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GARASSYZ, BAKY BITARAP
TURKMENISTANYN DOWLET SENASY

Janym gurban sana, erkana yurdum,
Mert pederlent ruhy bardyr koniilde.
Bitarap, garassyz topragyi nurdur,

Baydagyn belentdir diinyén 6niinde.

Gaytalama:

Halkyn guran Baky beyik binasy,
Berkarar dowletim, jigerim-janym.
Bagslaryn téji sen, diller senasy,

Diinya dursun, sen dur, Tiirkmenistanym!

Gardasdyr tireler, amandyr iller,
Owal-ahyr birdir bizin ganymyz.
Harasatlar almaz, syndyrmaz siller,
Nesiller dos gerip gorar sanymyz.

Gaytalama:

Halkyn guran Baky beyik binasy,
Berkarar dowletim, jigerim-janym.
Bagslaryn téji sen, diller senasy,

Diinya dursun, sen dur, Tiirkmenistanym!



GIRIS

TURKMENISTANYN PREZIDENTI
GURBANGULY BERDIMUHAMEDOW:

- Biz hazir Turkmenistanda milli bilim ulgamynda
duypli ozgertmeler gecirmdage girisdik. Sol ozgertmelerin bas
maksady - zzirkmen yaslaryna diinyinii it dsen talaplaryna

layyk gelyén bilim ulgamyny elyeterli etmekden ybaratdyr.

Size hodiirlenyan bu okuw gollanmasy Tiirkmen politehniki
institutynda ge¢ilyén tejribe okuwlarynyn esasynda tayyarlanyldy.

Okuw gollanmasy 6 sany tejribe islerinden ybarat. Olar
inzener tejribeliginde ginden peydalanylyan san ¢oziiwli
matematiki meselerden diiziilip, berlen y=f(x) formula boyunga
funksiyanyn tablisasyny diizmek, defileménin hakyky kokiini horda
we galtagyanlar usuly bilen hasaplamak, n nébellili n ¢yzykly
algebraik denlemeler ulgamyny ¢6zmek, kesgitli integraly takmyn
hasaplamak, Runga-Kuttanynn usuly boyunga differensial
deileméninn san ¢ozliwlerini tapmak, empirik formulany saylap
almak we onuifl parametrlerini i ki¢i kwadratlar usuly bilen
kesgitlemek meseleleridir.

Gollanmada her bir tejribe isi boyunga teoriya maglumatlary
berilydr we alnan formulalaryn kdmegi bilen tejribe ise degisli bir
yumusyn yerine yetirilisi gorkezilyar. Tejribe isinin sonunda
talyplara hodiirlenmeli kop sanly yumuslar berilyér.



Tejribe islerinddki yumuslaryn hazirki dowiirde talyp
yaslaryn, inZenerlerin we alymlaryn arasynda ginden yayran
Machcad matematiki programmalarynn toplumynyn (paketinin)
komegi Dbilen ¢oziilis usullary-da gorkezilendir. Machcad
matematiki programmalaryn toplumy diirli matematiki meseleleri
¢ozmeklige, yokary derejede hasaplamalary amala asyrmaga we
hasabatlary  tayyarlamaga  miimkingilik  beryir.  Agzalan
programmalar toplumy meselelerin analitiki, grafiki we san
coziiwlerini tapmaklyk tigin gifi serisdeler bilen {ipjiin edilendir.

Umuman, gollanma dowrebap hiindrmenleri
tayyarlamaklyga 6z gosandyny gosar diyip umyt edyaris.



TEJRIBE ISI Nel

BERLEN Y = f(X) FORMULA BOYUNCA
FUNKSIYANYN TABLISASYNY DUZMEK

1. Funksiyanyn tablisasynyn gurlusy.

y= f(x) funksiyanyn tablisasy, adat¢a, seyle yazylyar:

X y
Xo Yo
X Y1
X2 Y, Q)
Xy Yi
X, Yn

Bu yerde
X <X <Xy < e <X < <Xy X =X +Kh (k=0,12,.,n).  (2)

h - polozitel san, argumentin iki gonsy bahalarynyn tapawudyna
deii; ona tablisanyn ddimi diyilyér.

Tablisanyn takyklygy funksiyanyn tablisa bahalarynyn dogry
sifrlerinin mukdary (sany) bilen kesgitlenilyér. Tablisalaryn aglaba
kopiisinde funksiyanynn takmyn bahalary berlen ki¢i onluk belgi
diyilydn onluk belgé ¢enli tegeleklenilyér, yagny tablisada oturdan
sonl onluk belgilerini denl sany yazylyar. Funksiyanyn tablisasyndan



alnan takmyn sanyn absolyut yalilyslygy kici onluk belginin

birliginin yarysyna den.

J9,31~3,05123 diyip yazmak \./9,31 —3,05123\ < 0,000005

diymekligi anladyar.

2. Tapawutlar tablisasy we onui dernew iicin ulanylysy

y= f(X) funksiyanynl berlen ddime degisli derfiew tapawutlar

tablisasy asakdaky yaly kesgitlenilyér.

Funksiyanyn birinji tertipli tapawutlary:

AYO =Y Yo
Ayl =Y, = Y
Ayn—l = yn - yn—l;

ikinji tertipli tapawutlary:
A? Yo =AYy, —Ay,,
N Y1 =4y, —Ay,,

ticiinji tertipli tapawutlary:
ASYO = Azyl _Azym
ASYl = Azyz _Azyll

(3)

(4)
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Funksiyanyn  k-njy tertipli tapawutlary  (k-1)-nji  tertipli
tapawutlarynyn isti bilen seyle kesgitlenilyar:
Ay, = ATy - ATy,
A Y1 = Akilyz - AkilYli

()
Ak Yok = Ak_l Yook — Ak_l Yok
Tapawutlaryn tablisasy seyle diiziilyar:
X y Ay AZ y A3 y A4 y
X Yo
N |
A
Xl yl yo AS
AY, Yool
2 Ay,
X, Y2 AY, 3
Ayz A yl .
X, Vs Ay, , A
Ay, AYe
X, Y, Ay,
Ay,
Xs Ys

Ay, Ny, Ay, A'y tapawutlaryn her biri 6iki siitiinde 6z defiinde
duran yanasyk iki sanyn tapawudy bolup (asak denindékisinden
yokary denindékisini ayyrmak bilen tapylyar), sol iki sanyn duran
setirleriniil arasynda yazylyar.

Tapawutlary tablisada bitin san gorniisinde we funksivanyn tablisa
bahalarynyn kic¢i onluk belgilerinini birliklerinde yazmaklyk kabul

edilen. Funksiyanyn tablisa bahalary diiziilende hasaplamalaryn
11




dogrudygyny barlamak ii¢in funksiyanyn tapawudynyn tablisasyny
ulanyp bolar. Eger funksiyanyn garalyan aralykda analitik
ayratynlyklary bolmasa, onda onuin tapawudy, adatca, endigan

uytgeyar.

X y Ay AZ y A3 y A4 y
Xn—3 yn—3 Ayr‘|—3 AZ yn—4 A3 yn—4 A4 yn—4 +é&
Xy 2 Yn-2 Ayn—2 A Yoos A’ Yoz t €& A y - 4
Xy Yna Ayn—l +& Az Yoo T & AS Yoo — 3
A'y. , +6¢
X, y, +é& Ay, —¢ Azy —2¢ 2
" ANy +3¢
Xni1 You AY Al Yoa1— 4e
Ay, +&
ANy —¢
Xn+2 yn+2 Ayn+2 yn 4
A2 Ay, +¢
yn+1 AS n
Xn+3 yn+3 yn+1
AZ yn+2

Sonun ii¢in hem tapawudyn endigan liytgemesiniii bozulmagy kébir
yagdaylarda synagyn netijesinde tablisa gOrniisinde berlen
funksiyanynn ayry-ayry bahalarynda goyberilen vyaliyslygy
kesgitlemidge ya-da analitik gorniisinde berlen funksiyanyi
bahalarynyn hasaplanylysyny barlamaga miimkingilik beryir.

y,-in  bahasy tapylanda goyberilen yaliyslygyn tablisadaky
tapawutlaryi bahasyna nahili tisir edyandigine seredelifi. Yokarky
tablisadan gorniisi yaly, funksiyanyi bahasynda goyberilen ujypsyz
yalinyslyk onun yokary tertipli tapawutlarynda uly vyalnyslyga
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getirydr. Su yagdayda yaliiyslyklaryn absolyut bahalarynyn jemi

2 |5| sana dendir.

Funksiyanyn bahalarynyn tablisasyna garalyn:

X y Ay Azy A3y
1,0 23,817

-196
1,1 23,621 4

-192 1
1,2 23,429 5

-187 5
1,3 23,242 10

=177 -10
14 23,065 0

—177 12
1,5 22,888 12

-165 -4
1,6 22,723 8

-157 2
1,7 22,566 10

-147 1
1,8 22,419 11

-136
1,9 22,283

Gorstimiz yaly, asagy c¢yzylan yerlerde birinji we ikinji

tapawutlaryn endigan gidisi

bozulyar

13
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yalinyslygyn miimkindigini gorkezyar. Eger ikinji we {g¢iinji
tapawutlar hemiselige golay bolsalar, onda ikinji tapawutlaryn iisti
bilen tablisany

AZ yn—z + AZ yn—l + Az yn
3

A Yo = (6)

formula boyunca diizedip bolar. Bu yerde A’y , — ikinji
tapawudyn diizedilen bahasy. Onda edil diizedilen ikinji tapawudyn
yerlesyan setirinde yerlesen Yy, -ift bahasyndaky & yaliyslyk seyle
tapylyp bilner:

E= % : (Azyn,1 - Azyn,l)- (7)

Yaliyslyk tablisa bahalarynyii kici onluk belgilerinii bitin
birliginde anladylyar.
Oz tablisamyza diizedisler edeli:

Ny, = %(0,010+ 0+0,012)= % -0,022~ 0,007,

3 =%-(0,007—0)z 0,004 .

y, - diizedilen y_n bahasy seyle bolar:
y_n =y, —&=23065-0,004 =23,061.

Berlen aralykda tablisa tapawutlarynyil endigan liytgemeginin
bozulmagyny tapawutlar hasaplanylanda goyberilen yalnyslyklaryn
hem doredip biljekdigini goz 6niinde tutmak gerek. Olary asakdaky
jemin {isti bilen barlap bolar:

Yo +(AYy +AY, +.t Ay, ) =Y,

AY, +(A2y0 + Ay, +...+A2ynfl): Ay, we s.m.
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3. Funksiyany interpolirlemek barada kibir maglumatlar

Goy, y= f(x) funksiya (1) tablisa gorniisinde berlen
bolsun. Onda vy, = f(x,), ¥, =f(x), .. y,=f(x,) bolar.
Interpolirlemek meselesi sundan ybarat.

Interpolirleménint  diiwiinleri  diyilydn  X,, X;, X5, ..., X

0 n

nokatlarda edil f(x) yaly bahalary alyan kesgitli gorniisli P(x)
funksiyany tapmaly, yagny v, =P(X,) (k=0,12,..,n)
denlikler yerine yetmeli.

f (X) funksiyany  interpolirlemegiii  geometrik  manysy
Mi(xi, Y, ), 1=0,12,...,n nokatlardan ge¢yan kesgitli gorniisli
y = P(x) egrini tapmaklykdan ybaratdyr.

¥

Eger P(x) kopagzalardan alnan bolsa interpolirlema
paraboliki, kdpagza bolsa interpolirleyji kopagza diyilyér. P, (x)
kopagzany diizydn formulalara interpolirleyji formulalar diyilyér.

Bu formulalar funksiyanyn aralyk bahalary tapylanda ulanylyar.
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Eger x nokat [x,, X, ] kesimden dasarda yatsa, onda interpolirlem

ekstrapolirleme diyilyar.
Interpolirleyji formulalaryn birini getirip ¢ykaralyn. P,(x)
kdpagzany
P.(X) =a, +a,(X—X,) +a, (X=X )(X—=X,) +a5(X—X,) -
(X =X)(X=X,) + .+ a, (X=X ) (X=X )...(X—X,)

gorniisde yazalyn. a,, a, ..., a, koeffisiyentleri kesgitlemek iicin (8)

(8)

formulada x-in yerine X,, X;, X,, ..., X, bahalary goyalyn. Goy,

X = X, bolsun, onda y, =P,(x,)=4a, ya-da

a =Yo-
x=x, bolsun, onda y, =P, (x,)=a, +a,(x —X,);
X, —X, =h, Yy, =a, bolany ii¢in y, =y, +a,h bolar. Bu yerden,
a, = Yi— Yo _ %
h h

X = X, bolsun, onda
Y, = Pn(xz): 2 +a1(x2 _Xo)+a2(X2 _Xo)(xz _Xl) ya-da
y2:y0+%-2h+a22hh; Y, =Y, + 24y, +2h’*a,. Bu
Y2 = Yo _2Ay0
2h? '

Vo= Yo =28, =Y, Yo =2, = o) = (¥, = ¥ )— (Y = Yo ) = Ay, - Ay, =A%y,
Netijede,

Emma

yerden, a, =

A%y,
a, = .
2 2n?

X = X, bolsun, onda
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A’Y,
a3 = —3 .
3th
Seyle hasaplamalar koeffisiyentleri tapmagyn umumy formulasyny
yazmaga miimkingilik beryar:
a =AY
© Kkh*
Koeffisiyentlerin tapylan bahalaryny (8) formula goyup, Nyutonyn
birinji interpolirleyji formulasyny alarys:

P.(x)=y, ) (x—x0)+§:2° (X = Xg)(X=X,) + .o
AT ' ©)
2 Y (X=X)(X=X;) v (X=X,4)-
nth"

Eger (9) formulada n=1 diysek, onda ¢yzykly interpolyasiyanyn

formulasyny alarys:

X— X,
h

Pl(X) =Yo+ - AY, . (10)

y = f(x) funksiya P,(x) interpolirleyji kopagza bilen galsyrylanda
kébir yalityslyk goyberilyar.

Berlen kesimde f(x) funksiyany interpolirlemegin absolyut
yaliyslygy diyip sol kesimde | f (X)— P, (X)| tapawudyn modulynyn
in uly bahasyna aydylyar.

Argumentinn  tablisada bolmadyk aralyk bahalarynda
funksiyanynn ululygyny tapmaklyk interpolirlemegini esasy
meselesidir. Synagyi netijesinde alnan funksiyanyn argumentin
aralyk bahasyndaky bahasyny hasaplamak {icin synag gegirip
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bolmayan ya-da synag gecirmek maksada layyk dil yagdaylarda
seyle meseldni ¢ozmeli bolyarys. Su maksat {icin interpolirleyji
formulalar, hususan-da (9) we (10) formulalar ulanylyar.

Argumentiin  tablisada yok bahalary {i¢in funksiyanyn
ululygyny hasaplayan (10) formulanyn peydalanylysyna garalyn.

Eger birin;ji tertipli gongy tapawutlar kici onluk belgilerinin
dort birliginden artyk tapawutlanmasa, onda funksiyanyn
tablisasynyn funksiyany c¢yzykly interpolirlemdge miimkingilik
beryandigini  Oniinden  belldlin. Sonda bizin  goyberyin
yaliiyslygymyz ikinji tertipli tapawudyn absolyut ululygynyn 1/8
boleginden kigidir, yagny

1
10-R00) < =i

Serte gori ‘AZ yo‘ <4.10™, onda |f(X)— Pl(X)| <%-10"m , yagny

berlen takyklyk, m — oturdan sonky sifrlerin sany). Diymek,
tablisanynn takyklygynyn céklerinde interpolirleme &hli sifrleri
dogry hasap eder yaly yaliyslygy berip biler.

Mysal.  ~/x funksijanyh X, =451 X =452, .., X; =455
nokatlardaky baha-laryndan peydalanyp, /4,518 -in bahasyny
& =107 takyklyk bilen hasaplamaly.

X y =+/x Ay
4,50 2,12132
236
4,51 2,12368
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235
4,52 2,12603

235
4,53 2,12838

235
4,54 2,13073

234
4,55 2,13307

Ay birinji tapawudyn bahalaryny hasaplap, olarynn hemiselik baha
dein diyen yalydygyny we funksiyanyn tablisasynyn seredilydn
aralykda funksiyany ¢yzykly interpolirlemdge miimkingilik
beryandigini anyklayarys.

X=4,518 baha 4,51 we 4,52 bahalaryn aralygynda yatyar.

X, =451, y, =212368;

X, =452, vy, =212603;
x=4518, Ay, =Y, -Y,=0,00235, h=0,01.

X— X,

y(x) =y, + - Ay, formulany ulanyp, taparys:

4,518—-4,51

y(4,518) =2,12368 + .0,00235=

0,008

=2,12368 + -0,00235=2,12368+0,8-0,00235 =

=2,12368+0,001880 = 2,12556.
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Mysal.
1. Kesimin bolinme sanyny n=20 diyip, [3; 6] kesimde
2
= _0382x°+5 funksiyanyn dortbelgili tablisasyny diizmeli.
0,4385x +~/x
2. Funksiyanyn c¢yzykly interpolirleme formulasyny ulanyp,

X = C bolanda funksiyanyn bahasyny hasaplamaly.

1) Tablisanyn ddimini tapalyn: h= b-a = 62—_03 =0,15.
n

Asakdaky nusga boyunca hasap tablisasyny diizeliii.

0,382x> +5
M x10,382x% +5|/x| 0,4385x ++/x | Y=

- @ @@ @ A 2
0,4385% + /X YAty

Tablisa siitiinler boyunca doldurylyar.

1-nji siitiinde tiytgeyéan ululyklaryn bahalarynyil — Xi -nift we yi -nini
(i=0,1,...,20) indeksleri tertip boyunca yazylyar.

2-nji siitlin -~ X, =X, +i-h  formula boyunca hasaplanylan Xx-if

bahalaryndan duryar. x, =3,00, h=015, i=0,1 2, ..., 20.

3-nji siitin 0,382x* +5 funksiyanyn bir itiyag sifr saklanylyp
mikrokalkulyatorda hasaplanylan bahalary bilen doldurylyar.
Funksiyanyn dortbelgili tablisasyny diizmelidigimize gora,
funksiyanyn X =3 bolandaky bahasy
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y= 0,382-3* +5 <28
0,4385-3++3
X =6 bolandaky bahasy

0,382-6%+5
y=——"7-—==37
0,4385-6+/6
bolandygy 1icin, aradaky hasaplamalary oturdan soni dort onluk
belgileri (gosmaga bir dtiyac sifr) saklap gecireris, gutarnykly
tablisada bolsa funksiyanyn bahalary oturdan soinl ii¢ onluk belgi

saklamalydyr.

4-nji siitiin JX -ift bir atiyac¢ sifr saklanylyp mikrokalkulyatorda
hasaplanylan bahalary bilen doldurylyar.

5-nji siitiin 0,4385x +/x funksiyanyil bir atiyac¢ sifr saklanylyp
hasaplanylan bahalary bilen doldurylyar.

0,382x” +5
6-njy siitiini doldurmak {igin y=———"——#H— funksiyanyn
o 0,4385x + v/ X ya

bahalaryny oturdan son dort onluk belgi goyup hasaplamaly. Sofira
funksiyanyn dort belgili tablisasyny almak {i¢in alnan bahalary ti¢
onluk belgé cenli tegeleklemeli.

2) Hasaplamalary barlamaklyk funksiyanyn tapawutlar
tablisasynyn komegi bilen amala agyrylyar. Seyle barlagyn
hasaplamaklygyn sistematiki yalnyslaryny
aydynlasdyrmayandygyny yatdan ¢ykarmaly dél. Sanlary
esewanlyk bilen diirs yazmaly, miimkingilik bolan yerinde
bolsa, netijd  garagsman, hasaplamalary  gaytalamaly.
Tablisadaky birinji tertipli Ay we ikinji tertipli A%y
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tapawutlarynn endigan iiytgemesi hasaplamalarda yaliiyslygyn

yoklugyny gorkezyar.

Tablisa.

Ne | X |0382x*+5| /x |0,4385x++/x y [AYy |A%y

0 | 3,00 | 84380 |1,7321 3,0476 2,769
16

1| 315 8,7903 | 1,7748 3,1560 2,785 6
22

2 | 330 | 91599 |1,8166 3,2636 2,807 4
26

3 | 345 9,5467 | 1,8574 3,3702 2,833 4
30

4 | 3,60 | 95507 |1,8974 3,4760 2,863 4
34

51 3,75 | 10,3718 | 1,9365 3,5808 2,877 3
37

6 | 3,90 | 10,8102 |1,9748 3,6849 2,934 3
40

7 4,05 | 11,2567 | 2,0125 3,7884 2,974 3
43

8 4,20 | 11,7384 | 2,0494 3,8911 3,017 2
45

9 4,35 | 42,2283 | 2,0857 3,9931 3,062 3
48

10 450 | 12,7355 |2,1213 4,0945 3,110 3
51

11 | 4,65 | 13,2597 |2,1564 4,1954 3,161 1
52

12 | 4,80 | 13,8012 |2,1909 4,2957 3,213 2
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54

13 | 4,95 | 14,3599 |2,2249 4,3954 3,267 2
56

14 | 5,10 | 14,3358 | 2,2583 4,4946 3,323 2
58

15 | 5,25 | 15,5288 |2,2913 4,5934 3,381 1
59

16 | 5,40 | 16,1391 |2,3238 4,6917 3,440 3
62

17 | 555 | 16,7665 | 2,3537 4,7873 3,502 -1
61

18 | 5,70 | 17,4111 | 2,3875 4,8869 3,583 2
63

19 | 5,85 | 18,0729 | 2,4187 4,9839 3,626 2
65

20 | 6,00 | 18,7520 | 2,4495 5,0805 3,691

2) Funksiyanyn y(X) =y, + 2. AY, cyzykly

interpolirleme formulasyny ulanyp, x-ifi tablisada gorkezilmedik
X=4,72

bahasynda

funksiyanyn

bahasyny

hasaplalyn.

Tablisadaky A’y degisli tapawutlar tablisanyn kigi onluk

belgilerinit dort birliginden — 4-10°-den kop dildigi iigin,

funksiyanyn bahalaryndan diiziilen tablisa ¢yzykly interpolirlemige

miimkingilik beryir.

x=4,72 baha x=4,65 we x=4,80 aralykda yatyar.
Goy, X, =4,65; y, =3161
Xx=4,72,

X, =4,80; vy, =3213,
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Ay, =Y, —Y, =3213-3161=0,052,
h = 0,15 bolsun. Onda

X — X, 4,72 — 4,65

-0,052 =

Y(X) =Y, + Ay, = Y(4,72) =3161+

=3161+0,4667-0,052 =3161+0,0241=31851~ 3185.
Diymek,
y(4,72) =3185.

24



IL.Mathcad programmasynda 1-nji tejribede berlen funksiyanyn grafigin gurlusy.

B:=5 v = 0.4385

funksivanyn grafigini gurmak iigin

grafiik panelinden *  diwméni basmaly.

e T

Ekranda gériinyén tekizlikdiki géniburgly koodirdinatalar ulgamynda gara we
gyzyl dortburglyklaryn yerine x we f{x) doldurmaly. .

60
40
f(x)
LR N ]
20

25



Yumus.
1. Kesimiii bolinme sanyny n=20 alyp, [a;b] kesimde
_ax’+p
Y ix
2. Funksiyanyn ¢yzykly interpolirleme formulasyny ulanyp,
berlen funksiyanyin x =c nokatdaky bahasyny hasaplan.

funksiyanyn dortbelgili tablisasyny diizmeli.

No a Jij 4 a b c
1 0,388 35 0,4382 3 6 4,87
2 0,516 4,2 0,5161 3 6 5,15
3 0,304 2,5 0,4118 2,5 5,5 4,17
4 0,413 3,5 0,3912 3 6 3,77
5 0,618 9,5 0,4162 3 6 4,72
6 0,589 4,5 0,4817 3 6 4,25
7 0,256 2,5 0,6813 3 9 5,27
8 0,163 1,5 0,2141 3,1 51 3,25
9 0,182 1,5 0,9182 3,2 52 4,05
10 0,154 1,1 0,9761 3,5 55 4,35
11 0,147 1,3 0,7832 3,3 53 4,52
12 0,116 1,3 0,7151 2 3 2,46
13 0,208 2,1 0,8233 3,4 54 4,65
14 0,204 1,5 0,8961 3,4 6,4 4,25
15 0,196 15 0,7452 2,5 4,0 3,45
16 0,216 3,2 0,8842 3 6 4,42
17 0,188 2,2 0,7544 2,5 5,5 3,66
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No a Jij 4 a b c

18 0,342 3,8 0,4215 6 5,75
19 0,582 4,3 0,4612 6 3,82
20 0,132 1,2 0,7742 3,3 53 4,95
21 0,386 3,4 0,4281 3 6 3,97
22 0,418 3,4 0,3842 2,5 9,5 4,98
23 0,612 5,6 0,4062 3 6 3,42
24 0,184 14 0,7354 2,5 4,0 3,75
25 0,448 3,2 0,3813 3 6 5,86
26 0,582 4,3 0,4312 3 6 4,12
27 0,462 1,6 0,5325 2,7 4,3 3,22
28 0,246 1,8 0,7641 2,9 3,7 3,39
29 0,192 2,3 0,6912 3,6 58 4,76
30 0,274 2,7 0,6271 41 59 5,02
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TEJRIBE ISI Ne2

DENLEMANIN HAKYKY KOKUNI HORDA WE
GALTASYANLAR USULY BILEN HASAPLAMAK

Goy,
f(x)=0 (1)
denleménin hakyky kokiini berlen ¢ takyklyk bilen hasaplamak
talap edilyin bolsun.
Koki hasaplamaklyk iki tapgyrdan duryar.

I tapgyr. Koki ayyl-sayyl etmek
f(X)= 0 deiileméniit kokiini ayyl-sayyl etmek isi arasynda

(1) denleménin yeke-tdk koki bolar yaly a we b (a<b) sanlary
tapmakdan duryar.

f(x) funksiyadan [a, b] kesimde asakdaky sertlerin yerine
yetmegini talap edelin:

1. f(x) funksiya oziinifi birinji we ikinji tertipli oniimi bilen
[a, b] kesimde iizniiksiz.

2. f(x) funksiyanyn bahalary [a, b] kesimiil ug¢larynda diirli
alamatlara eye.

3. f(x) funksiyanyi birinji we ikinji tertipli oniimleri
— f'(x) we f"(x) [ab] kesimde kesgitli alamatlaryny
saklayarlar (iki diirli yagday suratda gorkezilendir).
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=y

> ___.y b x

fla)<o, fip)=o0; fla)=o, slb)<o;
Fx)>0, /ix)<o. f'x)<0, 7 (x)=o0.

IT tapgyr. Koki anyklamak

Koki anyklamak ti¢in «horda we galtagyanlary» usulyndan
peydalanarys.

Goy, f(x)=0 defileminii x =c kokiini & takyklyk bilen
tapmak talap edilsin (& —kébir berlen kigi polozitel san). Bu koki
0z icine alyan [a, b] kesim I tapgyrda tapylan. Onun yalilyslygy
s=p-a bolar.

Funksiyalarynn  birinji  we ikinji tertipli  Oniimlerinin
alamatlaryny goz oniinde tutup, asakdaky iki yagdaya seretmek
yeterlikdir.
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I yagday

@) =0, f"(x)=0 fx)<0, f(x)<0

Suratlaryn ikisinde-de birinji we ikinji tertipli oniimlerin
alamatlary gabat gelyr.

II yagday

-
-

f)=0, f(x)<0 f)<0, f'(x)>0
Suratlaryn ikisinde-de birinji we ikinji tertipli 6niimlerin

alamatlary garsylykly.

Horda we galtagyanlar usuly ulanylanda I yagdayda B, 1l
yagdayda bolsa A nokatdan gecyin galtagyanyn abssissa okuny
kesydn nokady kokiin takmyn bahasy diylip kabul edilyar.
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a, we b, bahalary hasaplamak {licin gerek formulany I
yagday iicin getirip ¢cykaralyn.
AB hordanyn deiilemesi A(a; f(a)) we B(b; f(b)) ik
nokatdan ge¢yin goniinin denlemesidir. Alarys:
X=X, _¥=Ya _ x-a_ y-f(a)
Xs —Xs Vg —Ya b-a f(b)-f(a)
AB hordanyn abssissa oky bilen kesisme nokadyny tapalyn
(y=0, x=a):
a,-a_ 0-f(a) = . :a_(b—a)~ f(a).
b-a f(b)-f(a) f(b)-f(a)
y=f(x) funksiyanyn grafigine B(b; f(b)) nokatda gecirilen

galtagyanyn denilemesini yazalyn:
Y=¥e = f'x)-(x=%) = y-f(0)="1"(b)(x-b).
Galtagyanyn abssissa oky bilen kesisme nokadyny tapalyn
(y=0, x=h,):

0-f(b)=f'(b)-(0,~b) = b, :b—m.
t'(b)
II yagday iicin hem degisli formulalary edil yokardaky yaly
usul bilen ansatlyk bilen tapyp bolar.
Diymek, a, we b, bahalary hasaplamak ii¢in gerek

formulalar:

I yagday {i¢in —

a1=a—w, b =b— fh). 2.1)

~—
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IT yagday iicin —

f(a b—a)- f(b
m=as f’((a)); bl:b_—(f(b)zf((a))' (2)

Eger |b, —a| yalityslyk talap edilyin ¢ takyklygy bermese,

onda horda we galtagyanlar usuly yene bir gezek [ai, bl] licin
ulanylyar. Bu is ti |bk —ak| < ¢ densizlik (talap edilydn takyklyk)
yerine yetyan¢d dowam etdirilyar we netijede f(x) =0 deileménin
hakyky koki berlen ¢ takyklykda tapylyar: I yagdayda x=b, , Il
yagdayda X=a, .

Mysal.
x® —6x*-10=0 defleminifi hakyky kokiini &=107
takyklyk bilen hasaplamaly.

Isi yerine yetirmegin tertibi.

I. x>~6x*>—-10=0 defleminit hakyky kokleriniii sanyny
kesgitlemek.

1) f(x)=x’-6x*—-10 funksiya biitin san okunda kesgitlenen

- D(f )= (— o0; + oo) we lzniiksiz;

2) Funksiyanyil monoton aralyklaryny kesgitldlin. Onui ii¢in
funksiyanyn birinji tertipli Oniimini nola denldp, onun kdklerini
tapalyn:
f'(x)=3x* —12x; f'(x)=0 = 3x*-12x=0; 3x(x—4)=0;
X =0, X,=4.
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»

4 0 ~ 4 o X

]-o0; O[ aralykda birinji tertipli niim polozitel [f'(x)>0]
(f'(-1)=3-(-1)° —12-(-1) =3+12=15>0), funksiya artyar;

] 0; 4 [ aralykda birinji tertipli Onlim otrisatel [f '(X) < 0]
(f'(1)=3-1 -12-1=3-12=-9<0), funksiya kemelyir;

]4; +oo| aralykda birinji tertipli 6niim polozitel [f’(x)>0]
('(5)=3-5?-12.5=75-60=15>0), funksiya artyar.

]— ©; 0 [, ]O; 4 [ we ]4; + 00 [ aralyklaryn gyraky
nokatlarynda f(x)=x>-6x"-10  funksiyanyt  alamatyny
kesgitlalin:

lim £ (x)= lim (x* — 6x* ~10) = Xlirpw[xz (x—6)-10]=
=(~ o) - (~0—-6) =10 = (+®)- (~0) =10 = ~00— 10 = ~0< 0;
f (0) = (x® —6x? —10)\X=0 =0°-6-02-10=-10<0;

f(4)=(-6x"~10)  =4"-6-4’-10=64-96-10=—42<0;

x=4
lim £ (x) = lim (x° — 6x* ~10) = 1m[x2(x ~6)—10]=
=0” - (0—6)—10=00—-10=00>0.
Funksiya dinie ]4; + oo[ aralykda alamatyny iiytgedydr.
Gorsiimiz  yaly, ]4; + 00 [ aralykda birinji tertipi Oniim
polozitel [f'(x)>0], funksiya artyar hem-de bu aralykda alamatyny
iytgedydr. Sonun {igin hem funksiyanyn ]4; +oo[ aralykda dile
bir hakyky koki bardyr.
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Netije: x®—6x>—10=0 defileménini |4; +oo| aralykda
yerlesyén bir hakyky koki bar.

Il. Koki ayyl sayyl etmek.

Indi icinde gbzlenyidn X =cC koki saklayan, uzynlygy yeterlik
kigi bolan [a, b] kesimi kesgitleyin a we b sanlary tapmak talap
edilyéar. Berlen y= f(Xx) funksiyada x-ini yerine I boliimde tapylan
]4; +oo[ aralyga degisli bitin sanlary goyup, funksiyanyn
alamatynyn iiytgeyén ki¢i aralygyny tapalyi:

f(4)=-42<0;
f(5) = (x® — 6x° —10)\X:5 =5° 6.5 -10=-35<0;
f(6)=-10<0; f(7)=+39>0.

Gorsiimiz yaly, [6, 7] kesimde funksiyanyn alamaty iiytgeyar.

Diymek, koki sol kesimde gozlemelidiris.

I11. Koki anyklamak.

Biziih mysalymyzda a =6, b =7 boldy.

[6;7] kesimde birinji tertipli 6niim polozitel: f'(x)>0.

Tkinji tertipli Gniimi tapalyii:  f"(x)=6x-12. [6;7]
kesimde ikinji tertipli oniim-de polozitel [f"(x)>0] Seylelikde,
[6;7] kesimde f'(x)>0, f"(x)>0 — birinji we ikinji tertipli
Ontimlerin alamatlary gabat gelyir. Bu yagdayda a, we b, sanlar
(2.1) formulalar boyunga hasaplanyar (I yagday).

f(x) =x*—6x*—10 funksiyanyn grafiginifi [6; 7] kesime
degisli bolegini guralyn ( f (6) =—10; f(7)=39):
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E A

I yagday {i¢in horda we galtagyanlar formulasy:

_a_b-a)fl@) o fb)
RO RNC)

1) [a, b]:[6, 7] kesim {i¢in horda we galtasyanlar usulyny

ulanyarys:

f(a)=f(6)=-10;  f(b)= f(7)=39;

_(b-a)f(@)_, (7-6)-f(6)_, 1-(-10 _
fb)-fl) ~ f()-f6) ~ 39-(-10

—6- 10 610,204 = 6204
49

a =

f'(x)=3x*-12x; '(7)=3-7>-12-7=147-84=63,

b =b- f(b)= (7) 7———7 0,619 =6,381.

t'b) ()
Kokiin tapylmaly takyklygyna degisli |bk — ak| < ¢ serti barlalyn:
b, —a,|=|6,381-6,204|=0,177 > 0,01.
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Sert yerine yetenok, hasaplamalarymyzy dowam edydris.

2) [a, b]=[6,204; 6,381] kesim iigin horda we galtasyanlar
usulyny ulanyarys:
f(a,)=f(6,204)=(x*~6x*~10) =6204°~6.6,204’ ~10=
=238,790-6-38,490-10 = 238,790 — 230,940 —10 = —2,150;
f(b)=f(6381)=(x~6x"—10) _ =6381°~6-6381"~10=
= 259,816 — 640,717 —10 = 259,816 — 244,302 —10 = 5,514;

’ _ 2 . ’ I _ 2 _
F(x)=3x* -12%  f'(b,)=1(6381)=(3x* -12x] =
=3x-(x-4) .. =3-6381(6,381—4)=3-6381-2381=45579;
8 —a (b,-2,) f(a,)_ 6,204 - (6,381-6,204)-  (6,204) _

f(b,)-f(a) f(6,381)- f(6,204)
0177-(-2150) _ ¢, —0.381

= 6,204 - =6, = 6,204 +0,050 = 6,254;
5,514 — (—2,150) 7,664

b, =b, ) _ 6,381—M _6,381— 1% _ 6 260,
f'(b,) f'(6,381) 45,579

Kokin tapylmaly takyklygyna degisli |bk —ak| <g serti

barlalyi:
b, —a,|=|6,260—6,254/=0,006 <0,01.  Sert yerine yetydr.

Diymek, X =b, = 6,26.
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Machead programmasynda 2-nji tegjribe iginii yetine yetirilisi.

Mathead programynda 2-nji terjibe isi verine yetirmek iigin programmanyni tiginde
verlesen root(f(x),x,a,b))-funsiyasyndan peydalanylyar. Bu verde:

f{x)-deiilemede berlen funksiya,

x- tiytgeyédn ululyk,

[a,b]-kakiin yerlesyiin kesimi.

I Machead programma

f(x) == x3—6-x2- 10
a=6
bi=7

solution := root(f{x),x,6,7)

solution = 6.26

IT  Berlen funksiyanyh grafiginiii Mathcad programmasynyi komegi bilen
gurlusy

100T

f(x)

: : + —
w 8

50+

37



Yumus. Defileminint hakyky kokiini horda we galtasyanlar usuly

bilen &£ =0,01 takyklykda tapmaly.

1.

3.

11.

13.

15.

17.

19.

21.

23.

25.

217.

29.

x*+2x*-3x-7=0
x> —x*-4x-3=0
x®—x*-2x+1=0
x* —4x* +3x+1=0
2x° —3x* -12x-5=0
x* +8x* +15x+7 =0
X —4x? +x+5=0
x* + x> —4x+3=0
7x% +6x* —8x-8=0
3x® +8x° +4x-8=0
x®+3x*—24x-10=0
x*+3x*-2=0
2x° +9x* -10=0
x*-12x-5=0

x® —3x? —25x +13=0
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2. 8x°+8x* —6x—-7=0
4, 8x°®—4x*>-8x-3=0
6. 8x> —4x*-3x+1=0
8. 8x°—16x*—-12x+1=0
10. x> —3x*+3=0

12. 9x® +18x* —x—-2=0
14. x* +2x*-8=0

16. 7x®+3x*-2x-1=0
18. 3x® +4x*+x-1=0
20. x®-2x*-x+1=0
22. 2x° +9x* - 21=0
24. x®+3x* —24x+10=0
26. x®—3x*-24x-5=0
28. X°—4x* +2x+1=0

30. 5x3-3x?>+4=0



TEJRIBE ISI Ne3

N NABELLILI N CYZYKLY ALGEBRAIK
DENLEMELER ULGAMYNY COZMEK

Cyzykly denilemeler ulgamynyin c¢ozmeklik amaly
matematikanynn in esasy meselelerinin biridir. Bu inZener
hasaplamalarynda kop gabat gelydn meseledir. Cyzykly deiilemeler
ulgamyny ¢O6zmekligin gii yayran usullarynyil biri Gaussyi
nibellileri yzygider yok etmek usulydyr. Yénekeylik iigin 3

nébellili 3 ¢yzykly denlemeler ulgamyna seredeliii.
A1 Xy Xy + 83Xy = Ay,
Ag1Xy Fap Xy + 8p3X3 = 8yy, 1)
Az1X; + 83X, + 833X3 = Ay

Goy, bu ulgamyn kesgitleyjisi noldan tapawutly we a,; = 0 bolsun.

Onda a,,-i kesgitleyji element hokmiinde kabul edip, (1)
ulgamdaky birinji deileménin koeffisiyentlerini a;;-e bdliip,
alarys:

X, +0,X, +bx; =by,, (2)

bu yerde blj :% (j =2, 3 4).

1
Indi ikinji we Uglinji denlemeden X, nébellini yok edelin. Onun
tcin (1) ulgamyn ikinji denlemesinden a,, sana kopeldilen (2)
denlemini ayralyn, ulgamyn i¢iinji deiilemesinden bolsa a,, sana
kopeldilen (2) denileméni ayralyn. Netijede iki defilemeli ulgam
alarys:
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@)

! 1 1
{azzxz + Ay3X5 = Ayy,

! ! !/
A3,X; + 833X = gy,

bu yerde koeffisiyentler a =a; —a,-b;, (=23 j=23 4)

J
formula boyuncga kesgitlenilyér.

Goy, indi a,, # 0 (kesgitleyji element) bolsun. (3) ulgamyn
birinji denlemesininn koeffisiyentlerini a,,-d4 boliip, asakdaky
deiileméni alarys:

Xy + 33Xy =Dy, 4)
bu yerde b}, =% (=3 4).

22
(4) denileméni ulanyp, (3) ulgamyn ikinji defillemesinden X,
nébellini yok edelifi. Onun iicin (3) ulgamyn ikinji denilemesinden
a;, -4 kopeldilen (4) deiilleméni ayryp, alarys:
3% = gy, (5)
bu yerde aj; =aj; —ay, b}, (j=3 4).
(2), (4) we (5) denilemeleri birlesdirip, asakdaky ulgamy alarys:
X, +DBipX, +bygX; =Dy,
X, +ba3Xs =Dy, (6)
833Xs = 8z

Bu yerden yzygiderli taparys:

n
X — Az,
3T n !
Ag;
! /
X, = b24 - b23X3, (7)

X = b14 - b12X2 - b13X3-
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(6) ulgamyn koeffisiyentlerini hasaplamak isine goni hasaplamak,

X;, X,, X3 ndbel-lileri (7) formula boyunca hasaplamak isine bolsa

tersine hasaplamak diyilyar.
Gaussyi usuly anyk usuldyr. Yo6ne hasaplamalaryi

netijelerinin  tegeleklenmesi  yalilyslaryn ~ déremegine  we
kopelmegine getirydr. Ony azaltmak iicin hasaplamalar gosmaca
bir ya-da birndge dtiyag sifrler bilen alnyp barylyar. Gaussyn
usulynyil birndge hasaplayys tertibi (shemasy) bardyr. Esasy
elementi saylamak bilen nédbellileri yzygider yok etmek hasaplayys

tertibi (shemasy) hasaplamanyn yaliyslygyny azaltmaga komek
edyar. Esasy element diylip (1) wulgamdaky nébellilerin
koeftisiyentlerinin absolyut ululygy boyunca it ulusyna aydylyar.

Mysal. Gaussyn nébellileri yzygider yok etmek usulyny ulanyp,
dort nabellili dort ¢yzykly defilemeler ulgamyny 107 takyklykda
¢Ozmeli.

6,8x, —7,3X, +5,4%, —1,2x, =-2,9;

54X, +3,2X, + 4,7, — 2,8%, = 3,0;

3,4%, —2,9%, + 31X, +4,3X, =9,1;

—2,3% +3,5X, —6,1%; +1,7X, =4,6.
Ulgamyn 1-nji deilemesini peydalanyp, sonky ii¢ deillemeden X,
nébellini yok edelit. Onui {i¢in ulgamyn 1-nji denlemesini 6,8-e
boliip, alarys:

X, —1,0735x, + 0,7941x, —0,1765x, = —0,4265. (8)
Bu denlleméni -5,4-e kopeldip alnan
—5,4x, +5,7969x, —4,2881x, +0,9531x, = 2,3031

denileméni ulgamyn 2-nji denllemesinin iistiine gosup, alarys:
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54X, +3,2X, +4,7X, —2,8%, + (-5,4%, +5,7969x, —
—4,2881x, +0,9531x,) = 3,0+ 2,3031
ya-da
8,9969x, +0,4119x, —1,8469x, = 5,3031. 9)
(8) detileméni -3,4-e kopeldip alnan
—3,4%, +3,6499x%, — 2,6999x, + 0,6001x, =1,4501
denillemini berlen ulgamyn 3-nji defilemesinin {istiine gosup, alarys:
3,4X% —2,9%, +3,1%, +4,3X, + (-3,4x, +3,6499x, —
—2,6999x, +0,6001x,) =9,1+1,4501
ya-da
0,7499x, + 0,4001x, +4,9001x, =10,5501. (10)
(8) denlleméni -2,3-e kopeldip alnan
2,3x, —2,4691x, +1,8264x, —0,4060x, = —0,9810
denillemini berlen ulgamyn 4-nji defilemesinin {istiine gosup, alarys:
—2,3%, +3,5%, —6,1X; +1,7X, +(2,3x, —2,4691x, +
+1,8264x, —0,4060x,) = 4,6 + (—0,9810)
ya-da
1,0309x, —4,2736X%, +1,2940x, = 3,6190. (11)
(8)-(11) denlemeleri birlesdirip, asakdaky ulgamy alarys:
X, —1,0735x, +0,7941x, —0,1765x%, = —0,4265,
8,9969x, +0,4119x, —1,8469x, =5,3031,
0,7499x, + 0,4001x, + 4,9001x, =10,5501,
1,0309x, —4,2736X%, +1,2940x, = 3,6190.

(12)

(12) ulgam berlen ulgam bilen dengiiy¢lidir. Bu ulgamyn soriky ti¢
deiilemesi ti¢ nébellili ¢ ¢yzykly denlemeler ulgamyny diizyar.
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Gorniisi yaly, sotiky ii¢ deiilemede X, nidbelli yokdur. Ulgamyn 2-
nji defillemesini peydalanyp, soniky iki defilemeden X, nébellini yok
edelin. Onun {i¢in ulgamyn 2-nji denlemesini 8,9969-a boliip,
alarys:
X, +0,0458x, —0,2053%, =0,5894. (13)
Bu denleméni —0,7499-a kopeldip alnan
—0,7499x, —0,0343x, +0,1540x, = —0,4420

denllemini ulgamyn 3-nji defilemesinin {istiine gosup, alarys:

0,7499x, +0,4001x, +4,9001x, + (-0, 7499x, —
—0,0343x, +0,1540x,) =10,5501 + (-0, 4420)
ya-da
0,3658x, + 5,0541x, =10,1081. (14)
(13) dentlleméni 1,0309-a kopeldip alnan
—1,0309x, +0,0472x, +0,2116x, =—0,6076
deiileméni ulgamyn 4-nji denilemesinin iistiine gosup, alarys:
1,0309x, —4,2736x, +1,2940x, + (—1,0309x, + 0,0472x, +
+0,2116x,) = 3,6190 + (-0,6076)
ya-da
—4,3208x, +1,5056x, = 3,0114. (15)
(8), (13)-(15) denlemeleri birlesdirip, asakdaky ulgamy alarys:

X, —1,0735x, +0,7941x, —0,1765x, = —0,4265,
X, +0,0458x, —0,2053x, = 0,5894,

0,3658x, +5,0541x, =10,1081,
—4,3208x, +1,5056x, = 3,0114.

(16)
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Bu ulgamyn sonky iki denllemesi iki nébellili iki c¢yzykly
denilemeler ulgamyny diizydr. (16) ulgamyn 3-nji denlemesini
peydalanyp, ini soniky denllemeden X, nébellini yok edeliii. Onuil
ticin (16) ulgamyn 3-nji denlemesini 0,3657-4 boliip, alarys:

X, +13,8166x, = 27,6329. a7
(17) deiileméni 4,3208-¢ kopeldip alnan
4,3208x, +59,6988x, =119,3962  denilemdni ulgamyn 4-nji

deillemesinin {istiine gosup, alarys:

—4,3208x, +1,5056X, + (4,3208x, +59,6988x,) =
=3,0114+119,3962
ya-da
61,2044x, =122,4076. (18)

(8), (13), (17) we (18) denlemeleri birlesdirip, asakdaky ulgamy
alarys:
X, —1,0735x, +0,7941x, —0,1764x, = —-0,4265,
X, +0,0458x%, —0,2053x, = 0,5894,
X; +13,8166x, = 27,6329,
61,2044x, =122,4076.

Bu ulgamyn -

4-nji defilemesinden X, nébellinif;

3-nji defilemesinde X, -ifi bahasyny ornuna goyup, X,
nébellinin;

2-nji denilemesinde X,-ifi we X, -ifi bahasyny ornuna goyup, X,

nabellinin;
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1-nji defilemesinde X,-ifi, X,-ifi we X, -nifi bahasyny ornuna

goyup, X, nédbelliniil bahalaryny tapalyn:

~122,4076

X, = = 2,0000;
61,2044

X, = 27,6329 -13,8166x, = 27,6329 —13,8166 - 2,0000 =
= 27,6329 - 27,6332 = -0,0003;

X, = 0,5894 —0,0458x, + 0,2053x, = 0,5894 —0,0458- (—0,0003) +
+0,2053-2,0000 = 0,5894 +0,000014 + 0,4106 = 1,0000;

X, =—0,4265+1,0735x, —0,7941x, + 01764x, =—0,4265+
+1,0735-1,0000 — 0,7941- (~0,0003) + 0,1764 - 2,0000 =
= —0,4265+1,0735+0,0002+ 0,3528 =1,4265 — 0,4265 = 1,0000.

Diymek, berlen ulgamyn ¢oziiwi — nibellilerin 10 takyklykda
tapylan bahalary seyle bolar:
x, =1,000, x,=1000, x,=0,000, x,=2,000.

Barlagy.

Nébellilerin  tapylan  bahalaryny  berlen  ulgamyn
denilemelerinde ornuna goyup, alarys:
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6,8x, —7,3X, +5,4x, —1,2x, =-2,9;
54X, +3,2X, + 4,7, —2,8%, = 3,0;
34X, —2,9%, + 31X, +4,3x, =91
—2,3% +3,5%, —6,1x; +1,7x, = 4,6.

—

6,8-1-7,3-1+54-0-1,2-2=6,8-7,3+0-2,4=-97+68=-2,;
54-1+32-1+4,7-0-2,8-2=54+3,2+0-56=86-56=30;
341-29-1431:0+43-2=34-29+0+86=12-29=91;
~23-1435:1-61-0+1,7-2=-23+35-0+34=69-23=46.
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A we B matrisalary girizmek {igin Mathcad programmanyn Insert menyusyndan
Matrix punkutyny saylap almaly we matrisalaryil Slgeglerini girizmeli. A matrisa
niibellilerin koeffisentlerinden, B matrisa azat agzalardan diiziilen matrisadyr.

matrysalar panelinden [
diiwmini basmaly.

Matrisany girizmek tigin

Penjirede gérnen tablisa matisanyi setir we siitiin sanyny girizif, solira
dortburclyklaryiy verini dolduryi.

o i Mathead programma: ORIGIN := |
.
S Trans 68 -73 54 -12 -29
I | 54 32 a7 -28 ao| 30
o W 34 29 31 43 9.1
-23 35 -6.1 1.7 4.6
68 -73 54 -12 -29
Ar = augment(A ,B)
54 32 47 28 3
Ar =
34 =29 31 43 91
-23 35 -6.1 L7 .46
1.0000 0.0000 0.0000 0.0000 1.0000
0.0000 1.0000 0.0000 0.0000 1.0000
Ag = rref(Ar) Ag =
0.0000 0.0000 1.0000 0.0000 0.0000
0.0000 0.0000 0.0000 1.0000 2.0000
1.0000
X := submatrix(Ag,1,4,5,5)
1.0000
x:
0.0000
2.0000
Tapylan  x; = 1.0000 x5 =1.0000 x3=00000 we x3=2.0000
bahalary 3 belgi ¢enli tegeleklip alarys.
x] = 1.000 X7 = 1.000  x3= 0.0000 we X3 = 2.000
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Yumus. Gaussyi nibellileri yzygider yok etmek usulyny
ulanyp, dort nibellili dort ¢yzykly deilemeler ulgamyny 107
takyklykda ¢ozmeli.
4,4x, —2,5x, +19,2x, —10,8x, =4,3;

5,5%, —9,3x, —14,2x, +13,2X, = 6,8;
7,1x, —11,5x, +5,3x; —6,7X, =-18;
14,2x, + 23,4x, —8,8X, +5,3x, =7,2.

8,2X, —3,2X, +14,2x, +14,8x, = -8,4;
5,6x, —12x, +15x, —6,3x, =4,5:
5,7x, +3,6X, —12,4x, —2,3x, =3,3;
6,8x, +13,2x, —6,3x; —8,7X, =14,3.

5,7, —1,8X, —5,6X,; —8,3X, = 2,7;
6,6x, +13,1x, —6,3X; +4,3X, =-5,5;
14,7x, — 2,8X, +5,6X, —12,1x, =8,6;
8,5x, +12,7x, —23,7X, +5,7%x, =14,7.

3,8x, +14,2x, + 6,3x, —15,5%, = 2,8;
8,3x, —6,6x, +5,8%, +12,2x, = 4,7,
6,4, —8,5x, —4,3X, +8,8x, =7,7;
17,1x, —8,3%, +14,4x, - 7,2x, =13,5.

15,7x, +6,6x, —5,7X, +11,5%, =-2,4;
8,8x, —6,7X, +5,5X, —4,5X, =5,6;
6,3x, —5,7X, —23,4X, +6,6X, = 7,7;
14,3x, +8,7%x, —15,7X, —5,8x, = 23,4.
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10.

4,3x, —121x, + 23,2X, —14,1x, =15,5;
2,4x, —4,4%, +3,5%; +5,5%, = 2,5;
5,4x, +8,3x, —7,4x, —12,7x, =8,6;
6,3x, — 7,6, +1,34%; +3,7x, =12,1.

14,4x, —5,3x, +14,3x, -12,7x, = -14,4,
23,4x, —14,2X, —5,4X%, + 2,1, =6,6;
6,3%, —13,2x, —6,5%, +14,3x, =9,4;
5,6x, +8,8x, —6,7x, —238x, =7,3.

17x +10x, —13x, +2,1x, =31
31x, +1,7X, —2,1X, +5,4%, =21,
3,3x, —7,7X, +4,4%, — 51X, =1,9;
10x, —20,1x, + 20,4%, +1,7x, =18.

1,7x, —1,8x, +1,9x, —57,4x%, =10,
11x, —4,3x, +1,5x;, -1,7x, =19;
1,2x, +1,4%, +1,6x, +1,8x, = 20;
71x, —1,3x, —4,1x, +5,2x, =10.

6,1x, + 6,2X, —6,3X; +6,4X, =6,5;
11x, —1,5%, +2,2X, —3,8%, =4,2;
51x, —5,0x, +4,9x, —4,8x, =4,7;
18x, +1,9%, +2,0x, —2,1x, =2,2.
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11.

12.

13.

14.

15.

2,2X, — 31X, +4,2X, —51x, = 6,01,
13x, +2,2x, -1,4x, +1,5%, =10;
6,2X, —7,4%, +8,5%, —9,6%, =11,
1,2x, +1,3x, +1,4X, +4,5%, =1,6.

35,8x, +2,1x, —34,5x, —11,8x, =0,5;
271x, —7,5%, +11,7x, — 23,5x, =12,8;
11,7x, +18x, —6,5%, + 7,1, =1,7;
6,3x, +10x, + 7,1x; + 3,4%, = 20,8.

351x, +1,7X, +37,5%, —2,8X, = 7,5,
45,2x, +211x, —11x, -1,2x, =111,
-211x +31,7%, +1,2X, —1,5x, =2,1;
3L,7x, +181x, —31,7%, +2,2x, =0,5

11x, +11,2x, +111x, —131x, =1,3;
—-3,3x, +11x, +30,1x, —20,1x, =11;
7,5% +1,3%, +11x, +10x, = 20;
17X, +7,5%, —18%, + 2,1x, =11.

7,5% +18x, —2,1x, - 7,7x, =11,
—10x, +1,3x, — 20X, —1,4%, =15;
2,8%, —1,7X, +3,9%, +4,8x, =1,2;
10x, +31,4x, — 2,1x, —10x, =-11.
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16.

17.

18.

19.

20.

30,1x, —1,4x, +10x, —1,5%, =10;
-17,5x, +111x, +1,3%, - 7,5%X, =1.3;
17x, —211x, + 7,1x, -17,1x, =10;
21X, +2,1x, +3,5%; +3,3%x, =1,7.

7,3%, —8,1x, +12,7x, —6,7X, =8,8;
11,5x, +6,2x, —8,3%; +9,2X, = 21,5;
8,2X, —5,4X, +4,3X, —2,5X, =6,2;
2,4x, +115x%, —3,3%x; +14,2x, =—6,2.

4,8x, +12,5x, —6,3%, —9,7X, =3,5;
22x, —31,7X, +12,4%, —8,7X, = 4,6;
15x, + 211x, —4,5%, +14,4x, =15;
8,6x, —14,4%, +6,2X, + 2,8X, =-1,2.

6,4X, +7,2X, —8,3X; + 42X, = 2,23,
5,8x, —8,3x, +14,3x, —6,2x, =171,
8,6x, +7,7x, —18,3x, +8,8x, =-5/4,
13,2x, —5,2x, —6,5%; +12,2x, =6,5.

14,2x, +3,2x, —4,2X, +8,5%, =13,2;
6,3x, —4,3x, +12,7X, —5,8x, = —-4,4;
8,4x, —22,3X, —5,2X, +4,7X, = 6,4,

2,7%, +13,7X, +6,4x, —12,7Xx, =8,5.
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21.

22.

23.

24,

25.

7,3% +12,4%, —3,8x; —14,3x, =5,8;

10,7x, —7,7x, +12,5%, + 6,6X, = —6,6;

15,6x, +6,6x, +14,4x, —8,7x, =12,4;
7,5x%, +12,2x, —8,3%, +3,7%x, =9,2.

13,2x, —8,3x, —4,4X, +6,2X, =6,8;
8,3x, +4,2X, —5,6%, +7,7x, =12,4;
58x, —3,7X, +12,4X, — 6,2x, =8,7,
3,5, +6,6x, —13,8x, —9,3x, =-10,8.

81x, +1,2x, —91%, +1,7x, =10;
11x, -1,7x, +7,2X, —3,4X, =1,7;
1,7x, -18x%, +10x, + 2,3x, =2,1;
1,3x, +1,7x, —9,9%, +3,5x, = 27,1

3,3x, —2,2X, —10x, +1,7x, =11,
18x, + 211X, +1,3%, — 2,2X, = 2,2,
-10x, +11x, + 20x, —4,5%, =10;
70x, —1,7X, —2,2X, +3,3x, =21

1,7x, +9,9x, —20x, -1,7Xx, =17;
20x, +0,5x, —30,1x; -11x, =2.1;
10x, —20x, +30,2x, + 0,5%, =1,8;
3,3x, —0,7x, +3,3x; + 20x, =-1,7.
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26.

217.

28.

29.

30.

1,7x, —1,3x, =11x, —-1,2X, = 2,2;
10x, —10x, —1,3%, +1,3x, =11,
3,5, +3,3%X, +1,2x, +1,3x, =1,2;
13x, +11x, -1,3x, —11x, =10.

11x, +11.3x, -1,7%; +1,8%, =10;
13x, -11,7x, +1,8x; +1,4x, =13;
11x, —-10,5x, —=1,7%, —1,5x, =11;
15x, —0,5x, +1,8x, —11x, =10.

14x, +2,1x, —3,3%, +1,1x, =10;
10x, —1,7X, +11x, —1,5x, =1,7;
2,2%, +34,4%, —11x, —1,2x, = 20,
11x, +1,3x, +1,2x, +1,4x, =1,3.

13x, —-17x, +3,3%, +1,7x, =11,
10x, +5,5%, —1,3%; +3,4x, =1.3;
11x, +1,8x, — 2,2%, —11x, =1,0;
13x, —1,2x, + 21X, + 2,2X, =18.

12x, +18x, —2,2%X, —4,1x, =13;
10x, —51x, +1,2x, +5,5%, =1,2;
2,2X;, —30,1x, +3,1%, + 5,8%, =10;
10x, +2,4x, —30,5%; — 2,2x, =34,1.
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TEJRIBE ISI Ne4

KESGITLI INTEGRALY TAKMYN HASAPLAMAK

Kesgitli integraly J.:f(x)dx:F(b)—F(a) - Nyuton-

Leybnisin formulasy arkaly hasaplamak elmydama miimkin daldir.

Kébir yagdaylarda asyl funksiyany elementar funksiyalaryn komegi
bilen anladyp bolmayar. Seyle yagdaylarda kesgitli integraly
hasaplamak ti¢in yakynlasan usullar ulanylyar. Funksiya tablisanyn

komegi bilen berlen yagdayynda bolsa bu usuly peydalanmak

beyleki usullardan has amatlydyr.

Kesgitli integraly takmyn hasaplamakda diirli usullar

ulanylyar. Olardan yonekeyleri:

I. Goniiburgluk usuly (integralyn kesgitlemesine esaslanyar);

II. Trapesiya usuly (interpolirlemé esaslanyar);

II1. Parabola usuly (interpolirlemi esaslanyar).

b
Goy, I . f(x)dx integraly hasaplamak talap edilsin, bu yerde

v

54

a we b integralyn
predelleri, a<b, f(x)
[a,b] kesimde iizniiksiz
funksiya. x=a, Xx=Db,
y =0 goniiler we y = f(x)
egri bilen c¢éklenen figura
seredelin. Ol egricyzykly

trapesiya diylip
atlandyrylyar.
Integral jemi



diizeli. Onuni tigin Ox okuit [a,b] kesimini erkin usulda n

elementar  kesimlere  bolelin. Olaryn  AX, AX,, ..., AX

uzynlyklary gyraky nokatlarynyn koordinatalarynyn tapawudy
arkaly hasaplanylyar:

AX, =X, — X4, k=12, ..,n.
Elementar kesimleriii her biriniii i¢inden erkin usulda &, nokady

saylalyn we Zn: f(§k )AXk jemi diizelin. Zn: f(fk )AXk integral jemin

k=1 k=1
n (bolinme sany) tiikeniksizlige ymtylandaky (n—>o) we
AX;, AX,, ..., AX

ymtylandaky (max Ax, — 0) predeline kesgitli integral diyilyar we

kesimlerin her birinin uzynlygynyin 0-a

n

I: f(x)dx bilen belgilenyar. Diymek,

[(f(xJax =" lim > (£ )%,

a
(max Ax,—0) k=1

Bu integralyn bahasy yokardaky suratda gorkezilen

egricyzykly trapesiyanyn meydanyna dendir. Eger
J— a —

AX; =AX, =...=AX,, = b-a bolsa, onda h= P72 psliinme
n n

ddimini integral jem belgisinin oilline ¢ykaryp bolar, yagny

b—-a

I:f(x)dx:lim;-gf(gk).

n—oo n

Takmyn hasaplamada n bolinme sany yeterlik uly bolanda
asakdaky formula ulanylyar:

1= 1@ )16 @

a
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Bu yagdayda egrigyzykly trapesiyanyn meydany basgangak
gorniisindéki figuranyn meydany bilen ¢alsyrylyar.
I. Goniibur¢luk usuly

Goniiburgluk usulynda &, derek [x,_,; x| kesimif

baslangy¢ nokady alynyar, yagny &, =X, ,, onda

b b-a
.[af(x)dXzT~(yo+yl+...+ Yos), (29
bu yerde y, = f(x,) ya-da & derek [x,,; x| kesimiii ahyrky
nokady alynyar —
b b-a
Jaf(x)dXzT-(y1+y2+...+yn), "

buyerde & =X, Y, = f(Xk), k=12 ..n.

(29 we (2 formulalar goniiburgluk formulalary diylip
atlandyrylyar. Bu yerde egricyzykly trapesiyadaky basgancakly
figuranyin meydany gontiburgluklardan diiziilendir.

yA yA

g

n boliinme sany ulaldygyca (2%) we (2°) formulalar takyklasyandyr,
yone n ulaldygyca hasaplamalar hem kynlasyandyr.
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I1. Trapesiya usuly

Sol bir n boélinme sanynda trapesiya usuly has takyk
netijeler berydar. Bu usulda egrigyzykly trapesiyanyii meydany

( j bf(x)dx) f(x) funksiyanyn grafiginin her bir elementar
kesimde dartylyan horda bilen c¢algyrylmagyndan alynyan
geometriki figuranyn meydanyna denn diylip hasaplanylyar.

Trapesiya usulynda f (fk ) = % alynyar. Onda

iyk—l-i_iyk
J-:f(x)dXzb;a- e 3)

(3) formulada menzes agzalary jemlédp, trapesiya formulasyny
alarys:

b b-a(y,+V,
Lf(x)dXzT(%+ Yo+ Y, et yn_lj (4
VA

Hasaplamada yalnyslygy hasaba almak tii¢in Rn galyndy agza
girizilydr we dogry denlik alynyar:
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J-:f(x)dx = b;na[%"’_ yl + y2 +..t yn—lJ—i_ Rn *

R, galyndy agzany f"(x) ikinji tertipli oniimii komegi bilen

2
|Rn|s% M, formula bilen bahalandyrmak bolar, bu

yerde M, f"(x)-it [a, b] kesimdiki ifi uly bahasy.

I11.  Parabola usuly

Sol bir n boliinme sanynda parabola usuly 6iiki usullara

garanda has takyk netijeler beryar. Bu usulda f(x) funksiyanyn
[XO; X2] kesimdaki grafiginin dugasy (X,, Y,), (X, Y1), (X, Y,) U¢
nokadyn iistiinden geg)'Iéin parabolanyn dugasy bilen calsyrylyar,
yagny IXZ dX ~ I dX yakynlagan deiilik alynyar, bu yerde
y=P, (x) gorkezilen nokatlardan gecydn parabolanyn denlemesidir

ya-da P, (X) Nyutonyn ikinji tertipli interpolyasiya kopagzasydyr:

Py(X) =Y, + y1(x 0o+ A (o )k =)

2h?
-a _b-a
X, =X, +h; h=—m=—;

Ayl =Y = Yo,

ANy, =AY, =AY, =Y, =2, +Y,.



YVa y=f(x)

Yo V1 Y2

@) ‘4— h—»le—h —
Onda

%X X h h
_[XO f (x)dx zLO P,(x)dx = 2hy, + 2hAy, t3 Ay, = 3 (Yo +4Y, +Y,).

x h
[, 09t~ 2 (yo + 4y, + ). (5)

(5) formulany ~[bf(x)dx integralyn bahasyny takmyn

hasaplamakda ulanalyn. [a; b] kesimi jiibiit sanly n=2m bdlege

bolelint we her iki jiibiit bolek {i¢in (5) formulany ulanalyii:

X4 h
[, T00dx =2 (v, +4ys+v,),

X2m h
[ FO0d 2 (Vanz + 4V + Yan).

Xom-2

(5) we (5') formulalary birlesdirip, alarys:
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b h
J PO~ 2o+ yon + 400 Y5 ot Yama)+ o

+2(y, + Yg ot Yom )b N=2m.

(6) formula parabola formulasy diylip atlandyrylyar, ol iilis
matematigi T.Simpson (1710-1761) tarapyndan subut edilendir.
Simpsonyn galyndy agzasynyn formulasy

4
_(b-a)h*

Ry <$——F— M
Rol < =gg— M- (7)

formula bilen kesgitlenydr, bu yerde M, — f(x) funksiyanyn
[a,b] kesimdiki f"(x) dordinji tertipli oniiminifi if uly
bahasydyr.

Simpsonyn formulasy [a, b] kesimde sol bir n bdliinme

sany boyunca trapesiyanyn formulasyna garanda onat netijeler
beryar. Sonuni iligin kOp hasaplamalary talap edyian hem bolsa
Simpsonyn formulasy peydalanylyar.

b
Simpsonyn formulasy boyunga j f(X)dX integraly ¢

takyklykda hasaplamak talap edilsin. Integralyn bahasyny talap
edilyin ¢ takyklykda kesgitlemek {i¢in ilkinji nobatda degisli

h:b—a

adimi saylap almak gerek.

Bu meseldninn ¢oziilisinin iki usulyna seredeliii.

1) Birinji usul (7) formula esaslanyar; (7) formuladan alarys:
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180¢

h -
“Vb-am,

Gorsiimiz aly, h adim 4/¢ tertibe eye. " (x) oniimin bahasyny
tapmagyn ¢ylsyrymlasyandygy {ii¢in kopleng yagdayda bu usul
ulanylmayar.

2) Ikinji wusul integralyn bahasyny iki gezek gaytalap
hasaplamaga esaslanan — ilki h &dim, sofira g ddim (basgaca n

san ikeldilydr) boyunca hasaplanyar.
Yalityslygyt takmyn bahasyny kesgitlemek iigin asakdaky

formula ulanylyar:

1
A=—-l —1,], 8
15 | n 2n| ()

bu yerde In J.:f(x)dx integralyn h adim, |, bolsa g adim bilen

hasaplanan bahasy. Eger A < ¢ densizlik yerine yetyan bolsa, onda
talap edilyin takyklyk yerine yetyir we integralyin takmyn bahasy
hokmiinde |, -iii bahasy alynyar.

Mysal. J.:\/1—X3dx integraly Simpsonyii formulasy

boyunga & =10 takyklykda hasaplamaly.

Céziilisi. 1Iki [0; 1] kesimi 10 sany deii bolege bolelifi, onda

h = b-a_1-0_ 01.
n 10
Tablisany guralyii:
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X; Y, =1-X% X; y; =41-%

X, =0 Y, =1,0000 Xs =0,6 y =0,8854

X, =01 y, =0,9995 X, =0,7 y, =0,8106

X, =0,2 y, =0,9960 X =0,8 ye = 0,6986

X, =0,3 y, =0,9864 X, =0,9 Yy, =0,5206

X, =04 y, =0,9675 X,, =10 Y,o =0,0000
Xs =0,5 y; =0,9354

Simpsonyn
b h
I, = L f(X)dX ~ §[y0 + Yom +4(y1 tY;t+..ot y2m—1)+
+2(Y, + Yy + ot Yor o)) N=2m,
formulasyny ulanyp, alarys:

) 01
lio = VL= dm 2 [yg + yio + AYs + Vs + Vs + Y7 +¥a)+

+2(y, + Y, + Vs +Ys )] = %’1 [1+0+4(0,9995 + 0,9864 + 0,9354 +

+0,8106 + 0,5206) + 2(0,9960 + 0,9675 + 0,8854 + 0,6986 )| =
=0,0333(1+ 4-4,2525 + 2-3,547) = 0,0333(1+17,01+ 7,095) =
=0,0333- 25,105 = 0,8360.

Diymek, 1,,~0,836.
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Indi  [0;1] kesimi 20 sany deh bolege bolelin, onda
b-a 1-0

h= T 0,05.
Tablisany guralyii:
X; Y, =y1-% Xi Y =y1-%
X, =0 Y, =1,0000 X, =0,55 y,; =0,9130

x, = 0,05 y, = 0,9999 X,, = 0,60 y;, = 0,8854
x, =010 y, =09995 | X, =065 Y5 = 0,8517
X; =015 y, =09983 | X,=070 y,, =0,8106
X, =0,20 y, =0,9960 | X5=075 y;s = 0,7604
Xs = 0,25 y. =0,9922 | X, =080 Y, = 0,6986
Xs = 0,30 y, =09864 | X,=085 y,, = 0,6212
X; =0,35 y, =0,9783 Xg = 0,90 y,s = 0,5206
X = 0,40 Y, = 0,9675 X,o = 0,95 Y, =0,3777
X = 0,45 y, =0,9534 X50 =1,00 Yo = 0,0000
X, =050 | vy, =09354

Simpsonyn formulasyny ulanyp, alarys:
1
—y 0,05
l2 :J. 1_X3dsz'[YO +Y20+4'(Y1+Y3 TYstY7+ Yo+ Yt
0

+Yist Yis tYir Y19)+ 2 (Y2 TYatYs T Ys H Yot Yo T Yt Y t y18)]:
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= % : [l+ 0+ 4(0,9999 + 0,9983 + 0,9922 + 0,9783 + 0,9534 +

+0,9130+0,8517 +0,7604 + 0,6212 + 0,3777) +2(0,9995 + 0,9960 +
+0,9864 + 0,9675 + 0,9354 + 0,8854 + 0,8106 + 0,6986 + 0,5206)] =

= % (1+4-84461+2-78)= % -(1+33,7844 +15,6) =

0,05

_7'50’444:2’5222

=0,8407.

0,0047

=0,00031< g,
15

A=l - 1,=2 |08407 08360 =
15 15

£ =0,001. Diymek, takyklyk yerine yetyér. Sonun iigin,

J.le/l— Cdx ~0.841.
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MATHCAD programmasynda tejribe iginin Verine yetirilisi.
Integralyii Simpsonyn formulasyny ulanyp hasaplanysy:

Yumugda berlen integral asagyndaky funkisyany, integralyn asaky we
vokarky predellerini hem-de kesim sanyny girizmeli.

i { =23
y(x) :=4/1 -X (b~ a)

a:==0 b:i=1 n:=20 h:= =
Xpi=a i:=0.n Xis1 == Xj+h
i= Xj = ¥(xi) =
o] 0.00 1.0000
1] 0.05 0.9998
H 0.10 0.9995
[ 3] 0.15 0.9983
4 0.20 0.9960
| 8] 0.25 0.9922
B 0.30 | 0.9864
7] 0.35 09783 |
8] 0.40 0.9675
9 0.45 0.9533
10 050 0.9354
11] 0.55 0.9130
12| 0.60 | 0.8854
13 0.65 08517
[14] 0.70 0.8106
15 0.75 0.7603
16 0.80 0.6986
[17] 0.85 0.6212
18] 0.90 [ 05208
19] 0.95 03777 i = y(x)
20 1,00 0.0000i

[ =y +y3+y5+y7+ Yo+ ¥ +¥13+ Y15+ Y17+ Y19
[2i=y2+ Y4+ Y6+ Y8+ Y10+ Y12+ Y14+ Y16+ Y18

h
T2 :=-3—-(y0+y7_0+4~11 +21y) Iog = 0.84

|
J- l—x3dx-0.84
0



b) Integralyi asagyndaky y=f(x) funksiyanyi grafigi, y=0, x=a we x=b
ghnitler bilen ¢liklenen egricyzykly trapesiyanyit Mathead programmasynyi
kiimegi bilen gurlugy:

(x) il -0
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Yumus.

107 takyklykda

Integrallary Simpsonyn formulasy boyunca &

hasaplamaly.

0,25 ,
21. Ie’x dx
0

dx

1+‘°§/?

1. J. 1—x>dx

00—y |

x?—4

3,3
30. j
2,3

67



TEJRIBE ISI NeS

RUNGA-KUTTANYN USULY BOYUNCA DIFFERENSIAL
DENLEMANIN SAN COZUWLERINI TAPMAK

Goy,
Y t(x ) @
dx
differensial denleménin
¥(%)=Yo (2)

baslangyc serti kanagatlandyryan san c¢oziiwini tapmak talap
edilsin, basgaca aydylanda x=X (X =X,+1ih (i =12, .., n),
h=X,—X,_, hasap &dimi) bahalar {igin y:y(x) funksiyany
(y,=y(x) i=12, .., n)tapmaly.

(1), (2) Kosi meselesinii X =X, nokadyn toweregindaki
gozlenilydn ¢oziiwini Teyloryin formulasy boyunca anladalyin we
onun Teyloryn formulasy boyunca dargatmasynyil
koeffisiyentlerini (1) defileménin sag tarapyndaky funksiyanyn dsti
bilen, (2) baslangyc serti ulanyp, hasaplalyn. Dargatmanyn
agzalarynynyi sanyny (X — X,) -unt 4-nji derejesini 6ziinde saklayan

agza ¢enli kesgitlép, alarys:

Y(X) = Yo+ (X=Xp)- dvs:oh (x—2lxo> ‘

A7y(%) | (x=%)° dy(%,)  (x=%)* d*y(x)
dx? 3 dx® 4) dx*

Goy, x = X, bolsun, onda:
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dy(x,)  h* d?y(x,) h® d®y(x,)

Y, =yY(X)) =y, +h- o e Ty e
4 4
% d dX;(j(O) h=x,—X,
Umumy yagdayda
Yia =VYi +4, 3)
bolar, bu yerde
4 —on ) B2 dhy(x) 0 dPy(x) b dy(x)
dx 2 dx 3 dx 4 dx
i=0,12,..,n-1.
A, ululygy
A=ak, + pk, +yk, +0Kk, (4)

cyzykly kombinasiyanynn komegi bilen anladalyn, bu yerde
a, B, y, & - degisli koeffisiyentler, k;, k,, k;, k, - asaky

deiilikler bilen kesgitlenyéin sanlar:

k,=hf (xi,yi); k,=hf (Xi +E, y, +ﬁj;

k
k,=hf (xi +g, Y, +?2j; k,=hf(x+h vy +ky) (5
a, B, v, 0 koeffisiyentler k;, k,, k;, k,-leri iki tytgeyénli
funksiya hokmiinde Teyloryn formulasy boyung¢a dargatmanyn {isti

bilen kesgitlenyédr. Netijede alarys:

1 1
:5:—, = = —.,
“ s 7773

Bu bahalary (4) denlikde ornuna goyup, alarys:
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/1i=%(k1+2k2 12k +K,),  i=012..n-1.  (6)

Onda y(x) funksiyanyi X, =X, +(i+1)h nokatdaky bahasyny
hasaplamak ticin kesgitlenen (3) formula asakdaky gorniise eye
bolar:

Yin=Yi +%(k1 +2k, + 2k, + k4)- (7)

(1), (2) meseldnin ¢oziiwini (6), (7) formulalaryn {sti bilen
tapmaklyga Runga-Kuttanyn usuly diyilydr. Hasap isleri 1-nji
tablisadaky tertip (shema) boyunca yerine yetirilse talabalayyk
bolar.

Tablisa 1.
i X y k=hf(x y) A,
Xo Yo k,
) 1 /10=%(k1+2k2+2k3+k4)
0 Xq + E Yo + ? k2
k
XO + E yO + ?2 k3
X, +h Yo + K, K,
Baslangy¢ hasap adimi
h*<eg (8)

densizligin esasynda kesgitlenyar, bu yerde ¢ - berlen takyklyk. h
we 2h &dimler boyunca, degislilikde, y®" we y@"
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funksiyalar hasaplanylyar.
Hacgan
)
15
densizlik (Runga-Kuttanynn diizglini) yerine yetse, difie sonda

<& 9)

hasaplama berlen takyklykda yerine yetirildi diylip hasap edilyar.
Bu yagdayda meseldnin ¢oziiwi yi(h) bolar. Eger (9) sert yerine

yetmese, yagny A >¢g bolsa, onda hasap ddimini kigeltmek zerur
h . .. : .
bolyar we hasaplama h we 2 ddimler boyunga yerine yetirilyar.

Sunufi yaly hasaplamalar [x,; X, | kesimi boleklere bolmegin ahli
boliinme nokatlarynda yerine yetirilyér. (9) deiisizlik dhli i-ler {i¢in
yerine yetse hasaplamalar tamamlanyar.

Mysal.  y'=x+y deiileméinii y(0)=1 baslangyg serti
kanagatlandyryan  ¢oziiwinii [0; 0,6] kesimdiki vy, = y(x;)
bahalaryny ¢=0,001 takyklykda tapmaly.

Coziilisi. Ilki bilen (8) formulany ulanyp, hasap ddimininl
baslangyc bahasyny tapyarys h*<0,001 = h=0,15. Onda

[O; 0,6] kesimi boleklere bolmegin sany n = % =4 bolar.

Ahli hasaplamalar berlen &=0,001 takyklykdan bir onluk belgi

artykmaclykda, yagny oturdan sofira dort onluk belgi bilen yerine
yetirilyar.
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I. Bu tapgyrda y(0)=1 (X, =0, y, =1) baslangyc sert we
h = 0,15 hasap ddimi peydalanylyp, X, we y, bahalar tapylyar.

1. X,=0, Yy, =1 baslangy¢ bahalar ii¢in x,-i we (5) formula
boyunga Kk, k,, k;, k, sanlary hasaplalyn:

X, =X, +h=0+015=015;

k, =h-f(X,, ¥,)=015-(0+1)=0,15;

k, = hf x0+h,y0+ﬁ =015 %+1+% =0,1725;
2 2 2 2

k, = hf x0+h, y0+ﬁ =0,15(%+1+%j=0,1742;
2 2 2 2

k, = hf(x, +h, y, +k;)=015(015+1+0,1742)=0,1986 .

2. (6) formulanyn kémegi bilen A, hasaplanylyar:

Ay = %(0,15 +2-01725+2-01742+0,1986)=01737.

3. (7) formuladan vy, tapylyar:
Y, =Y, + 4, =1+01737 =11737.

II. Indi x, =015 we y, =11737 bahalaryn esasynda x, we
y, bahalary tapmak iicin I  tapgyrdaky tertipde degisli

hasaplamalary gecireliii:

X, =X, +2h=x,+h=015+015=0,3;
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k,=015(0,15+1,1737)=0,1986,

k= 0,15(0,15 + % 111737+ Lgsej

=0,15(0,15+ 0,075 +1,1737 +0,0993) = 0,2247,

= 0'15(0’15 + % +0,1737+ @j _

=0,15(0,15+0,075+11737 + 0,1123) = 0,2267,
k,=015(0,15+0,15+1,1737 +0,2267) = 0,15-1,7004 = 0,2551;
A = %(0,1986 +2-0,2247 +2-0,2267 +0,2551) = 0,2261;

y, =Yy, +4, =11737+0,2261=1,3998.

Seylelikde, 1 we II tapgyrda gorkezilen tertip boyunga
degisli hasaplamalary ge¢irip, X, =0,45 {igin Yy, =16867;
X, =0,6 i¢in bolsa y, =2,0443 bahalary taparys.

III. Hasap 4adimini iki esse kigeldelin, yagny
h= 0'—;5 =0,075 bolsun, onda N =8. Degisli hasaplamalary
gecirip, taparys:

X =X, +h =0+0,075=0,075;

k,=0,075(0+1)=0,075,
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K

~1

3

0,075
+

0,075(
2

0,075
+

1+ 0’275j =0,0806 ,

1

0,075(
2

0,0806)
+

=0,0808,

k ,=0,075(0,075+1+0,0808) = 0,0867 ;

Ay =

~

Y. =

1

Y, + A, =1+0,0808 =1,0808..

8(0’075+ 20,0806+ 20,0808+ 0,0867) = 0,0808 ;

Y. -nifi galan bahalary-da yokardaky tertipde tapylyar.

Hasaplamalaryn netijesini tablisa yerlesdirelifi.

Tablisa 2.
X Yi X; Y, Yi = Va
X, =0 Y, =1 Xy = y, =1 0
x, =0,075 | ¥, =10808
x, =015y, =11737 | X,=015 | ¥, =11737 0
X,=0,225 | ¥,=12796
x,=03 |y,=13998 | X,=03 ¥, =1,3997 | 0,0001
X, =0,375 | ¥, =15350
X;=045|y, =16867 | X, =0,45 ¥, =1,6866 | 0,0001
X,=0525 | y,=18559
X, =06 |y, =2,0443| X,=06 Y, =2,0442 | 0,0001
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2-nji tablisadan gorniisi yaly, Runga-Kuttanyn diizgiini -

A= |y2i - yi|
15

edilyén takyklyk yerine yetdi.

<&  ahli i-ler ligin yerine yetyir, diymek, talap

IV. Coziiwin [0; 0,6] kesimdiki y, = y(x,) (i=0,1,2,3,4)
bahalarynyi tablisasyny diizelin:

Tablisa 3.
i Xi Yi
0 0 1,000
1 0,15 1,174
2 0,3 1,400
3 0,45 1,687
4 0,6 2,044
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" ' l l l m‘h@ - - ‘l - il- -

I. Machcad programmasynda tejribe igini Yerine yetirmek iigin programmanyi
icinde yerlegen rkfixed (3, a, bn, f) funksiyasy peydalanylyar. Bu yerde:
Vy-nxl- dlcegli wektor,

2, b-berlen kesim,

n-adim sany,

Sf-differensial defileménin sag tarapyndaky f{x, y) funksiya.

Bizifi mysalymyzda:

a=0,b=006, n=4we f{x,y)=x+y)
rkfixed (vy. @, b.nn, /) funksiyasy defilemanif ¢oziiwini 2 siitiinden ybarat (x we y)

tablisa gomiiginde beryar.

Mathead programma:
origih:=1 y:=1 :F I
f(x,y) =x+y G 0 n
Y = rkfixed(y,0,0.6 4 1) vy =|1] 0.15[1.174
2| 03] 14
3] 045|1.687
: 06]2.044

ILAlnan ¢dziiwifi grafiginii Mathcad programmasynyi kémegi bilen gurlusy.
Tablisadan Y1 we Y2 siitiin matrisalary girzelin.

0 1
0.15 1.174
Yi=| 03 Y2 = 14
045 1.687
0.6 2.044
15- —— —
2
Y2
&8s 15 . |
l ¥ ' - L 4
02 04 0.6 08 I
Yl
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Yumus. Y = f(X, y) detileménii y(xo): Y, baslangyg serti
kanagatlandyryan Y, (X) ¢Ozliwinin [XO, b] kesimdéaki bahalaryny
& =0,001 takyklykda tapmaly.

Derileme: Baslangyc sert: Kesim:
Y =x+y? y(0)=0 [0;0,75]
y = xy®+x2 y(0)=0 [0; 09]
y'=x*+y y(0)=1 [0; 0,6]
y =1+x-y? y(0)=1 [0; 0,75]
y =x+y+1 y(0)=1 [0; 0,9]
XY y1)-1 f: 16]
y' = xy® +x? y(0)=0 [0; 0,9]
y =~/xy’ +1 y(1)=0 [1;2,75]
y'=xy*-1 y(0)=0 [0; 0,6]



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

y!:yS_X

y1=X2_y2

y =Xy

y =1+x+x" -2y

y'=x+y

y'=2y-3

2

[0: 09]
[0: 0.6]
[0: 0.75]
[1: 1.9]
[0: 0.6]
[05: 1.25]
[05; 1.4]
[0: 09]
[0: 0.6]
[0: 0.75]
[0: 09]

[0; 0,6]



22.

23.

24,

25.

26.

217.

28.

29.

30.

y! — X2y2 _1

yr:X3+y2X

y'=xy+y*

y =2x+Yy’

y' =x*+2y

y'=x"+xy

y =xy+y°

y' =2x*+xy

2
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[0: 0.6]
[0.5: 1.1]
[0: 0,7]
[0; 03]
[0: 0.65]
[0;0,75]

[0; 0,9]



TEJRIBE ISI Ne6

EMPIRIK FORMULANY SAYLAP ALMAK WE ONUN
PARAMETRLERINI IN KICI KWADRATLAR USULY
BILEN KESGITLEMEK

Goy,
y="1(x) (1)
gorntigdaki ndbelli funksional baglanysygy emele getirydn X we y
iytgeyan ululyklaryin bahalary n synagyn netijesinde kesgitlenen
bolsun ((2) tablisa).

X X, X, X, X, X

— @
Y o Yo | Yo | Vs | Ve | = | Y

(2) tablisadaky maglumatlaryi esasynda

y=f(x) ®3)
gorntigdaki empirik formulany tapmak talap edilyédr, bu yerde
argumentifi X=X, bahasy ticin funksiyanyn Y, (i=1, 2, ..., n)
bahasy (3) formula boyunga hasaplanyar we ol bahalar tejribede
kesgitlenen bahalara ((2) tablisa) miimkin derejede golay bolmaly.
Empirik formulany tapmagyn geometriki manysy kesgitli topara
degisli bolan egrilerin icinden M,(x.y;,), M,(X,.y,), ...
M, (Xn ,yn) nokatlaryil yeterlik golayyndan ge¢yénini saylamakdyr.

Mesele asakdaky tapgyrlardan duryar:
1.y = f(x) formulany saylamak.
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2. Empirik formula girydn parametrlerin bahalaryny
kesgitlemek.

1. y= F(X) formulanyi saylanylysy.

Eger x we y tytgeyénleriii biri-birine baglanysygy nabelli
hisiyetde bolsa, onda Yy = f~(x) formula in yonekey gorniisde
gozlenilydr. Yonekey gorniisdiki formulany x-ifi dhli iiytgeyén
aralygynda tapmak basartmasa, onda X-in {liytgeydn aralygynyn
ayratyn bolekleri ticin degisli formulalar gozlenilyér.

Empirik formulany saylamagyn kop diirli usullary bardyr.
IIki bilen koordinatalar sistemasynda tejribede alnan maglumatlara

degisli M,(x,y,) (i=1 2, .., n) nokatlary gurmaly. Bu nokatlary
goni kesimler arkaly birlesdirip, yeterlik endik bolanda, nokatlara

bolyar.

4Y

Empirik formulany saylamak isi ¢yzgynyn esasynda ya-da

)

A_yiz% (Ayizyh-l_yi’ AX =X, =% 1=12, --wn_l) 3)

birinji tertipli tapawutlaryn gatnasyklarynyn biri-birinden az

tapawutlanyandygynyn esasynda,
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y=ax+b 4)
¢yzykly baglylygy barlamakdan baslanyar. Eger ¢yzykly baglylygy
barlamaklyga getiryén sertler yok bolsa, onda

y=a, +a,X+a,x (5)
kwadrat baglylyk arkaly anladylyan formula barlanylyar. Bu
formula

Ay, =M= 210 n-2), (6)
Xi2 =X

ikinji tertipli tapawutlaryn gatnasyklary biri-birinden ujypsyz

tapawutlananda ulanylyar. Eger-de bu sert hem yerine yetmese,

onda

y=a, +a,X+a,x> +a,x° (7
dort parametrli  funksiyany deriemekden 06n, asakdaky
formulalardan empirik formulany tapmaklyga ¢alysmaly:

y=a-x", y=a-b*, y:a+9,
X

(8)

-1 y= X y=a-lgx+b
ax+b' ~  ax+b’

y

Bu egri ¢yzyklaryn grafikleri tejribede alnan maglumatlaryn
esasynda gurlan grafik bilen denesdirilydr we has meiizesi saylanyp
alynyar (bu yagdayda kébir M, (Xi, yi) nokadyn saylanan grafikden
dasrakda yerlesenligini hasap etmesen-de bolyar). (8) funksiyalaryi
ayratynlygy degisli o6wiirmelerin gecirilmeginii netijesinde olaryn
¢yzykly funksiyalara getirilyanligidir. Meselem, y =a-x" funksiya

logarifmirleménin iisti bilen ¢yzykly funksiya getirilyar.
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Eger (4), (5), (7) we (8) formulalaryn hi¢ biri gabat
gelmeyédn bolsa, onda empirik formulany

y=a +a,Xx+a,x* +..+a,x* (k>3) 9)

gorniigli  funksiyalaryn vya-da yorite gorniisli funksiyalaryn

(meselem, y =+/ax® +bx+c we s.m.). arasyndan gozlemeli.
Netijede empirik formulany saylamagyn isin in kyn bolegidigini
bellalin.

2. Empirik formula giryin parametrleriii bahalarynyn
kesgitlenisi.

y = F(X) empirik formulanyn gorniisi haysy hem bolsa bir
usul bilen saylanan diyeli. Bu formulanyn parametrleri birnédge
usul bilen tapylyar, yone olaryn icinde amatlysy il ki¢i kwadratlar
usulydyr. Bu usul ulanylanda parametrlerini bahalary yokary
takyklykda tapylyar. Hézirki dowriin hasaplayys tehnikasy bu
usulyit kemgiligini — hasaplamalaryin has kopdigini nazara
almazlyga miimkingilik beryar.

Seylelikde, k sany a;, a,, ..., @, nibelli parametrlerden

diiziilen

~

y=f(x a,a,..a) (10)
formulanyii gomiisi  kesgitlendi. x, we 'y, (i=12,..,n)

maglumatlaryn ((2) tablisa) tejribede tapylandygyny, yagny olaryn
takmyn bahalardygyny we n >k bolmalydygyny yatlalyn.

In ki¢i kwadratlar usulynda a,, a,, ..., a, parametrlerin

bahalary Y, —y. gysarmalaryin kwadratlarynyi jemi
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S(a,, a,, ..., ak)z_zn:[F(x, a, a,, .., a,)- yi]2 (11)

ya-da

iZ:,giz :iZ:,[F(X' Ay, 8y e ak)_ Yi]2

minimal baha den bolar yaly edilip kesgitlenyér.

a, a,, ..., a, parametrleri kesgitlemek ti¢in (funksiyanyn
minimumynyn kesgitlemesinii esasynda) deiilemeler sistemasyny
alarys:

éz0, é:O, ey é:O. (12)

o0a, oa, oa,
F(X, a, a,, .., ak) funksiya a,, a,, ..., &, parametrlere gora
cyzykly bagly bolan yagdayda bu sistemanyn ¢oziiwi has yonekey
bolar. Biz su yagdaya seretmek bilen hem c¢édkleneris. Empirik
formulany y=ax+b ya-da

ax+b—-y=0 (13)

gorniigde gozldlin. Tejribede kesgitlenen ((2) tablisa) x, we ',
bahalary (13) denilikde ornuna goyup, alarys:
ax, +h-y, =¢,
ax, +b-y, =¢,,
2 y2 2 (14)
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bu yerde ¢&; - funksiyanynl empirik formula boyunca kesgitlenen

bahasynyn onuil takyk bahasyndan gysarmasy. In ki¢i kwadratlar

usulyna goré, Zeiz = Z:(axI +b-vy, )2 =min sert talap edilyar. a
i=1 i=1

we b gord hususy ontimleri alyp we olary nola denlép, alarys:

— ax+b y;) —2 (ax, +b—y,)x =0,
6

i=1

—Y'(ax, +b-vy,) _2 (ax, +b—y,)=0.
8

i=1l i=1l

Bu yerden

aZn:xi2 +bzn:xi = Zn:xiyi,
i=1 i=1 i=1
azn“xi +n-b:2n:yi.
i=1 i=1

Bu sistemany c¢oziip, parametrleri kesgitlemek {icin formulalary
alarys:

n. ny, ZX Zy, Zn:xf Zn: S x
a= i=1 b= i=1 izl i=1 i=1 , (15)
2

n.ixf—(ixa) | " = Xiz_[gxijz

i=1

i=1

N - synaglaryn sany.
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Mysal. Tablisada berlenlere gord y-i x-e baglylykda anladyan
empirik formulany saylamaly we bu formulanyn parametrlerini
kesgitlemeli.

x|-20(-1,0H 04 |20(30(40|50|6,1|7,0]8,0

(16)
y| 13 [15] 17 [21]22[25(26|29|30]32

Coziilisi. Bu mysaly in kici kwadratlar usulyny ulanyp c¢ozelin.
IIki bilen parametrleri a we b bolan ¢yzykly baglanysygyn
y=ax+b ya-da ax+b—y=0 formulasyny girizelin. Birnége
Oowiirmeden son, alarys:

_ 10
ax +b—-y, =g, i=110; > (ax +b—y;)* = min;

i=1
10
2> (ax; +b—y;)x =0,
i=1

10
2> (ax, +b-y;)=0;

i=1

ya-da
10 10 10
aY x'+bY x> xy, =0,
I1=(:)l . 10 -
ay X +n-b-> "y, =0.
i=1 i=1
Bu yerden:
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10 10 10 10 10 10 10
10'inyi_zxi'zyi ZXiZ'ZYi_ZXiyi'ZXi
a= b= it i=L i=L il
10 ’ 10 10 \?
10-3 %! (ij 10-2xf—(2xij
=] i=1 i=1

i=1

10

D XY = XYy X Yo+ X Ys XY Xs Vs + Xe Yo + Xp Yy + XgYg +
i=1

+XgYg + X10Y10 = —2,0 '1,3+(—1,0)~1,5+0,4-l,7 +20-21+
+30-22+4,0-25+50-26+61-29+7,0-30+8,0-32=

=-26-15+0,68+4,2+6,6+10+13+17,69+ 21+ 25,6 =94,67.

10
DX =X Xy Xy Xy X+ Xg Xy Xg F+ Xg F Xy =
i=1

=-20+(-10)+0,4+20+30+4,0+50+61+7,0+80=325.

10
D=V F Y Y Y Ys Y Yy + Y+ Yo+ Yy =

i=1

=13+15+17+21+22+25+26+29+30+32=23.

0
D XE =X AKX AKX X+ XT X+ Xy Xy =
i=1

=(-2,0)%+(-1,0)2+0,42+2,0%+3,0%+ 4,02+5,0%+6,1%+7,0%+8,0°=

=4,0+1,0+0,16+4,0+9,0+16,0+25,0+37,21+49,0+64,0= 209,37.

87



a4 10-94,67-32,5- 223 0192,
10-209,37-32,5

b 209,37-23-94,67-32,5

10-209.37 —32,5%

=1,676.

MATHCAD programmasynda tejribe isinif yerine
yetirilisi.
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-2 1.3
-1 15
0.4 1.7
2 2.1
3 2.2
X = Y =
4 25
5 2.6
6.1 2.9
7 3.0
N := length(X) 32
N=10
N-1 N-1  N-1
N DD XisYil =D X Dl Y
i =0 i=0 =0
a= >
N-1 N-1
N (x)? | - X;
i =0 i =0
a=0.192

N-1 N-1 )\
N { (xi)2] - [Z xiJ
b 1.676 H=0 =0

y(X) =a-x+b

MACHCAD programmasynyn komegi bilen tablisada berlen
nohatlaryn we Yy(x)=ax+b funksiyanyn grafiginin gurlusy
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Bu tapylan a we b bahalary ax+b-y=0 denlikde goyup,
empirik formulany alarys:
0192-x+1676—y =0 ya-da y=0192-x+1676.

4

-10

15

Yumus. Tablisada berlenlere gori y-i x-e¢ baglylykda aiiladyan

empirik formulany saylamaly we bu formula girydn parametrleri

kesgitlemeli.

1.1 x]211/20/30|40(|52|6,2|70/80]090]|100
y |08|11/15]17|22(24|27|30]33]| 37

2.1 x]05/20(30|40|50|60|70({80|85]95
y (3127242118 |16(13(10|08/|04

3./ x(10(22(32|40|50|60(70({79|85]95
y (3839404142 |44 4545|4648

4. | x |-1,0(1,0({20|30[40|49|60|66]|75]38,0
y|01/06(10|12|15|1721|22|25]| 26
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10.

11.

12.

13.

2,0

1,0

0,4

2,0

3,0

4,0

5,0

6,1

7,0

8,0

1,3

1,5

1,7

2,1

2,2

2,5

2,6

2,9

3,0

3,2

1,0

1,0

2,2

3,3

4,0

5,1

6,0

7,2

8,1

9,1

2,9

3,1

3,2

3,3

3,4

3,5

3,6

3,8

3,9

4,0

1,0

2,4

3,2

4,0

5,0

6,0

7,0

8,1

9,1

10,0

-1,0

-0,3

0,1

0,5

1,0

1,7

2,1

2,6

3,2

3,6

X |-4,0

-3,0

-1,0

1,0

2,0

3,9

5,0

6,5

7,5

8,9

2,0

2,2

2,6

2,9

3,2

3,5

3,8

4,1

4,3

4,5

0,9

2,0

3,0

4,0

5,0

6,0

7,0

8,0

9,0

10,8

5,4

5,6

5,6

5,8

59

6,0

6,1

6,2

6,3

6,4

1,8

2,3

3,3

6,0

6,0

7,0

91

10,1

11,1

12,2

6,2

6,4

6,7

6,0

7,1

7,4

7,7

7,9

8,2

8,3

1,0

2,0

3,0

4,0

5,0

6,5

8,0

9,0

10,0

12,0

0,3

0,4

0,5

0,7

0,8

1,1

1,3

2,4

1,6

1,9

0,7

1,5

3,0

4,0

5,0

6,0

7,1

8,5

10,1

11,0

1,6

1,9

2,3

2,6

3,0

3,2

3,6

4,0

4,5

4,7

1,0

1,9

3,0

4,0

5,1

6,1

6,9

8,0

9,0

10,0

2,9

3.4

3,8

4,3

4,9

5,4

5,7

6,3

6,8

7,2
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14.

15.

16.

17.

18.

19.

20.

21.

22.

1,0

2,0

3,0

4,0

5,1

6,3

7,01 8,0

9,0

10,0

6,1

6,6

7,0

7,5

8,0

8,5

8,892

9,6

10,1

1,0

2,0

3,0

4,0

5,5

7,0

75|85

9,4

10,0

8,5

9,0

9,5

10,1

10,9

11,6

12,0112,5

12,9

13,3

1,0

2,0

3,0

4,0

5,0

6,0

7,01 8,0

8,5

9,0

0,3

0,7

1,0

1,4

1,7

2,1

24128

3,0

3,1

0,6

1,7

2,5

3,0

4,5

5,6

7,11 8,0

9,0

10,0

0,7

1,2

1,5

1,8

2,4

2,9

3,740

4,5

5,0

1,0

2,0

3,0

4,0

5,2

6,2

7,11 8,0

9,0

9,5

1,5

2,2

2,8

3,5

4,2

4,9

55|60

6,7

7,0

0,7

2,0

3,0

4,0

5,0

6,1

7,01 8,0

8,5

9,6

3,0

4,0

4,7

5,9

6,2

7,0

78|85

8,9

9,7

1,0

2,0

3,0

4,1

5,0

6,0

70| 8,0

9,0

10,0

6,1

6,8

7,3

8,0

8,5

9,0

9,7]10,3

10,8

11,5

1,0

2,1

3,0

4,2

5,0

6,0

7,0 | 8,0

91

10,1

1,2

2,4

3,4

4,7

5,6

6,7

78198

10,1

11,2

1,0

2,0

3,0

4,0

5,0

6,0

7,0 | 8,0

9,0

10,0

1,6

1,7

1,8

1,9

2,0

2,1

2,2 |23

2,4

2,5
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23.

24.

25.

26.

27.

28.

29.

30.

0,5

0,8

0,9

1,0

1,2

1,3

1,5

1,7

1,9

2,2

2,8

31

3,2

3,3

3,5

3,6

3,8

4,0

4,2

4,5

1,0

2,0

3,0

4,1

5,0

6,0

7,0

8,0

9,0

10,0

0,7

1,0

1,3

1,6

1,9

2,2

2,5

2,8

3,1

3,4

1,0

1,3

1,5

2,0

2,3

2,5

3,0

3,3

3,5

4,0

3,0

3,4

3,7

4,2

4,7

50

5,6

6,0

6,3

6,9

1,1

1,3

1,5

2,0

2,1

2,3

2,5

3,0

3,1

3,3

2,9

3,6

3,9

4,6

4,7

5,0

5,3

6,0

6,1

6,4

1,0

1,2

1,7

1,8

2,0

2,2

2,7

2,8

3,0

4,0

2,9

3,2

4,0

4,2

45

4,8

5,6

5,8

6,1

7,7

1,0

1,4

1,8

2,0

2,4

2,8

3,0

3,4

3,8

4,0

3,.0

3,7

4,4

4,8

5,9

6,2

6,6

7,3

8,0

8,4

1,5

2,0

2,5

3,0

3,5

4,0

4,5

5,0

5,5

6,0

3,2

3,9

4,6

5,3

6,0

6,7

7,4

8,1

8,8

9,5

5,4

6,0

6.4

7,0

7,4

8,0

8,4

9,0

9,4

10,0

5,4

5,9

5,6

5,7

5,8

5,9

6,0

6,1

6,2

6,3
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