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Bu okuw gollanmasynda hizirki zaman kompyuterlerinde
ginden ulanylyan amaly programmalar paketleri we olary
doretmekligin = hem-de ulanmaklygyn ayratynlyklary barada
maglumatlar getirilydr. Gollanma yokary okuw mekdeplerinii
talyplaryna, informatika mugallymlaryna we giil okyjylar kopgiiligine
niyetlenen.



Giris.

Hormatly Prezidentimiz Gurbanguly Berdimuhamedowyn atalyk
aladalary netijesinde bedew badynda durmusa gecirilydn tdze
Ozgertmeler we beyik galkynyslar zamanasynda Tiirkmenistanyn
ylym-bilm ulgamy diiypli 6siisi bagdan gegiryar. Gurulyan tdze bilim
ymaratlary it kdmil multimedia we interaktiw tehnologiyalar bilen
enjamlagdyrylyar.  Bular  bolsa, esasan &sen  kompyuter
tehnologiyalary bilen baglansyklydyr. Sonun {icin kompyuterlerin
enjam we programma diiziim bdleklerini ulanmaklygy basarmak,
kompyuterdiki programmirleme usullaryny Owrenmek hézirki
dowrun hiindrmenlerine, sol sanda talyp-yaslara bildirilydn esasy
talaplaryn biridir.

Ko6p amaly meseleler kompjuterlerde coziilende su yzygiderli
isleri berjay etmeli bolyar: 1) Meseldnin ¢oziilisininn algoritmini
diizmek; 2) Algoritme esaslanyp, kébir algoritmik dilde programma
diizmek; 3)Programmany kompyutere girizmek, ony testirlemek we
netije almak.

Kompyuterde programma diizlende kopleng programmalaryn
diirli yerlerinde sol bir operatorlar yzygiderliklerini yerine yetirmek
gerek bolup duryar. Kopleng halatlarda iiytgeydn ululyklaryn diirli-
diirli bahalarynda operatorlar yzygiderlikleri yerine yetirilydr bu
yagdaylarda operatorlar yzygiderligi bolek programma gorniisinde
vazylyar Beysik dilinde bodlek programma yiizlenmeklik esasy
programmada

GOSUB N
operatory yazmaklyk bilen amala asyrylyar. Bu yerde N-bolek
programmalaryn birinji operatorynynn ndomeri bolup duryar. Bolek
programma N-nji setir bilen baslanyan operatorlar yzygiderligi bolup
in sonky operatory

RETURN
bolmalydyr. Return operatory esasy programmanyn gosub N
operatoryndan soiiky operatora gecmek bilen esasy programma isini
dowam etdirydr. Esasy programma (EP) bilen bolek programmanyn
(BP) we bolek programma funksiyanyi (BPF) arasyndaky hereketleri
asakdaky gorniisde gorkezmek bolar:
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EP ] BP

EP ] BPI

.1 BP2 [ BP3
EP L BP [ BPF

Seylelik bilen EP bilen BP-da ulanylyan tiytgeén ululyklary 4-
sany topara bolmek bolar.

1) girizillydn

2) c¢ykarylyan

3) icki

4) basgalar

Girizilyan ululyklar EP 6ziiniii hakyky bahasyny alyp BP ol bahalar
ulanylyar.
Cykarylyan ululyklar BP netijesi bolup duryar.Netijede girizilydin we
¢ykarylyan ululyklar EP, BP bilen informasiya calsygyny amala
asyryar. I¢ki lytgeyan ululyklary BP girizilyin we c¢ykarylayn
ululyklardan basgalary bolup hysmat edyér. Basgalar-EP girizlyén
we c¢ykarylyan ululyklardan baggalary. Bu ululyklaryn arsynda
baglanysyklaryny kdbirini belldp gegelin:
1) BP yiizlenilménka girizilydn ululyklaryi hakyky bahasyny
bermeli.
2) I¢ki we basgalar tiytgeyan ululyklaryn gabat getirmezliklige
calysmaly.
3) Bolek programma diiie yiizlenilen halatynda iglemegini
gazanmaly.



1. Amaly programmalar paketiniii umumy gurlusy.

1) Goy 5!, 61, 7!, 8! Bahalary tapmaly bolsun

Cls

Rem 5!, 6!, 71, 8! {Hasaplamak}
Forj=5t0 8

N=j

Gosub 1000

Print K

Next j

Stop

1000 Rem n! Has BP
Rem giriz ulylyk:N
Rem cykar ululyk:K
Rem icki ululyk:l
K=1

Forl=1ton

K=K*I

Next |

Return

2) Utgasdyrma sanynyi bahasyny tapmaklygyn
programmasyny diizmeli

n!
m
Ch=—— _
mi(n—m)
Cls
Print “N,M-giriz”
Input N,M

L=N: gosub 1000:c1=P
L=N: gosub 1000:c2=P
L=N-P: gosub 1000



C=C1/(C2*p)
Print C

Stop

1000 Rem BP
P=1
Fori=1ltol
P=P¥*i

Next i

Return

3) Kesimi den yarpa bolmek usulyny ulanyp
2 .1 1
cos——-2sin—+—=0
X X X

Deiileminiii [1,2] kesimde € =107 takylykda cozmeli

Cls

Def FNZ(x)=cos(2/x)-2*sin(1/x)+1/x
Print "A,B,E-giriz"

Input A,B,E

Gosub 1000

Print x1

Stop

1000 A1=A:B1=B:F1=FNZ(Al)
1009 X1=(A1+B1)/2:F2=FNZ(x1)

If F2=0 Then goto 1014

If F1*F2<0 Then 1013
Al1=X1:F1=F2: goto 1015

1013 B1=X1: goto 1015

1014 A=X1:B1=X1

1015 IF B1-A1>EPS Then goto 1009
Return
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Matrisalaryii iistiinde gecirilyin amallar iicin programmalaryii

diiziilis usullary
Matrisa bu ikidlgegli massiw
&1 8 e By
A= 81 8y e Ay
aml amZ amn

bu yerde matrisanyn Olgegi mxn, yagny setir we siitiin
sanlarynyn kopeldilmagine aydylyar. Kwadrat matrisa m=n bolanda
bolyar, 6lgegi n’=n*n

1) Matrisany girizmek

Matrisany girizmekden 6iiirti onunl 6lgegini girizmeli. Ol DIM
A(M,N) gorniisde berilyédr. Matrisany girizmeklik kdpleng halatlarda
setirler boyunca amala asyrylyar

Cls

dim A(M,N)

Input “M,N-giriz’’M,N
Fori=1to M
Forj=1to N

Print “a(“i 7,7} 7)="
Input a(i,j)

next j

Next i

End

2) Diogonal matrisa

a, O 0
A 0 a,, 0
0 0 .. a
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Cls

dim A(M,N)

Input M, N-giriz’’M,N
Fori=1ltoM
Forj=1to N

IF i<>j Then 60

Input a(i,j):goto 70

60 a(i,})=0

70 next j: next i

End

3) Birlik matrisa- diogonal matrisanyn 6zgerdilen gorniisi, yagny
A(i,j)=1
hacanda i=j bolanda

Cls

dim A(M,N)

Input “M,N-giriz’’M,N
Fori=1toM
Forj=1toN

IF i<>j Then 60
a(i,j)=1:goto 70

60 a(i,j)=0

70 next j: next i

End

4) Nul matrisa-basgaca arassalanan massiw yagny a(i,j)=0

Cls

dim A(M,N)

Input “’M,N-giriz’’M,N
Fori=1to M
Forj=1to N

A(i,j)=0

next j:Next i

End
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5) Konstantalar bilen amallar

Cls

Input n

dim A(N,N)
Fori=1lton
Forj=1ton
Input A(i,j)
AGLj)= AGL)*X
next J:Next I
End

6) Transponirlenen matrisa A" diyip siitiini setir bolup hyzmat
eddyn kwadrat matrisa aydylyar.

>

Il
~N B
o U1 N
© o w

1
Al =2
3

[op TN &) BN SN
© o0

Bu yerden gorniisi yaly A,A" matrisalaryi diogonal elementleri
birmenzesdirler, galan elementlerini a; =a;, J=#1 gorniigde
hasaplanyar.

Cls

Input n

dim A(N,N)

Fori=1lton

Forj=1ton

Input A(i,j): next j:Next i
For i=1to n:For j:=i+1ton
c=a(i,j):a(i,j)=a(,i):a(,)=c
next j:Next i

End
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7) Gosmak we ayyrmak
Iki sany A we B oOlgegleri MXN bolan matrisalary gosmak we
ayyrmak Cij = +bij iI=1,2,...m; j=1,2,...,n; formula arkaly amala

asyrylyar

8) Matrisalary kopeltmek
m*n Slgegli A matrisany N*L 6l¢egli B matrisa kopeltmek

n
ij = Zakjbjk j=1.2,...,1; k=1,2,...m
i=1
formula arkaly amala agyrylyar. Netije C m*1 matrisa bolar.

Cls

Input m,n,1

dim A(M,N), B(N,L),C(N,L)
For i=1to M:For j=1to N
Input a(i,j)

next j: next i
Fori=1toN:Forj=1toL
Input b(i,j)

next j: next i

For k=1 to M:For j=1to L:S=0
For i=1to N S=S+A(k,i)*B(i,))
next i

C(k,j)=S:Next j:Next k

End

9) Kwadrat A matrisanyn kesgitleyjisi
2*2 matrisa ligin
D =a,,a,, —a,,a,,
3*3 matrisa iigin
D =a,,8,,8;; + 8,845,853 + 8,838, —
Q3185783 — 8358538 — 8p,8,853
14



n*n Olgegli matrisanyn kesgitleyjisini hasaplamak iicin Gaus
usulyny ulanmak bolar. Onda matrisany 6zgertmek arkaly ticburglyk
gorniisde asakdaky formula arkaly getirilyér:

a(k—l)
(K) _ A (k-1) (k-1) Kj
Qj  =q T W Ty k=12,.,(00),
Ay
al? 0

Matrisanyn kesgitleyjisini  0zgerdilen matrisanyn hemme
diogonal elementlerinin kopeltmek hasylyna aydylyar.

Input n :Dim a(n,n)

For i=10ton-1: For j=0ton-1
Input a(i,j):Next j:Next i

p=0:z=1, d=1:For k=0 to n-2

E=0 For i=k to n-1

For j=k to n-1:1F abs(E)>=ABS(A(i,j)) 90
E=A(i,j):B=i:c=j: Next j:Next i

90 If k=b Then 120

For j=k to n-1:S=A(k,))
A(k,j)=A(b,j):A(b,j)=S:Next j
z=-z:1f k=c Then 150

For i=k to n-1
S=A(i,k):a(i,k)=a(i,s)

A(i,s)=s:Next i:z=-z

150 for i=k+1 to n-1: G=a(i,k)/a(k,k)
For j=k to n-1:a(i,j)=a(i,j)-G*A(k,))
Next j:Next i:Next k

For i=0 to n-1 :d=d*a(i,i)

next i:d=d*z

Printd

End

10) Ters matrisa-A™ diyip berlen A matrisa bilen kopeltmek
hasyly birlik matrisa beryén matrisa aydylyar.
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A matrisa yiizlenmek diyip onufi ters matrisasyny A™ tapmak
diymekdir

all a‘12 a1n Xll X12 X1n 0 0
A- A—l — a‘21 a‘22 a2n X21 X22 X2n — 1 O
an1 anz ann an Xn2 Xnn 0 O 1

A we A™ képeldip n sany n® sany nibellilerden duryan ulgamy
alarys.

A Xy A%+ X, =1

< Ay Xy F Ay Xo +.+ 3, X, =0
................................................. (1)
A X+ X, .o+, X, =0
Ay X, + Xy, Tt X, =1

< Ay X, + 8y %oy +.n+ 8y, X, =0
................................................. (2)
A X, +a,X +..+8,,X,, =0
a; Xy, X, +ot+a X, =1
Ay Xy T3y Xp, He+ A5 X = 0 ( n)

A Xy F Xy, Fe+ 3, X, =0

nn“'nn
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2. Amaly paket programmalaryii algoritmik dillerinde ulanylys
ayratynlyklary.

Diirli gorniigli meseleleri programmirlemekde kdpleng
halatlarda birmenizes hasaplamalary sol programmada birndge
gezek gaytalap hasaplamak ya-da dirli-diirli meselelerde
hasaplamak {i¢in gerek bolup duryar. Sonun yaly yagdaylarda
gaytalanyan hasaplamalary ayratyn programma gorniisde diizmek
(yagny bolek programma gorniisde yazmak) we gerek bolan
yerinde ony ulanmak (yagny bdlek programma yiizlenmek)
maksada layyk bolup duryar. Programmirleme dilinde bolek
programmanyn 2 sany gorniisi bar:

1) FUNCTION
2) SUBROUTINE

Bolek programmalara kdbir bellikler bar:

1) Function gorniisli bolek programmany difie netije bir
iiytgeyan ululygynyn bahasy bolsa sol yagdayda ulanylyar.

2) Function gorniisli bolek programmada hokmany baha berme
operatory bolmaly. Onda ¢ep tarapda funksiyanyn ady bilen
gabat gelydn Tlytgeydn ululyk bolmaly. Sag tarapynda
funksiyanyn alyan bahasy yazylmaly.

3) Function gérniisli bolek programmada ifi bolmanda bir Return
operatory bolmaly.

4) Bolek programmanyn birinji setiri FUNCTION yada
SUBROUTINE gorniisli operator bilen baglanmaly we onda
formal parametrleri kesgitlenmeli. Function gorniisli bdlek
programmada formal parametrii it bolmanda birisiniil
bolmagy hokmanydyr.

5) Eger formal parametrlerin deregine massiwler ulanylyan
bolsalar, onda bolek programmada massiwlerin Olgegleri
beyan edilmelidir.
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6) Bolek  programmanyn  iginde FUNCTION  we
SUBROUTINE operatorlaryndan basga operatorlar gelip
bilerler. Bolek programmanyn in sorniky operatory END bilen
gutarmaly.

7) Bolek programma yiizlenilen halatynda hakyky parametrlerin
sany, gorniisi, tertibi hokmany gabat gelmelidir.

8) Function goérniisli bolek programmasyna yiizlenmeklik dine
arifmetiki ya-da logiki anlatmalarda funksiyanyn adyndan son
hakyky parametrlerini yazmak bilen amala agyrylyar.

9) SUBROUTINE gorniisli bdlek programmasyna  CALL
operatory bilen yiizlenmeklik amala agyrylyar.

Fortran dilinde funksiya we bodlek programma asakdaky
gorniislerde
ulanylyar.

a) Operator-funksiya
a(ba,by,...,by)=c

Bu yerde: a- funksiyanyn ady

b1,ba,...,b,- formal parametrler,

c- arifmetiki ya-da logiki anlatma
Goy programmanyi diirli yerlerinde

ax*+by?+cxy+d

arifmetiki anlatmanyn x we y diirli bahalarynda hasaplamak gerek
bolsun. Onda operator-funksiyany f bilen atlandyryp asakdaky
gorniisde yazmak bolar.

f(x,y)=a*x*2+b*y*y+c*x*y+d

bu operator funksiya programmanyi basynda yazylyar we
programmada asakdaky gorniisde ulanylyar.

y=x4+f(x1,y1)-f(x2,y2)

b) Bolekprogramma-funksiya
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Bolekprogramma-funksiya operator funksiyadan tapawutlylykda
birnice  operator  yzygiderligini ulanyp  bilner.  Yagny
bolekprogramma funksiya Ozbasdak programma bolup, ol basga
programmalarda hem ulanylyp bilner. Bélekprogramma-funksiyanyn
birinji operatory FUNCTION operatory bolup onufi umumy
gorniisdiki yazgysy asakdaky yalydyr.

t FUNCTION f(as,az,...,an)

Bu yerde: f-bolekprogramma funksiyanyn ady,
ai,a2,...,an- formal parametrlerin sanawy (n>1)
t- operator belgisi ol yazylman hem bilner.

c¢) Bolekprogrammanyn umumy gorniisi asakdaky yaly yazylyar
SUBROUTINE a(by,by,...,bn)

Bu yerde: a-bélekprogrammanyn ady,

b1,ba,...,b,. formal parametrler.
Bolekprogrammada i bolmanda bir RETURN operatory bolmalydyr.
Bolekprogramma END  operatory bilen gutarmaly. Esasy
programmada bdlekprogramma asakdaky yaly gorniisde ylizlenmeli.

CALL a(cy,Ca,...,Cn)
Bu yerde: a-yiizlenilydn bolekprogrammanyn ady,
b1,ba,...,bn. parametrlerin hakyky bahalary.

CALL SIMQ (A,B,N,KS)

Bu yerde: A- n*n 6lcegli matrisa
B- n dlgegli massiw (azat agzasy) bdlekprogramma
yerine yetirilip bolmanson x wektoryn hakyky bahalary.
N- denilemelerin sany.
KS-yalnyslyk kody.
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2) Funksiyany interpolirleme (ALI)

CALL ALI (X,ARG,VAL,Y,ND,EPS,IER)

Bu yerde: X- girizilyin x-ii bahasy, yagny funksiyanyn
bahasyny tapmaly nokat.
ARG- girizilydn wektor ululyk, 6l¢egli ND<n
Val- girizilydn funksiyanyn bahalarynyn wektory,
Olcegli ND<n
Y-f(x) funksiyanyn hasaplanan bahasy.
ND- diiwiin nokatlaryn sany.

EPS- absolyut yaliiyslygyn yokary ¢igi (10 dan 10
® genli)

3) n Olcegli matrisa yiizlenmek we matrisanyn kesgitleyjisini
hasaplamak.

CALL MIN (A,N,D,L,M)

Bu yerde: A-berlen matrisa, siitiinler boyunca
n*n bir 6lcegli massiwde yerlesdirilen,
bdlek programma Verine yetirilip bolansonn A™.
N- A matrisanyn tertibi.
D- A matrisanyn kesgitleyjisi.
L,M- is¢i massiwler 6lgegi N.

4) Matrisalary kopeltmek (GMPRD)

CALL GMPRD (A,B,C,N,M,L)
Bu yerde: A-1-nji girizilydn matrisa.
B-2-nji girizilydn matrisa.
C- ¢ykarylyan matrisa.
N- A matrisanyn setir sany.
M- A siitlini we B setiri.
L- B matrisanyn siitiini.
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AB,C- bir dlcegli massiwler Olgegleri degislilikde N*M, M*L,
N*L.

5) f(x)=0 denlemanin ¢6ziiwini hasaplamak (RTMI)

CALL RTMI (X,F,FCT,XL1,XRI,EPS,IEND,IER)
Bu yerde: x-gozlenydn wektor ululyk
FCT(x)=0
F-kokde funksiyanyn bahasy, yagny
F=FCT(x)
FCT- dasky Function gorniisli bdlekprogramma,
f(x)-in bahasyny kesgitleyar.
XLI- kesimin ¢ep tarapy.
XRI- kesimin sag tarapy.
EPS-takyklygy.
IEND- kesimi ikd bolmegin maksimal bahasy.
IER-yalnys kody.

Mysall. 2x-2x%+Igx- -1,5=0

2X+6
E=10"

External FCC
WRITE (3,15)
15 FORMAT (¢...")
CALL RTMI (X,F,FCC,6.0,7.0,1E-4,50,1)
WRITE (3,10)x,y,i)
10 FORMAT (‘x=", F8.4, ‘F(x)=",F8.5,’1=",13)
STOP
End
FUNCTION FCC(x)
FCC=2*x*2+ ALOC10(x)-7.1(2*x+6)-1.5
RETURN
END
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Mysal2. 8X;-Xp-2X3=2.3
10x1+X2+2X%3=-0.5
-X1+6Xo+2X3=-1.2
3X1-Xo+2X3+12X4=3.7

DIMENSION A(16),R1(4)
WRITE (3,27)

27 FORMAT (°...")
READ (1,28) AR1

28 FORMAT (8F5.1)
CALL SIMQ (AR1,4,Ks)
WRITE (3,25)R1

25 FORMAT (T6,’kok="4F7.3)
STOP
END

Turbo paskalda funksiyalaryn we proceduralaryi ulanylsy.

Funksiyanyn umumy gorniisi

Function at (parametrleriii sanawy):kysym,;

Begin
End;

Bu yerde

At- harpdan baslanyan islendik simwollar yzygiderligi,
parametrlerin sanawy asakdaky gérniislerin biri bolup biler.

at,at,...,at: kysym;

ya-da at: kysym; at: kysym; at: kysym;
var at,at,...,at: kysym;

ya-da var at: kysym; ...; at: kysym;

var- parametr-nabelli. Begin we end soziinin i¢inde hokmany
funksiyany bahalandyryan operator bolmalydyr. Onun asakdaky yaly

gorniisi bar:

procedure at (parametrlerii sanawy);
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Begin
End;

Yone parametrlerii sanawynyii i¢inde hokmany parametr
ndbelli bolmalydyr. Bu bolsa procedure we funksiyanyin esasy
tapawutlarynyn biridir. Beyan edilen procedurany we funksiyany
esasy programmada olaryn atlary hem-de hakyky parametrleri
gorkezmek arkaly amala agyrylyar.

Bizin bilsimiz yaly programma diiziiji tarapyndan téze
kysymlary doretmek we olaryn {istlinde amallary kesgitlemek
miimkingiligi bardyr. Téze kysym programmanyn kysymlar
boliminde beyan edilmelidir. Her bir doredilydn kysymyn ady we
onun alyp biljek bahalary anyklanmalydyr. Téze doredilydn kysymy
programmada type sozi bilen beyan edilmelidir. Programma diiziiji
tarapyndan doredilydn kysymda olaryn bahalaryny girizmek we ¢ap
etmek miimkingiligi yokdur. Sonunl {icin seyle kysymly nédbellileri
bahalandyrmak CASE operatorynyn iisti bilen amala asyrmak bolar.
Bu operatoryit umumy gorniisi asakdaky yalydyr.

] CASE anlatma operatory;
baha 1: 1-nji operator;
baha 2: 2-nji operator;
baha n: n-nji operator;

End;

Mysal. x,y hakyky san berlen. u=max(x+y, Xx*y),
v=max(0.5;4) hasaplamaly.

Program max;
var X,y,u,v,a,b,s:real;
procedure max2 (a,b:real; var s:real;)
begin

if a>b then s:=a else s:=b end;
begin

readIn (x,y); a:=x+y; b:=x*y;
max2 (a,b,s); u:=s; a=0.5; b:=4;
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max2 (a,b,s); v:=s; write(u,v);
end.

Amaly paket programmalaryii beysik dilindéki ayratynlyklary.
1) Operator funksiya onufi gérniisi.
DEF FN a(x)=E

Bu yerde: DEF- funksiyany kesgitlemek {igin operator.
FN a - operator funksiyanyn ady bolup
FN hokmany yazylmaly belgisi bolup

duryar.
o — bolsa identifikator bolup programma diiziiji

tarapyndan kesgitlenilyr.
x- formal parametrlerin sanawy.
E- arifmetiki ya-da logiki afilatma bolup duryar.

Mysal. DEF FN f(x,y)= (X"2+Y"\2)
Y=12.5+ FNf (-1,5)
b) Procedura funksiya.

DEF FN a(x)
Operatorlar
FN END

Bu yerde: FN a - procedura funksiyanyi ady.
x- formal parametrler “operatorlar”- beysik

dilindéki operatorlar.
FN END- procedura funksiyanyn soily.
Procedura funksiya yiizlenmeklik FN o(A) yazmaklyk bilen

amala agyrylyar.

2) BP (bolek programma)
24



Eger bolekprogrammada birndce operatorlar yzygiderligi
gaytalanyp gelydn bolsa, onda ony BP gorniisinde ulanmak amatly
bolup duryar.

3. Amaly programmalar paketinin ¢yzykly algebranyn
meseleleri iicin diiziilusi.

Gaussynn usuly. Goy n nébellili n sany c¢yzykly
algebraik denllemeler ulgamy berlen bolsun

Ayt X ot %, =4,
Jar taph Tt s, = b,

QX a5t ta, X, = E:'n.

1)
Goy, a;1 #0 (esasy element) diyelin we ulgamynyn birinji
denilemesinin iki boélegini hem a;; bolelin. Netijede alarys

Xl + b12X2 +...+ bln Xn = bfl) y
)

bu yerde

CHE y_ b
b, =—, j=23,..,nb"Y =",
LAy, : &,
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Berlen (1) ulgamyn ikinji denlemesinden baslan x, agzaly
gosulyjylary, (2) defileménin kdmegi bilen yok edip alalyn. Onun
icin (2) deillemdni yzygiderlilikde a,,, as;,....a,; kopeldip we
olary degislilikde (1) ulgamyn  ikinji, {glinji, ...,n-nji
denlemelerden ayryp alalyn. Netijede n-1 tertipli ulgamy alarys:

(1 |:1:| i
apy t ot a, —J:rn .
bu yerde

a’=a,-aa,;, i,j=23..n
—b-ab, i=23..n

Yokardaky &zgertmeleri, alnan ulgam {i¢in hem ulanalyi.
Netijede Ozgertmeleri n — gezek gaytalap iticburclyk giiniisli
matrisaly ulgamyny alarys

x+cx+ +C, X, =d,,

n“*n

X, +...+C, X, =d,,

Yagny (1) ulgama ekwiwalent bolup we onuii ¢éziiwleri
afisat tapylydr,iil sofiky defilemesinden x, taparys, x,-nyn bahasyny
i sonkynyni 61 yanyndaky denlemede goiip, x,_, tapyarys we s.m
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x, ulgamyn birinji denlemesinden taparys. Seylelikde Gausyn
usulyny iki sany etapa bélmek bolar, yagny berlen ulgamy y¢burclyk
gornilisli matriza ulgamyna getirilisine géni gidis etapy, y¢burclyk
gorniisli (3) ulgamyn ¢ozlilisine yza gidis etapy dyilydr.Gausyn
usulyny ulanmak {i¢in “esasy elementlerin” noldan tapawutly
bolmagy héhkmanydyr. Eger-de olarynn nola deni bar bolsa,onda
“esasy element” noldan tapawutly bolar yaly sol ulgamda
denillemelerin ornuny iiytgetmek gerekdir.

Gaussyni esasy elementi saylamak usuly. Cyzykly algebraik

denilemeler ulgamyna seredelin. Onun koeffisiyentlerinden
gineldilen gdniiburgly gdrniigli matrisany diizelin.

(4)

M — matrisanyfi  a; (i, j=12,...n)  elementlerii i¢inden
moduly boyiinga it ulusyny saylalyn we ony “esasy element’’diyip
alalyn.Goy ol a , element bolsun. Yagny ulgamyn ,p-nji setirine

------

hemme i = p lgin
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Esasy seteri  m; koOpeldip (4) matrisada, i—nji esasy bolmadyk
setirler bilen  gosup alarys. Netijede q-nji siitiinini we esasy
setirini  taglap, biz tdze M,, yagny bir setiri we siitiini az bolan
matrisany alarys.

M, matrisa iicin hem yokardaky operasiyalary gaytalap,
M, matrisany alarys we s.m. Sunun yaly operasiyalary, bir
setirli (iki sany elementden duryan) matrisa alnynyanca dowam
edelin. Sol bir setir esasy setir bolup duryar. Hemme esasy
setirleri  birlesdirip we bir nidge iiytgetmelerden son (4) —e
ekwiwalent bolan {igburuglyk  gdérniisli matrisa emele geler.
Sonun bilen hasaplama etapy (goni gidis) tamamlanyar. Alnan
tcburclyk  gOrniisli matrisanyn ~ koeffisiyentlerinden diiziilen
ulgamy ¢Oziip, yzygiderli X - nébellileri tapyarys. Bu
hasaplamalara bolsa yzy gidis etap diyilyar.

Kwadrat kokler usuly. Goy,

-

AX=b
5

denilemeler  ulgamy  berlen bolsun. Bu yerde A-

kwadratik simetrik matrisa, b- azat agzaly wetor — siitiin, X -
ndbellilerden diiziilen wektor siitlin. (5) ulgamyn ¢éziiliisini  iki
etaba bolelin.

Gonii gidis etapy A matrisany iki sany tg¢burclyk
glrniigli ~ transpornirilenen matrisallaryn kdépeltmek  hasyly
gbrniisinde alalyn

A=T'-T,
bu yerde
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t11t12"'t1n
| Otyty,
00..t

t..
6
t.. ©)

T' bilen T koépeldip we A matrisasy bilen defiesdirip
tjelementler ligin asakdaky formulalary alarys.

a.. -
t =qay,, ty — (i>D,

i-1
tii = aii_ztfi, (1<i:n)1
| = @)
a i
- bty
= (<)
t; =0, (i>]))

]

T marisa tapylandan son (5) ulgama ekwiwalent bolan, iki
sany licburclyk gérnysli matrisa ulgamyy bilen ¢alsalyn
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’—> —
T'y=h, Tx=Y.

(8)
Yza gidis etapy. (8) ulgamy yayran gérniisinde yazalyn

t,y, = bl’
t12 Y.+ tzz Y, = bz’

__________________ 9
t.y, +6,. Y, +t Y, =b,
LX X+t X =Y,
) LY +5.X, = Y,
________________ (10)
\ LnXe = Y

Bu yerden yzygiderlilikde taparys
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i-1
bi" t iy
bl Eg; ki Yk

==, y=— 1 >1
Vi 3 y : (i>1)
(11)
y yi_ztikxk
X =20 X = —H i<n).
“ 1:nn | 1:ii ( )
(12)

Yoénekey iterasiya usuly. Goy (1) ¢yzykly deflemeler ulgamy
asakdaky gOrniise getirilen diyelin

(13)

bu yerde C-kidbir matrisa, T -wektor — siitiin .
—(0)
Erkin X wektordan ugur alyp

(0)
X,
~0 | x”
X - '
(©)
Xn

iterasion proses guralyn
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—(k+1

X =Cx 4T, (k=012,..)

ya-da yayran gorniisinde

(k+1) _ (k) (k) (k)
X =CpX ) +CuXs ) e+ C X+
XD =6 X0 40X 44 Gy X
(14)
-1 —-(2 — (k)
Iterasiyany dowam  etdirip X ’X ""’X yeo

wektorlar yzygiderligini alarys.
Eger ¢ matrisanyin elementleri asakdaky sertlerin birini
kanangatlandyryan bolsa.

Zn:‘cij‘ﬁd<l, (i=12....,n),
=

n

> lcil<p<t (i=12..n)

(15)

(16)
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onda iterasiya prosesi, takyk X coziiwlerini yygnayar x© wektoryn
islendik baglangy¢ san bahalarynda. Seylelik bilen, tiikeniksis
prosesden soni ulgamyn takyk ¢Osiiwi alynyar. Islendik x© wektor
ysygidirligi, berlen ulgamyn yakynlasan g¢dziiwleri bolup duryir.
Baslangye  x©@ wektor erkin saylanyp ( kihalatlarda x© = f©)
alynyar. Berlen ulgamy (13) gOrniise,diirli-diirli usullar bilen
getirmek bolar, yone (15) ya-da (16) sertlerii i1 bolmanda biriniii
yerine etmegi hOkmandyr.

Zeydel usuly . Zeydelin usuly yonekey iterasiyanyn
modifikasiyasy bolup duryér.x, (i>1) nébellilerin (k+1)- nji
bahalary tapylanda, X,X,,...,X., nébellilerin (k+1)-nji bahalary hem
ulanylydr. Seylelik bilen.Zeydel usuly (13) ulgamy ¢ézmek ii¢in
hasaplanylyar

[+ (k+1)

Xy

(k+1) _ (k+1) (k) (k)
X2 - C21Xl + C22X2 Tt CZn fZ’

=, X+, X + e X+ f

1n“™n

+1) (k)
FC X+

nn-n

(k+1) _ (k+1) (k+1) (k
\Xn o Cn1 + CnZXZ Tt Cn,n—an—
(17)

Zeydel usulynyn yygnanmagy licin  yOnekey iterasiya
sertlerinin yerine yetmegi hOkmanydyr. Kéopleng halatlarda
Zeydel usuly yonekey iterasiya garanda calt yygnanyar.
Zeydel usulyny programmirlemek, yonekey iterasiya garanda has
amatlydyr,  vagny x&?  tapmak {icin  x®,..x®& bahalary

saklamaklyk zerur bolup durmayar.
1-nji mesele.
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Berlen deiilemeler ulgamyny 0,0001
kompakt we esasy elementi saylama
¢6zmeli.

takyklykda Gaussyn
shemalary boyunca

11161x, +0,1254x, +0,1397X, +0,1490x, =1,5471
0,1582x, +11675x, +0,1768x4 +0,1871x, =1,6471
0,1968x, +0,2071x, +1,2168x, +0,2271x, =1,7471
0,2368x; +0,2471x, +0,2568x, +1,2671x; =18471

Hemme  hasaplamalaryn netijesini tablisa  gOrniisinde
vazmaklyk amatlydyr. Gaussyn kompakt shemasy
| ap a2 a3 aig ais Z=ai6
11,1161 |0,1254 |0,1397 0,1490 1,5471 3,0773
2101582 |1,1675 |0,1768 0,1871 1,6471 3,3367
30,1968 | 0,2071 1,2168 0,2271 1,7471 3,5949
4 10,2368 | 0,2471 | 0,2568 1,2671 1,8471 3,8549
1 0,11235 | 0,12517 | 0,1335 1,38617 | 2,75719
2 1,14573 | 0,157 0,16598 | 1,42781 | 2,90051
3 0,18499 |1,19217 | 0,20083 | 1,4743 | 3,05229
4 0,2205 |0,22716 | 1,23549 | 1,51885 | 3,202
1 0,13655 | 0,14436 | 1,24186 | 2,52277
3 1,16691 | 0,17412 | 1,24457 | 2,5856
4 0,19705 | 1,20366 | 1,24502 | 2,64573
1 0,14921 | 1,06658 | 2,21579
4 1,17426 | 1,03486 | 2,20912
1 0,88129 | 1,88129
1 0,93505 | 1,93505
1 0,98696 | 1,98696
1 1,0406 2,0406

Naébelliklerii bahalaryny alarys
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X, =0,88129, x,=0,93505, x,=0,98696, x =1,0406

Barlag ti¢in alnan ulgamyn ¢éztiwleri:

x, =1,88129, x,=1,93505, x, =1,98696, x, = 2,0406.

Alnan netijelerden x +1=;i denligin dogrulygyny gérmek bolyar.

Hasaplamanyin  personal kompyuterde alnan netijesi  1-nji
programmada gorkesilen.

cls

REM Gaussyn kompakt shemasy

dim a(4,4),b(4),x(4)
a(1,1)=1.1161:a(1,2)=0.1254:a(1,3)=0.1397:a(1,4)=0.1490
a(2,1)=0.1582:a(2,2)=1.1675:a(2,3)=0.1768:a(2,4)=0.1871
a(3,1)=0.1968:a(3,2)=0.2071:a(3,3)=1.2168:a(3,4)=0.2271
a(4,1)=0.2368:a(4,2)=0.2471:a(4,3)=0.2568:a(4,4)=1.2671
b(1)=1.5471:b(2)=1.6471:b(3)=1.7471:b(4)=1.8471

n=4

nl=n-1

for k=1to nl

if a(k,k)<>0 then goto 4

i=k+1

6 if a(i,k)<>0 then goto 5

=i+l

if i<=n then goto 6

print "DENIlemeler ulgamynyn cozuwi yok™:end

5i=k

9 v=a(k,):a(k,)=a(i,l:a(i,)=v

I=I1+1

if I<=n then goto 9

v=b(K):b(k)=b(i):b(i)=v
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4 jl=k+1

for j=j1 ton
a(k.j)=a(kj)/a(kk)

next j

b(k)=b(k)/a(k,k)

ki=k+1

for i=Kki ton

for j=ki to n
a(i.j)=a(i.j)-a(i.k)*a(k.j)
next j

b(i)=b(i)-a(i,k)*b(k)

next i

next k

x(n)=b(n)/a(n,n)

k=n-1

26 r=0.0

j=n

23 r=r+a(k,))*x(j)

if j-k>1 then j=j-1: goto 23
X(K)=b(Kk)-r

if k>1 then k=k-1: goto 26
print

print ""Denlemeler ulgamynyn cozuwi:"
print

fori=1ton

print "x(*"i*")="";x(i)
next i

end

Denlemeler ulgamynyn cozuwi:

X('1)=1.040583729743958
X(2)=.9869564771652222
X( 3)=.9350525140762329
X(4)=.8812969923019409
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1 — nji programma

Gausyn esasy element saylama shemasy

blm aj1 CIP) ai3 aj4 ais Zaie
10,1175 |1,1161 | 0,1254 | 0,1397 | 0,149 | 1,5471 | 3,0773
219 0,1582 | 0,1675 | 0,1768 | 0,187 | 1,6471 | 3,3367
310,1476 | 0,1968 | 0,2071 | 1,2168 |1 1,7471 | 3,5949
416 0,2368 | 0,2471 | 0,2568 | 0,227 | 1,8471 | 3,8549
0,1792 1
3 1,267
1
10,0935 |1,0882 | 0,0963 | 0,1095 1,3299 | 2,6239
213 5 4 0,1383 1,3743 | 9
30,1186 | 0,1232 | 1,1310 |8 6 2,7674
2 3 1 1,1707 1,4160 |8
0,1543 | 0,1628 |7 4 2,9039
6 1 8
10,0729 | 1,0738 | 0,0811 1,1974 | 2,3523
216 1 1 6 8
0,1049 | 1,1117 1,2063 | 2,4230
2 9 1
1 1,0661 1,1094 | 2,1756
6 4
1 1 1,0405 | 2,0405
2 1 9 9
3 1 0,9869 | 1,9869
4 1 7 7
0,9350 | 1,9350
5 5
0,8813 | 1,8813
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Hasaplamanyn personal kompyuterde  alnan netijesi 2-nji
programmada gérkezilen.

cls

REM Gaussyn sutunler boyunca esasy element saylama usuly
dim a(4,4),b(4),x(4)
a(1,1)=1.1161:a(1,2)=0.1254:a(1,3)=0.1397:a(1,4)=0.1490
a(2,1)=0.1582:a(2,2)=1.1675:a(2,3)=0.1768:a(2,4)=0.1871
a(3,1)=0.1968:a(3,2)=0.2071:a(3,3)=1.2168:a(3,4)=0.2271
a(4,1)=0.2368:a(4,2)=0.2471:a(4,3)=0.2568:a(4,4)=1.2671
b(1)=1.5471:b(2)=1.6471:b(3)=1.7471:b(4)=1.8471

n=4

nl=n-1

for k=1tonl

i=k+1:m=k+1:1=k

203 if abs(a(m,k))>abs(a(l,k)) then I=m

if m<n then m=m+1: goto 203

if I=k then goto 208

i=k

210 v=a(l,i):a(l,i)=a(k,i):a(k,i)=v

if i<n then i=i+1: goto 210

v=b(Kk):b(K)=b(i):b(i)=v

208 c=a(i,k)/a(k,k):a(i,k)=0.0:j=k+1

1 a(i,j)=a(ij)-c*a(k.j)

if j<n then j=j+1: goto 1

b(i)=b(i)-c*b(k)

if i<n then i=i+1: goto 208

next k

x(n)=b(n)/a(n,n)

k=n-1

26 r=0.0

j=n

23 r=r+a(k,j)*x(j)

if ]-k>1 then j=j-1: goto 23
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x(K)=(b(k)-r)/a(k,k)

if k>1 then k=k-1: goto 26

print

print ""Denlemeler ulgamynyn cozuwi:"
print

fori=1ton

print "x(""i"")="";x(i)

next i

end

Denlemeler ulgamynyn cozuwi:

x( 1)= 1.040583848953247
x( 2 )= .9869564771652222
x( 3 )= .9350525140762329
x( 4 )= .8812969923019409

2 — nji programma

2-nji mesele

Berlen deinillemeler ulgamyny 0,001 takyklykda kwadrat

kokler usuly boyunca ¢ézmeli.

4,25x, —1,48x, +0,73x; =144
—1,48%; +1,73x, —1,85x5 = 2,73
0,73x; —1,85x, +1,93x; = —-0,64

T matrizanyn elementlerini tapmak {i¢in (7) formulada n=3diyelin
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H1:E1 b, =—=, iy =—=,
Vo V2,
Ay, —t,t
t, =2, —t3, t,, = %;
22
by = \ s _t123 _tzzs-
Su formulalaryn esasynda alarys
ajp iz i3 iy Zai5
4,25 -1,48 0,73 1,44 4,94
-1,48 1,73 -1,85 2,73 1,13
0,73 -1,85 1,93 -0,64 0,17
2,0616 -0,7179 0,3541 0,6985 | 2,3962
1,1021 -1,448 2,9323 | 2,5862
0,5405 -6,2141 | -5,6731
-2,020 -12,4446 | -114969
-1,0199 -11,4446 | -10,4960
Hasaplamanyii  personal kompgjuterde alnan netijesi

programmada gorkezilen.

cls

REM Kwadrat kokler usuly
dim a(3,3),1(3,3),b(3),x(3),y(3)

a(1,1)=4.25:a(1,2)=-1.48:a(1,3)=0.73

a(2,1)=-1.48:a(2,2)=1.73:a(2,3)=-1.85
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a(3,1)=0.73:a(3,2)=-1.85:a(3,3)=1.93
b(1)=1.44:b(2)=2.73:b(3)=-0.64

n=3

c=1
t(1,1)=sqr(a(1,1)):t(1,2)=a(1,2)/t(1,1):t(1,3)=a(1,3)/t(1,1)
t(2,1)=0.0

t(2,2)=sqr(a(2,2)-1(1,2)"2)
t(2,3)=(a(2,3)-t(1,2)*t(1,3))/t(2,2)
t(3,1)=0.0:1(3,2)=0.0
t3=a(3,3)-t(1,3)"2-1(2,3)"2

if t3<0 then t(3,3)=sqr(abs(t3)):c=-c: goto 104
t(3,3)=sqr(t3)

104 y(1)=b(1)/t(1,1)
y(2)=(b(2)-1(1,2)*y(1))/t(2,2)
y(3)=c*(b(3)-t(1,3)*y(1)-t(2,3)*y(2))/t(3,3)
x(n)=y(n)/t(n,n)

k=n-1

26 r=0.0

j=n

23 r=r+t(k,j)*x(j)

if j-k>1 then j=j-1: goto 23
X(K)=(y(K)-n/t(k,k)

if k>1 then k=k-1: goto 26

print

print "*‘Denlemeler ulgamynyn cozuwi:"
print

fori=1ton

print "x(*"i*")="";x(i)

next i

end

Denlemeler ulgamynyn cozuwi:

X(1)=-2.021391868591309
x(2)=-12.45080471038818
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x( 3)=-11.50174808502197

3 —nji programma

3-nji mesele.

Berlen denlemeler ulgamyny 0,001 takyklykda yonekey iterasiya
we Zeydel usullary boyunca cézmeli

20,9%, +1,2x, +2,1x53 +0,9x, = 21,7
12x; +21,2X, +1,5X3 +2,6Xx, = 27,46
2,1x; +1,5%, +19,8x5 +1,3x, = 28,76
0,9%; +2,5X, +1,3x53 +32,1x, =49,72

a) Berlen ulgamy asakdaky gorniisde yazalyn

X, =(21,70-1,2x, -2,1X,-0,9x,)/ 20,9
X, =(27,46-1,2x -1,5x%, - 2,5x%,)/ 21,9
X, = (28,76 -2,1x, —1,5x%, -1,3x,) /19,8
X, = (49,72-0,9x -2,5x,-1,3x,)/32,1

Alnan ulgamynyn koeffisiyentleri (14) — serti kanagatladyryar.
Hakykatdan hem
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i\cij\=0,20<1, i\cij\=0,24<1
i=1 i1

i\cij\:o,25<1 i\cij\=0,15<1
=1 i=1

Baslangyc x© wektor iigin azat agzaly siitiini alalyn, yagny ol
bahalary oturdan sonl iki sifire ¢enli tegelekldp alarys:

1,04
5 _|130
1,45
1,55

Hasaplamalary ‘X-k—xik_l‘S0,00l sert yerine yetydngd dowam

etdirmeli

k X1 Xy X3 X4

0 1,04 1,30 1,45 1,55

1 |0,75 0,95 1,14 1,36

2 10,8106 1,0118 1,2117 1,4077

3 10,7978 |0,9977 1,1975 1,3983

4 10,8004 |1,0005 1,2005 1,4003

5 10,7999 |0,9999 1,1998 11,3999
Hasaplamanyi personal kompyuterde alnan netijesi 4 — nji

programmada gorkezilen.

cls
REM Yonekey iterasiya usuly
n=4
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dim x(n),y(n)
y(1)=1.04:y(2)=1.30:y(3)=1.45:y(4)=1.55
J=0:eps=0.001

print '* Denlemeler ulgamynyn cozuwi:"'
print

print "] x(1) X(2) X(3) x(4)"
print

10 print j;y(1);y¥(2);y(3);y(4)

fori=1ton

x()=y(i)

next i

=it
y(1)=(21.7-1.2*x(2)-2.1*x(3)-0.9*x(4))/20.9
y(2)=(27.46-1.2*x(1)-1.5*x(3)-2.5*x(4))/21.2
y(3)=(28.76-2.1*x(1)-1.5*x(2)-1.3*x(4))/19.8
y(4)=(49.72-0.9*x(1)-2.5*x(2)-1.3*x(3))/32.1
fori=1ton

if abs(y(i)-x(i))>eps then goto 10

next i

end

Denlemeler ulgamynyn cozuwi:

Iox(1) X(2) X(3) X(4)

0 1.03999996185 1.299999952316 1.450000047683
1.54999995231

1 .751196146011 951037764549 1.14196968078
1.35978198051

2 .810373902320 1.01161110401 1.21152603626
1.4075317382

3 7978509068489 9977090954780 1.19752562046
1.398338079452

4 .8004516959190 1.000492691993 1.200510621070
1.400338888168
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4 — nji programma

b) Hasaplamany Zeydel usuly boyun¢a gegirelin

k X1 Xy X3 X4

0 1,04 1,30 1,45 1,55

1 |0,7512 |0,9674 | 1,1977 1,4037

2 10,8019 1,9996 1,9996 | 1,4000

3 10,8001 |0,0000 |1,1999 1,4000
Hasaplamanyn personal kompyuterde alnan netijesi 5 — nji

programmada gorkezilen.

cls

REM Zeydel usuly
n=4

dim x(n),y(n)

X(1)=1.04:x(2)=1.30:x(3)=1.45:x(4)=1.55

J=0:eps=0.001

print ** Denlemeler ulgamynyn cozuwi:**

print
print ™ X(1)
print

X(2)

10 print j;x(1);x(2);x(3);x(4)

fori=1ton
y(i)=x(i)
next i
=i+l

X(3)

X(1)=(21.7-1.2*x(2)-2.1*x(3)-0.9*x(4))/20.9
X(2)=(27.46-1.2*x(1)-1.5*x(3)-2.5*x(4))/21.2
X(3)=(28.76-2.1*x(1)-1.5*x(2)-1.3*x(4))/19.8
X(4)=(49.72-0.9*x(1)-2.5*x(2)-1.3*x(3))/32.1
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fori=1ton

if abs(y(i)-x(i))>eps then goto 10
next i

end

Denlemeler ulgamynyn cozuwi:

] X(1) X(2) X(3)

0 1.039999961853 1.299999952316
1.549999952316

1 .7511961460113 9673851132392
1.403997540473

2 .8019216656684 9995756149291
1.399996757507

3 .8000681400299 1.000027298927
1.399996280670

5 — nji programma

x(4)
1450000047683
1197798490524
1199565887451

1.199990868568

4. Amaly programmalar paketinin interpolirleme

meselesi iicin diiziilusi

Interpolirleme  meselesinin  goyulugy. Goy  y= f(X)

funksiyasy tablisa gorniisde berlen bolsun:

Yo=T(%) Yo=T0x)s ¥y = TX).

Interpoirleme meselesi adaty Vyagdayda
goyulyar: berlen X; nokatlarda, degislilikde
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bahalary bilen gabat gelydn, derejesi n-den uly bolmadyk
p(x)=p,(X) koépagzany tapmaly.

Meselanin geometrik manysy berlen
M.(x;y.) (i=0,1,2,...,n) nokatlar kopliiginin Gstiinden gegyan.

n n-1
y=a,X"+ax"" +..+a
gOrniigli  algebraik ergini gurmaly. Interpolirleme meselesinin
yokardaky vyaly goyulusyna, parabolic gorniisi mesele diyilydr,
p(x) interpolirleleydn funksiya, X;(i=0.2,..,n) nokatlara bolsa
diiwiin nokatlary diyilyar.
Interpolision formulalar argumentin aralyk bahalarynda
ndbelli f(X)- funksiyasynyn bahalaryny kesgitlemekde
ulanylyar. Interpolirlemeklige iki hili garalyar, yagny Xxe[X, X,]

ya-da x &[X,, ]

Lagranzyn interpolision formulasy. Goy,
X;(1=01,...,n)- erkin diwiin nokatlary, y, = f(X;) funksiyalary
bolsa f(Xx)- funksiyanynn bahalary diyelin. X, nokatlarda vy,
bahalary alyan, n-derejeli kOpagza Lagranzyn interpolision
formulasy diyiilyar.

L (X)= Zn: _ (X=X )(X=%)ee (X=X ) (X — %, ). (X—X,)
” =0 | (X =X ) (%5 = X0)owe (X = X0 )X = Xiu0)-(X, —Xn).
1)

Bu képagzanynn galyndy agzasy  asakdaky  formula bilen
kesgitlenyar.

FE ()

R (x)=
() (n+1)!

(x—x My —x ). (x—x )

(2)
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Bu yerde £—f(x) we x diwilin nokatlary saklayan iki kici
aralygyil kébir nokady.

L (x) = (X = %) (X = X )-.(X = Xy ) (X; = Xip)-. (X = X;)
| (Xi - XO)(Xi o Xl)"'(xi o Xi—l)(xi o Xi+1)"'(Xi o Xn) |
@)

-anlatma, Lagraznyn koeffisientleri diyilyér.

Lagranzyn koeffisientlerini hasaplamak ii¢in asakdaky
tapawutlarynn  tablisiasyny  peydalanmak amatlydyr (esasy
diogonaldaky tapawutlaryil asagy cyzylandyr).

X=X,
X, =%,
X, =%
R A A R
X=X X=X XX 4)

X=Xy X =X X =X . X=X

Tablisada i-nji setirit elementlerinin  képeltmek hasylyny D,,
diagonal elementleriniii képeltmek hasylyny bolasa T ., (X)
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D; = (% = Xg) % = X0)--(% = X0 ) (X=X (X = X0)- (6 = X,),
I i (X) = (X=X )(X=X)..(x=X;),

L?”)(x) — I n+1(X).

(5)
Eger x=at+b, X; =at; +b (j=01,...,n) bolsa, onda
LW (x)=L{"(t). Deni aralykda diiwiin nokatlary iigin, Lagrazyi
koeffisiyentleri berlendir, bu yagdayda hasaplama prosesi has
yonekeylesdiryar.

Nyutonyn interpolyasion formulalary. Nyutonyn
interpolyasion formulasy:

q(@-9
2

49-9..(-n+1)

2
Ay, +..+ "

Y(X) = Py (X) = Yo +0AY, +

=% %X
h n

Bu formulada yokarky gorizontal setirddki tiikenikli
tapawutlar ulanylyar. I-nji tablisada bu setirifi elementlerinin

asagy cyzyklandyr.

bu yerde q= X

1-nji tablisa. Tikenikli tapawutlaryn gorizontal tablisasy

X | Y Ay | Ay Ay Aty
Xo | Yo | Ao | Ay, | Ay, | Ay,
Yo | Ay, | Ay, | Ay, | Ay
Yo | Ay, | A2y, | A%y,
Y3 Ay, AZyS
Ys | Ay4

X X X X
SN K

~
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Ys

Bu yerde

AYi=VYi1— Vi

A? Yi =AY, —AY;,
Ay =AY — ATy,

(6) — formulanyn galyndy agzasy R (X) asakdaky yaly
kesgitlenydr.

Il q(q_l)(q_n) (n+1)
R,(x)=h (n:1) F (), (7)

bu yerde &, x we X, diwiin nokatlary saklanyan in Kkici
aralygyn kébir nokady.
Eger gosmaga X diwiin nokady  bolsa, onda

praktikada has amatly takmyn formula ulanylyar.

i+1

n+1
R, (X) 2
(n+1!

q(q-1)...(q-n), (8)

bu formula, funksiya empiric berlende has amatlydyr, n —
sanyi A"y, hemiselik bolar yaly saylap almalydyr. Tablisada
X nokada golay interpolirlemek we ekstrapolirlemek {igin (6)
formula ulanylyar. n=1we n=2 bolanda, (6) formuladan hususy
yagdaylary alarys:

¢cyzykly interpolirleme
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Y(X) =Y, +GAY,, ©)

kwdratik interpolirleme

90 =+, + 1wy, (10)

Nyutonyn ikinji interpolyasion formulasy

+1 Aq+1). (g+r—1
W)=p,)=1, +fjj1n_1+—ij )_\ (Nj ) (rq " )ﬂ.nj‘cp
il

(11)

X=X

h

Bu formulada asaky yapgyt tiikkenikli tapawutlaryn setiri
ulanylyar. (11) — formulanyn galyndy agzasy R, (X) asakdaky

n

bu yerde Q=

formula bilen kesgitlenyar.
1)...{(g+n)
)= JH qq+ (n-+)
R (x)= Y AR} 12

bu yerde &,x we X; diwiin nokatlary saklayan in kici

aralygyn kébir nokady.

Eger x tablisanyn soniyndaky X, nokada golay bolsa,
onda (11) formula x nokada interpolirleme we ekstrapolirleme
iicin ulanylyar.

Gaussyi interpolyasion formulalary. Gaussyn birinji
(6ne interpolirleme {igin) interpolyasion formulasy

51



D() =y, + qay, + 307D poy  (@FDAQ=Y) 5 (@+Da@-D(G=2) s

2! 3! 41

Yot

L (@+2)(@+q(-1(q-2) Ayt (q+n-1)..(q-n+1) ATy
5l (2n-1)!

(@+n-1)..(q-n) 2
+TA y—n’ (13)

X—X,
h
(13) — formuladaky Ay, A’y ,,A’y ,A'y ,,A’y ,,... tapawutlar 2
—nji tablisadan asakdaky diiwilik ¢yzyk boyunca alnandyr.
Gaussyn ikinji (iza interpolirleme {ig¢in) interpolyasion
formulasy

bu yerde =

EPRREICRNE

(a+2)(a+Da(a-1

p(X) =y, +0Ay , + m

Yot Yot

(q+n-1)..(q—n+1) Ny 4 (@+n)(g+n-2)..(9-n+1) Ay (14)
(2n-1)! (2n)!

X=X,

bu yerde =

(14)- formuladaky Ay ,, A’y ,,A’y_,,A'y ,, A’y _,,... tapawutlar 2-nji

tablisadadan yokarky dowiik ¢yzyk boyunca alanadyr. (13) we
(14) formulalarynn galyndy agzalary asakdaky formula bilen
kesgitlernyr.
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Rn (X) =

bu

h2n+1 f (2n+1) (5)

yerde

(2n+1)!

E, X we

X.

aralygyil kibir nokady.

diiwiin nokatlary

q(g® -1°)(a* —2%)...(g* —n?),

saklayan in kici

2-nji tablisa. Tapawutlaryn diagonal

tablisasy
X y Ay | Ny Ay A'y Ay A°y
X4 Y4
X

-3 y—3 Ay_4 AZ y74
X_Z y—Z Ay73 Az y73
X1 | Ya Ay 2 Ay, A%y,

y 2 A y_2 A4 .
Xo Yo Ay, Ay Ay, Y AS Ay,
— 4

X Y1 AY, Ay Loa v, A"y, N Y4 Ay,
X Y, Ay, ’ Ay Ay, Vs

2 AZ yl 1 4 AS y
Xq Ys Ay, A2 AS Yo A"y, ; -2
X, Y4 Ay, & Ay, A'y, Ay
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Eger x tablisanynn ortasynda X, nokada golay bolsa,
anda Gaussyn formulalaryny ulanmak, yagny Xx>Xx, bolsa (13)
formula, x<x, bola, (14) formula amatlydyr.

Stirlingin  interpolyasion formulasy.

Ay, +AY, O qQ° 1) Ay, +A%, |, ¢°(@*-T)

— 2 4
POO=Yo+a—1 T AVt > AVt
2 2 2 2 5 5 202 2 2 2 2 2 2 2
LADE =2) A+ Ay, @10 =2) sy 9@ D)0 — (=D,
51 2 6! (2n-1)!
AZn—l AZn—l 2(~2 _12 2 _(h_1)\2
Yoot y(n—l) +q (q 1 )[q (n 1) ]A2ny7n‘ (16)
2 (2n)!
X=X
bu yerde Q= . 9.

(16) — formulanyn galyndy agzasy hem (15) — formula bilen
kesgitlenyér.

Interpolirleme  {igin Stirlingin ~ formulasy  tablisanyn

ortasynda, g-yn nola golay bahalarynda ulanmak amatlydyr.
Praktikada |q|<0,25 bahalarynda ulanylyar.

Besselini interpolyasion formulasy.
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YO + Y1 1 q(q _1) Azyf1‘|'AZYO
P(x)=—= -— A
(X) ) +(q 2) Yot 5 5 +

,(@-05)(q-1) Ay .+ 0(q-1(a+1(-2) A’y +A"y, |, (@-05)4(a+1)(4-2)
3! 41 2 51

Ny, +

L 4@-D@+0@-2(0+2)(-3 A’y A%y, a@-D@+D)@-2(a+2).-n)(g+n-1)
6! 2 (2n)!

2n 2n
A+ A Y (0-0.9)0(G-1(+1(-2)(@+2)..a=1)@+1=D s 1)
2 (2n+1)!
bu yerde q= X_hxo

(17) — formulanyn galyndy agzasy asakdaky formula bilen
kesgitlenyar.
h2n+1

_ (2n+2) 2 g2 2 a2\
Rn(X)——(2n+2)!f (©)a(@” -1)..(a"-n")(g-n-1),

bu yerde &, X,—nh we  X,+nh diwin nokatlarynyn

araligynda yatyan icki nokat.

Interpolirleme  {licin ~ Besselin ~ formulasy  tablisanyn
ortasynda ¢-yin 0,5-¢ golay bahalarynda ulanmak amatlydyr.
Praktikada 0,25<q<0,75 bahalarynda ulanylyar.
q=0,5 Ttg¢in galyndy agza R,(x) asakdaky formula bilen
kesgitlenyar.
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@ [mmz@@iuggn +1)]

(_1)n+1h2n+2 f(2n+2)
(2n+2)!

R, (x)=

1-nji mesele.

Lagranzyn interpolision kO&pagzasynyn kOmegi  bilen,
berlen diwiin nokatlaryndaky bahalary  ulanyp, f(x)-
funksiyanyn berlen x nokatdaky takmyn bahasyny tapmaly: a)
Eger diwiin nokatlary den dil aralyk gOrniisinde berlen bolsa,
(3-nji tablisa): b) Eger diiwiin nokatlary den aralyk gérniisinde
berlen bolsa, (4-nji tablisa).

3-nji tablisa 4-nji tablisa

a) b)
X y X y
0,05 0,050042 0,101 1,26183
0,10 0,100335 0,106 1,27644
0,17 0, 171657 0,111 1,29122
0,25 0, 255342 0,116 1,30617
0,30 0, 309336 0,121 1,32130
0,36 0, 376403 0,126 1,32660

x=0,263 bahasynda f(x)—
x=0,1157 bahasynda f(x)—
funksiyanyn takmyn bahasyny funksiyanyn
takmyn bahasyny
hasaplamaly
hasaplamaly.
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a) Hasaplama asakdaky formula bilen gegirilyar.

FO) <1, > (%, 0):

bu yerde

Di = (Xi _XO)"'(Xi -

I1 = (X_XO)(X_ Xl)"'(x_xn)’

Xi—l)(xi -

Xi+1)"'(xi - Xn)'

Hasaplamalaryn netijeleri asakdaky tablisada yerlesdirilendir.

i Tapawutlar D, Yi/o,

0| 0,213| -0,05| -0,12| -0,20| -0,25 0,31 ~0,19809*107| —2526,2
1| 0,05 | 0,163 -0,07| -0,15| -0,20 0.26 0,44499*10° | 25547,7
2/ 0,12 | 0,07 | -0,093-0,08| -0,13 0,19 —0,154365*10 —111202,
3/ 0,20 | 0,15 | 0,08 | 0,013| -0,05 0.11 0,1716*10° | 1488007,
4/ 0,25 | 0,20 | 0,13 | 0,05 | - 0’03-70,06 0,7215*10° | 428740,0
5/ 0,31 | 0,26 | 0,19 | 0,11 | 0,06 0,097 ~0,980402*107°-38392,7

e )

Diymek. T,

Onda,

=0.1506492-10°°,

5
> (y,/D;)=17901738.
i=0

5
£(0,263) =TIy, - (v, /5, )=0,1506492-10° -17901738 = 0,269678.
i=0

Hasaplamanyii
programmada gorkezilendir.

cls

personal kompyuterde alnan netije 1-nji

REM Lagranjyn den dal aralyk ucin formulasy
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dim x(n),y(n)

input ""Duwun nokatlaryn sanyny giriz n=",n
print

print ""Duwun nokatlaryn we funksiyanyn bahalaryny giriz"
print

fori=0ton

input x(i),y(i)

next i

input ""Argumentin san bahasyny giriz z=",z
g=1.0

for j=0ton

0=g*(z-x(j))

next j

s=0.0

for j=0ton

h=g/(z-x(j))

d=1.0

fori=0ton

if i=j then goto 13

d=d*(x()-x(i))

13 next i

s=s+y(j)*h/d

next j

print

print *Meselanin jogaby:"

print

print "y(*'z'")=",s

end

Duwun nokatlaryn sanyny giriz n=5
Duwun nokatlaryn we funksiyanyn bahalaryny giriz

? 0.05,0,050042
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?0.10,0.100335
?0.17,0.171657
?0.25,0.255342
?0.30,0.309336
?0.36,0.376403

Argumentin san bahasyny giriz z=0.263

Meselanin jogaby:

y( .2630000114440918 )=

.2696170210838318

1 — nji programma

b) Hasaplama asakdaky formula bilen g(’)'rkezilyéir.

f (X) 1_In+1 (t)z

bu yerde

1,4 (t) =t(t 1)...(t—n),

t=(X—X%X)h; h=x,

(t—l)

—x%; C =(=D"" it (n—i)!

Hasaplamalaryn netijeleri asakdaky tablisada yerlesdirlendir.

L] X Yi t—i Ci (t—i)c; Yi

(t=i)c,
010,101 |1,26183 |2,94 -120 | -352,8 -0,0035766
110,106 | 1,27644 | 1,94 24 46,56 0,0274149
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20,111 |1,29122 | 0,94 |-12 |-11,28 -0,1144691
310,116 |1,30617 |-0,06 |12 -0,72 -1,8141250
410,121 |1,32130 |-1,06 |-24 |25/44 0,0519379
510126 |1,33660 |-2,06 |120 |-247.2 -0,0054069
Diymek,
5
: Yi

I1: 4 (t) =0,7024271, — =-1,858223.

5+1( ) ; (t _ I)Ci
Onda,
f (0,1157) ~ (-1, 7024271)(~1,858225) =1,30527.
Hasaplamanyn personal kompyuterde alnan netije  2-nji
programmada gOkezilendir.
cls

rem Lagranjyn den aralyk formulasy
dim x(5),y(5),c(5)
x(0)=0.101:x(1)=0.106:x(2)=0.111
X(3)=0.116:x(4)=0.121:x(5)=0.126
y(0)=1.26183:y(1)=1.27644:y(2)=1.29122
y(3)=1.30617:y(4)=1.32130:y(5)=1.32660
¢(0)=-120:c(1)=24:c(2)=-12:c(3)=12
c(4)=-24:c(5)=120

z=0.1157

n=5:h=0.005

t=(z-x(0))/h

p=1:s=0

fori=0ton

p=p*(t-i)

s=s+y(i)/((t-i)*c(i))

next i

S=s*p

print

print "*"Meselanin jogaby:"

print

print "y(*'z'")=""s

60



end

Meselanin jogaby:
y(.1156999990344048 )=  1.305239677429199

2 —nji programma

2 —nji mesele

Nyutonyn birinji ya — da ikinji interpolyasion formulalarynyn
koémegi bilen bilen berlen diiwiin nokatlaryndaky bahalary
ulanyp (5 — nji tablisa)  f(x) - funksiyanyn berlen X wex,
nokatlardaky takmyn bahasyny tapmaly (6-njy tablisa). Tapawut
tablisasy diiziilende barlag hasaplamalaryny gecirmeli.

[ x |y |
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1,215 0,106044
1,220 0,106491
1,225 0,106935
1,230 0,107377
1,235 0,107818
1,240 0,108257
1,245 0,108696
1,250 0,109134
1,255 0,109571
1,260 0,110008
Argumentin =~ x, =1,2173 we Xx,=1270 bahalarynda

f (x) — funksiyanyn
tapawutlaryin  tablisasyny diizelin. = Barlag  hasaplamalaryny
gegirmek ti¢in ona iki setir gosalyn: Z bilen bellenen setirde

takmyn bahalaryny hasaplamaly. Tiikenikli

Ay; we A’y siitiinlerdiki elementlerifi jemini, P bilen bellenen
setirde  bolsa, vy; Ay, cetki

tapawudyny yazarys. Tiikenikli tapawutlary hasaplamyzda 2 — nji
tertipli tapawutlar bilen c¢éklendiris.

we sutinlerdaki elementlerin

[ X Yi Ay; Ay

1 1,215 | 0,106044 | 0,000447 | -0,000003
2 1,220 |0,106491 | 0,000444 | -0,000002
3 1,225 |0,106935 | 0,000442 | -0,000001
4 1,230 |0,107377 |0,000441 |0,0

5 1,235 |0,107818 | 0,000439 | -0,000001
6 1,240 | 0,108257 | 0,000438 | -0,000001
7 1,245 |0,108696 | 0,000437 | 0,0

8 1,250 |0,109134 | 0,000437 |-

9 1,255 |0,109571 | - -

10 | 1,260 | 0,110008

Z - - 0,003964 | -0,000010
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P - 0,003964 | -0,000010 | -

Eger x=12173 bolsa, onda q=(1,21173-1215)/0,005=0,46 (6)-
formulany ulanyp, alarys

f (1,2173) ~ 0106044 + 0,46 -0,000447 + 240C054)

2(—0,000003) = 0,106250.

Eger x=1270 bolsa, ondaq = (1,270-1,260) /0,005=2 (Il)- formulany
ulanyp, alarys.

f(1,270) ~ 0,110008 + 2 - 0,000437 + ? (—0,000001) = 0,110879.

Hasaplamanyii  personal kompyuterde alnan netijeleri  3-
nji programmada gorkezilendir.

cls

REM Nyutonyn den aralyk ucin formulalary

dim x(11),y(11), Dy1(11), Dy2(11)

N=10: x1=1.2173: x2=1.270
X(1)=1.215:x(2)=1.220:x(3)=1.225:x(4)=1.230:x(5)=1.235:x(6)=1.2
40

X(7)=1.245:x(8)=1.250:x(9)=1.255: x(10)=1.260
y(1)=.106044:y(2)=.106491:y(3)=.106935:y(4)=.107277:y(5)=.1078
18
y(6)=.108257:y(7)=.108696:y(8)=.109134:y(9)=.109571:y(10)=.110
008

fori=1to 9

Dy1(i)=y(i+1)-y(i)

next i

fori=1to 8

Dy2(i)=Dy1(i+1)-Dy1(i)
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next i

h=(x(n)-x(1))/n

q(D)=(x1-x(1))/h

q(2)=(x2-x(n))/h
f(1)=y(1)+q(1)*Dy1(1)+(q(1)*(q(1)-1)*Dy2(1))/2
f(2_)=ty(n)+q(2)*Dyl(n-1)+(q(2)*(Q(2)+1)*Dy2(n-2))/2
prin

print ""Meselanin jogaby:

print™ "

print ""x1=1.2173 bolanda f(1)=",f(1)

print "'x2=1.270 bolanda f(2)=",f(2)

end

Meselanin jogaby:
x1=1.2173 bolanda f(1)=  .1062728464603424

x2=1.270 bolanda f(2)= .1109791100025177

3 — nji programma

3-nji mesele

Gaussyn, Stirlingin ~ we Besselin interpolyasion
formulalarynyti kémegi bilen, berlen diiwiin nokatlaryndaky
bahalary ulanyp f(x)- funksiyanyn berlen x nokatdaky takmyn

bahasyny tapmaly.

[ [y |
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1,50 15,132
1,55 17,422
1,68 20,393
1,65 23,994
1,70 28,160
1,75 32,812
1,80 37,857
1,85 43,189
1,90 48,699
1,95 54,225
2,00 59,653
2,05 64,817
2,10 69,550

3-nji meseldnin birisinin c¢oziilisi.

a) x=0,163
b) x=0,192
c) x=0,204
d) x=0,175

bahalarynda f(x) - funksiyanyn takmyn bahalaryny hasaplamaly.
Tapawutlaryn diagonal tablisasyny diizelin.
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y (x)

0,12
0,14
0,16
0,18
0,20
0,22
0,24

6,278
6,404
6,487
6,505
6,436
6,259
6,954

X

Yi

Ay;

Ay,

Ay

0,12
0,14
0,16
0,18
0,20
0,22
0,24

6,278
6,404
6,487
6,505
6,436
6,259
5954

0,126
0,083
0,018
0,069
0,177
-0,305

-0,043
-0,065
-0,087
-0,108
-0,128

-0,022
-0,022
-0,021
-0,020

Tapawutlar
caklenendiris.

hasaplananda 3 — nji

tertipli  tapawutlar  bilen

a) y(0,168) bahasyny hasaplamak iicin X,=0,16 diyelin, onda
q=(x-x%,)/h=(0,168-0,16)/0,02=0,4
(13)-formulany ulanyp alarys

y(0,168) ~ 6,487 +0,4-818 —

0,4(-0,6)

(~0,065) +

14-0,4-(-0,6)
6

(~0,022) ~ 6,503

b) y(0,192) bahasyny hasaplamak {igin x,==0,18 diyelin,

anda

g=(0,192-0,18)/0,02=0,6
(17)- formulany ulanyp, alarys
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6,505+6,436 ,06+04-0087-0108 (06-08)-06(-04)

0192) ~
y(0.192) ;

+(0,6-05)(-0,069) (-0,020) = 6,475

c) y(0,204) bahasyny  hasaplamak igin x,=0,20
diyelin onda

q=(0,204-0,20)/0,02=0,2

(16)- formulany ulanyp, alarys

-0069-0477) ? oy 0,2(0,;)4—1) | -0,0212-0,020

y(0,204) ~ 6,436 + ~6,410.

d) y(0,175) bahasyny hasaplamak {i¢in x,==0,18 diyeliii, anda
g=(0,175-0,18)/0,02=-0,25
(14)-formulany ulany, alary

075-0,25 . 0.75(-0.25)(-1.25
2

y(0.75) ~ 6,505+ (0,25) 0,018+ (-0,087) (=0,022) ~ 6,508.

Hasaplamalaryn personal kompjuterde alnan netijeleri 4-nji
programmada goérkezilendir.

cls

REM Gayss,Stirling, Bessel den aralyk ucin formulalary
dim x(11),y(11), y1(11), y2(11),y3(11)

t(1)=0.163: t(2)=0.192:t(3)=0.204:t(4)=0.175
x0(1)=0.16:x0(2)=0.18:x0(3)=0.20:x0(4)=0.18
X(1)=0.12:x(2)=0.14:x(3)=0.16:x(4)=0.18:x(5)=0.20:x(6)=0.22
x(7)=0.24
y(1)=6.278:y(2)=6.404:y(3)=6.487:y(4)=6.505:y(5)=6.436
y(6)=6.259:y(7)=5.954

fori=1to7

y1(i)=0

y2(i)=0

y3(i)=0
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next i

fori=1to 6

y1(i)=y(i+1)-y(i)

next i

fori=1to5

y2(i)=y1(i+1)-y1(i)

next i

fori=1to4

y3(i)=y2(i+1)-y2(i)

next i

h=(x(7)-x(1))/7

fori=1to4

q(i)=_(t(i)-x0(i))/h

next i
f(1)=y(3)+a(1)*y1(3)+a(1)*(a(1)-1)*y2(3)/2+(a(1)+1)*a(1)*(a(1)-
1)*y3(3)/6
f(2)=(y(4)+y(3))/2+(q(2)-0.5)*y1(4)+q(2)*(a(2)-1)*(y2(3)+y2(4))/4
f(2)=f(2)+(a(2)-0.5)*q(2)*(q(2)-1)*y3(3)/6
f(3)=y(5)+a(3)*(y1(4)+y1(5))/2+q(3)"2*y2(4)/2+q(3)*(a(3)"2-
1)*(y3(3)+y3(4))/12
f(4)=y(4)+q(4)*y1(3)+a(4)*(q(4)+1)*y2(3)/2+(a(4)+1)*q(4)*(a(4)-
1)*y3(2)/6

print

print *Meselanin jogaby: *

print

fori=1to4

print "x="";t(i);"" bolanda f = **;(i)

next i

end

Meselanin jogaby:

x=.1630000025033951 bolanda f = 6.497024059295654
x=.1920000016689301 bolanda f = 6.492584705352783
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X=.2039999961853027 bolanda f = 6.405113697052002
X=.1749999970197678 bolanda f = 6.507758617401123

4 — nji programma

5. Amaly programmalar paketiniii kesgitlenen integraly
¢ozmeklik iicin diiziilusi

Matematika derfiew dersinden belli bolsy vyaly, eger f(x)-
funksiya [a,b] kesimde {izniiksiz bolsa, onda bu funksiyadan a-
dan b-e ¢enli alnan integral asakdaky yaly hasaplanyar

b

I f (x)dx = F (b) - F(a),

a

bu yerde F(x)- f(x) funksiyanyn asyl funksiyasydyr.

Emma Nyuton-Leybnisin ~ formulasyndan  peydalanyp
bolmayan wagtlary hem bardyr. Eger berlen integral asagyndaky
f(x) funksiyanyn F(x)asyl funksiyasyny tapmak kyn bolsa ya-
da f(x) funksiya ti¢cin F(x)asyl funksiya diiybiinden yok bolsa,
seyle hem f(x) funksiya tablisa gdrniisinde berlen bolsa, onda
Nyuton-Leybnisitt formulasyny ulanyp bolmayar. Bu yagdaylarda
kesgitlenen integralyn takmyn bahasyny tapmak formulalaryny
peydalanmak  amatlydyr. Takmyn integrirleme formulalaryna
kwadratura formulalar diyilydr. Integral asakdaky funksiyany
haysy hem bolsa bir interpolyasion kopagza  bilen calsyryp
kwadratyr formulasy alynyar.
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j). f (x)dx =Zn:A< f(x.)+R.
) " (1)

bu yerde, x saylanyp alnan diiwiin nokady; Ay
(k=0,1,...,n) f(x) funksiya  bagly  bolmadyk, dine

diiwiin nokadynyn saylanyp alnysyna bagly bolan koeffisientler.
R —galyndy agza ya-da kwadratyr formulanyn hatasy.
Nyuton — Kotesifi  formulasy.

b

jf(x)dx:(b—a)_zn:Hiyi,

(2)

bu yerde H,(i=0,1,...,n) — Nyuton — Kotesiii koeftfisientleri, ol n—
e bagly bolup, f(x) funksiya bagly bolmadyk sandyr. Kdbir n-
ler igin Nyuton — Kotesin koeffisiyentleri asakdaky bahalara
eyedir.

n=1 Hy=H;=1/2

n=2 H,=H,=1/6, H,=2/3

n=3 Ho=H;=1/8, H,=H, =3/8

n=4 Ho=H,=7/90, H,=H; =16/45 H, =2/15

n=5 H,=H;=19/288, H,=H, =25/144, H,=H, =25/96

Trapesiyalar formulasy.
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b

6-a
J F00x= == (5o + 25, +..4 2,1 +Y,)

(3)

(3) — formula bilen kesgitlenen integrallaryn takmyn bahalary
hasaplananda, goyberilydn hatany bahalandyrmak ii¢in agsakdaky
anlatma amatlydyr.

_ (b B a)3 m
R="5- 1"(§)asé<b

Simpson formulasy.

(4)

b
b-a
[ 0= =3+ g4 20, o A+ V)

(5)

(5) — formula bilen kesgitlenen integrallaryn takmyn bahalaryny
hasaplananda gdOyberilydn hatany bahalandyrmak {i¢in bolsa,
asakdaky amlatma amatlydyr.

_Aa\®
(b a) fm

R=—v
2880n

(&), a<é<h.

(6)

Mesele .
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I.Nyuton — Kotesit formulasynyn kdémegi bilen n=4
bolanda berlen integralyn takmyn bahasyny hasaplamaly.

2.Trapesiya formulasynyin kémegi bilen berlen integralyn
0,0001 takyklykda takmyn bahasyny hasaplamaly.

3.Simpson formulasynyn kémegi bilen 2n=8 bolanda berlen
integralyn takmyn bahasyny hasaplamaly.

wl2 1/3
1) J'cosxd 2) _[ 1 i 3) Ism(Zx 21)
0 1+x 07 v2x2 403 L X+l

1. Hasaplama (2) — formula bilen gegirilyar, yagny

:J’~ COSX | ZHY.
0

hasaplamalaryil netijeleri asakdaky tablisada yerlesdirilendir.

| X Yi Hi Hiy;
0 0 1 7/90 0,077
1 0,4 0,659 16/45 0,2342
2 0,8 0,393 2/15 0,0523
3 1,2 0,174 16/45 0,0618
4 1,6 0 7/90 0
4
Diymek, D Hiy;, =0,4260. Onda,

i=0

J =1,5707-0,4260 = 0,6691

Hasaplamalaryn personal kompjuterde alnan netijesi 1-nji
programmada goérkezilendir.
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cls

rem Nuton-Kotes formulasy
pi=3.141592:a=0:b=pi/2:n=4
h=(b-a)/n
h(0)=7/90:h(1)=16/45:h(2)=2/15:h(3)=16/45:h(4)=7/90
s=0

fori=0to 4

x=i*h

y(i)=cos(x)/(1+x)

s=s+h(i)*y(i)

next i

s=s*(b-a)

print "“Integralyn bahasy s="";s
end

Integralyn bahasy s=.6737464070320129
1 — nji programma

2.Hasaplamany berlen taklykda yerine yetirmek {icin,
asakdaky deiisizligi kanagatlandyryan n—1 tapalyn

(b-2)°

on2 m < 0,0005,
n

Bu yerde
a=07:b=13. Mzmax(f"(x). ! f(x)= !

f(X)=—— (X) =——
xe0,8:1,3] quX2 +0,3 JZX2 +0,3
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funksiyanyn ikinji tertipdiki onlimini alalyn
8x° —0,6

J(2x? +0,3)° '

Diymek m=7. Onda yokary densizligimiz asakdaky
glrnusi alar.

f7(x) =

0,6°.7

on? <0,0005
n

Bu yerde n?>256 ya-da n>16. Diymek hasaplamalarda n=20
diyip alaly.
Hasaplama (3)-formula bilen gegirilyar, yagny

J= dx—h(yO yzo+y+ +yj
j«/zx 10,3 ' .

Bu yerde h=(—a)/n=0,6/20=0,003.

=y(x;)=1/+/2x? =03, x; =0,7+ih (i =04,...20).

Hasaplamalaryn netijeleri asakdaky tablisada yerlesdirilendir.

i X x2 2x2 +0,3 \/m Yor Yoor | Yir Yorrer Vio
0 0,7 0,49 1,2 1,1314 0,0883

1 0,73 10,533 | 1,3658 1,1686 86 0,85572

2 0,76 | 0,578 | 1,4552 1,2063 0,82898

3 0,79 10,624 | 1,5482 1,2443 0,77973

4 0,82 |0,6724 | 1,6448 1,2825 0,77971

5 0,85 |0,7225 | 1,7450 1,3210 0,75700

6 0,88 | 0,7744 | 1,8488 1,3597 0,73546

7 0,91 |0,8281 | 1,9562 1,3986 0,71501
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Diymek, J = 0,03(

Hasaplamalaryn

1,40515

personal kompgyuterde alnan

8 [094 [0,8836|2,0672 |1,4378 0,69551
9 1097 [0,9409 | 21818 |1,4771 0,67700
10 |1,00 |1.0000 | 2,3000 | 1,5166 0,65937
11 [1,03 |1,0609 | 2,4018 | 1,5562 0,64259
12 | 1,06 |1,1236 | 2,5472 | 1,5960 0,62657
13 1,09 |1,1881 | 2,6762 | 1,6356 0,61140
14 | 1,12 |1,2544 | 2,8088 | 1,6759 0,59669
15 | 1,15 |1,3225 | 2,9450 | 1,7161 0,58272
16 |1,18 |1,3924 | 3,0848 | 1,6564 0,56995
17 | 1,21 |1,4641 | 3,2282 | 1,7967 0,55658
18 | 1,24 |1,5376 | 3,3752 | 1,8372 0,54431
19 | 1,27 |1,6129 | 3,5258 | 1,8777 0,53253
20 |1,30 |1,6900 | 3,6800 |1,9187

0,5212

9

1,40515 12,77022 |

+12,77022j =0,40418 = 0,404.

programmada goérkezilendir.

cls

rem Trapesiyalar formulasy
a=0.7:b=1.30:n=20

h=(b-a)/n

s=1/sqr(2*a”2+0.3)+1/sqr(2*b"2+0.3)
for x=0.73 to 1.27 step h
s=s+2/sqr(2*x"2+0.3)

next x
s=s*h/2
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print "Integralyn bahasy s="";s

end

Integralyn bahasy s=.4041787683963776

2 — nji programma

3.Hasaplama (5)-formula bilen geg¢irilydr, yagny

h
J :E(YO +4y, +2y, +4y; +2y, +4ys +2Yg +4Y; +Y8)’

bu yerde

Yi = y(Xi)

:M;Xi :1,2+ih, (| :0111-'-!8)!

x> +1

h=(b-a)/2n=(1,6-12)/8=0,05.

Hasaplamanyn netijeleri asakdaky tablisada yerlesdirilendir.
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| X 2x; —2Z1sin2x; =2 x2 +1 | Yo. V1 Y1: Y3 Y Y2 Yar Vs
01,20 [0,30 [0,2955 |2,4400 |0,1211
1[125 |040 |0,3894 |2,5625 0,1520
211,30 (0,50 [0,4794 |2,6900
311,35 (0,60 |0,5646 |2,8225 0,2000 | 0,1782
411,40 [0,70 |0,6442 |2,9600
511,45 (0,80 [0,7274 |3,1024 0,2312 | 0,2176
6150 (0,90 |0,7833 | 3,2500
71155 [1,00 |0,8415 |3,4025 |0,2503 |0,2473 | 0,2410
81160 |[1,10 |[0,8912 | 3,5600

0,3714 | 0,8305 | 0,6368




0,05
0%

J 0,3714+4-0,8305+2- 0,6368) ~ 0,08278.

Hasaplamalaryn personal kompyuterde alnan netije 3-nji
programmada gdrkezilendir.

cls

rem Simpson formulasy
a=1.2:b=1.6:n=8:c=1

h=(b-a)/n
s=sin(2*a-2.1)/(a"2+1)+sin(2*b-2.1)/(b"2+1)
fori=1to7

x=a+i*h
s=s+(3+c)*sin(2*x-2.1)/(x"2+1)
c=-C

next i

s=s*h/3

print "Integralyn bahasy s="";s
end

Integralyn bahasy s= 8.279035985469818E-002
3 —nji programma

Asakda sanly differensirleme we integrirleme iicin APP

gorkezilendir.
cls
REM Differensirlemanin den aralyk ucin
formulalary

input n,h,z
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dim x(n) ,y(n), yl(n), y2(n),y3(n),t(n)
if n<3 then print "n<3 yagdayda ulanmaklyk
amatsyz" :goto 100
x(0)=0.8:x(1)=1.2:x(2)=1.6:x(3)=2:%x(4)=2.4
x(5)=2.8:x(6)=3.2:x(7)=3.6
y(0)=2.857:y(1)=3.946:y(2)=4.938:y(3)=5.801:y(
4)=6.503
y(5)=7.01:y(6)=7.288:y(7)=7.301
for i=0 to n-1
yl(i)=y(i+l)-y (i)
next i
for i=0 to n-2
y2(i)=yl(i+1)-y1(i)
next i
for i=0 to n-3
y3(i)=y2(i+l)-y2(i)
next i
if z<x(2) then 200
if z>x(n-2) then 300
for k=3 to n-3
t (k) =abs (x (k) -2z)
next k
J=3:min=t (3)
for k=4 to n-3
if t(k)<min then min=t (k) : j=k
next k
a=(z-x(j))/h
if abs(q)<=0.25 then 400
if (0.25<=abs(g))and(abs(q)<=0.75) then 500
if z>x(j) then 600
£1=(y1 (3-1)+(2*q+1) *y2 (§-1) /2+ (3*q~2-1) *y3 (j-
2)/6)/h
£2=(y2 (j-1) +q*y3 (j-2) ) /h*2
print " Has. G2_FBAA":goto 700
600 fl=(yl(3j)+(2*g-1)*y2(j-1)/2+(3*q"*2-
1) *y3(3-1)/6) /h
£2=(y2 (j-1) +q*y3 (j-1)) /h"2
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print " Has. G1_FBAA": goto 700

500 £1=(yl(j)+(2%q-1)*(y2 (-

1)+y2(j)) /4+(3*q*2-3*q+0.5) *y3(j-1) /6) /h
£2=(q* (y2 (3-1) +y2 () ) /2+ (2*g-1) *y3 (j-1) /2) /h 2
print " Has. B FBAA": goto 700

400 £1=((y1(3)+yl(3-1))/2+q*y2(j-1)+(3*q 2-
1) * (y3(3-1)+y3(3-2))/12) /h

£2=(y2 (3-1) +q* (y3 (3-1) +y3(j-2)) /2) /h"2

print " Has. S_FBAA": goto 700

300 if z>x(n) then j=n else if z>x(n-1) then
j=n-1 else j=n-2

q=(z-x(j))/h

£1=(y1 (3-1) +(2*q+1) *y2 (3-

2) /2+(3*g*2+6*q+2) *y3(j-3)/6) /h

£2=(y2 (j-2) +(q+1) *y3(3-3)) /h*2

print " Has. N2 FBAA":goto 700

200 if z<x(0) then j=0 else if z<x(1l) then j=1
else j=2

q=(z-x(j))/h

£1=(y1 () +(2*q-1) *y2 () /2+ (3*q~2-

6*q+2) *y3(j)/6) /h

£2=(y2 () +(q-1) *y3(3)) /h 2

print " Has. N1_FBAA"

700 print

print "Meselanin jogaby: "

print

print "x=";z;" bolanda f1 = ";fl;" f2= ";f£2
100 end

cls
n=10:a=1.5:b=2.3
h=(b-a)/n
j=0:x=a
for i=0 to n-1
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x=a+i*h:gosub 1000

j=jth*f:next i

print "Cep gon. j="j

j=0:x=a

for i=1 to n

x=a+i*h:gosub 1000

j=jth*f:next i

print "Sag gon. j="j

j=0:x=a

for i=0 to n-1

x=a+i*h:x=x+h/2:gosub 1000
j=j+h*f:next i

print "Orta gon. j="j

j=0:x=a

gosub 1000:j=j+f:x=b:gosub 1000:j=j+f
for i=1 to n-1

x=a+i*h:gosub 1000

j=j+2*f:next i

j=j*h/2

print "Trapesiya usuly j="j
j=0:x=a:c=1

gosub 1000:j=j+f:x=b:gosub 1000:j=j+f
for i=1 to n-1

x=a+i*h:gosub 1000

Jj=j+(3+c) *f:c=-c:next i

j=j*h/3

print "Simpson usuly Jj="j:stop

1000 f=sqr(0.3*x+1.2)/(1l.6*x+sqr (x*x+0.5))
return

end’]
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6. Amaly programmalar paketiniii ady differensial
defillemeler ulgamy iicin diiziilusi.

Goy n-nji tertipli differensal defileme berlen bolsun

VAR § PRVAVNR ) P

Bu differensal denleme baslangyc¢ serti kanagatlandyrsyn

Y(%) = Yor Y% )= Yoo Y%, ) = v, (2)
(n-1)

'
bu yerde Xo’ ym yo 100y yo -berlen sanlar.

(1) - (2 ) bilelikde ady differensal denileme tigcin Kosi
meselesi diyilydr. Kosi meselesinin  ¢oziiwini tapmaklyk y(x)
funksiyanyn ( 1 ) - ( 2 ) denlemeleri kanagatlandyryan bahasyny
tapmaklyga aydylyar. Ady differensal denlleme iicin Kosi meselesini
¢ozmekligin birndge san usullary bar. Olar bir 4dimli we kopéadimli
usullara boliinyarler.Eger yy:+1 bahany tapmaklyk ti¢in dine bir yy
baha ulanylsa, onda ol san usulyna birddimli san usuly diyilyar.

1) Eyler ususly

y'=f(xy)

y(%,)=Y, (%)

( 3) Kosi meselesiniil ¢oziiwini tapmak ti¢in yi=Yy(Xx) bahalar
tablisasyny gurmaly, bu yerde

X, =X, +khk=012,...,n
h=(b—a)/n
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[a,b] ¢ozliwi gbzlenydn kesim yy+1 baha

Y = Yk +hf(xk’ Yk) (4)
k=0,1,2,...,n-1
formula arkaly hasaplanyar.
2) Eyler-Kosi usuly

ilki bilen Yy,1 baha hasaplanyar.

Yoo = Y, +hf (Xk , Yk)

Onson

h -
Yia = Yk "‘E[f (Xk’ Yk)+ f(Xk+11 yk+1)] (5)

formula arkaly hasaplanyar.
3) Runge-Kutte usuly
Her bir &dimde hasaplamalar asakdaky formulalar arkaly amala

asyrylyar.
1 i [ i
Vig =V, +g(kl()+2k§)+2k§)+k§)) (4)

bu yerde
kl(i) = hf (Xi’ yi)
_ Kk
kK =hf| x, +=,y, +
2 ( i 2 yl 2 ]
_ (i) x; =X, +ih  (i=0,1,2,..,n)
k() = hf(xi +g,yi +%j

k() = hf (x, +h,y, +k")

4)Adams usuly
Birinji tertipli tapawut formulasy
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1
Yirr =Y 0+ AQk ]

(7)
q, = hf (X, Y, ),k =12,...
Ikinji tertipli tapawut formulasy
1 3)
Yea =Y Tl 35 AQk L+ =Ag, (8)

12

Uginji tertipli tapawut formulasy

1 5 3
Y =Yt +5 Aq“ ZAZka+ A'g (9)

1

(9) formulany ulanmak ii¢cin Y, Y1, Y2 Y3 baslangyc

bahalary gerek bolup duryar. Bu bahalary basga san usullary bilen
hasaplanyar.

5)Miln usuly

Goy Kosi meselesinii 'y, baslangyc bahasyndan basga

y(%)=V, funksiganys X =%, +ih (i=1,2,3) nokatlarda belli
bolsun. Y; i=4,5,... bahalary tapmak iicin ilki bilen 1-nji Miln
formulasy arkaly

deslapky =y, +4_3h(2f fi—2 +2 fi_l)

des

yi"es bahany ulanyp f°° = f(x,,yI ) tapyp ikinji  Miln
formulasy arkaly takyklanyar.

Yitak =Yio» +g(fi—2 +4f .+ fides)

tak des

_yl

Apsolyut hata &= \y tapylyar we takyklyk

yeterlik bolsa, onda Y; ~ yi alynyar.
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CLS

Input n,h

Inpu X,y

Print X,y

yy=y
Fori=1lton
Gosub 100
k1=h*f
y=yy+k1/2
x=x+0.5*h
Gosub 100
k2=h*f
y=yy+k2/2
Gosub 100
k3=h*f
X=x+h/2
y=yy+k3

Gosub 100
kd=h*f
y=yy+(k1+2*k2+2*k3+k4)
Print x,y

Next i

Stop

100 Rem “BPF”
f=x+sin(y/2.25)
Return

End

Goy Kosi meselesi

y(n) = f(X, Y, y,""’ y(n_l))

y X=X0:y0’y’ - :yOl""ly(n_l) (10)

= yo(n—l)

X=X
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gorniisde berlen bolsun.

Onda ( 2 )-de

y’ — Y

y” == { =W
y"=u =u; =,
y(n) — — n

Ornuna goymany ulansak, n-nji tertipli differensal defileméni n-
sany differensal denlemeler ulgamy bilen ¢alsyryp bolyar. ( 2 )
defileménin sag tarapy hem n sany bolar, olary degislilikde

f,, f,,..., T bilen belgilesek, Onda n sany defilemleer ulgamyny
alarys

{Ui = fi(X, y,Ul,Uz,---,Un-l)

i=1,2,..n-1,i=12,....n
uO = yO’uj — yJ J

Diymek Runge-Kutta ususlynyn algoritmini yokary tertipli
differensal defileme {i¢in ya-da birinji tertipli differensal denilemeler
ulgamy {i¢cin hem ulanmak bolar.

Kosi meselesini ¢ozmekligin kopadimli san usullary
y' = f(x,y)
y(%)=Y,
Kosi meselesiniit ¢oziiwini kopddimli san usullary tapmak gerek
bolsun.Onuii iicin Adams we Miln usullarynyi O(h®) takyklykdaky
¢coziiwini alyp bolyan formulasyny alalyii

1 5 3
Yia = Y T 0, +§Aqk—1 +EA2qk—2 + gASQk—s (11)

bu birinji formulada y, baslangy¢ bahadanbasgada y1,y2,ys ¢oziiwler
basga bir san usullary bilen hasaplamalay. ( 11 ) formuladaky
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q, = hf (Xk : yk) dendir. A, ,A’q, ,A’q, -tikenikli tapawutlar.

Onda ( 11 ) formula boyunca hasaplama tablisasyny alalyn

K Xk Y fk Ok Aqk Azqk A3Qk
0 Xo Yo F(Xo,Yo) o Aqo AZQO A3QO
1 X1 Y. F(Xl,yl) Ql Aql Aqu .........
2 X, Y, F(Xz , YZ) QZ qu ..........

3 X3 Y3 F(Xg,yg) Q3 ...........

4 Xa Yo | s | o

5 ) CH .

3
Vs =Y + 0y + 2 AG, +0 A0y + oA,
Mysal
y' = x+sin(y/2.25)
y(1.14) = 2.2 (12)
[1.4,2.4], h=0.1

Kosi meselesi berlen

1 5 3
Yia =Y TOc + EAqk—l +-—Nq_, + gAqu-3 (1)

12
k=3.4,5,...

Cls
Input n,x(0),h
Input y(0),y(1),y(2).y(3)
Dim x(n),y(n),f(n),q(n),da(n),ddq(n),ddda(n)
Fork=1ton
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X(K)=x(0)+k*h

Next k

Fork=o0to0 3

Gosub 100

q(k)=h*f(k)

Next k

Fork=0to 2
dq(k)=d(k+1)-d(k)

next k

fork=1ton
ddq(k)=dq(k+1)-dq(k)
Next k
dddq(0)=ddq(1)-ddq(0)
for k=3 to n-1

gosub 200

Next k

Stop

100 f(k)=x(k)+sin(y(k)/2.25)
Return

End

200 y(k+1)=y(k)+q(k)+dq(k-1)/2+5*ddq(k-1)/12+3*dddq(k-3)/8
Print x(k+1),y(k+1)
j=k+1

gosub 100

q()=h*f(j)
dq(-1)=q()-9(-1)
ddq(j-2)=dq(j-1)-dq(j-2)
ddq(j-3)=ddq(j-2)-ddq(j-1)
Return

End
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Miln formulasy

yd =y, +4_;](2 fis—fi,+2 fi—l)

fid = f(xi,yd)

h
Yt=vy., +§(fi—2 —4f ., + f )’ yi =W

i=4,5, ...

CLS

Input n,h,x(0)

Input y(0),y(1),y(2),y(3)
Dim x(n),y(n)

Fork=1ton
X(K)=x(0)+k*h

Next k

For k=0to 3

Gosub 100

Next k

Fori=4ton
yd=y(i-4)+4*h*(2*f(i-3)-f(i-2)+2*f(i-1))/3
y(i)=yd

Gosub 100

yt=y(i-2) +h*(f(i-2)-4*f(i-1)+f(i))/3
y(i)=yt

Gosub 100
AH=ABS(yt-yd)/29

Print Ah

Print x(i),y(i)

Next i

Stop

100 f(i)=x(i)+sin(y(i)/2.25)
Return

End
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Input x,y,h
Fori=1to0 10
Gosub 100
fl=f:x=x+h:yl=y:y=yl+h*fl
gosub 100
y=yl+h*(f1+f)/2
Print x,y
Next i:Stop
100 Rem b/p
f=x+sin(y/2.25)
Return

END

7. Amaly programmalar paketiniii hususy baha we
hususy wektorlary tapmaklyk ii¢in diiziilusi.

Berlen A matrisanyin hususy bahalaryny
tapmaklyk onun

det(A—EA) =0 (1)

hdsiyetlendiriji denlemesiniin kdklerini tapmaklykdan
ybaratdyr. (1)-nji formuladaky

all_;L a, ey,
a a,—-A - a

D(i) _|%2t 22 2n -0 (2)
anl ann_ﬂ’

kesgitleyjd A matrisanyi hdsiyetlendiriji kopagzasy
diyilydr. Her bir A, bahalara Y, , yagny
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Yis Yios =3 Vin komponentali hususy  wektorlar
degislidir. Olar AY, =AY, denleméni
kanagatlandyryarlar. det(A—-AE)=0 denleméanin
koklerini tapmak usuly ulanyarlar:

1) hésiyetlendirijini  dzgertdip  hédsiyetlendiriji
denlemdnin koklerini tapmaklygyn san usullary ;

2) hidsiyetlendiriji denlemesinin koklerini adaty
usullar bilen tapmaklyk.

Hisiyetlendiriji kopagzanyn koeffisiyentlerini
tapmaklygyn

a)Danilewskiy usuly

Danilewskiynyn usulynyn diyip mazmuny D(ﬂ,)
kesgitleyjini asakdaky gornilisine getirmekden
ybaratdyr

pl_ﬂ“ P, Ps - Py
1 -A o --- 0

DA)=| 0 1 -1 - 0 (3)
0 0 o - -2

Onda 1-nji setirin elementleri boyunca dargadyp
alarys:

D(2) = (P, = (A" = po(=A)"* + Py (=A)" =+ (=)™ p,
ya-da

D(A) =(-1)"(A"—p A = p, A2 = p A =) (4)
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Indi bolsa (3) gorniisinn alnysyna seredelin. Goy

& &, & P P, Pra  Pn
A a,, a,, a,, P 1 0 0 O
anl anZ ann 0 0 l O

Bu matrisalaryn hidsiyetlendiriji kopagzalary
birmenzesdirler

det(A— AE) = det(P — AE) (5)

A matrisadan P matrisa ge¢meklik n-1 sany
birmenzes Ozgertmeler yzygiderligini geg¢irmekden
ybaratdyr. A matrisanyn i sonky setirini

an;anz "'an,n—lann _
00..010 gorniise getirilisine seredeliit. Onun li¢gin
an’n_l #0 guman edelin. Eger-de sert yerine
yetmese, onda A matrisany 6zgertmeli. A matrisanyn
(n-1)-nji sitininin  hemme elementlerini an’n_l
bolmeli. Onda onyn n-nji setiri asakdaky gorniisi
alar:

a,a,, --la

nn

Sonra oOzgerdilen matrisanyn (n-1)-nji sitinini
degislilikde
a‘nl’anZ"“’a

nn

sanlara kopeldip galan hemme siitiinlerden ayyrmaly.
Netijede soniky setiri 0 0...1 0 bolan matrisany
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alarys. Bu yonekey operasiyalary birlik matrisanyn
istiinden hem geg¢irip asakdaky matrisany alarys:

0 0]
0 0 0
|\/|n_1 N
mn—l,l mn—12 mn—l,n—l mn—l,n
0 0 0 1]
bu yerde
m_,;=- i jxn-1
' an,n—l
we
o1
n-1,n-1 an,n—l

Seylelikde, yokardaky gorkezilen Ozgertmelerden
sofira asakdaky matrisany alarys:

AM =B =] e
bn—11 bn—12 h bn—l,n—l bn—l,n
0 o -1 0
Matrisalary kopeldip B matrisanyn

elementlerini ligin asakdaky formulalary alarys:

i,n-1
bi,n—l = ai,n—lmn—l,n—l 1 S I S n
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Yoéne bu diiziilen B=AM,.; matrisa A matrisa

mefizes bolmanlygy ii¢gin  ters matrisany

n—1
cepinden B marisa kopeldip alarys:
Mn_ilAMn 1= Mn_—llB

Ters matrisa bolsa asakdaky gorniisdedir:

0 0 0
1 0 0
ML =]
anl a'n2 a‘n,n—l a‘n,n
I 0 0 1]

Goy, M) AM _,=C. onda C=M,' B . onda

C matisany alarys:

€11 C1p Cina Cin
€ Co Cona  Cop

Com e
Chtr Cna2 7" Chant Cnan
0 0 1 0

-1 .
Seylelikde, ters Mn—l matrisany ¢epinden B marisa

kopeltsek, onyn dine (n-1)-nji setiri tGytgeydr. Bu
matrisanyn elementlerini asakdaky formulalar
boyunga tapylyar:

93



we

Corj =2 8uby » 1< j<n
k=1
, #0

bolsa, onda C matrisanyn istiinde hem yokardaky
operasiyalary gaytalap alarys:

C matrisa A matrisa mefizesdir. Eger C,_;,_
D=|\/|n*}2C|\/|n72

Seylelik bilen bu operasiyalary (n-1) gezek gaytalap,
Fobeniusyn matrisasyny alarys:

P= Mf “'Mr:—lZMrilAMn—an—Z'“Ml'

Bu 0zgertmelerin birinin hasaplaplamalaryny
asakdaky shemada gorkezmek bolar(n=4):

Setirin |M™* Matrisanyf siitunleri Y S
nomer 1 5 3 a
i

1 a1l a1z a3 aig di

2 az1 az2 az3 a24 d,

3 asy asz ass CE ds

4 a41 a42 a43 a44 d4

M3
1 M31 | M3z | Mzz-1| mMas Q,
Ms™*
S5 a1 b11 b1z D13 b14 B 7,
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6 as2 b21 b2 D23 D24 B, I$)

7 a3 31 D32 b33 D34 Y;; y

8 a44 O O O O 13 13
7’ C31 C32 C33 C34 ﬂ;

b)Krylowyi usuly

Goy D(A4) A matrisanyn hésiyetlendiriji kdpagzasy
bolsun.

D(1) =det(AE-A) = A"+ p A" +...+p,

Onda Gamilton-Keli tozdestwasy esasynda alarys
__ AN n-1 _
D(A)=A"+pA~" +...+p,E=0
Erkin nuldan tapawutly wektor alalyn

F o
Y1

©_
yv =

(0
Y

0
D(A)-ny sagdan y( : wektora kopeldip alarys
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n.,(0) n-1,,(0) 0) _
Ay +pA Y +..+p Yy =0
Goy Aky‘o) = y(k) bolsun, onda alarys

YW+ py" .ty =0

ya-da
[\ (0-1), (n-2) @ ITn [y () ]
yl yl e yl pl yl
(n-1),, ,(n-2) (0) (n)
2 AR P [ I
(n-1) y, (n-2) (0) (n)

Seylelikde  wektor  gorniisinddki  yazgy  asakdaky
denilemeler ulgamy bilen ekwiwalentdir

(n-1) (n-2) 0) _ (i _
plyj + pzyj +---"’pnyj __yj (J—1,2,...,n)
Bu ulgamdan P;; Pyy---y Py, nibellileri kesgitlemek bolar

y© = Ay*V(k=12,...,n)

k
Seylelik  bilen y() wektoryn koordinatalaryny

0\ (K (k)
Yo Yo T Yy

hasaplama formulasyny alarys
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y"W =>"a,y!(i=12,..,n)
j=1

c)Lewerrye-Fadeyewin usuly

Lewerrye usulynyil esasy manysy A
matrisanyi derejelerini hasaplamakdan baslahyar

A=A A (k=12,..,n)

Sofira her bir A* matrisalaryin yzyny hasaplanyar:

SPA = A+ A 4+ + A = Zal(lk’, A =[a{]

i=1

Hésiyetlendiriji defilemédnin koeffisiyentlerini
asakdaky formula boyunca kesgitlenyar:

kp, = SpA* — p,SpA“* —---— p, ,SpA

Netijede A matrisa {ligin asakdaky hésiyetlendiriji
defileméni alarys:

(_1)(n) D(ﬂv) =1 - pllnil - pzlmz —=p
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Fadeyew Lewerryenin usulyny iytgedip
asakdaky usulyny hodiirleyédr. Ilki bilen matrisalaryn
yzygiderligini gurulyar:

A=A SPA, = p; B, =A - pFE;
1
A, = AB;; ESpA?_: P, B, = A, —p,E;
1 :
An—l = ABn 21 ESpAn—l = pn—l’ Bn 1~ An 1 pn lE’
An = Aanl; ESpAn = pn’ Bn = An - an’
n

Netijede asakdaky denillemédni alarys:
/In /In_l /111—2 -0
— D — P TPy =Y

B,=0 aflatma bu prosesi barlayar. Bu usuly
A_IZBn_l/pn tapmaga miimkingilik beryir.

Hususy wektorlary hasaplamak 1ii¢in asakdaky
formulalar ulanylyar:

X,=E; X®=2,Xx%+b®  (i=1,23..,n-1),

bu yerde E-birlik matrisanyn siitiini, bik- Bk

matrisanyn siitiini. X,f_l hususy wektor A, hususy
baha degislidir.
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Matrisanyi birinji we ikinji hususy bahalary we
olaryfi hususy wektorlaryny tapmaklygyn san
usullary

a) iterasiya usuly
Yi=AYi1 (i=1,2,...) wektor yzygyderligi gurulyar, bu

yerde A-berlen matrisa, Yo- erkin wektor. Onda birinji
hususy baha asakdaky formula arkaly hasaplanyar

(k+1)
_ Ji
A < m
1
bu yerde y®we y& —iki sany wektorlar

yzygyderliginifi biratly koordinatlary. Ikinji hususy baha

(k+1) ﬂ/ly(k)
(k) (k-1) ’
DAY

A, &=

(k+1) (k+1)

bu  yerde yyOwe y! —1g¢ sany  wektorlar
yzygyderliginin biratly koordinatlary.Hususy wektorlar

X1 ~Yi,X =Y — A, Y«.
b) matrisany dereji goterme usuly

Bu usulda A A%, A%...,AY matrisalar yzygiderligi
gurulyar, onsofi

Y, =A"Y,;Y, =AY,

m+l m
wektorlar tapylyar, bu yerde m=2%. Onda alarys
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¢) skalyar kopeltmek hasyly usuly

Bu usulda iki sany wektorlar yzygiderligi gurulyar:

Yo: Y, =AY, Y, = AY,.0Y =AY, L,
we
Yo:Y, =AYY, =AYGY =AY,

bu yerde A we A’ degislilikde berlen we transponirlenen
matrisalar. Onda alarys

(Y
ﬂl i (Y’k—l'Yk) ’

eger-de A-matrisa simmetrik goérniisli bolsa, onda

(YY)

21 (Yk—l 'Yk) .

Asakda hususy bahalary we hususy wektorlary tapmaklygyfi
programmalar toplumlary gérkezilendir

cls

rem Lewerre-Fadeyewin usuly

print "Matrisanyn tertibini giriz n=";: input
n

dim a(n,n),p(n),aa(n,n),s(n),c(n,n)
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for i=1 to n: for j=1 to n

print "aa("i","3j")=";:input
aa(i,j):a(i,j)=aa(i,j)

next j: next i

for m=1 to n

s(m)=0: for i=1 to n
s(m)=s(m)+a(i,i): next i

for k=1 to n:for j=1 to n: s=0

for i=1 to n: s=s+a(k,i)*aa(i,j): next i
c(k,j)=s: next j: next k

for k=1 to n: for j=1 to n
a(k,j)=c(k,]j): next j: next k: next m
p(1)=-s(1)

for i=2 to n:sum=0: for k=1 to i-1
sum=sum+p (k) *s (i-k) :next k
p(i)=-(s(i)+sum)/i: next i

print

print "Hasiyet. den. koef. bahasy:"
print

for i=1 to n

print "p("i")=";p (1)

next i

end

cls

rem Dereja goterme usuly

print "Matrisanyn tertibini giriz n=": input n
dim

a(n,n),d(n,n),x1(n),x2(n),y(n),yk(n),ykk(n) ,c(
n) ,gat(n) ,gat2(n)
for i=1 to n: for j=1 to n
print "a("i","j")=":input
a(i,j):aa(i,j)=a(i,3)
next j: next i
for i=1 to n
print "y ("i")=": input y (i) :yk(i)=y(i):
ykk(i)=y (i) : next i
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for d=1 to 4
for k=1 to n: for j=1 to n: s=0
for i=1 to n:
s=s+aa(k,i)*aa(i,j): next i
d(k,j)=s: next j: next k
for i=1 to n: for j=1 to n:aa(i,j)=d(i,]) :next
j:next i
next d
for k=1 to n: s=0
for i=1 to n
s=s+aa(k,i)*y(i): next i
c(k)=s: next k
for k=1 to n: s=0
for i=1 to n
s=s+a(k,i)*c(i) :next i
y(k)=c (k) :yk(k)=s: next k
for k=1 to n: s=0
for i=1 to n
s=s+a(k,i)*yk(i): next i
vkk (k)=s: print ykk(k): next k
for k=1 to n:gat(k)=yk(k)/y(k) : next k
max=y (1)
for k=2 to n
if y(k)>max then max=y (k)
next k
for k=1 to n: x1(k)=y(k)/max: next k
s=0: for k=1 to n
ml=ykk (k) -gat (1) *yk (k) : x2 (k) =ml
m2=yk (k) -gat (1) *y (k)
gat2 (k)=ml/m2
s=s+gat2 (k)
next k
gat2(l)=s/n
max=x2 (1)
for k=2 to n: if x2(k) > max then max=x2 (k) :
next k
for k=1 to n: x2(k)=x2(k)/max: next k
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print "Matrisanyn moduly boyunca in uly 1l-nji
hususy bahasy = "gat(l) :print

print "Matrisanyn 2- nji hususy bahasy
= "gat2(l) :print

print "Matrisanyn 1 - nji hususy

wektory" :print

print "X1(";:for k=1 to n

print x1(k)";"; : next k: print ")":print
print "Matrisanyn 2 - nji hususy

wektory" :print

print "X2(";:for k=1 to n

print x2(k)";";: next k: print ")"

end]

cls

rem Iterasiya usuly

print "Matrisanyn tertibini giriz n=": input n
dim

a(n,n) ,x1(n),x2(n) ,y(n),yk(n),ykk(n) ,c(n),gat(
n) ,gat2(n)

for i=1 to n: for j=1 to n
print "a("i","j")=":input a(i, j)
next j: next i

for i=1 to n

print "y ("i")=": input y(i) :yk(i)=y(i):
yvkk(i)=y (i) : next i

J=1

2 j=j+1

for k=1 to n: s=0

for i=1 to n:
s=s+a(k,i)*y(i): next i
c(k)=s: next k

for k=1 to n
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ykk (k) =yk (k)
vk (k) =y (k)
y(k)=c (k) : next k
for k=1 to n:gat(k)=y(k)/yk(k): next k
for k=2 to n: if abs(gat(k)-gat(k-1)) >0.0001
then goto 2
next k
max=y (1)
for k=2 to n
if y(k)>max then max=y (k)
next k
for k=1 to n: x1(k)=y(k)/max: next k
s=0: for k=1 to n
ml=y (k) -gat (1) *yk (k) : x2 (k) =ml
m2=yk (k) -gat (1) *ykk (k)
gat2 (k)=ml/m2
s=s+gat2 (k)
next k
gat2(1l)=s/n
max=x2 (1)
for k=2 to n: if x2(k) > max then max=x2 (k) :
next k
for k=1 to n: x2(k)=x2(k)/max: next k
print "Matrisanyn moduly boyunca in uly 1-nji
hususy bahasy = "gat(l) :print
print "Matrisanyn 2- nji hususy bahasy
= "gat2(1l) :print
print "Matrisanyn 1 - nji hususy
wektory" :print
print "X1(";:for k= 1 to n
print x1(k)";"; : next k: print ")":print
print "Matrisanyn 2 - nji hususy
wektory" :print
print "X2(";:for k=1 to n
print x2(k)";";: next k: print ")" : end
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cls
rem Skalyar kopeltmek hasyly usuly
print "Matrisanyn tertibini giriz n=": input n
dim a(n,n),x(n),y(n),yk(n), c(n),gat(n)
for i=1 to n: for j=1 to n
print "a("i","j")=":input a(i,j)
next j: next i
for i=1 to n
print "y ("i")=": input y(i) :yk(i)=y(i): next
i
j=1: gat(1)=0
2 j=j+1
for k=1 to n: s=0
for i=1 to n
s=s+a(k,i)*y(i): next i
c(k)=s: next k
for k=1 to n

yk (k) =y (k)

y(k)=c (k) : next k
for i= 1 to n: s1=0:s2=0
for k=1 to n
sl=sl+y (k) *y (k) : s2=s2+yk (k) *y (k) : next k
next i
gat(j)=sl/s2

if abs(gat(j)-gat(j-1)) >0.0001 then goto 2
max=y (1)

for k=2 to n
if y(k)>max then max=y (k)

next k
for k=1 to n: x(k)=y(k)/max: next k
print "Matrisanyn moduly boyunca in uly 1-nji
hususy bahasy = "gat(j): print
print "Matrisanyn 1 - nji hususy
wektory" :print
print "X(";:for k=1 to n
print x(k)";"; : next k: print ")"
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end |

cls

print "Berlen matrisanyn hasiyetlendiriji kop.
has."

print "Danilewskin usuly bilen cozulisi"
print "Matrisanyn olcegini giriz n=":input n
dim a(n,n)

print "Matrisanyn elementlerini giriz"
for i=1 to n:for j=1 to n

print "A("i","3j")=": input a(i,j)

next j:next i: g=1

40 for k=q to n-1:1=0:for i=k+l to n

if abs(l)-abs(a(i,k))<0 then 1l=a(i,k): p=i
next i: if 1<>0 then 90

for j=q to k: a(0,j)=a(j,k): next j
g=k+1l: print "k=";k: goto 40

90 if k+1=p then 140

for j=k to n: r=a(k+1,j)

a(k+l,j)=a(p,]j) :a(p,j)=r:next j

for j=q to n: r=a(j,k+1)

a(j,k+l)=a(j,p) :a(j,p)=r: next j

140 for j=q to n: a(0,j)=a(j,k): next j
c=a(k+l,k): for j=k to n
a(k+l,j)=a(k+l,j)/c:for i=q to n

if i=k+1 then 190
a(i,j)=a(i,j)-a(0,i)*a(k+l,3)

190 next i: next j

for i=q to n: s=0: for j=k+l1 to n
s=s+a(i,j)*a(0,j) :next j

if i-1<=k then 240

d=0: goto 260

240 if i=q then d=0: goto 260

d=a(0,i-1)

260 a(i,k+1l)=s+d: next i: next k
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print "Meselanin jogaby:"

for j=q to n: a(0,j)=a(j,n): next j
i=0:for j=n to 1 step -1l:i=i+l: print
"p(";i;")="; a(0,3)

next j: endl]

cls
rem Krylowyn usuly
print "Matrisanyn tertibini giriz n=": input n

dim a(n,n) ,b(n),x(n),aa(n,n),y(n),c(n)
for i=1 to n: for j=1 to n
print "aa("i","j")=":input aa(i, j)
next j: next i
for i=1 to n
print "y ("i")=": input y(i): a(i,n)=y(i): next
i
for j=1 to n
for k=1 to n: s=0
for i=1 to n: s=s+aa(k,i)*y(i): next i
c(k)=s: next k
for k=1 to n
y(k)=c(k): a(k,n-j)=c(k): next k: next j
for k=1 ton
b(k)=-a(k,0): next k
REM Gaussyn kompakt shemasy
nl=n-1
for k=1 to nl
if a(k,k)<>0 then goto 4
i=k+1
6 if a(i,k)<>0 then goto 5
i=i+l
if i<=n then goto 6
print "DENlemeler ulgamynyn cozuwi yok'":end
5 i=k
9 v=a(k,l):a(k,l)=a(i,l):a(i,l)=v
1=1+1
if 1<=n then goto 9
v=b (k) :b(k)=b (i) :b(i)=v
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4 jl=k+1

for j=jl to n
a(k,j)=a(k,j)/a(k,k)

next j

b (k)=b (k) /a(k, k)

ki=k+1

for i=ki to n

for j=ki to n
a(ilj)=a(ilj)_a(ilk) *a(k/j)
next j
b(i)=b(i)-a(i, k) *b(k)

next i

next k

x(n)=b(n)/a(n,n)

k=n-1

26 r=0.0

j=n

23 r=r+a(k,j) *x(Jj)

if j-k>1 then j=j-1: goto 23
x(k)=b(k)-r

if k>1 then k=k-1: goto 26
print

print "Hasiyet. den. koef. bahasy:"
print

for i=1 to n

print "p("i")=";x(1)

next i

end/]
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