOz 

òåêèçëèãå ïàðàëëåë; 3) òåêèçëèê Oz îêà ïàðàëëåë; 4) òåêèçëèê êîîðäèíàòàëàð 

áàøëàíãûùûíäàí ãå÷éúð; 5) òåêèçëèê àáññèñàëàð îêóÿäàí ãå÷éúð.  

384. 3x + z = 0.  385. x + 2z = 0. 386. a) y + 4 = 0, b) z-2=0,   

387. 11 22
2 3

x y z
+ + =
−

. 388. 1
2 1 2
x y z
+ + =
−

.  389. 3x+2y-z=0. Ãüðêåçìå. 

Áåðëåí òåêèçëèê Q íîêàò àðêàëû ãå÷èï PQ
→

 âåêòîðà ïåðïåíäèêóëéàðäûð. 

390. 1) 6, 4, 12; 2) 3, 15, -5; 3) 1, -1, 1;  4) -6,∞, 
3
2
 òåêèçëèê 0y îêà 

ïàðàëëå1; 5) 0,0,0; 6) 7, ∞, ∞ òåêèçëèê y0z òåêèçëèãå ïàðàëëåë. 391. a) x+5=0;  

b) x+3y=0; c) 9y–z–2=0. 392. x+4y+5z+15=0. 393. 
2
9
 êóá. áèðëèê. 

Ãüðêåçìå. 
1
6

V a b c= . 403. 
4arccos
21

ϕ = . 404. x-y+2z-16=0. 405. 1) (3, -

1, 0); 2) 1 âå 3 òåêèçëèêëåðèÿ áèðè-áèðèíå ïàðàëëåëäèêëåðèíå ãüðú, òåêèçëèêëåðèÿ 

êåñèøìå íîêàäû éîêäóð; 3) Òåêèç-ëèêëåðèÿ øîë áèð ãüíè àðêàëû ãå÷éúíäèãè 

ñåáúïëè, îëàðûÿ êåñèøìå íîêàäû íúáåëëèäèð. 406. 1) òåêèçëèêëåð øîë áèð íîêàò 

àðêàëû ãå÷éúð; 2) Òåêèçëèêëåðèÿ óìóìû íîêàäû éîê. 407. 1) 9x + 3y + 5z 

= 0, 2) 23x – 32y + 26z – 17 = 0. 408. 1) Òåêèçëèêëåð àðàëëåëäèðëåð;  

2) ; 3)
3 2
π πϕ ϕ= = . 409. 0y z± = . 410. (-10, 0, 2). 418. a) íîðìàë ãüðíþøäå;  

á) íîðìàë güðíþøäå äúë. 419. d=1. 420. 0
11

6

11

9

11

2
)1 =+− zyx ;  

2) 04
15

11

15

2

3

2
=−+−− zyx ; 3) ++−

y
x

11

6

11

6
03

11

7
=−+ z .  
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421. d = 10; 422. 1) d = 
3
3
, d = 0 íîêàò òåêèçëèêäå éàòéàð; 

3) d=4; 423. d=1. 424. M1(0, 0,), M (0, 0, 3). 425. x-2y+2z-1=0, x-2y+2z-3=0. 

426. (0, -2, 0). 427. x+z=0, 1 0x y z− − − = . Ãüðêåçìå. Ãüçëåéúí òåêèçëèãèìèç 

áåðëåí òåêèçëèêäåí äåÿ äàøëûêäà áîëàí íîêàòëàðûÿ ãåîìåòðèê êüïëþãèäèð.  

433. 2 3 5 4 0.x y z+ + − = 434. 3 4 23 0.x y z− + − =  435.  ( 1) 2( 2)x y− − − +

3( 3) 0.z+ + =   436.  4 2 3 0.x y z+ − − =   437. ) ( 1) ( 1)a A x B y− + − −

2( 2 )( 1) 0A B z− + − = , áó éåðäå À, Á áèð âàãòäà íóëà äåÿ áàëìàäûê ýðêèí 

ñàíëàð; b)  2( 1) 4( 1) ( 1) 0.x y z− + − + − =  438. 4 5 15 0.x y z− + + =

. 2 0.x y z+ − + =439  440. 2 8 0x y z+ − − = . 441. 9 7 40 0x y z− + − = . 

. 3 4 3 4 0.x y z− − + =442 3 3 8 0.x y z+ + − =443.  444. h=3. Ãüðêåçìå. 

Áåéèêëèãè S, áîëàí A,B,C íîêàòëàð áèëåí êåñãèòëåíéúí òåêèçëèãèÿ 

àðàëûãûíäàêû óçàêëûê õüêìþíäå ãàðàìàê ìþìêèí.  

454. 

1 3
2 2

3 2 4

x y z+ −
= = .  455. 

1 1 .
5 1 1

x y z− +
= =

2 1.
3 1 2

x y z+ −
= =456.

 

457. 
3

9 5 1
x y z +
= = . 458.

2
1

x −
=

1.
2 1
y z +
=  459. 1) 

2 3
7 9 3

x y z− +
= = ;

1 42)
1 3 11

x y z+ −
= =

−
. 460. 

1
1

x +
=

1 3 ,
3 4

y z− +
= =

−
1 ,x t= − + 1 3 ,y t= −

3 4z t= − + . 461. 1 , 2, 2x t y z= − + = − = .  

462. 
7 4 5

2 6 9
x y z+ + −

= =
−

. 463. 
1 5 3 .

1 12
x y z− + −

= =
−  

464.
72cos .
77

ϕ =

57 6 7 6. . 466. cos . . cos , cos ,cos .
3 11 11 113786
πϕ ϕ α β γ= = = = =465 467   

468. .
4 1 2
x y z
= =
−

 469. .
3 2 11
x y z
= =
−

 470. 
2 5 3.

4 6 9
x y z− + −

= =
−
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471. 
1 3 4 .

2 3 7
x y z− + −

= =
−

 472. 1) 
2 0 2 3 3, 2) .
5 0 11 17 13

x x y z
y
− =⎧ − + −

= =⎨ + = −⎩
  

473. 
1 3 5 .

2 4 5
x y z− + −

= =
−  

474. 
2 1 1.

1 1 1
x y z− − +

= =
−

 475. .
1 0 3
x y z
= =

−   

476. 
1 2 1.

4 5 1
x y z− − +

= =
−

 479. 
2 3 1.

3 3 1
x y z− − −

= =
−

 482. (1, 2,3).−   

483. 
1

3
x −

=
1 2 .

2 3
y z+ −

=  484. ( 1, 7,5, 0), (2,0,2), (0,5,1).A B C−   

485. 
2 1 1

1 4 6
x y z− + +

= = , 2 , 1 4 , 1 6 .x t y t z t= + = − + = − +   

486. 
2 4 1.

5 1 6
x y z− − +

= =
−

 487. 
1 1

1 3
x y− +

= =
−

3.
8

z −
  

489. a) , 0, .x t y z t= − = = ) , 1, 3 1.b x t y t z t= = + = − −  490. 1) ãüíè ÷ûçûê 

êîîðäèíàòàëàð áàøëàíãûùûíäàí ãå÷éúð; 2) Oz îêà ïàðàëëåë;  

3) Ox îêà ïàðàëëåë; 4) Oy îê áèëåí ãàáàò ãåëéúð. 498. 
7 8 1( , , ).
6 3 4

M − −  

499. ( 1, 0,4,0,4). 500. (2,3,1) 502. (1,7, 1).M − − −  503. (6,5,4).M   

504. 
1arcsin .

11 3
ϕ =  505. 

18arcsin .
91

ϕ =  506. 211 .ϕ ′=   

507. sin 0,248, 14 4 .ϕ ϕ ′= =  508. 5 3 9 0. 509. 9 8 6 0.x y x y z− − = + − =   

510. A=-1.  512. (5, 1,0).−  513. 
5 7 27( , , ).

13 13 13
− −  514. 

9 1 .
7 4 1

x y z+ +
= =

−
 

515. 
3

5
x − 2 4 .

3 7
y z+ −

= =
−

 516. a) éàòéàð; á) éàòìàéàð; c) éàòìàéàð. 

2 2 3. ,
2 4 5

x y z+ − +
= =

−
517  2 2 , 2 4 , 3 5 .x t y t z t= − + = − = − +   
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518. 16 27 14 159 0.x y z− + − =   519. 23 16x y− + 10 153 0.z − =   

520. 15 0.x y z+ − + =  . 3.d =521  522. 22.d =  523. .
4
π

  

524. 2 0.x y+ =  525. (1, 4,7).  526. 6arcsin .
91

 527. (0.0, 2).−   

528. (8, 2,0);A′ −  Ãüðêåçìå. À íîêàäûÿ òåêèçëèãå áîëàí Á ïðîåêñèéàñûíû 

òàïìàëû. Á íîêàò AA′  êåñèìèÿ îðòàñûäûð. 529. d=13. 530. 

2 .
74 57 110

x y z−
= =

−
 531. (1,2,12).A′   532. 

5 3 1.
3 0 1

x y z− − −
= =

−   

533.  .
33 26 27
x y z
= =
−  

534. 
0,8 4,6 4 .

7 4 3
x y z− − +

= =
  

535. 7 8 2 23 0.x y z− + + + = 17 132 16 10 0.x y z− − − =536.  539. 
2( 1)x − +

2 2( 2) ( 4) 9.y z+ + + − =  540. 2 2 2( 4) 9.x y z+ − + =  542. 2 2( 1) ( 1)x y− + + +

2( 1) 27.z+ + =  543. 2 2 2 4 27 0.x y z x y+ + − + − =  545. C (1, 2, 2), 4R− = .  

546. 1)(3, 4, 1), 4; 2)( 1,2,0), 3.R R− − = − =  548. 
2 2( 2) ( 4)x y+ + − +

2( 5) 81.z+ − =   552. R=3, Òåãåëåê ñèëèíäð. 553. Ïàðàáîëèê ñèëèíäð. 554. 

2( 2) 2( 1)z x+ = −  ïàðàáîëèê ñèëèíäð. 555. Òåãåëåê ñèëèíäð x=0, y=0. 559. 

2 2 2 4.x y z+ + =  560. 
2 2

25 9
y x

+  
2

1.
9
z

+ =  561. 2 2 2 1x y z+ − = , 

2 2 2 1.x y z− + =  563. 2

1

0

z
y

x

⎧ =⎪
⎨
⎪ =⎩

 ÷ûçûãû Oz îêóÿ äàøûíäà àéëàíìàãûíäàí 

àëíàí þñò. 566. 2 2( 2) ( 2) 4,x z− + − =  òîãàëàê ñèëèíäð. 567. Èêè òåêèçëèê x=y 

we x=z. 569. 1) ãüíè ÷ûçûê þñòäå éàòéàð; 2) ãüíè ÷ûçûê þñòå (-3, 0, 0) 

íîêàòäà ãàëòàøéàð. 571. x=0 we y=0 áîëàíäà ãèïåðáîëà, z=h, h ≥2 
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áîëàíäà ýëëèïñ. 572. 0, 0x y= =  áîëàíäà ïàðàáîëà, z h=   (h>0) áîëàíäà 

ýëëèïñ.  

 

VI BÜLÞÌ 

593. ÷) á<0, d) b>0. 594. 3, -1, -3, -3. 595. , , 0.
2
ππ  598. 4. 599. -2<x 0.≤   

600. -1<x<1, 2<x< .∞ 601. 
71.
30

 [ ] 21, 2 , ) 3, ;
3

б x x≤ − ≥602.   

÷) ( , 1), ( 1,1), (1, );−∞ − − +∞   ä) [ ]2 , (2 1) ,n nπ π+ 0, 1, 2,...n = ± ±   

ý) ( , .−∞ +∞ ) 603. 
2 5 ,

2
yx −

= ( ,−∞ +∞ ).  604. 
1 ( ).
2

y yx a a−= −   

605. ( 1) arcsin ,nx y nπ= − +  n= 1, 2,...± ±   

606. a) 2

2

log lg (0 2, 2 ).
log 9 1 lg

2

y yx y yy= = < < < < ∞
−

 607. a) ùþáþò 

ôóíêöèéà á) òúê ôóíêöèéà 608. 
1 1) ;
3 3

a х− ≤ ≤  ) ,
4

b k х ππ ≤ ≤

0, 1, 2,...k = ± ± 616. à) ùþáþò; á) òúê; g) òúê õåì äúë, ùþáþò õåì äúë;  

ä) ùþáþò; ñ) ùþáþò;  ú) òúê. 617. à) ïåðèîäèê ôóíêöèéà 
2
3

Т π= ,  

á) ïåðèîäèê ôóíêöèéà 
2Т π
λ

= ,  ÷) ïåðèîäèê ôóíêöèéà ;Т π=  ä) ïåðèîäèê 

ôóíêöèéà; ñ) ïåðèîäèê äúë ôóíêöèéà.  618. Ôóíêöèéà 0
4

х π
< ≤  àðàëûêäà 

∞ − äåí 2-ä ÷åíëè êåìåëéúð, 
4 2

хπ π
≤ ≤  àðàëûêäà áîëñà 2-äåí 8-e ÷åíëè 
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àðòéàð. 619. 
5 , 0, 1, 2,...
6 6

к х к кπ ππ π− + < < + = ± ± àðàëûêäà àðòéàð âå 

áåéëåêè àðàëûêëàðäà áîëñà êåìåëéúð. 622. (1) 2f = . Áåëëèê. Ôóíêûèéàíûÿ 

èÿ óëû áàõàñû 22 4 3х х− +  êâàäðàò þ÷àãçàíûÿ èÿ êè÷è áàõàíû àëéàí 

íîêàäûíäà áîëéàíäûð. 623. a>0, áîëñà ôóíêöèéà (- , )
2
б
а

∞ −  àðàëûêäà 

êåìåëéúð, (- , )
2
в
а
+∞ àðàëûêäà áîëñà àðòéàð 

min
( )

2f
bf
a

= − =

24 , 0,
4

ac b a
a
−

= < áîëñà ôóíêóöèéà (- , )
2
b
а

∞ −  àðàëûêäà àðòéàð ( , )
2
b
а
+∞  

àðàëûêäà áîëñà êåìåëéúð  maхf =
24( ) .

2 4
b ac bf
a a

−
− =  624. Êâàäðàò 

, . 626. ) , ) 6 .
2 2
р ра b а Т b Тπ π= = = =

 
655. )7,9,11,13,15,...а 5 17 65) , , ,

2 4 8
b

257 1025, ;
16 32

 ) 8, 23, 46,77,116.с  656. 1) 6í-5, 2) 2n, 3) 2n2-1  

660. 
1( 1)) , )

1 2

n

n n n

nа х b x
n

+−
= =

+
 661. а) 3 3 3, ,0, ,...;

2 2 2
− −

1 1 1 1) , , , ,...;
2 4 8 16

b − −
10 113)2, 2, 25, 2 , 2 ,...
27 256

v  665. 57-è áåëãèëè àãçàäàí 

áàøëàï äåÿñèçëèê éåðèíå éåòéúð. 666. n=10, n=100, n=1000. 668. n=54. 681. 

1 .
3

1.1. .1. .1. . 0. .1. . )1; )1. . .
5

а б682 683 684 685 686 687 688 689. à) 1, á) 0,  

÷) - 1
3

, ä) 1. 690. а) 1 ,
2

 )1,b  ÷) 0, ä) - 1 ,
2

 ñ) 0 719. e3. 720. 0. 721. 3 . .1.
5

722

1. . .
6 2
π

−723 724. . 2.725 3. .
4

726 1. . .4.
2

−727 728 729. 5 1 3. . . . .
2 2 2

730 731

1 5. . . .
3 2

−732 733 1 .
2

734.  2. sin . . .a e−735 736
 

4. .е−737 7 4. . . .е е738 740
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3 1 1. . . . . . . 5.
9

е е− −741 742 743 744
 

1 1 1 1. . . . . . .
2 2 2 4

− −745 754. 755 756

3. соs .α757 2. . . 2.
3

−758 759  774. a) x ,
2

к кπ π≠ + −bitin san, b) x ,кπ≠

.к bitin san−  775. x=2 íîêàò èêèíùè ùûíñëû þçþlme íîêàò. 776. х=-2 

íîêàò  èêèíùè ùûíñëû þçþlme íîêàò, х=2 íîêàò äþçëåíéúí þçþlme íîêàò. 

777. х=0 íîêàò äþçëåíéúí þçíþê íîêàò,  

х= , 1, 2,...к кπ = ± ±  òþêåíèêñèç þçþlme íîêàòëàð. 779. а) x=5 íîêàò þçíþê 

íîêàò; á) x=1 íîêàò þçþlme íîêàò. 780. x=0 äþçëåíéþí þçþlme íîêàò. Îë 

þçíþê íîêàäû äþçëåìåê þ÷èí f(0)=1 ãîéóï ãîøìà÷à ôóíêöèéà ãèðèçìåê 

áîëàð. 781. a) x=1 íîêàò èêèíùè ùûíñëû þçþlme íîêàò; á) x=-2 íîêàò áèðèíùè 

ùûíñëû þçþlme íîêàòäûð, ôóíêöèéàíûÿ òîâóñìàñû áîëñà 2 äåÿäèð. 782. 

Ôóíêöèéà 1х ≠ íîêàòëàðûÿ úõëèñèíäå þçíþêñèçäèð, x=1 íîêàò áîëñà èêèíùè 

ùûíñëû þçþlme íîêàòäûð. 783. x 2≠ ± nîêàòëàðûÿ úõëèñèíäå ôóíêñèéà 

þçíþêñèçäèð, x= 2±  íîêàò èêèíùè ùûíñëû þçþlme íîêàòäûð.  

784. а) x=0 íîêàò äþçëåíéúí þçþlme íîêàò, 
tg , 0

1, 0

x x
у x

x

⎧ ≠⎪= ⎨
⎪ =⎩

 ôóíêñèéà x=0 

íîêàòäà þçíþêñèçäèð. á) x=0 íîêàò áèðèíùè ùûíñëû þçþlme íîêàò. 

0
lim 1,
x

y
→ +

=
0

lim 1,
x

y
→ −

= −
 
÷) x=0, x=1 we x=-1 íîêàòëàð èêèíùè ùûíñëû þçþlme 

íîêàòëàð, 
0

lim
x

y
→ +

= +∞
0

lim
x

y
→ −

= −∞
1

lim
x

y
→ +

= −∞
1

lim
x

y
→ −

= +∞
1

lim
x

y
→− +

= −∞ , 

1
lim ;

x
y

→− −
= +∞  ä) x=6 íîêàò èêèíùè ùûíñëû þçþlme íîêàò 

6
lim
x

y
→ +

= +∞ , 
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6
lim
x

y
→ −

= −∞ , x=-6 íîêàò äþçëåíéúí þçþlme íîêàò. Ôóíêöèéà y=

2

15 3 , 6
36

1 , 6
72

х х
х

х

⎧ + −
≠ −⎪⎪ −⎨

⎪− = −⎪⎩

, x= - 6 íîêàòäà þçíþêñèçäèð.  

 

VII ÁÜËÞÌ 

2
3 1 2

2 2 2 2

1 2 6 25. 2 2 . . 3 . . . . .
( 5 5) ( )

п х х bс адх х пх пх
х х х с дх

− − − + −
+ − +

− + +
792 793 794 795

2. сtg .
sin
хх
х

−797 .ln .х797
2

3. 2 sin . . 3 ln 3arcsin .
1

х
х хе х х

х
+

−
798 799

2 2

1 2 arctg .
(1 )
х x

x
+

−
+

800.  
2

2 2

2 arccos 1. .
(1 )

x x x
x
− −

−
801

 

3 6

3

13 8 2
. .

6( 2 )

х х
х

х х

+ +
−

−
802  

2 31. . .4(1 3 5 ) (3 10 ).
1 sin

х х х
х

+ + +
−

803 812 1. 3сos3 sin
5 5

xx − +813

21 sec .
2

x
x

+ 22

1 1 1 1. . .
arctg 12 (1 ) 1 ln x xx x x x

− +
+− +

814 815.
 

2

3 23
.

( )
bx

a bx+
816.

 
2

1. .
2sin ctgx x

−817
 

2

1 .
1 x

−
+

818.

2. 2 10 (1 ln10).хх x+819
2 3. 10 . .4cos sin .xxe x x−−820 821 822.

2

2arcsin .
1

x
x+  

2
3

3

cos cos. 2 . . . . 2 cos sin .
sin 2

xx xx e x x x
x x

823 824 825−− − −
 

 
826. 

2 2

1 .
( 1) 1

x
x x

−

+ +
 

23 arctg 1
3 2

1 1. tg .834. . .4 ln 4 .
1 1

xxx
x x x

827 835 −+
− −

2

1 1. tg .x
x x

836 −
−

1arcsin

2
. .

1

xe
x x

837 −
−  

2

1 2. . .
(1 ln ) cos sinx x x x

838 . 839−
+
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2 2

2

2

2

sin 3(1 2 )cos 2 2 sin ln 2
. .

(1 2 )

x x

x

x x х x
840

⎡ ⎤+ −⎣ ⎦
+  

841.

2

22

2

1

x

x

xe

e−
. 

2 22

1 1 1 3. . . . . 2arctg .
1 3 92 arctg

3

x
xx xax x

842 843 846
+ ++   

2 2
.

1 arcsin 1

x

x x

e
e e

847. −
− − 2 22

1 2. .
1 arcsin 14

x

x x

x e
e ex x x

848 .849.+
−

− −+
 

sin

2 43

cos3.(cos ) (cos ln cos tg sin ). . .
sin 3 (1 sin 3 )

x xx x x x x
x x

856 857−−
−

2 3
2 2

2 3 2 3. . . tg arcsin (2
4( 3 1) 3( 4) sin cos

xx x e x x x
x x x x x

858 859+
− + +

+ + +

2

1 ).
1 arcsinx x

+
−

 

. (1 ln ).xx x860 + arctg
2

ln cos(cos ) ( tg arctg ).
1

x xx x x
x

861. −
+  

2
2

2

2 ln( 3).( 3) ( ).
3 2

x x x xx
x x

862 +
+ +

+  
889. 0.  895. x-2y-a=0 ãàëòàøéàíûÿ 

äåÿëåìåñè, x-2y-3a=0 íîðìàëûÿ äåÿëåìåñè. 897. y=x+3. 898. 5x-y-2=0 

ãàëòàøéàíûÿ äåÿëåìåñè, x+5y–16=0 íîðìàëûÿ äåÿëåìåñè 899. 7x-y-2=0. 327. 

2x-y+2- 0
2
π
= ãàëòàøéàíûÿ äåÿëåìåñè, x+2y-4- 0

4
π
=  íîðìàëûÿ äåÿëåìåñè.  

901.
1arctg 26 34. .(2,5).
2

902≈ . 104 / .v m s908 =
 

. 3 sonra.s910

. 7200 d911 ù 919.0,6 0,2.x +  920. y’(6)=110. 921. 26450 dù. 922. 20000 

äù. 924.
 

2 sin (1 2 cos ). 2 cos(2 1) .dr av M M J K t K
dt

925.π ε ε
ρ

= = + = +

2

12. .
3 1

x dx
y

932
−  

933. 2) ;
(1 )

dxa
x− 2 2 2

2) ; ) .
1

adx dxb с
x a x

−
+ −

4

2

5(arcsin ). .
1

x dx
x

934
−

2

sin cos. .
1 sin

x x dx
x

935
+

4 3 2 2
2 3 2

1. 5ctg ( ) (3 2 ) .
sin ( )

x x x x dx
x x

936 − + +
+
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2
. .
2(1 ) 1 arctg

dx
x x

937
+ −

938.
 

3

2sin . . (2 arctg 1) .
3 2 cos

x dx x x dx
x

939− −
+

.2,02. .0,485. .0,57.944 945 946 3 3. 10 2,16, 70 4,13,947 ≈ ≈

3 100 5,85. . )5; )1.a b948≈
2

2

2.1) ;
cos

dx
x

964 − 2
2

16cos 42) ;
sin 4

x dx
x

−

2 3 23) 9ln ;xaa dx
4

2
4 2

2(1 3 )5) .
(1 )

x dx
x
−

−
+

1 7 sin(7 ) 3 sin(3 ) .
2 2 2

n nx n x n966. π π⎡ ⎤+ + +⎢ ⎥⎣ ⎦
1 7 sin(7 ) 3 sin(3 ) .
2 2 2

n nx n x n966. π π⎡ ⎤+ + +⎢ ⎥⎣ ⎦

2

2 2

2 3. .
(1 ) 1

x x
x x

967 +

+ +
22 2 2. 4 2 ln 4(2 ln 4 1) .xd y x dx968 −= − . )2 (sin cos );хa е x x969 − +

2 2)( 1) (4 2 1 )cos 4 sin .nb n n x x nx x⎡ ⎤− + + − −⎣ ⎦  
2 2. )2 2; ) 1 .a t b t975 + − −

4

1. ) ;
3 cos sin

a
a t t

976 3

1) .
sin

b
at t

−  3

2. .
(cos sin )

te
t t

977
−

−
−

2. 2 . .0.dte981 983−−
2

32 2 2

1 1. . . .
sin(1 ) 1t

t t
at te t t

984 985+ −
−

− −

sin sin 111. . . .
cos cos 256

x y

x y

e y e x
e y e x

990 991
−

−

+
−

+

2

2. .b x
a y

992 −
 

2

2

cos. .
1 cos

y y
x y

993
−

. .
y
xy e

x
994 +

5 2

2 3

ln 12 ( 1). . .0. . .
ln (3 2)

x y y y y xy
x x x x xy

995 996 997− +
⋅

− +
. 

                                

VIII BÜËÞÌ 

1002. 1еξ = − . 1007. a) êàíàãàòëàíäûðìàéàð; á) êàíàãàòëàíäûðéàð; w) x=0 

íîêàòäà; üíþìèÿ éîêëóãûíà ãüðú áó ôóíêñèéà Ðîëëûÿ teoremasynyÿ øåðòëåðèíè 

êàíàãàòëàíäûðìàéàð 1008. g(-3)=g(3) áîëéàíëûãû þ÷èí Êîøèíèÿ teoremasynyÿ 

øåðòëåðèíè êàíàãàòëàíäûðìàéàð. 1009. Óëàíûï áîëìàéàð. 

1010. 1. 1011. .
4
πξ ξ= =

 
1013. .

2
х π
=  íîêàäûÿ þçíþê íîêàòëûãû þ÷èí, 
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Ðîëëûÿ òåîðåìàñûíûÿ øåðòëåðè éåðèíå éåòìåéúð. 
14. .
9

1015 ξ =

3 4 5( ) 3( 1) 3( 1) ( 1) .f x x x x1026. = − + − + − .cos5 cos
36

1027 π
= =

1 0,00381 0,99619.= − = 0,34201.1029. ( )P x1028. =
4 3( 1) 2( 1) 5( 1) 2.x x x= − − − + − +   

6 5 4. ( ) 6 21P x x x x1030 = − + −

3 244 66 54 9.x x x− − − +
2 3

. ...
1 3! ( 1)!

n
x x x xxe x

n
1031 = + + + + +

−
1

( 1) ,
( 1)!

n
xx x n e

n
θθ

+

+ + +
+

2 3 2 2 62 2 2(0 1). .
2! 4! 6!
x x x1032θ ⋅ ⋅ ⋅

< < − + −

7 8 2 1 2 2 2 1
1 22 2 ( 1) 2... ( 1) sin , (0 1).

8! (2 )! (2 1)!

n n n n n
nx x x x

n n
θ θ

− +
−⋅ ⋅ − ⋅ ⋅

− + + − + < <
+

1 3 1. max ( ) max ( ) 0,01, (0 ).
2 4 6 8 2

x R x x1033 δ ⋅
= < < < ≤

⋅ ⋅ ⋅
3 1 1. . . .
5! 40 2

kici1034 1035= − − .1.1036

 

2. . .0.
3

1043 1044

1 4 1. . . 2. . . . .
4 9 2

1045 1046 1047 1048− − . .1049 ∞  . . .3.1050 1051∞

1.0. . .
5

1052 1058
 

1. . . .
12

1059 1060 −∞
2. 1. . . .1. .ln .
3

a1061 1062 1063 1064−

.0.1065 2. . .1.1066 1067
π

.1. .1. .1. .1. .1.1076 1077 1078 1079 1080

1 1
30. . . . . .ee e e1081 1082 1083

−
2

22. . . .
m n

e1084 1085
π

−
 

 

IX ÁÜËÞÌ 

. ( , 2)1092 −∞ −  àðàëûêäà àðòéàð, ( 2, )− ∞  àðàëûêäà áîëñà, êåìåëéúð.  

1093.( ,−∞ +∞ ) àðàëûêäà ôóíêöèéà àðòéàð. 1094.(- , 2) we (2, )∞ ∞  

àðàëûêëàðäà ôóíêöèéà êåìåëéúð.  1095. ( , 2), ( 2,8) we (8, )−∞ − ∞  
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àðàëûêëàðäà ôóíêñèéà êåìåëéúð. 1096. (0,
1
е
) àðàëûêäà ôóíêöèéà êåìåëéúð, 

1( , )
е
∞  àðàëûêäà áîëñà, ôóíêöèéà àðòéàð. 1097.(- , 2)∞ àðàëûêäà êåìåëéúð, 

(2, )∞  àðàëyêäà áîëñà àðòéàð. 1108. min 0,369.y = −  1112. 1 0х = minimum 

íîêàò, 2 33 we 3х x= = −  íîêàòëàð ìàêñèìóì íîêàòëàð. 1113. x1=0 

ìàêñèìóì íîêàò, x2=1 ìèíèìóì íîêàò. 1114. x1=-1 ìàêñèìóì íîêàò, x2=3 

ìèíèìóì íîêàò. 1115. ìàêñèìóì íîêàò, õ=2 ìèíèìóì. õ=0 íîêàò.  

1116. x=
12
5
 ìàêñèìóì íîêàò. 1117. x=0 ìèíèìóì íîêàò. 1118. Áèðñûõëû 

àðòéàð. 1119. x=1 ìàêñèìóì íîêàò, x=e ìèíèìóì íîêàò. 1120. x=0 íîêàò 

ìèíèìóì íîêàò, x=4 ìàêñèìóì íîêàò. 1121. x=1- 19  ìèíèìóì íîêàò, 

x=1+ 19  ìàêñèìóì íîêàò. 1122. 24 .
27

V R Hπ=
 
1123. 4ì, 2ì. 1124. 50, 

50. 1125. Èíåäüðäþë. 1130. ( , )−∞ ∞  àðàëûêäà éîêàðëûãûíà ãþbåð÷åêëåíåí.  

1131. ( , 3)−∞ −  àðàëûêäà àøàêëûãíà îéóê, ( 3, )− ∞ - àðàëûêäà éîêàðëûãûíà 

îéóê, åïèí íîêàäû éîê. . 2.х1132 =  1133. 1 2 30, 1, 2.х х х= = =

. 1, ( ,1).х1134 = −∞  éîêàðûê ãüáåð÷åêëåíåí, (1, )∞  àøàê ãþáåð÷åêëåíåí. 

1135. Åïèí íîêàäû éîê. 1136. x<0 éîêàðûê ãþáåð÷åê, x>0 aøàê ãþáåð÷åê, 

(0, 0) ýïèí íîêàò. 1137.
9 9( 3 , ), (0,0), (3 , ).
4 4
а аа а− −  1138. (á,0) ýïèí íîêàò. 

1139. 
1
3

х = ±  ýïèí íîêàòëàð. 1140. x=nπ , (n= 1, 2,...)± ±  åïèí íîêàòëàð. 

1141. (á,a) åïèí íîêàò. 1142. x=2 åïèí íîêàò. 1147. 2, 0.х у= − =  

.1148 0, 0.х у= = . 2 . . 2 , ( ).х а х а у х а1149 1150= = = ± +  1151. x=1, x=3, 

y=0. 1152. y=-x, y=x 1153. x=0, y=1 ÷åï àñèìïòîò,  y=0 ñàã àñèìïòîò.  
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1154. y= 
1
3с  

äèê àñèìïòîò, 
3 1
2 2
ху

с
= −  éàïãûò àñèìïòîò 1155. y=1, y=-1 

êåñå àñèìïòîò. 1156. x=1, y=2x. 1157. y=0. 

 

X ÁÜËÞÌ 

2
3 5 312 442 5 4 24 4. . . 2 . . .

3 2 2 5 17 3
xx x x C x C x x x x x C1169 1170 1171− + + + + − + +  

2. arctg . .1. .
3

x x C x x x C1172 1172+ + + + 23. arctg ln 5 .
5 5

x x x C1173 − + + +

2 1 1. ctg . . tg .
2 2

x x C x x C1174 1175− + + + 3. 2cos 3 .x x C1176 − + +

sin. .
2 2
x x C1177 + + 2.2 1 .x x C1184 − + + .ln(tg ) .x C1185 +

2 34 2 31 1. . . 3 2 .
2 3

x xe C x C1186 1187+ + + − +
 
 1888.

2
2 1ln 1 .xx x C

x
+

+ + − +
 

.arccos 2 .
2

x C eger x1190 + > 32. ( 1) 2 1 .
3

x x C1191 + − + +

2
2 2 4. arccos . .

4
a xx a a C C
x x

1192 1192. −
− − + − + .2arcsin .x C1194 +

3 31 1. ln .
3 9

x x x C1196 − + 1. n x n xx e nx e1198 −− 2( 1) n xn n x e−+ − +

2( 1)( 2) ... ( 1) ! .n x n xn n n x e n e C−+ − − + + − +
1. (sin cos ) .
2

xe x x C1193 + +  

. ln .x x x C1200 − + 21. arctg ln(1 ) .
2

x x x C1201 − + +
2

. arcsin
2 2
a x1204 +

2 2 .
2
x a x C+ − + [ ]sin(ln ) cos(ln ) .

2
x x x C1206. − + 1207. ctg lnx x− + sin .x C+

2

1. ( ctg ) .
2 sin

x x C
x

1208 − + +
 
 

3

. arctg3
3
x x1209 −

2
21 ln(9 1) .

18 162
x x C+ + +

2 9. 9 arcsin .
2 2 3
x xx C1210 − − + +

cos 2 2sin 2. ( 1) .
2 5

xe x x C1211
− −

− +

54 5. (sin 4 cos 4 ) .
41 4

xe x x C1212 + +  
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2
4 2 2

4 3 3

9 18 11.( 10 21)sin (4 20) cos . . cos3
27

2 2 1sin 3 . . arctg . . arccos
9 4 12 4 3

x xx x x x x x C x

x x x x xx C x C x

1213 1214

1215 1216

+ −
− + + − + +

+ −
+ + − + + −

2
22 2 6 11 . . arctg .

9 11 11
x xx C C1219+ −

− − + +
1. ln .
2 2

x C
x

1220 +
+   

1222. 23 ln( 4 ) 5 4arctg( 2) .
2

x x x C− + + − +
1

.ln .
2 1
x

C
x

1223
+

+
+

21. ln ( 2) 2 1 .
5

x x C1224 ⎡ ⎤− + +⎣ ⎦
23 1 2 1. ln 1 arctg .

2 3 3
xx x C1225 −

− + + +

22 20 3 1. ln 3 2 5 arctg .
3 3 14 14

xx x C1226 +
+ + + +

 
21 9 2 1ln 2 2 3 arctg .

4 2 6 5
xx x C1227. +

+ + + + +

25 117 16 1. ln 8 1 arctg .
16 8 31 31

xx x C1228 +
+ + − +

7 2 7. arctg .
3 3

x C1229 +
− +

21 1 1. ln 2 3 .
42 2

x x x C1233 − + − + +
1 3 1arcsin .

43
x C1234. +

+

2 2. 4 5 2 ln 2 4 5 .x x x x x C1235 + + − + + + + +

21. ln 10 3 2 5 5 3 2 .
5

x x x C1236 + + + + +

2 21 19 3 1. 2 3 5 ln 2 3 5 .
2 44 2 2

x x x x x C1237 − + + − + − + +

 
2 1. 4 3 2 3arcsin .

2
xx x C1238 +

− − − + +

 

1240.
1 6 5arcsin .

73
x C

x
+

− +  

21 5 5 7 2 5. ln .
55

x x x C
x

1241 + + + +
− +

 

1arcsin .
1

C
x

1242. − +
+

22 2 1 1. arcsin . . arcsin(2 1) .
4 85

x xC x x x C
x

1243 1246− −
− + − + − +
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21 1. 1 2 arcsin .
2 2

x xx x C1247 + +
− − + +

28 1 14 arcsin(8 1) .
16 64
x x x x C1248. −

− + − + .ln 17 .x C1251 − +

2

1 1 1. ln 1 5 . . . .
5 3(4 3 ) 10(5 1)

x C C C
x z

1252 1253 1254.+ + + − +
− +

3

4

1 1 ( 1)( 3). ln . . ln .
12 ( 2)

x b x xC C
a b x a x

1255 1256+ − +
+ +

− + +
 

21 7 2 7. ln 7 13 .
2 3 3

xx x arctg C1260 −
− + + +

22 20 3 1. ln 3 2 5 arctg .
3 2 14 14

xx x C1261 +
+ + + +

25 117 16 1. ln 8 1̀ arctg .
16 8 31 31

xx x C1262 +
+ + − − +  

21 9 2 1. ln 2 2 3 arctg .
4 2 5 5

xx x C1263 +
+ + + +

2 5 7.ln ( 3) ( 4) ( 1) .x x x C1268 − + − + 2

2 1. arctg( 1) .
2( 2 2)

x x C
x x

1265 −
+ + +

+ +  

2

13 24 26 2 3. arctg .
3( 3 5) 3 3 3

x x C
x x

1266 − −
+ +

− +
 

2

3

1 1 16. 2 ln ln 2 .
2 6 ( 3) 3
x xx x C

x
1269 −

− + + + +
+

.5 2ln 3ln 2 4ln 2 .x x x x C1270 + + − + + +
3 2

. 4 2 ln 5ln 2 3ln 2 .
3 2
x x x x x x C1271 + + + + − − + +

2

4 3 2 ln .
2( 1) 1

x x C
x x

1273. +
+ +

+ + 2

1 2 1. 3ln .
2 1 1

x C
x x x x

1274 − − − + +
− −

9 1. .
2( 3) 2( 1)

C
x x

1275 − − +
− +

2

2

1 ( 1) 1 2 1. ln arctg .
2 1 3 3

x x C
x x

1277 + −
+ +

− +
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1 1. arctgx arctg .
3 6 2

x C1278 − +
 

2 2 1 1. arctg arctg( 2) .
33 7 7

x x C1279 +
− + +

2
2

2 1 1. ln 1 ln 1 2arctg .
2( 1) 2 4

x x x x C
x

1281 +
+ + − + + +

+
 

2 2

1 arctg. arctg . . .
1 2(1 ) 2

x xx C C
x x

1282 1283− + + + +
+ +

6 3 6. 6 3 2 6ln(1 ) .x x x x C1286 − + − + +
2

7 5 1
6 6 2

11
262 3

( 1 1) 2 2 1 1. ln arctg .
2 1 3 3

1 1 1.3 (2 3) (2 3) (2 3)
7 5 3

1 3 23 (2 3) arctg(2 3) . . ( ) .
3 4 2

4 1 1 1 1. . . . .2 1 ln .
3 2 1 1 1

1.
3

x x
x x

x x x

xx x C C
x

x x xC C x C
x x x

1287

1288

1292

1293 1294 1295

1296

+ − + +
−

+ + +

⎡ ⎤
− − − + − −⎢ ⎥

⎣ ⎦
⎡ ⎤ +

− − + − + +⎢ ⎥ −⎣ ⎦

− + + −
+ + + + +

+ − + +
2

3 331(3 4) (3 4) 3 4 ln 3 4 1 .
2

x x x x C+ − + + + − + + +

 

4
33 1. ( ) .

8 1
x C
x

1297 −
− +

+

2

2

1.ln .
1 2

x x x C
x x x

1299 + + +
+

+ + + +
21 1. 2arctg .x x C

x
1300 + + −

− +
2

2

3 2 1. 2 ln .
3 2 1

x x x C
x x x

1301 − + − −
− +

− + + −  

1 4 1. arctg2tg . .ln(2 cos ) arctg( tg ) .
2 2 23 3

tg 21 1 12. . . ln . ln tg( ) .
4 2 821 tg tg 2

2 2

x xC x x C

x
xC C Cx x

1307 1308

1309 1310 1311. π

+ + +

−
+ + + +

− +

3 52 1. cos cos cos .
3 5

x x x C1315 − + − + 5 71 1. cos cos .
5 7

x x C1316 − + +
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3

1 1.cos 2arctg(cos ) . . .
cos 3cos

x x C C
x x

1317 1320− + − + +

1 3 2sin 1 cos8 cos 2. sin ln . .
4 16 2sin 1 16 4

3 1 sin 25 sin 5. cos cos . .
2 3 2 50 10
cos sin(2 ) 3 5. . . sin 3sin .

2 4 5 6 6

x x xx C C
x

x x xx C C

t x xC C

1321 1325.

1326 1327.

1328 1329ϕ ω ϕ
ω

−
− + + − + +

+

− + − + +

+
− + + + +

7 9
5

3 3 34 10 16

sin sin 5 sin 7 1 2cos cos. . cos .
2 20 28 5 7 6
3 3 3. cos cos cos .
4 5 16

x x x x xC x C

x x x C

1330 1332.

1333

+ + + − + − +

− + − +

3
23 1 cos.3 сos ( cos 1) . . cos .

7 3
xx x C x C1334 1335− + − + +

31.sin sin .
3

x x C1337 − +
sin 2 sin 4 sin 6. .

16 64 64 192
x x x x1343 − − +

35 1 1 3. sin 2 sin 2 sin 4 .
16 4 48 64

x x x x1344 + − +

2 23.1) ; 2) 2 .
2 2
x xy C y x C1350 = − + = + + 31 11. .

3 3
y x x1351 = − +

3 4 2 2. 3. .1) 3 . 2) 6 .y x y x x x C y x x C1352 1353= + = − + + = + +
3

2 2 3

4 2

. сos 3sin 3 . 1) 4 2 . 2) 2 .
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